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1 Introduction

Thanks to the technological developments in the last decades, there have been huge amount of
data available across many different fields and industries. This led to increase in demand for
statistical and machine learning models and the number of such models is higher than ever at the
moment. In the wild jungle of models, it is a challenging task to evaluate each candidate model
properly and find the most suitable one for the given data and purpose. This thesis explores two
topics related to choosing the most proper model.

The first main topic is model selection. Model selection is at the core of statistics, since there
are almost always multiple candidate models that can be used for the given data. In general
sense, model selection also involves all the modifications that can be made to a model. e.g. Do
we need all the variables? Is it better to increase or decrease the number of parameters through
reparameterizing?

In Paper II and III, model selection criteria for copula models are developed. Copula is a mul-
tivariate probability distribution that is often used for modeling the joint behavior of variables
and it is regularly used in finance and actuarial science (Embrechts, 2009). To use copula in
practice, one has to choose a univariate distribution for each variable (or use a nonparametric
equivalent) and a copula that binds them together. This means that the number of candidate
models grows very quickly. Imagine that we want to model 4-dimensional data with a copula
and that we have 4 candidate copulas and 3 candidate univariate distributions for each variable.
Then, there are 324 (= 4 x 3*) possible models. It is thus crucial to have a tool for systemically
evaluating and selecting the most appropriate model.

Specifically, we look into the case when the parameters of the copula model are estimated in
a step-wise fashion (i.e. First, estimate the parameters of each univariate distribution and then
estimate the copula parameters). What is often done in practice is that one performs piece-
wise model comparison for each part separately. This approach, obviously, cannot compare the
models as a whole. In Paper II and III, we developed model selection criteria that allow more
systemic comparison of copula models that are estimated in a step-wise fashion.

A general theme that is present in this thesis is model robust, in the sense that we do not make
the assumption that the candidate parametric model is correctly specified and captures the true
model that generated data. This is often called as ‘true model assumption’ and is one of the key
assumptions behind many classical results in statistics. The model selection criteria developed
in Paper II and III are model robust since they do not make this true model assumption. In Paper
I, which is an important stepping stone to Paper II and II1, this true model assumption is studied.

When there are a large number of candidate models, it often gives better predictive performance
if the outputs from multiple models are combined into one, instead of using the output from a
single model. This is called model averaging (Claeskens & Hjort, 2008, Chapter 7). The model
selection criteria developed in this thesis can be used for identifying the best performing models
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and combining them (e.g. through a weighted sum, where the weights are functions of model
selection criteria).

The second main topic of this thesis is model pruning for neural networks. Neural network is a
class of model in machine learning that achieved state-of-the-art performance in wide range of
tasks like computer vision and has gained big popularity in recent years. One of the issues of
modern neural networks is that they contain easily millions and sometimes billions of parame-
ters. Denil et al. (2013) showed that there is significant redundancy in the parameterization of
many deep neural network models. This overparameterization not only requires unnecessary
computational resources, but can also lead to overfitting of the models. In Paper 4, inspired by
the Wald test statistic, we develop a novel pruning criterion that can evaluate the parameters of
the network for pruning.

The further structure of this thesis is as follows. Sections [2H4] give a gentle introduction to
the key concepts that play an important role in this thesis. Section [5| contains summaries of
four papers constituting this thesis. Finally, Section [f] offers possible improvements and future
works.



2 Copulas

When one has univariate data and looks for distributions that can fit into the data, there is a
long list of distributions where one can pick from. However, when it comes to multivariate
data where each variable has different marginal distributions, there are not many choices. For
example, if one has 3 dimensional data where variable 1 follows gamma distribution, variable
2 follows Weibull distribution and variable 3 follows Pareto distribution, it is not clear how
their joint distribution can be modeled. With copula one can pick univariate distributions that
fits each marginal distribution best and easily ‘bind them together’. This allows very flexible
modeling of multivariate distribution. Thanks to this advantage, copula got its popularity in the
early 2000s and is now often used in many high-dimensional statistical applications.

So, what is copula exactly? Let (Y7, ...,Y;) be a d-variate random variable vector originating
from a joint density g(y1,-..,%4). G(y1,-..,¥yq) indicate the cumulative distribution function
corresponding to g.

Then, we can perform transformation of variables on each univariate variable with their own
marginal cdfs U; = G;(y;). This is called probability integral transform (PIT) and it is well
know that the resulting variables U; follow uniform distribution. The cdf after PIT, is called
copula and Sklar’s theorem (Sklar, |1959) implies that, under certain regularity conditions, there
always exists copula C,

Gy, --5va) = C(Gi(), - - -, Ga(ya))- (2.1)

When G(yi, . . ., yq) is continuous, C'(+) is unique. If we assume that each G;(y;) is absolutely
continuous and strictly increasing, C' can be differentiated and (2.1)) becomes

9W1s- - ya) = c(Gilw), - -, Ga(ya)) ng(yj), 2.2)

where c(uy, ..., uq) = 0C(uy, ..., ug)/Ouy ...0uq and g;(y;) = 0G;(y;)/0y;; see Nelsen
(2006).

The idea behind copula is that, by using PIT, we split a multivariate distribution into (a) indi-
vidual behavior of the variables (univariate margins) and (b) remaining joint structure (i.e. de-
pendency) between the variables. With copula, one can easily and flexibly obtain a multivariate
distribution that has different univariate margins. Another advantage is that, unlike Kendall’s 7
and Spearman’s pg which capture dependency in a single number, copula is a distribution that
captures multivariate dependencies. In fact, both Kendall’s 7 and Spearman’s pg can be written
as functions that only depend on the copula.
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Definition 2.0.1. Kendall’s 7 for the continuous random variable vector (Y7, Y3) is defined as
(Y1, Y2) = P[(Yi — ¥])(Ys — ¥§) > 0] = P[(Y; - Y})(Ya - ¥§) < 0]

where (Y{,Y7) is independent of (Y7,Y5), but has the same joint distribution as (Y7, Y3). In
short, Kendall’s 7 is the difference between the probabilities of concordance and discordance.

Theorem 2.0.1. Let (Y1,Y5) be a continuous random variable vector whose copula is C, the
Kendall’s T is then given by

1 p1
(Y1, Ys) = 4/ / C(uy, uz) dC(uy,ug) — 1.
o Jo
Proof. Since (Y7, Y5) is continuous,
PlYi=Y))(Ya—Y;) <0 =1-P[(Yy = Y{)(Yo = ¥3) > 0].

Further, (Y7 — Y/)(Y2 —Yy) > Oifandonly if Y; > Y/ and Y5 > YJor Y} < Y/ and Y5 < Y7,
and these two events clearly have the same probability. Thus,

P((Yi—Y)(Ys~ ¥§) > 0] = P[Y > V.Y, > Y| + P[Y; < ¥/, Yy < ¥}
—2P[Y; < V[, Yy < Yi].
Finally, we have
T(Y1,Y2) = P[(Y1 = Y))(Y2 = ¥3) > 0] = P[(Y1 = Y{)(Y2 = ¥3) < 0]

=2P[(Vi=Y)(Ya—Y5) > 0] -1
=4PYs <Y, Yo <Yj] -1

:4/ / P(Y1 <y, Y2 <y2)dG(y1,12) — 1

:4/ / G(y1,92) dG(y1,y2) — 1

Definition 2.0.2. Spearman’s pg for the random variable vector (Y7, Y3) is defined as
ps(Y1,Y2) = 3 (P[(V1 = ¥{)(Y2 = ¥5) > 0] = P[(Y1 = ¥{)(Y2 — Y5') < 0])

where (Y7,Y3), (Y{,Y7) and (Y/",Y)’) are independent pairs from the same joint distribution.

