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ABSTRACT

The Stirling approximation formula for n! dates from 1730. Here we give new and instructive proofs of
this and related approximation formulae via tools of probability and statistics. There are connections to
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the Central Limit Theorem and also to approximations of marginal distributions in Bayesian setups, with

arguments which can be worked through by Master and PhD level students (and above). Certain formulae
emerge by working through particular instances, some independently verifiable but others perhaps not. A
particular case yielding new formulae is that of summing independent uniforms, related to the Irwin-Hall
distribution. Yet further proofs of the Stirling flow from examining aspects of limiting normality of the sample
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median of uniforms, and from these again we find a proof for the Wallis product formula for . A section
detailing historical aspects and development is included, from Wallis 1656 and de Moivre and Stirling 1730

to Laplace 1778, etc.

1. Introduction

The Stirling approximation formula is a famous one, stating that
n! = n" exp(—n)~/27 n,

in the sense of

n Vo (1)

n"t1/2 exp(—n)

Intriguingly and surprisingly, starting just by multiplying 1 -2,
1-2-3,1-2-3-4,..., the formula turns out to involve the eternal
mathematical constants e = 2.718282...andw = 3.141593.. ..
Our aim here is to tie the Stirling and also related formulae to
the Central Limit Theorem (CLT), with the limiting normality
being the leading clue to both e and the for statisticians famous
quantity +/27. There are also other Stirling connections to
probability and statistics, including approximations for marginal
distributions in Bayesian setups.

There are of course many different proofs in the literature,
going all the way back to Stirling (1730) and de Moivre (1730),
with ensuing scholarly articles to understand precisely how they
arrived at their findings, what the differences were, the degree
to which Stirling deserves the name without de Moivre, and so
on. We choose to give a brief review of these historical themes
in our penultimate separate Section 6, with further comments
concerning associated issues touched on in our article, such as
the connection from Wallis’ 1656 product formula for 7 to Stir-
ling 1730, the use of Laplace 1774 approximations for integrals,
the Irwin-Hall distribution from 1927, among other topics from
the history of 1 - 2 - 3 - 4. ... Readers mainly interested in our
various CLT and marginal distribution connections may then
read on, through the main sections, without necessarily caring
about the historical footnotes. We do point to one such here,

however, namely Pearson (1924), since it directly pertains to the
core questions discussed in our article. He noted, “I consider
that the fact that Stirling showed that de Moivre’s arithmetical
constant was /27 does not entitle him to claim the theorem”—
with various later scholars disagreeing with him in this regard;
see indeed Section 6. The issue is both of a technical nature,
“where does /27 come from”, and a key theme regarding sorting
out who found what, how, and when.

With the benefit of soon 300 extra years of probability, we as
statisticians of today might be slightly less surprised than was de
Moivre, in 1729, having received a letter from Stirling; we're used
to seeing /27 as part of our normal workload. There is indeed
a certain literature relating Stirling to probability themes. Feller
(1968, chap. 5) reaches the Stirling formula in his classic book,
via careful study of its logarithm, supplemented with limiting
normality calculus for the binomial (and appears to miss that
one of his exercises gives the Stirling in a simpler fashion; check
with Section 6 again). Hu (1988) and Walsh (1995) have con-
tributed arguments and proofs related to approximations from
the CLT, specifically with the Poisson distribution. Some of these
“easy proofs” in the literature have needed some further finishing
polish to be fully accurate, however, as commented upon in
Blyth and Pathak (1986). These authors also contribute a new
proof, based on inversion of characteristic functions. Diaconis
and Freedman (1986) give a neat proof of Stirling, via Laplace
approximations of the gamma function, at the outset without a
connection to probability, though they arrived at their proof via
de Finetti theorems.