Theorem 2.0.2. Let (Y1,Y2) be a random variable vector whose copula is C, the Spearman’s



ps is then given by
1l
ps(Y1,Ys) = 12/ / C'(uy, ug) dugdug — 3.
o Jo
Proof.

ps(Y1,Ys) = cor (G1(Y1), Ga(Y2))
E[Y1Y3] — E[V1]E[Y3]
\/Var(Y;)Var(Y>)
ffooo ffooo Y1Y2 dF(yh y2) - (%)2

2
V(1)
1 1
= 12/ / urus dC(uy, ug) — 3
0 0
1 1
= 12/ / C’(ul, UQ> duldUQ — 3.
0 0

Some well known copulas and their dependency patterns are visualized in Figure [2.1] Paramet-

]

ric copula families contain the parameter vector ¢ and are steered by it. Figure visualizes
dependency pattern of Gaussian copula with different parameter values.

Further, all copulas satisfy following properties:
* 0 <min(ug,...,uq) < Clug,...,uq) <max(ug +---+ug—d+1,0) <1

* Y},..., Y, are independent if and only if C'(uy, ... ,ug) = Hd U

j=1
* Ifatleastone u; =0, C(uy,...,uqs) =0
. C(l,...,l,Uj,17...,1) :uj

For more details on copula see Nelsen (2006) and Joe (2014).

Copula is often used in statistical applications where modeling the joint distribution of variables
is important, such as finance and insurance. For example, if one models the joint distribution
between the stock price of company A and company B, copula model can be used to obtain the
probability of stock price of company A being lower than certain value, given that the stock
price of company B is lower than certain value.

There are also a number of extensions that make copula useful in many other settings such as
regression. One of the important extensions of copula is conditional copula, which allows re-
gression between its variables. |Patton| (2002) extends the existing theories of copula to the con-
ditional copula setting. For more details about conditional copula regression, see Patton| (2006),
Acar et al.| (2013) and |Palaro & Hotta (2006). Another important extension is pair-copula con-
structions (PCC). PCC allows flexible modeling of high-dimensional data by decomposing the
copula (of dimension higher than 3) into a set of bivariate copulas. For details of PCC, see Aas
& Berg (2009), Aas et al.| (2009), Hobak Haff| (2013) and Hobak Haff et al. (2016).
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Figure 2.1: Dependency structure of four different copulas. The parameter of each copula is chosen
such that the simulated data from each copula have Pearson’s pg of about 0.7.
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uz

Uz

Uy ug

Figure 2.2: Dependency structure of Gaussian copula with different parameter values.

2.1 Estimation

Lety; = (Y11, Y1.d) -+ Un = (Yn1,---,YUna)" be mutually independent observations of
(Y1,...,Yy), which is a random variable vector originating from a joint density g(yi, ..., ¥q)-
Given this data, we wish to find the best fitting copula. The nonparametric way of doing this is
using the empirical copula defined as

n

1 ~ ~
Clur, ... ua) = _Zl(G1<yi,l) <y, ..., Gayia) < ua),

n <
i=1

where éj(yw) = #1 > o1 L(yk; < wi;) is pseudo observation, which is simply the data
transformed with their own empirical margins.
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Another option used often in practice, is using a parametric copula and estimating its parameter
vector . The parametric estimation of # can be divided into two approaches. The first category
of approaches is using a maximum-likelihood (ML) based estimation. The second category
of approaches is a method of moments type estimator, for example by using the relationship
between Kendall’s 7 and 6. In this thesis, we focus on the ML based estimation techniques.

2.1.1 Maximum likelihood

Consider F'(y,n), our choice of parametric approximation of G(y), with 1) the parameter vector,
belonging to some connected subset of the appropriate Euclidean space. Let f(y,n) indicate a
density corresponding to F'(y,n). Fj(y;, ;) indicate the j-th marginal distribution of F'(y, ),
where ¢ is the parameter vector of the j-th margin. Similarly, f;(y;, «;) is marginal density of

F;(y;, «j). By using (2.1, we have
F(ylv -5 Yd, 77) = CF(F1<y1a 051)7 R Fd(ydv Oéd), 9)7 (2.3)

with
n= (aT, OT)T = (alT, oyt QT)T.

Similarly, by using (2.2)), we have

d
f(yb cee 7yd777) = CF(Fl(y17a1)7 ceey Fd(ydaad)ae) Hfj(yjaaj)- (24)

J=1

Then, the ML estimate of ™" can be obtained by maximizing

n

C(n) = _[log fi(yir, 1) + - +10g fa(Yia» @a) +1og cp(Fi(yin, 01), .. . Fa(yia, o), 0)]
i=1
2.5

For the properties of the ML estimator in a general setting, see for example |Le Cam| (1990),
Casella & Berger (2002), Shao| (2003) and Claeskens & Hjort (2008, Chapter 2-3).

Note that we estimate the entire parameter vector 7 (which consists of o and 6) with a single
ML step, unlike the two-step approach that we will introduce in the next section.

2.1.2 Two-stage maximum likelihood

As the dimension d of the copula gets higher, the ML estimator becomes computationally more
demanding and not even feasible when the number of parameters is high (Joel |1997). To avoid
this problem, the two-stage ML is introduced by Shih & Louis| (1995). This two-stage ML
method is also often referred to as inference function for margins (IFM), a term coined by
Xu (1996). The asymptotic behavior and efficiency of this method have been studied both
theoretically and numerically in |/Andersen (2005), Joe (1997), Joe| (2005), |Kim et al. (2007,
Shih & Louis| (1995) and [ Xu! (1996)).

When parametric families for the copula and the margins are chosen, the two-stage ML estima-
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tor works as follows.

Stage 1: For each j € {1,...,d}, obtain """, the ML estimate of a;, by maximizing

= Zlog fi(Wigs o),

i=1
with respect to «;.

Stage 2: Plugging in o™, ... a3 from Stage 1, into (2.5) gives

n

£@,0) = 3 [log filyir, G2 + - + 10g falysa, G2)

i=1

+loch(F1(yzla a" L)?" F(yzdaaflML)ae)]'

Then, 0 is estimated by maximizing ¢(a**", §) with respect to 0, yielding

gL — arg max ¢ (a@*", 0) = arg max .. (a*", 0),
0

0

where .
ECF (O{, 0) = Z log CF(Fl(yi,la al)) ceey Fd(yi,d7 O{d)7 9)
i=1

The two-stage ML estimate 72 = ((a@)T (620)T)T = (@7, .. (@27, (§24)T)T

obtained in this way satisfies

0 0 0
ly, .. lp,—— L. | =(0,...,0).
(a’\m\IL Jio 8A2ML fa» 892ML F) (0 O)

2.1.3 Pseudo maximum likelihood

One of the drawbacks of (two-stage) ML estimation is that the estimation of the copula parame-
ter 6 is affected by the choice of parametric distribution for the margins. Even when the copula
is correctly specified, possible misspecifications of the margins can lead to suboptimal values
of OML or 6 (Genest et al. (1995)) proposed the pseudo maximum likelihood (PML) estimator
that overcomes this shortcoming. In this semi-parametric estimation scheme, one first uses the
pseudo-observations éj (yij) = #1 > o—1 L(yk; < yi;), which are nonparametric probability
integral transforms of the data. Subsequently, one plugs these into the copula log-likelihood
and maximizes it with respect to ¢ and obtain ™. For details concerning the PML estimator,
see T'sukaharal (2005)), (Chen & Fan! (2005) and |[Kim et al.| (2007).

Once 6 is estimated, one can keep the nonparametric margins. However, parametric margins are
often used instead. In this case, one chooses parametric forms for each f;(y; j, @;) and estimate
a; for each margin separately by ML, just like in the stage 1 of the two-stage ML estimation
(Hobzk Haff et al.l [2015; Bevacqua et al., 2017). We abbreviate this ‘PML combined with
parametric margins’ by ‘PMLpm’.
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2.1.4 Example

To give a better idea on how the estimations schemes discussed in Sections work,
we illustrate a bivariate case with a subset of the daily precipitation data from the Norwegian
Meteorological Institute. The subset we used consist of daily measurements of precipitation in
millimeters at two meteorological stations in Lgrenskog and Nannestad, Norway from January
1, 1990 to December 31, 2006. The subset contains only the days when there was precipitation
in both cities. The original dataset was used previously in|Aas & Berg (2009) and Hobak Haff
(2013)). Figure [2.3] shows the scatter plot of the dataset.

50 60

40

Nannestad
20

10

I I I I
0 20 40 60

Larenskog

Figure 2.3: Visualization of the precipitation data measured in meteorological stations in Lgrenskog and
Nannestad. There are total 5536 observations.

Imagine that we decided to use Gamma distribution to model the precipitation in Lgrenskog
and Weibull distribution to model the precipitation in Nannestad. We will use Gumbel copula
to model the joint distribution of the two.
The log-likelihood in this case is
C(n) = llog f1(yi1, 1) + log fa(ys0, @2) + log cr (F1(yi1, 1), Fa(yi2, a2), )]
=1

10
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where
n=(a"0")" = (af a7, 0")".

Maximum likelihood
We estimate the entire parameter vector 7 at once by maximizing ¢ (1) with respect to 7. The
obtained ML estimate is ™ = (1.28,0.18,1.08,7.30, 2.65)T.

Two-stage maximum likelihood
Stage 1:
Estimate a;; by maximizing

= Zlogfl(yi,hm),

with respect to a;. The obtained estimate is a2 = (1.35,0.20)7.
Estimate as by maximizing

= Zlogfl(yi,z,az),

with respect to a». The obtained estimate is a3 = (1.09,7.13)7T.

Stage 2:
Plugging in @™ and a3"" that we obtained in Stage 1, into ¢ () and removing the parts that
do not contain 6 gives

n

le(0) =Y lloger(Fi(yin, a™), Fa(yi, a5™), 0)].

=1

Now, estimate § by maximizing /.. (f) with respect to 6. The obtained two-stage ML estimate is
O*M = 2.56.

Finally, we can merge o™, a3 and f>M into one vector and obtain the two-stage ML estimate

™M = (1.35,0.20, 1.09,7.13, 2.56)T.

Pseudo maximum likelihood
Perform PIT on the marginal variables nonparametrically with G;(y; ;) = n+1 Zk gy <
y; ;) and plug this into /.. (¢) and obtain

M (0) = i [log Cr (él(yi,1>7@2(yi,2)>9):| .

i=1

Now, estimate § by maximizing /™" (0) with respect to §. The obtained PML estimate is
™M = 2.59.

11



3 Model selection

When data are given, we usually have multiple candidates for a model. In many cases, it is not
clear which of the models is the ‘best’ one and there is need for a systemic method for evaluating
and selecting the model that is most appropriate for the situation. For example, Figure[3.1|shows
a histogram of given data. The three lines indicate density curves of three different probability
distributions (log-normal, gamma and Weibull) fitted to the data. From visual inspection, it is
not clear which of the three suits the data best.

— — Log—-normal
— Gamma
< R
S — Weibull
S p—
TN
o
S
© | | | | | | |
0 1 2 3 4 5 6
y

Figure 3.1: Visualization of three candidate distributions for modeling the given data.

There are many approaches for evaluating models such as goodness of fit tests and significance
testing. We focus on model selection using model selection criteria.

Model selection criteria assign a score to each candidate model according to certain criteria.
Then, the model with the lowest or highest score, depending on how the model selection cri-
terion 18 defined, is chosen as the ‘best’ model. Note that model selection criteria are used to
compare candidate models and they have to interpreted in relative sense. The ‘best’ candidate
model according to a model selection criterion from a given list of models, is not necessarily a
‘good’ model. It depends on the quality of the models on the list.

3.1 KL divergence based model selection criteria

Consider the situation that we have data generated from an unknown true density model g(y)
and we have some parametric candidate models f(y, 7). The Kullback—Leibler (KL) divergence
(Kullback & Leibler, |1951)) measures the extent to which one probability distribution diverges

12
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from another. The KL divergence from g to f is defined as

KL{g,f(wn)}I/g(y)log ?(y) dy.

f(y,n)

Many of the well known model selection criteria are aiming for the model that minimizes the
KL divergence. Important to note is that the true density g is the same for all models, because all
the candidate models are used for modeling the same data. Thus, minimizing the KL divergence
is equivalent to maximizing [ ¢(y)log f(y,n) dy. Based on this observation, one could argue
that the maximized likelihood value of each model, computed with given data, can be used as
a model selection criterion. It turns out, however, that the maximized likelihood is a biased

estimator of [ g(y)log f(y,n) dy.

Identifying and subtracting the bias and scaling the bias-corrected likelihood with a certain con-
stant, gives Takeuchi Information Criterion (TTC) (Takeuchi, |1976} |Claeskens & Hjort, |2008)

TIC = 20(0™) — 2P} 11c) 3.1

where P}y = tr(Z;'K,). See Takeuchi (1976) for the exact definition of the quantities.
Note that the bias correction term pj 1 assumes that the parameters of the model are estimated
with the ML estimator. Using any other estimator, including the two-stage ML and the PML
estimator, invalidates the formula of TIC.

3.1.1 True model assumption

Many of the theories and tools developed for the ML estimator are based on so-called ‘true
model assumption’. This assumption means that the candidate model is correctly specified. In
other words, g(y) = f(y, p) for a certain parameter value . Under the true model assumption,
we have Z,, = K, and the bias correction term of TIC simplifies to p, which is the number of
parameters in the model.

The simplified version of TIC under the true model assumption is called AIC (Akaike, 1974)
and defined as

AIC = 20(7™) — 2p. (3.2)

AIC is probably the most famous and often used model selection criterion in statistics. Due to
the popularity of AIC, TIC is also often called as model robust AIC.

3.2 Focused information criterion (FIC)

TIC, AIC and also other model selection criteria such as BIC (Schwarz et al.l [1978) and DIC
(Spiegelhalter et al., 2002) measure how close a candidate model is to the true model in terms
of a certain divergence measure. However, in many cases, the model itself is not the goal, but
rather a stepping stone to estimate a specific quantity, such as the mean or the probability of
certain event. In this setting, one is often not interested in how close the candidate model is

13
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to the true model, but how close the estimated quantity is to the true quantity. The main idea
behind the FIC, first introduced by |Claeskens & Hjort| (2003)) and later modified by Jullum &
Hjort (2017, 2018)) is that one wants to select a model that is good for a specific task. This
specific task is quantified as estimating a focus parameter, say 7'(G), a functional of the data
generating distribution. The functional needs to have a clear statistical interpretation across
candidate models. Let /" be the distribution function of the candidate model. T' (ﬁ) is then the
focus parameter computed with the estimated candidate model.

The FIC, aims for the model that minimizes the risk function of the focus parameter with
quadratic loss function. It is well known that

~

R(T(G),T(F)) = Eg [(T(G) - T(ﬁ))ﬂ — MSE(T(F)) = Varg (T(ﬁ)) + bias? (T(ﬁ), T(G)) .