There is also a growing bag of more recent related litera-
ture, though the core ideas may be said to be contained in
what we point to above; see comments and discussion in our
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2 N. L. HJORT AND E. A. STOLTENBERG

Section 6. Bhattacharjee and Mukhopadhyay (2010) generalize
earlier results of Walsh (1995), yielding in particular further Stir-
ling type approximations to products of factorials, reexamining
for these purposes also the Poisson, the binomial, the negative
binomial. Their efforts also lead to further approximations for
the gamma and the beta functions, of mathematical interest
in their own right, pursued in Mukhopadhyay and Son (2016)
and also in Gut and Mukhopadhyay (2010), though the focus
of the latter article is insightful approximations to t percentiles.
Mukhopadhyay and Bishoi (2021) is another interesting contri-
bution, using the Cramér-Rao information bound in unfamiliar
straits to derive bounds for a complicated ratio of gamma func-
tions, again resulting in limits correlated with the Stirling one.

We have mentioned the fruitfulness of the basic Laplace
approximations above, with details in Section 5. Not surpris-
ingly there is a healthy literature on further refinements of that
second-order Taylor expansion method, which then in certain
settings might lead to sharper approximations to our n!. This
particular aspect of this growing arsenal of improved Laplace
type approximations has perhaps not been explicitly considered,
but methods developed in for example, Rihiméhki and Vehtari
(2014) and Vehtari, Gelman, and Gabry (2017) may be applied to
supplement our first-order Laplace methods with refinements.
Relevant from a more mathematical viewpoint is also the recent
Han and Lee (2024). This terrain also touches the broader areas
of saddlepoint approximations, refined asymptotics for likeli-
hood ratio statistics, etc. A case in point is Barndorft-Nielsen’s
magic formula for the distribution of the maximum likelihood
estimator, which includes, of course, the Stirling constant +/27;
see, for example, Davison (2003, chap. 9).

We do emphasize that our article is chiefly concerned with
probabilistic and statistical arguments leading to the /27, the
Stirling, and the Wallis, however, via easy and not-so-easy but
in those cases nevertheless instructive paths. For these purposes
we are less interested in the accuracy of related approximations
for moderate n, monotonicity or speed of convergence, refined
bounds, etc.

In Section 2 we explain the main idea tying the CLT to
Stirling, with emphasis on the special cases of the Poisson,
the gamma, the binomial distributions. Then in Section 3 we
establish a further connection, with partly new formulae, via the
Irwin-Hall distribution, for the sum of independent uniforms.
Yet another connection, via the density of the uniform median,
is worked with in Section 4. Intriguingly, examining the uni-
form median is also seen to yield a proof for the 1656 Wallis
product formula for 7. We go on to see how Stirling emerges
in yet further ways, via Laplace and approximations to certain
marginal distributions, in Section 5. As mentioned we then have
a separate Section 6 with historical notes, before we offer a few
complementary remarks in our final Section 7.

2. The CLT Connection

To set the stage for what shall give us new proofs and insights,
also for other related formulae, consider in general terms
iid variables X; with mean & and standard deviation o, and with
partial sums Y, = > I ; X;. With “—;” denoting convergence
in distribution, Z, = (Y, — n&)/(\/no) —4 Z, a standard
normal, and

Ly(©) =EZ,J(0<Z, <¢)— L(c) =EZI(0 < Z < ¢), (2)

with this limit equal to

L(o) = /0 2p(2) dz = $(0) — $(0)
= @01~ exp(—3A). (3)

In particular, with ¢ = o0, the mean of the zero-truncated
Z, tends to 1/+/27. The key ingredient securing moment con-
vergence of L,(c) to L(c), automatically valid for each CLT
application, is uniform integrability, via E Zﬁ =1landEZ% =1;
see Billingsley (1995, chap. 5).

In cases where we manage to have an interesting formula
for L,(c), therefore, we have learned something. Here we work
through special cases for the CLT, aiming for situations with
clear and insightful L, (c) — L(c) formulae.

2.1. Poisson

Consider first the Poisson case, where Z,, = Y,—n)//n—q4Z,
for Y, ~ Pois(n). With p,(j) = exp(—n)®W/ /j!, j = 0,1,2, ... the
Poisson probabilities, one finds that

D G = mpu() = npu(n) — npy(n) + (n + Dpa(n + 1)

jzn
—npu(n+1) + (n+2)pp(n+2) — npu(n +2) + - -
is a telescoping series, in sum equal to np,(n). This leads to

Ly(00) = Z]_Tnnpn(f) = \/ECXP(_”)%>

jzn

which by (2) tends to 1/+/27, proving the Stirling.
Also, for a finite ¢ in (2), the telescoping nature of the sum
leads to

Lu(o)

X ) = Valpa) — patn+ /)
n<j<ntey/n

nn n[cﬁ]
= \/ﬁexp(—n)mil S+ D---(n+ cﬁ])}

with [x] = max{z € Z: z < x} the integer value of x. From (3),
therefore, we infer that

i nlevnl
n=00 (n+ 1) -~ ([ + cv/al)

= exp —%cz).