The FIC, in its general form, is defined as the estimated version of MSE

A~

FIC = MSE(Toaa) = Varg (Tena ) + bias? (s, Tore ) (3.3)

where ﬁnd = T(ﬁ) and Tirpe = T(G).

There are two different versions of FIC. The ‘original’ FIC from (Claeskens & Hjort, 2003,
2008) and the ‘new’ FIC from Jullum & Hjort (2017). The difference between the two is in

the the bias term bias®. The ‘original’ FIC is designed for locally misspecified models. In this
setting, one assumes that there exists an unbiased ‘wide’ parametric model and all the candidate
models are considered as nested models of this ‘wide” model. This means that each candidate
model can be obtained from the ‘wide’ model by fixing some of its parameters to some proper
‘null values’. The obvious disadvantage of this approach is that we need to find such a wide
model and that every candidate model should be a nested version of this wide model.

The ‘new’ FIC is designed to overcome this issue. Instead of using the parametric ‘wide’ model,
it assumes that there exists an asymptotically unbiased model that does not need to contain the
candidate models as its special cases. This means that this model can also be a nonparametric
or semi-parametric model. Jullum & Hjort (2017)) use nonparametric model as such a ‘broad’
model and in this thesis, we stick to this canonical choice.

—

Once we have a nonparametric model that is asymptotically unbiased, the bias® term for each
candidate model can in principle be estimated as the squared difference between 7T.,, and 7,4,
where T, is the focus parameter estimated with the nonparametric model. However, in general,

—

——2
bias? # bias and it turns out that this naive estimator tends to overshoot its estimand with

~ o~

Var (Tcnd — Tnp> (Jullum & Hjort, 2017). Compensating for the overestimation gives

- 5 /~ ~ ~ 2 — ~ — [~ — /~ ~
biaSQ (Tcnd7 Tlcrue) = (Tcnd - Tnp) - VarG <Tcnd> - VarG (Tnp> +2 COVG <Tnpa Tcnd>

as the estimate of the squared bias. Yet, in practice, it can happen that this estimate is a negative
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3.2. Focused information criterion (FIC)

value. Truncating for the possible negative cases gives

bias? (Tont Tsw) =m0 {0 (o ~ o) = Vs (Ten) — Vares (T + 2 G0 (Top Tent) |-
With this bias estimate, the ‘new’ FIC is defined as

FIC = Varg (Tena ) + bias? (Tona, Toue

— ~ ~ ~ 2 — ~
Varg (Tcnd> + max {0, (Tcnd - Tnp> — Varg (Tcnd>

= —\//aj"c (T\ np> + 260\vG (fnp, fcnd> } if the model is (semi)parametric
\//'a\r(; (fend) if the model is nonparametric.
(3.4

Note that this derivation of the FIC is done without specifying the estimation scheme. As long

as the variance term @G(fmd) and the bias term bias? (ind, Ttme> can be obtained, the FIC
can be defined for any model and any estimation scheme.
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4 Neural networks

In recent years, neural networks, also known under the popular name ‘deep learning’, have
achieved state-of-the-art performance in wide range of tasks like computer vision and natural
language processing and have gained big popularity (Goodfellow et al., 2016)). From statisti-
cians perspective, neural networks can be seen as a multilayer non-linear regression, where its
parameters are estimated with an iterative algorithm called stochastic gradient descent (SGD).
We briefly explain the key building blocks of neural networks.

4.1 Convolution layer

Consider a neural network that takes explanatory variables X as input. Often, the first operation
applied to X is convolution. There are multiple versions and variations of convolution in the
context of neural network. Here, we focus on so-called 2D convolution, which is a canonical
option for image data.
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Figure 4.1: Visualization of the convolution operation described in Section with stride=1, depth=1
and zero-padding=0. I denotes an input to the layer and K indicates the kernel. I o K indicates the
resulting feature map resulted by the convolution operation with given I and K. This figure is generated
by adapting the code from [Velickovic| (2016).

A convolution layer has a kernel (a.k.a. filter), which is a set of parameters to be estimated/-
trained/learned. Figure4.1|shows how a convolution layer with a filter K of size 3 x 3 processes
a two-dimensional input I of size 7 x 7. We begin at the upper-left region of I and compute
the Hadamard product between the filter K and 3 x 3 regions of I by sliding (more precisely,
convolving) the filter K across the width and the height of the input. As we slide the filter over
the input, we obtain a two-dimensional activation map (i.e. output of a layer) of size 5 X 5.
Intuitively speaking, the parameter values of the kernel will be ‘learned’ during the training
process with SGD such that the resulting activation map of the convolution layer is so-called
‘extracted feature’, which is a meaningful input to the next layer. Typically, multiple kernels are
used simultaneously on a given input and a set of feature maps will be passed to the next layer.
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4.2. Pooling

The convolution operation also can be specified further with stride (i.e. how much we ‘slide’
the kernel at a time), zero-padding (i.e. adding zeros around the border of input to prevent that
the information on edges are lost), depth (i.e. number of kernels) and more. For more details on
convolution, see for example Dumoulin & Visin| (2016).

4.2 Pooling

A typical modern modern neural network has easily over multiple millions of parameters and
running a neural network is both computationally and memory intensive, even with the use
of Graphics Processing Unit (GPU). To reduce the number of parameters in the model, it is
common to decrease the size of feature maps from a convolution layer by using pooling, which
is a form of non-linear down-sampling. The most commonly used form of pooling is max
pooling. It partitions its input into a set of sub-regions and computes maximum for each sub-
region. Figure 4.2 shows max pooling with filter size 2 x 2 applied with a stride of 2. It returns
the max value of every 4 numbers in each 2 X 2 sub-region. This reduces the size of the feature
map by a factor of 4. Average pooling is similar to max pooling, but it takes average of the
numbers in each sub-region. It used to be used often, but fallen out of favor since max pooling
often works better in practice.

max pooling
20|30
112/ 37
12|20 30
8 12| 2
347037 4 average pooling
112/100f 25 | 12 13 8
79|20

Figure 4.2: Visualization of the max pooling and average pooling described in Sectionwith the filter
size 2 X 2 and stride of 2. This figure is generated by adapting the code from Singhal (2017)).

4.3 Fully connected layer

Fully connected layer can be seen as a regression through multiple layers of latent variables.
Figure 4.3 visualizes a fully connected layer with a 5 inputs, a single hidden layer with 3 ‘neu-
rons’ and a output layer with 1 neuron. Each neuron is computed as a linear combination of
its inputs obtained by multiplying them with their ‘weight’ parameters and adding an intercept
term. (This intercept term is, confusingly enough, called ‘bias’ in the field of neural network.)
Typically, the fully connected layer comes right after a convolution layer and takes the ‘flat-
tened’ (i.e. converted into a vector) feature map from the convolution layer as its input. In mod-
ern neural networks, the largest part of the parameters are in fully connected layers. For exam-
ple, consider a fully connected layer that is placed after a convolution layer returning a feature
map of size 32 x 32 x 3. The fully connected layer then gets the flattened version of this feature
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4. NEURAL NETWORKS

map which is a vector of size 3072. If there is a single hidden layer with 1000 neurons and an
output layer with 10 neurons, there are total 3,083,010 (= 3072 x 100041000+ 1000 x 10+ 10)
parameters. Considering that modern neural networks usually contain multiple hidden layers,
the number of parameters in fully connected layers is much higher in practice. For instance,
VGG16 (Stmonyan & Zisserman, 2014)) architecture has total 138 million parameters and 89%
of them are from the fully connected layers.

Input Hidden Output
layer layer layer
Input 1
Input 2
Input 3 /\ m Ouput
Input 4
Input 5

S —

Figure 4.3: Visualization of a fully connected layer with one hidden layer. This figure is generated by
adapting the code from [Wibrow|(2014).