This may be verified independently, via logarithms and inspec-
tion of 3, ;. s log(1 + i/n); the present point is that we get
the formula from probability theory and the CLT.

2.2. Gammas

Let next Y, ~ Gamma(n, 1), where again Z, = (Y, —
n)//n —4 Z. Write g,(x) = I'(n)~'x" ! exp(—x) for the
density, with I'(z) = fooo t°~1 exp(—t) dt the gamma function,
andlet G, (x) = 1 —exp(—x){1+x+---+x""1/(n—1)!} be the
cumulative. One sees that xg,(x) = ng,+1(x), which leads to
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ntedn oy
Lo(o) = / e

n+cy/n
— Jn / (g1 (¥) — gu()} dx.

First, for ¢ = 00, one finds from (2) and (3), that is, the CLT plus
the mean to mean argument, that

Ly (00) = /nexp(—n)n"/n! — 1/+/27,

which is precisely the Stirling formula (1), again. Working out
the case for finite ¢, one finds the additional formula

lim exp(—cv/n)(1 +¢/v/)" = exp(—3¢). (4)

This may again be verified independently, but here we get it for
free from the CLT and the mean to mean argument (2).

For the gamma case we may also work directly with the
density of Z,,, which becomes

ha(2) = N/ngn(n + /nz)
= VnT(m) " (n+ /nz)""" exp(—n — +/nz)
Ji

= — " exp(=m) (1 +2/v/m)" exp(—v/n2).

Appealing to the Schefté lemma, for convergence of densities, we
see that we have proven the Stirling in one more way, via the (4)
formula just found.

The Chi-squared distribution is merely a scale factor away
from the gamma, so going through details for Z, = (x2 —
n)/(2n)'/? will essentially bring out the same; Stirling holds, via
the CLT for these distributions.

2.3. Binomial

The symmetric binomial distribution also lends itself nicely to
working with the truncation and its mean. With X;,...,X,
iid Bernoulli, we have ¥, = > ' | X; a binomial (n, %), and
of course Z, = (Y, — n%)/(%ﬁ) —g4 Z. Write b,(j) =
(;’)(%)”,j =0,1,...,nfor the binomial (#, %) probabilities. We
need to work with } ;. »(j — 7/2)by(j). Note that

0)-

which leads to

n—1
n(}._ 1) and  by(j) = 3bu-1G — 1) + 360-1(),

G —n/2)ba(j) = In{by_1(G — 1) — 1b,()}
= In{bu_1G — 1) — by1()}.

The telescoping nature of these terms then gives us

> G = n/2ba() = jnlbaa1Gn—1 — ("),

jz=n/2

taking for simplicity n even. Hence, before checking the details
of the b,_1(j), we know from the CLT and the mean to mean
argument that
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j—n/2 H/Z
Ly(oo) = Y =
j=n/2 f

= 3v/nlbu1(Gn = 1) = ()"} — 1/

This translates to
n
i,
1/2 h
or %(n + 1Y ((n 3 1)/2>(%)” — 1/4/2m,

the latter valid for n odd. But this is essentially the Stirling
statement (1), again; in this regard, see the details of Sec-
tion 4. For another relevant footnote, if one starts with n! =
aexp(—n)n"t1/2, as de Moivre did, around 1730, without yet
knowing the constant g, one learns from the CLT implied details
above that one indeed must have a = v/27.

We learn more from the general setup above, with L,(c) of
(2). With j, = [%n + %cﬁ], and the telescoping nature of the

terms in the sum above,
n/2
S L Gy= Wb (= 1) = by Gio))
n/2<]<] 2\/_
bn—l(jn)
L1 by (e D b0}
33/nby_1(3n ){ bn_l(%n—l)}

We are hence also learning, in the process, that

bu([3n + Jcy/n)) i ( n )/(ﬂ)
~ oo [3n+ Scu/n] in

b, (2”)
= exp(—%cz).

lim

n—00

3. Sums of Uniforms and the Irwin-Hall Distribution

Consider the sum Y, = Z?=1 X; of iid uniforms on (0, 1), these
having mean & = % and variance 02 = 1/12. The probability
density f,,(y) of Y, is a somewhat awkward one, with different
(n — 1)-order polynomials over the intervals [j — 1, ] knotted
together, for j = 1,...,n, worked out in two independent
articles in the same issue of Biometrika in 1927. What we may
state, before coming to, or for that matter independently of the

details of f,, and its moments, is that with I,, = fon/ 2y dy
and J, = [ n"/z Vfn(y) dy, we do have
— L1ng)/(o/n) - —1/v/2m,
and  (Ju — 3n€)/(o</n) — 1/v/27. (5)
To see how this follows from (2) and (3), note that Z,, = (Y, —
ng)/(o/n) —4N(0,1),and I, + ], = n&, so
0= (In — 31€) + Un — 318)
= E (Y, — n§)[{Yy < 3n) + E(Yy — nE)[{3n < Y, < n)
= /no EZ,I{—3~/n/o < Z, < 0}
++/no EZ,J{0 < Z, < 33/n/c}.
The only thing differing between the limits of (I,, — %né )/ (no)

and (J, — %né)/(ﬁa), therefore, are their signs, but [Z,| <
Vn/(20), so by (3),

EZ,{0 < Z, < 3V/njo} = Ly(c0) — 1/+/27.
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4 N. L. HJORT AND E. A. STOLTENBERG

The perhaps gently misnomed Irwin-Hall distribution is trian-
gular for n = 2, then a mix of 2nd order polymomials for n = 3,
and becomes steadily smoother and of course more and more
normal looking for n = 4,5,..., via piecewise polynomials.
Formulae for the density and cumulative of the Irwin-Hall dis-
tribution on [0, n] can be found in the literature, for example in
these forms,

]
1 (n o
fu(y) = mjzzoz(—l)](j>()’_]) ' and

[¥1

Z( l)f( )(y .

Proofs given are via somewhat cumbersome induction, or inver-
sion of generating functions, but see Marengo, Farnsworth, and
Stefanic (2017) for a different geometric type of argument. It is
nice now to have an occasion and a reason for finding a new
formula for a key quantity, namely the truncated moment, for a
century old distribution.

Fu(y) =

Lemma 1. For the Irwin-Hall density f,,, with n even, we have

n/2
I, /0 Vfn(y) dy

n+1 n/2

1, n 1yn+1 Y AV RIS !
" @ Z;( 1)](].)0 2j/m)" L

Proof. We note first, via partial integration, that

/(I—Fn)dyza{l—Fn(a)}—i—/ yfu(y)dy for any a.
0 0

Withs, = ”/ZF dy, therefore, we have I,, = "/2(1 F,)dy—
in = in — s,. For the latter we have
5n:/ - Z( 1)’( )(y D" dy

n/2 1

k+1 D1
Z/ Z( 1)’( )(y )"dy

Nk k41
~ ol Z > - DJ( )/ v —j"dy
: k=0 j=0 k
L Lk )
o Z Z( DJ( )ﬁ{(k“—ﬁ”ﬂﬂk—j)"“}
e
n/2— n/2—1
k41— )" — (k— i
(n+1)' Z (;) kz«,{( +1-)) (k — )™+

This may also be expressed as

1
(n+ D!

_<rlz>{1n+1 _ 0n+1 4

Sn =

[{1n+1 L (n/z)n+1 — ()2 — !

c (/2 = D" — (n/2 — )"

r—

/2= 2" = (/2= 3" )+
n+tl n _yntl
(+1)'[(/) (1><n/z )

+<2)(n/2 "]

n/2

1
— j n+1
R ,-E_ (=1) (J)(n/Z D

proving the lemma.