4.4 Activation function

Activation function is utilized to insert non-linearity in neural networks. Its role is highly sim-
ilar to that of the inverse link function in GLM. Typically, activation function h(-) is inserted
between layers. For example, it is often applied to the output of each hidden layer within a fully
connected layer and also after each convolution layer.

Historically, sigmoid function h(z) = 1/(14+e7%) (a.k.a. logistic function) and h(x) = tanh(x)
were most common choices of activation function. However, in recent years, the canonical
choice has moved to Rectified Linear Unit (ReLU), which is defined as h(x) = max(0, x).
ReLU tends to accelerate the convergence of SGD, compared to the sigmoid and tanh func-
tions (e.g. improvement with a factor of 6 in |[Krizhevsky et al. (2012)). Another advantage
is that ReLU is much simpler operation than the sigmoid and tanh function and thus faster in
computation.

4.5 Universal approximation theorem

The fully connected layer described in Section4.3]might seem unnatural and redundant to whom
are used to linear model, generalized linear model, generalized additive model and other regres-
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4.6. Stochastic gradient descent

sion models that parameterize the relationship between the dependent and independent variables
without a multilayer structure. However, it turns out that the multilayer structure is highly suit-
able for estimating an arbitrary non-linear continuous function. Cybenko| (1989) proved that a
fully connected layer containing a single hidden layer and finite number of neurons, combined
with the sigmoid activation function is so-called universal estimator, which means that it can es-
timate any continuous function to any desired precision. This is called universal approximation
theorem and later proved by |[Hornik (1991) for more general activation functions.

4.6 Stochastic gradient descent

Once the parametric form of a network is set with the building blocks from the previous sec-
tions, for example the one displayed in Figure [4.4] its parameter values are to be estimated/-
trained/learned via gradient descent (GD). GD is an iterative refinement algorithm for finding
parameter values that minimizes the given loss function (e.g. negative log-likelihood, cross
entropy or mean squared error). Before the algorithm starts, the parameters of the model are
initialized to some initial values. Then, at each iteration, the derivatives of the loss function with
respect to its parameters are computed. This gradient, obtained for each parameter, is multiplied
with a constant called ‘learning rate’ and subtracted from the parameter values. The intuition
behind GD is that the gradients, which can be interpreted as slopes in a n-dimensional plane,
indicates in which direction and speed we have to ‘descend’ to arrive at a (local) minimum
point.

Feature Feature Feature Feature Hidden Hidden
Inputs maps maps maps maps units units Outputs
3@32x32 32@18x18 32@10x10 48@6x6 48@4x4 768 500 2

Y NN

Convolution Max-pooling Convolution Max-pooling  Flatten Fully Fully
5x5 kernel 2x2 kernel 5x5 kernel  2x2 kernel connected connected

Figure 4.4: An example of a feedforward neural network with building blocks from Section to
This figure is generated by adapting the code from Ding| (2018)).

Computing the value of loss function with given data is called forward pass and computing
gradients w.r.t. each parameter is called backward pass. Obtaining gradients by using numerical
differentiation is computationally heavy and can be even infeasible for intricate functions. One
of the core components of deep learning software like TensorFlow (Abadi et al., 2016) and
PyTorch (Paszke et al., 2017) is so called ‘automatic differentiation’, which keeps track of the
operations performed during the forward pass and obtains the gradients analytically during the
backward pass by using the chain rule. This makes backward pass efficient and feasible even
for deep networks with large number of layers.

There are several variations of GD. When the loss function is computed with all training data
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points to compute gradients (and update the parameters), it is called gradient descent. This is
the most ideal version of the algorithm since it utilizes all the data points. However, this is
often infeasible in practice due to high memory requirement when the number of data points
is high (large image datasets can easily contain millions of examples). Stochastic gradient
descent (SGD) was introduced to overcome this problem. At each iteration, the loss function
(and thus its gradient and also the parameter update) is computed with a single data point. As
one can imagine, SGD can lead to sub-optimal results. Mini-batch gradient descent (MGD) is
a compromise between GD and SGD. The training data are divided into ‘mini-batches’ and at
each iteration, the loss function is computed by using one mini-batch. At the moment, MGD is
the canonical choice for training a neural network. Note that many people use the term SGD
even when they are referring to MGD.

In practice, the ‘vanilla’ MGD is rarely used. Instead, one of the modified versions of MGD is
used for better results. Adam (Kingma & Ba, 2015]) and RMSprop (Tieleman & Hinton, 2012)
are some of the popular choices.

4.7 Pruning

Since LeNet-5 from |[LeCun et al.| (1998)), which is one of the first models that showed the po-
tential of neural networks, people started using bigger and deeper models with many layers
and neurons. Although large architectures can lead to better prediction performance, they re-
quire significant computational and memory resources. Denil et al. (2013) showed that there
is significant redundancy in the parameterization of many deep neural network models. This
overparameterization not only requires unnecessary computational resources, but can also lead
to an overfitting.

In the filed of computer science, various approaches have been suggested to reduce the com-
putational footprint of large neural network models. One approach is quantization, which aims
to reduce the numerical precision required to represent parameters (or neurons). For instance,
Vanhoucke et al. (2011), Hwang & Sung| (2014)) and Gong et al.| (2014) compress networks by
using 8-bit precision, 3-bit precision, and vector quantizations, respectively. |(Courbariaux et al.
(2015), Hubara et al. (2017), Lin et al.|(2016), Rastegari et al.| (2016)) extend quantization based
methods further. Another strategy is to reduce the computational burden by using low-rank de-
compositions of tensors (Denton et al., 2014} |Lebedev et al., 2014; Jaderberg et al.,|2014). See
Cheng et al. (2017) for an overview of different methods.

Although the approaches mentioned above can help reducing computational burden, it does
not deal with overparameterization and overfitting directly. From statistical perspective, most
natural approach would be pruning. i.e. Identifying redundant parameters and removing it. Fig-
ure[d.5|shows how the fully connected layer from Figure[d.3|would look like after such a pruning
process. Note that removing neurons is a special case of parameter pruning (i.e. removing all
the arrows to and from the concerning neuron).

In statistics, there are well developed methods for testing whether a specific parameter is re-
dundant or not. Most obvious approach would be performing a hypothesis testing on each
parameter with a proper null value as null hypothesis. After this, one can remove the parame-
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Figure 4.5: Pruned version of the fully connected layer from Figure This figure is generated by
adapting the code from Wibrow| (2014).

ters above certain threshold. Another approach would be fitting nested models (e.g. the original
model and one without the parameter of interest) and compute a model selection criterion such
as AIC and BIC to compare them. Ideally, one would like to use similar approaches for evalu-
ating the redundancy of parameters in a neural network. (Yet, if one is interested in evaluating
each parameter individually, the second approach can be impractical since it will require fitting
extremely large number of models.)

However, those approaches cannot be used directly for neural networks. The hypothesis testing
approach (e.g. Wald test) is based on the asymptotic normality of the estimated parameter val-
ues. The problem is that, at the moment, there is almost no work done for establishing asymp-
totic properties of the modified versions of the MGD. Recently, Toulis et al.| (2017/)) established
the asymptotic normality of the vanilla SGD procedure, including an analytical expression for
the covariance matrix. Although their work is a great step forward towards understanding the
asymptotic properties of the SGD estimator, its result cannot be directly applied to the non-
vanilla versions of SGD such as MGD, Adam and RMSprop. In addition, they had to make
some strong assumptions like convexity, which is almost never the case for neural networks.