Via these unchartered pathways in the terrain of truncated
moments for Irwin-Hall we have reached explicit expressions
for s, and I, = in — s,. The statements (5) are seen to be
equivalent to

5 a2 M2
N %m 1)1 Z<‘ (j)%)"(l = 2j/m"*! > o/Var,

witho = 1/\/ﬁ.

From Stirling we have

n+1/2 aht1/2

(m+ D! (n+ )32 exp(—(n+ 1)v/27
_ exp(n)( n )n+1/2 e
T on4+1\n+1 N

in the sense that the ratio between the two sides converges to 1.
This invites examining the product form s, //n = a,by,, with

n4+1 nn+l/2
exp(n) (n + ny

by = le:i(”l) Z( 1>f< )( )'(1 = 2j/m)"1,

a, =

Here a, — 1/+/27, and by mathematical necessity the compli-
cated looking b, needs to tend to o. So, in a rather roundabout
fashion, via the CLT and moment convergence, we have man-
aged to prove not merely the Stirling formula, once again, but
also the impressive looking

n/2

tim > expin -0/ () b = 2 =15

j=0

4, Stirling and Wallis from the Median of a Uniform
Sample

Here we shall prove the Stirling approximation formula (1) once
more, and as a by-product also the famous Wallis 1656 product
formula for 7, starting again with a simple iid uniform sample
Up,..., Uy
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4.1. Stirling, Again

In Section 3 we worked with the sum of the uniforms, but now
our attention is on their median, say M,,. With n = 2m + 1 odd,
for simplicity, an easy and well-known argument gives its density
as

@m+1)!

&n(x) = x"(1—x)™ forxe[0,1],

m! m!
which is a Beta (m + 1, m + 1). Via a well-known representation
for the Beta, in terms of a ratio of Gammas, we may write M, =
Un+1/Ums1 + Vint1), where Upp1 = Ay + -+ - + Ay and
Vimt1 = B1 + - -+ + Byu41, say, involving iid unit exponentials.

It then follows straightforwardly and instructively that

(m+ D{Uns1/(m+1) — 1} >4 21,
(m+D{Vinp1/(m+ 1) — 1} =g 2y,

with these limits being independent standard normals, and that
Zy = 2JnMy — ) =>4 Z = (Z1 — Z3)/+/2, a standard
normal, via an application of the delta method. The two limiting
standard normals Z; and Z, featured here are incidentally just as
in Section 2.2, but here they play a different role, just to establish
that Z,, —4 Z.

We learn more by working with the density of Z,,, which can
be written

o

1 1 @2m+1)!
gn<2+—)— (& +—)(2 7

2yn 2/n 2yn mim! 2y/n
[(Zm)( _%) Ly,

Since (1 — z2/m)™ — exp(—32%), and we already know that
Zy, — 4 Z, we must by necessity have

tn = 2<2n+1>1/2( )( ' = c=1N21. (6)

This is actually related to what de Moivre (1730) was working on
(without finding the /277 connection), good approximations to
the middle term of the binomial expansion of (1 + 1)2". With
Y, abinomial (2n, %), we may translate the above to the middle
binomial probability

1
Jrn

associated also with the recurrent nature of symmetric random
walks; see Remark B in Section 7.

By inserting for !, Stirling’s formula implies the limit in (6),
that is, that ¢, — 1/4/27; but the implication also goes the
other way around. To see this, recall that by the trapezoidal
approximation for integrals,

2
P(Yan = 1) = ban(n 3) = (:>(%)2" = 7)

logn! — %logn = /0 logxdx + O(1/n)
=nlogn —n+ 1+ O(1/n). (8)

as n tends to infinity. Since (2n + 1)/2n — 1, clearly ¢, =
%(2n)1/2{(2n)!/(n!)z}(%)z", which combined with (6) entails
that
V2mn{(2n)!/nl}272—1/2
—

n!
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If we take the logarithm of {(2n)!/n!}272"~1/2 and use the
trapezoidal rule,

log ({(2m)!/nty272"=1/2)
= log((2n)!) — log(n!) — 2nlog2 — %logZ
= {log((2m)!) — 3 log(2n)} — {log(n!) —
= {2nlog(2n) —2n+ 1} — {nlogn — n 4 1}
—2nlog2 + O(1/n)
= nlogn — n+ O(1/n),