The approach based on the model selection between nested models is also not directly appli-
cable for neural networks, since the theories from maximum likelihood estimation and from
Toulis et al.|(2017) do not hold for MGD estimator, especially when they are used with training
strategies like Dropout (Srivastava et al., 2014)) and Dropconnect (Wan et al.,|2013). Even if we
do have required analytical results, computing necessary quantities will be highly challenging.
For example, for a model with 100 million parameters, inverting its Hessian matrix is infeasible
for most of the hardwares available on the market at the moment. The approach from Hassib1
et al.|(1993) is thus also infeasible in practice.

Naturally, there have been several attempts on heuristically identifying redundant parameters
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without using proper asymptotic properties. One of the most successful works is Han et al.
(2015)). Their idea is to prune the network parameters based on their magnitude. This is achieved
by ranking the parameters based on their absolute value and removing the ones above certain
threshold. Although this method might look, especially from statistical perspective, rather un-
grounded and simple, it gives state-of-the-art results and used in real world applications. There
have been several extensions of this approach. Han et al. (2016) combines the absolute value
based pruning strategy from Han et al.| (2015) with quantizing and Huffman encoding tech-
niques. See et al.[|(2016) and Narang et al.| (2017) extend Han et al. (2015) for neural machine
translation and recurrent neural networks respectively. Yet, all three follow-up works keep the
same absolute value based criterion as the one originally proposed by Han et al. (2015)).
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S Summary of papers

5.1 Paperl

Ko, V. & Hjort, N. L. (2019). Model robust inference with two-stage maximum likelihood
estimation for copulas. Journal of Multivariate Analysis, 171: 362-381.

Paper I addresses the impact of the ‘true model assumption’ (i.e. the candidate parametric model
is correctly specified and captures the true model that generated data) on the two-stage maxi-
mum likelihood (ML) estimator for copula models (often referred to as inference function for
margins (IFM)).

The impact of the true model assumption on the ML estimator is studied by [White| (1982)) and
Hardin| (2003). However, the impact of the true model assumption on the two-stage ML esti-
mator has not received much attention yet. We first identify where where 02T the two-stage
ML estimator of the copula parameter 6, converges to. Then, without making the true model
assumption, we establish the asymptotic normality of the whole parameter vector of the model
7, including the expression for the asymptotic variance. 7 consists of «, the parameters of
marginal distributions estimated in the stage 1 and 6, the copula parameter estimated in stage 2.
We also mention that the asymptotic results can also be achieved by using the theories of gen-
eralized method of moments (GMM) in econometrics (Hall, 2005)) with certain optimal weight
matrix. Further, we show that assuming the true model yields some equality relationships of the
quantities and that the model robust version of the asymptotic variance formula simplifies to the
variance formula defined in Joe| (2005)). Based on the insight we obtained from this process, we
propose some changes to the variance formula from [Joe| (2005) such that it is more consistent
with the current convention of the ML estimator.

To study the numerical behavior of the true model assumption, we perform a set of simulation
studies. We find that dropping the true model assumption can both increase and decrease the
estimated asymptotic variance. One might find this unintuitive, because it is temping to rea-
son that dropping the true model assumption should lead to bigger variance. However, it is
after all not that strange since dropping the true model assumption changes the interpretation
of where 2T s converging to (least false parameter vs. true parameter). We also test this phe-
nomenon in the univariate case with a set of well-known univariate distributions by estimating
their parameters with the ML estimator and looking at how the estimated asymptotic variance
changes when the true model assumption is dropped. The simulation shows that dropping the
true model assumption (i.e. using the model robust variance formula from |White (1982) instead
of the canonical one, which is the inverse of the negative Hessian matrix) can both increase and
decrease the estimated asymptotic variance.

Further, we observe that the two-stage ML estimator is in most cases still highly efficient when
the true model assumption is dropped. Another notable result regarding efficiency is that the
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Héjek—Le Cam convolution theorem and related theorems on the optimality of the ML estima-
tion, do not apply when the model is incorrectly specified. The H4jek—Le Cam convolution
theorem (Hajekl 1970), combined with the Cramér—Rao lower bound (Cramér, 2016)) theory,
states that no asymptotically unbiased and normal competing estimator can have a smaller lim-
iting variance matrix than that of the ML estimator. When the models are highly misspecified, it
frequently happens that the asymptotic variance of the two-stage ML estimator is smaller than
that of the full ML estimator. This occurs both when the model-robust and model non-robust
variance formulas are used.

5.2 Paper Il

Ko, V. & Hjort, N. L. (2019). Copula information criterion for model selection with two-
stage maximum likelihood estimation. Econometrics and Statistics, in press.

Paper II develops CIC, a model robust model selection criterion for two-stage ML estimated
copula models.

There has been a lack of proper model selection criterion for copula models that are estimated
with the two-stage ML estimator. What is often done as an ad hoc solution in practice, is
‘piecewise model selection’. One first chooses distributions for each marginal distribution, by
comparing candidate univariate distributions with a model selection criterion like AIC, sepa-
rately for each marginal distribution. Once the models for the margins are chosen, one would
compare different candidate copulas with AIC, sometimes computed only with the copula part
of the log-likelihood. This approach cannot compare the candidate models as a whole and there
is a need for a model selection criterion that allows direct, non-piecewise comparison between
the copula models.

By using the asymptotic results from Paper I, we derive copula information criterion (CIC).
In a nutshell, CIC aims for the model that minimizes the Kullback-Leibler divergence from
the real data generating mechanism. CIC does not assume that the chosen parametric model
captures this true model, unlike what is assumed for AIC. In this sense, CIC is analogous to
the Takeuchi Information Criterion (TIC), which is defined for the maximum likelihood.

Further, if we do make such a true model assumption (i.e. the candidate parametric model is
correctly specified and captures the true model that generated data), the CIC simplifies to the
AlICqyp,. The AICqy, has the same bias correction term as AIC. The only difference between
AlICy\y, and AIC is that AIC uses the log-likelihood maximized under the ML estimator, and
that AICoy, uses the log-likelihood maximized under the two-stage ML estimator. To our
knowledge, this is the first time that the validity of the AICsy, formula is proven for the two-
stage ML estimator.

Table shows an overview of the relationship between the model selection criteria discussed
in Paper II. When the model (i.e. both copula and margins) is correctly specified, CIC and
AICs\ g, become equal, and the same happens between TIC and AIC. Thus, one can compare
CIC and AICyyy, (or TIC and AIC in case of ML estimation) to check whether the model is
correctly specified.
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Further, since both CIC and TIC are estimating the same part of the KL divergence under the
same model robust environment, they are compatible. This implies that one can compare CIC
to TIC to measure how much one loses in terms of KL divergence by using two-stage ML
estimation instead of ML estimation. The same can be done by comparing AICy, to AIC
when one believes in the model. However, one should not compare CIC with AIC (or TIC with
AICs\) since they are based on two different model beliefs (i.e. presence of the true model
assumption). Figuratively speaking, one would in that situation be comparing comparing apples
with pears.

Model robust
Yes No
ML | TIC AIC
2ML | CIC | AICowm,

Estimation

Table 5.1: An overview of the relationship between the model selection criteria discussed in Paper I1.
‘Model robust = No’ means that the true model assumption is made.

As a numerical illustration, a set of simulation studies are performed. The first simulation study
shows that the better model according to CIC also has in general better prediction performance
measured in MSE. In the second simulation study, we show that CIC and AICqyy, are indeed
identical when the model is correctly specified. As the degree of misspecification grows, the
bias correction term of CIC penalizes the misspecified model more heavily. Although this
behavior of the bias correction part is an important conceptual advance of CIC, this is not
sufficient to make CIC outperform AIC,y, in practice. This is because each misspecified
model has the bias correction term and they grow at different speeds, depending on the model.
The difference between CIC and AICqy, becomes minimal as sample size grows because the
log-likelihood part outgrows the bias correction part.