1log(n)} — 2nlog2

which shows that {(2n)!/n!}272"~1/2 = " exp(—n), once again
proving the Stirling’s formula. This proof is, admittedly, very
close to the standard proof of Stirling; the point is, yet again, that
we get /27 for free from the CLT,

4.2. The Wallis Product

An intriguing formula, from Wallis (1656), says that

m 22446 6 8 8 _°° B/
2 S 12j— 1241

Here we derive this via our Stirling efforts. For the product up to
n, write

_ﬁ 1 I 2j*
Loi-1 2] + L7 2041 @)@ - DP

:Lzém/ 2n .
2n+1 n

We recognize its square root, from (7), and have

1//Wn = 2n+ 1)V/? (2:)(%)2" - 2/m)'3,

proving (9). Enthrallingly, we have explained via understanding
the behavior of the median in uniform samples that the Wallis
formula must be true.

5. Stirling via Laplace Approximations

Suppose g(x) isa smooth function with a clear maximum gmay =
g(xp) at position xp, and write ¢ = —g”(xp). Then the Laplace
approximation is

/ exp(g) dx = / exp{g(xo) — c(x — xp)*} dx
= exp(gmax) v/ 277 /c. (10)

The = is to be read as “approximately equal to” in the sense
that the ratio between the left and right hand sides tends to 1
provided the steepness of the maximum, that is, the size of c,
increases. Note that the «/27 factor comes from the familiar
normal integral, not stemming from probability, per se, but from
the natural Taylor expansion approximation in the exponent of
the function being integrated.

526
527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584



585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643

6 N. L. HJORT AND E. A. STOLTENBERG

Now try this with the function g(x) = nlogx — x, for x
positive. It has g'(x) = n/x — 1 and g’(x) = —n/x?; hence,
X0 = N, gmax = nlogn — n, and ¢ = 1/n. We find

o0
/ x" exp(—x) dx = n! = n" exp(—n)v/27 n,
0

that is, Stirling, once again. This is essentially what Diaconis and
Freedman (1986) do, but presented somewhat differently. The
argument may be made rigorous by letting # increase and assess
the error made in the Laplace approximation (10).

The Laplace argument is known in model selection statistics
for being an ingredient in the BIC, the Bayesian Information
Criterion, see Claeskens and Hjort (2008, chap. 3). One version
of the essential computation there is as follows. Consider data
from a one-dimensional parametric model f (x, 9), of sample size
n,leading to thelikelihood function L, (), say, with ensuing log-
likelihood function £,,(9). Letting 0 be the maximum likelihood
estimator, with L, max = Ly (9\) and observed Fisher information
Jn = —4), ©), we may integrate over the parameter region to find

/ Ln(0) 40 = Lymax (277/J) /2. (11)

The left hand side is recognized as being the marginal distribu-
tion for the data, in the Bayesian setup with a flat prior for the
parameter.

It is now instructive to see how this approximation pans
out for a few models. Consider first the case of a single X ~
Pois(9), with likelihood exp(—6)6*/x! maximized for 9 = x
The integral in (11) is simply 1, and the L, may is exp(—x)x*/x!.
The BIC approximation by almost magic delivers Stirling:

1 = {exp(—x)x*/x!} @mx)'/2.

Examination of the error involved in the basic approximation
(10) shows how this simple Poisson argument may be made
rigorous, by letting x increase. We may also work through the
case of X1, ..., Xy iid from the Poisson. Writing Z = Z?:l Xi,
the likelihood is proportional to exp(—n6)6*. The maximum
likelihood estimator is & = z/n, the sample average. The BIC
approximation (11) is seen to become

| z 1/2
& onenty
that is, Stirling, again, now expressed in terms of z.

Next consider Xj,...,X, ild from the exponential model
0 exp(—0x) for x positive. The likelihood is 6" exp(—2z0), with
z =Y, x;,leading to the maximum likelihood estimator 6 =
n/z, the inverse of the sample average. The BIC approximation
formula is seen to lead to Stirling again, lo ¢ behold:

nl . /n\n Jn
e (;) exp(—n)m7.

We allow ourselves including also the binomial model here.
With X a binomial (1, p), and with maximum likelihood estima-
tor p = x/n, the BIC approximation yields

x!'(n—x)! . <x>X<n — x)n—X<x n— x)1/2 V21
n+1)! Jn’
Instructively, this is seen to break down into Stirling for x!,

Stirling for (n — x)!, and Stirling for (n + 1)!, in partes tres!

n n n n

6. Notes on the Historical Background for Different
Themes

In our introduction section we briefly pointed to Pearson (1924),
who ventured that Stirling did not quite deserve to have his and
only his name attached to the famous n! formula, his point being
that de Moivre (1730) was essentially onto the same formula,
but without the /27 constant. Other scholars have disagreed
with Pearson in this particular regard; see the detailed com-
ments in Tweddie (1922), Tweddle (1984) (the latter writing
from the University of Stirling), LeCam (1986, sec. 3), Dutka
(1991), Gélinas (2017). “Stirling greatly surprised de Moivre
by the introduction of 7 into the calculation of the ratio of
the coefficient of the middle term in (1 + x)” to the sum
of all coefficients”, that is, of (n';z)(%)”, writes Cajori (1923),
reviewing the Tweddie (1922) book. When going through the
historical details associated with the logn! formula, from (1),
complete with an error term of the right order O(1/#), Gélinas
(2017) argues, “Likewise indeed, James Stirling must keep his
indisputable priority for the discovery, proof, and publication of
Stirling’s series [the formula for log n!] including of course the
explicit constant log /27

In Section 3 we found new uses for the Irwin-Hall dis-
tribution, so named due to two papers published in the
same Biometrika 1927 volume, Irwin (1927) and Hall (1927).
E.S. Pearson put in an informative editorial note inside the
latter article (pp: 243-244): “Proceeding by completely differ-
ent methods, Irwin and Hall have obtained equations for the
frequency distribution of means in samples from a population
following a ‘rectangular’ law of distribution [...]. Their results
are of considerable interest, but for the light they throw upon
the distribution of moments in samples from populations in
which the variable lies within a finite or limited range” As is
clear from careful historical notes in for example, Sheynin (1973)
and Marengo, Farnsworth, and Stefanic (2017), however, the
distribution is in reality far older, going back to Lagrange and
Laplace in the latter 18th and the early 19th century, associated
also with early uses of generating functions.

In Section 4.1 we derived Stirling’s formula by combining the
CLT for the median of uniforms and the trapezoidal rule (see
(8)). Intriguingly, the trapezodial rule dates back at least to a
century b.C., when Babylonian astronomers used it in tracking
Jupiter, see Ossendrijver (2016).

In Section 4 we discussed the Wallis 1656 product formula,
and its relation to both Stirling and the de Moivre binomial mid-
dle probability approximation. Wallis’ crucial role in developing
infinitesimals, including boldly inventing the symbols co and %,
in an intellectual era where thinking along such lines was partly
considered precarious and even heretic, is vividly described in
Alexander (2014, chaps. 8, 9)—how a dangerous mathematical
theory shaped the modern world, no less. There were several
intellectual heavy-weights among his antagonists, from Thomas
Hobbes to the politically powerful Jesuite school.

In our Section 5, with various Stirling proofs based on Laplace
approximations to integrated likelihoods, we pointed to Diaco-
nis and Freedman (1986), whose argument essentially matches
the first of our proofs in the section mentioned. The Diaconis
and Freedman (1986) argument is at the outset a mathemat-
ical one, not related to probability or statistics per se. It is
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incidentally the Laplace approximation itself which pushes the
analysis toward the /27 constant, via the classical Gaussian
integral. They explain however how they “stumbled on” their
proof as a by-product of developing theory for finite forms of
de Finetti’s theorem for exponential families; see Diaconis and
Freedman (1980). In the spirit pointing to crucial achievements
in the distant past we ought also to point to Laplace (1774), the
origin of the integration approximation technique carrying his
name.