5.3 Paper II1

Ko, V., Hjort, N. L. & Hobak Haff, 1. (2019). Focused information criteria for copulas.
Scandinavian Journal of Statistics, in press.

Paper III extends the focused information criterion (FIC) from Jullum & Hjort (2017) to copula
models.

Most model selection criteria like AIC, TIC, BIC and CIC measure how close a candidate
model is to the true model in terms of a certain divergence measure. However, in many cases,
the model itself is not the goal, but rather a stepping stone to estimate a specific quantity, such
as the mean or the probability of certain event. The main idea behind the FIC, first introduced
by (Claeskens & Hjort (2003) and later modified by Jullum & Hjort (2017) is that one wants
to select a model that is good for a specific task. This specific task is quantified as estimating
a focus parameter, say 7(G), a functional of the data generating distribution. The functional
needs to have a clear statistical interpretation across candidate models. Let £ be the distribution

o~

function of the candidate model. 7'( F') is then the focus parameter computed with the estimated
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candidate model.

When the parametric copula and marginal distributions are used and their parameters are esti-
mated with ML estimator, the result from Jullum & Hjort (2017) holds directly. For the case
when the parameters are estimated by two-stage ML estimator, we derive the FIC formula by
using the result from Paper I. Further, by using the results from |Chen & Fan| (2005)), we derive
the FIC formula for the case when the pseudo-maximum-likelihood (PML) estimator is used
to estimate the copula parameter and the marginal distributions are replaced with parametric
margins afterwards. In addition, we confirm the validity of the AIC formula for this case.

One of the advantages of FIC is that it can be used to compare models that are estimated
under different estimation schemes, including the non-parametric one. FIC can also easily
be extended to other estimation schemes as long as the joint asymptotic distribution with the
nonparametric focus parameters estimate can be derived. In addition, FIC is a model-robust
model selection criterion since it does not assume that any of the candidate model captures the
data generating model.

We perform a series of simulations to study the behavior of the FIC. The results show that mod-
els with lower FIC values give focus parameter estimates that are closer to the true parameter
value, which is the aim of the method. Further, it turns out that FIC also fulfills its role as an
estimator of the MSE. Moreover, when the focus parameter is heavily based on a specific part
of the distribution, in particular the tails, the models favored by AIC do not necessarily give
good estimates of the focus parameter. This seems natural since AIC aims for the model that
minimizes overall closeness to the true model in terms of KL—divergence. This demonstrates
that there is a clear advantage in using FIC instead of AIC in such situations.

5.4 PaperlV

Ko, V., Oehmcke, S. & Gieseke, F. (2019). Magnitude and Uncertainty Pruning Criterion
for Neural Networks. Submitted for publication.

Paper IV develops a model pruning criterion for neural networks. Note that since Paper IV is
in the field of machine learning, it has somewhat different style of approach (i.e. heuristically
driven model pruning criterion that focuses on real-world performance), compared to Paper I —
1.

In recent years, deep neural networks have achieved state-of-the-art performance in a broad
range of tasks and have gained big popularity in many fields like computer vision and natu-
ral language processing (Goodfellow et al.,|2016). Typically, these deep neural networks have
millions or even billions of parameters, which makes them both computationally and memory
intensive. |Denil et al. (2013) show that there is significant redundancy in the parameteriza-
tion of many deep learning models. This overparameterization not only requires unnecessary
computational resources, but can also lead to an overfitting of the models.

Ideally, one would like to identify redundant parameters of the model by performing null hy-
pothesis testing on each parameter or by performing model selection with nested models. How-
ever, this is at the moment largely infeasible due to the lack of asymptotic theories on the mod-
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ified versions of stochastic gradient descent that are used in practice such as Adam (Kingma &
Bal 2015) and RMSprop (Tieleman & Hinton, |2012)). Even in rare cases when the necessary
theory is developed, it is often computationally infeasible to estimate the needed quantities due
to the large number of parameters (e.g. computing and taking the inverse of Hessian matrix of
size 100 million by 100 million).

Naturally, various alternative approaches have been suggested for decreasing the size and the
computational footprint of neural networks. One of the canonical works in this field is[Han et al.
(2015), where they prune the network parameters based on their magnitude. In practice, this
means that they simply look into the absolute value of each weight and remove the ones below
certain threshold. Although this approach might seem rather brutal, especially from statistical
perspective, it works fairly well in practice.

In this paper, we first briefly review how the Wald test statistic is derived and observe that
the absolute value based pruning criterion from |Han et al.| (2015)) is actually highly similar to
the Wald test statistic. The only difference is that the Wald test statistic compensates for the
uncertainty of the parameter by dividing with the standard error. Inspired by this observation,
we propose magnitude and uncertainty (M&U) pruning criterion. The M&U pruning criterion
can be seen as a generalization of both the absolute value based pruning criterion from Han
et al.| (2015) and the Wald test statistic. Further, we present a ‘pseudo bootstrap’ scheme, which
can efficiently estimate the uncertainty of the weights by using their update information during
training.

Our experiments, which are based on various neural network architectures and datasets, show
that our M&U pruning criterion outperforms the criterion suggested in |[Han et al.| (2015) most
of the time, in terms of test accuracy of the pruned model. Thus, leading to models that require
less memory and at smaller computational cost, while minimizing the loss of predictive power.
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6 Discussion

This PhD thesis consists of four papers. There are possible future works, extensions and room
for improvements for each paper. In this section, we focus on four of the relevant discussion
topics.

The main contribution of Paper I is the development of model robust asymptotic results of the
two-stage maximum likelihood estimator and the study on the impact of the true model assump-
tion. The technical results and insights obtained in Paper I are crucial ground work for Paper
IT and III. In Paper II, the main contribution is that we derive the copula information criterion
(CIC) for the copula models estimated with two-stage ML and that we show how CIC simpli-
fies to AIC,yr, under the true model assumption. The main contribution of Paper III is that we
extend the focused information criterion (FIC) framework to three different estimation schemes
for copula. In Paper IV, we propose magnitude and uncertainty (M&U) pruning criterion, in-
spired by the Wald test statistic.

6.1 Analytical tool for analyzing the impact of true mode as-
sumption

In Paper I, we derived asymptotic normality for copula models estimated with the two-stage
ML estimator, without making the true model assumption. We also showed that making the
true model assumption simplifies the expression for the asymptotic variance.

In the simulation part of Paper I, we used various copula models and observed that the presence
of the true model assumption (i.e. using the simplified model non-robust variance formula in-
stead of the model robust formula) can both decrease and increase the estimated variance value.
At first glance, this might look counter-intuitive since one would expect that the use of the
model non-robust variance formula would decrease the variance, since one is ignoring model
uncertainty. However, realizing that making the true model assumption actually changes the in-
terpretation of what the estimator is aiming for, this is not strange. In fact, one can observe the
exact same phenomenon if one looks at the numerical impact of the true model assumption on
the asymptotic variance of the ML estimated parameters for univariate distributions (i.e. using
the inverse of observed information instead of so-called sandwich matrix).

In our simulation studies, we could not find any clear pattern on when the true model assumption
leads to decrease or increase of the estimated variance. It would be very fruitful to develop
an analytical method for analyzing what kind of effect the true model assumption has on the
asymptotic variance, given a model. The insight obtained from such a method then can also
be generalized into the univariate case for the ML estimator. This will bring a new insight to
the classic literatures on the ML estimation of misspecified models including [White| (1982) and
Hardin| (2003)).
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6.2 CICor AICZML?