The treatment of Stirling in Feller (1968) deserves a footnote,
since the book is a classic, carefully studied in previous genera-
tions. He arrives at the Stirling approximation in several steps,
first examining the logarithm (p. 52) and then quite a bit later
using the normal approximation to the binomial (p. 180) to infer
that the constant involved must be +/27; for some of the techni-
calities he also credits Robins (1955). Interestingly, he tosses out
Exercise 22, page 66, concerning Laplace approximation of the
gamma function—seemingly not noticing that this is in fact the
Stirling formula!, and, incidentally, close to the main argument
used in Diaconis and Freedman (1986).

For further discussion with attention to historical details,
Stigler (1986, 1999) has traced how de Moivre’s 1730 approxi-
mation to the binomial, using Stirling’s newly derived factorial
formula, led directly to the normal curve with this article’s cen-
tral constant, the /2. His commentary places de Moivre’s and
Laplace’s contributions within a continuous analytic tradition
linking discrete combinatorial probabilities with continuous
limiting densities. In that sense, the appearance of /27 in the
Wallis and Stirling formulae foreshadowed its later ubiquitous
role as the normalizing constant of the Gaussian law.

7. Concluding Remarks

In our article we have demonstrated that the classic Stirling
(1730) approximation formula (1), the middle binomial prob-
ability formula (7) associated with de Moivre (1730) (though he
did not know the right constant), and the Wallis (1656) product
formula (9) are essentially equivalent (see also Stedall (2004) for
an English translation of Wallis). Starting with any one of these
historically important achievements, one may deduce the others.
We round off our article by offering a few concluding remarks.

Remark A. Various classical and not too hard calculations
for teaching statistics concern the mean squared error when
estimating the binomial p, based on X ~ Bin(#n, p). Itis of course
E(X/n — p)> = p(1 — p)/n. But in a Teacher’s Corner con-
tribution, Blyth (1980) asks about the “somewhat more natural
measure” D,(p) = Ep [X/n — pl, that is, using absolute loss.
As we know this is less easy mathematically, and it takes some
stamina, here Blyth actually uses results from Frisch (1924),
to establish exact formulae for d,, the maximum risk over p.
Correcting a little mistake in his formulae, we find

_ _ n—1 1yn
dn = \/ﬁgllla;(Dn(p) = \/E<%n_ 1)(2)

for even n. Blyth goes on, via the Stirling formula, to show that
d, > d = %(2/71)1/2 = 1/\/5, explicitly using the Stirling
formula in the process. But we may also use the basic reasoning
of Section 2 to argue that we know that «/nE |X,,/n — p| must
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tend to (2/7)/2{p(1 — p)}!/2, via the CLT for binomials, and
hence deduce from d, — d that, once more, Stirling holds.

Remark B. As in Section 2, consider Y}, a Poisson with param-
eter n. Via results worked out in Crow (1958), one may deduce
a perhaps surprisingly simple expression for the mean absolute
deviation, E |Y,, — n| = 2exp(—n)n"*t!/n!. Via the CLT and
uniform integrability, we must have E |Y,, —n|//n — (2/ )12,
the absolute mean of a standard normal. We have rediscovered
the Stirling, for the (n + 1)st time in this article.

Remark C. Consider a symmetric random walk, with steps to
the right and the left with equal probabilities, starting at zero.
The position at time nis Y, = R, — L, = 2R, — n, with R, a
binomial (n, %). The chance of revisiting zero after 2 steps is

2
pn=P(Ys, =0) = (n">(%>2",

which we have met and worked with in Section 4.1. de Moivre
could prove the approximation ¢/+/n, but without finding the
right ¢ constant. The point now is to derive the Stirling related
approximation 1/(xr 4/n) again, in yet another way. Let Z,, =
2 2n) 2[Ry /(2n) — %}, which tends to the standard normal.
We have

Pn = P([Yau| < ) = P(1Z24] < 1/(20)"/%)
= 2¢(0) 1/2n)"* = 1/(w V/n),

once more with “=” in the precise sense that the ratio between
the two sides tends to 1. Rounding off this remark, we mention
that this particular approximation, in the random walk context,
can be used to approximate the number of visits E N>, to zero,
in the course of time steps 1,...,2n,as (1/y/7) Y 1, 1/4/i =
1/ ﬁ)%ﬁ The point here is also that this number indeed
tends to infinity, related of course to the recurrency property of
the symmetric random walk; each state will be revisited infinitely
many times, with probability 1.
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