In Paper II, we developed CIC, a model robust model selection criterion that is designed for
copula models that are estimated with the two-stage ML estimator

CIC = 26, (™) — 25,

where £, (7*") is the log-likelihood of the copula model, maximized with two-stage ML esti-
mator and pj is a bias correction term, defined in Paper I

In the same paper, we showed that making the true model assumption (i.e. the candidate para-
metric model is correctly specified and captures the true model that generated data) simplifies
the CIC to

AlComy, = 20, (™) — 2py,

where p, indicate the length of the parameter vector 7).

As we can see, the CIC and AICs,, share the same log-likelihood part, but the difference is that
AICo\y, has a simplified bias correction term. A sensible reader might ask: Does one should
always use CIC instead of AICsyyy, since it is model robust?

Although CIC has a conceptual advantage above AICsy, that it is model robust, it does not
often lead to better performance in practice. There are multiple reasons for this.

The main reason is that the log-likelihood part, the element that is shared by CIC and AICqy,
grows linearly with n, number of data points, while the bias correction terms do not. For
reasonable sample sizes, the absolute value of the likelihood part is much bigger than the bias
correction part. In practice, this means that if we compare model A and model B, the ranks
between these two models are almost always determined by the difference between the log-
likelihood terms.

For small sample sizes (depends on the number of parameters to be estimated, but generally
n < 100), the bias terms have more impact on which model is chosen as the ‘best model’. We
can divide the case into two subcategories:

* Case 1. Model A is the true model and model B is misspecified.
When we look at the bias correction terms, CIC punishes the misspecified model more
since p, has higher value for the misspecified model. However, usually the log-likelihood
of the correct model is already significantly higher than that of the misspecified model.
This enables AICqy, to pick the correct model as the winning model almost always.
There is virtually no space for CIC to outperform AICsyy..

* Case 2. Both model A and model B are misspecified.
Since CIC has the p; term, which penalizes a misspecified model, one might expect that
CIC would outperform AICsyy, in this case. However, from the Simulation 2 of Paper
I1, it turns out that the magnitude of the bias correction term of CIC is model-specific. In
practice, this means that CIC tends to pick a specific model as a winning model, which is
not necessarily the correct model (see Figure 4 from Paper II).
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To sum up, there is in practice very little advantage to use CIC above AICyy,. Since the bias
correction term of AICs), is much simpler to compute, general advise would be to use AICqyy..
Note that TTC, which is the ML estimator analogue of CIC, is seldom used in practice because
of similar reasons (Burnham & Anderson, [2003)).

Yet, CIC still plays an important role for derivation of AICy\y, and p; can be used as goodness-
of-fit test.

6.3 Two-stage density estimators via a parametric start

Suppose that fy(y, ) is a parametric model for a density function, perhaps rough and not a
serious approximation to the true density, but a reasonable starting point. One approach would
be to ‘expand’ or ‘correct’ such a sub-optimal model with another function f.,(y,~y) via multi-
plication. The resulting density estimator after such an expansion can be written as

f(y7 077) - f0<y7 0)fcr<y7 07 ’7)

A similar idea was explored in Hjort & Glad|(1995) where the start model fy(y, @) is parametric
and the multiplicative correction term f..(y) is nonparametric. Here, we consider a situation
where both the start and the correction parts are parametric. Such an approach would be useful
for example in real-life situations where a density function does not fit well in certain regions
of y. One possible candidate for f..(y, 6, ) is the log-linear model

fe(y,0,7) = exp [Z YT (Fo(y,0)) — cm(m, - >'Ym)] :

where Fj is the distribution function of f; and

Cm(’Y) = Cm('Yla ce 77m)

= log /Oo fo(y,0) exp {Z VT (Fo(y, 9))] dy]
L - =1

1 m
= log /0 exp LZ; ’yJT](u)] du]

is the required integration constant, which do not depend on fy. 77 (u), ..., T,,(u) are a series
of basis functions, defined for u € [0, 1]. One possible choice is Tj(u) = v/2 cos(jmu). This
specific choice of 7);() has nice orthonormality property, that

/o (Tj(u))* du=1 and /0 T (u) T (u) du = 0 for j # k.

One could estimate § and  simultaneously by maximizing f(y, 6,) and finding the ML esti-
mator. However, it is in practice often simpler to estimate the start model fy(y, @) first and then
estimate the correction term well, rather than fitting the whole density at once. This leads to a
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two-stage ML estimator.

Stage 1:
Obtain # by maximizing fy(y, 6) with respect to 6.

Stage 2:
Plugging 6 from Stage 1 into f..(y, 0, ) gives

e y,0,7) = exp | D 4T (Fo(y.0) = e, - -2 Ym)
j=1

Obtain 7 by maximizing f, (v, 9, ~) with respect to 7.

By using the technical insight we obtained from Paper I and II, we can derive the large-sample
result of such a two-stage estimator. Furthermore, we could also derive a TIC and AIC like
model selection criterion for finding the best order m, for a given choice of fy(y, #) and the 7
sequence. Obviously, such a model selection criterion can also be used for comparing different
parametric candidates of fy(y, #) and 7.

6.4 Utilizing uncertainty information from training

In Paper 1V, we proposed the magnitude and uncertainty (M&U) pruning criterion, which is a
generalization of both the absolute value based pruning criterion from Han et al. (2015) and
the Wald test statistic. To compute the M&U pruning criterion, the uncertainty estimate o,
needs to be estimated for each parameter in the model. Ideally, one would use the standard
error as the uncertainty estimate o,, like in the original Wald test statistic formula. However,
this is at the moment infeasible due to lack of necessary asymptotic theories. Even in rare
cases when the necessary theory is available, it is often computationally infeasible to estimate
the needed quantities due to the large number of parameters (e.g. computing and taking the
inverse of Hessian matrix of size above 100 million). As an alternative, we suggested estimating
the standard error with the bootstrap procedure (Efron & Tibshirani, [1994). However, using
bootstrap of size B increases the training time by a factor of B. For moderately sized networks,
this can be doable. Yet, advanced and extensive deep network architectures can require multiple
days, or even weeks of training. In this case, bootstrap is almost infeasible.

In the same paper, we proposed ‘pseudo bootstrap’ as a heuristic workaround. During the
training, we keep track of the parameter values at each iteration. And after the training, we
compute the standard deviation by using the saved parameter values from the last B iterations.
This is extremely fast, since we only need to save the parameters and compute the standard
deviation in the end. For the detailed motivation and specification of pseudo bootstrap, see
Section 4.3 of Paper IV.

Although the experiments show that using the pseudo bootstrap leads to a pruning criterion that
outperforms the canonical absolute value based criterion from |[Han et al.| (2015), it is still a
question whether the uncertainty observed during the (last iterations of) training is the same as
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the type of uncertainty captured by standard error. The standard error of an estimated parameter
can be interpreted as how uncertain the estimated parameter value is. Intuitively, the parameters
that ‘fluctuated’ a lot during the last iterations of training, would also have higher standard
error. However, the fluctuations during the training can be affected by many factors such as
which data points were used during the observed iterations, behavior of the estimator, use of
regulation tricks like batch normalization (loffe & Szegedy, 2015)), Dropout (Srivastava et al.,
2014)) and Dropconnect (Wan et al.| 2013).

There is at the moment no analytical or numerical study done on the relationship between the
uncertainty during the training and the uncertainty of the final estimate. Identifying the relation-
ship between them would open a possibility for a whole new framework that allows estimating
parameter uncertainty (e.g. standard error) from the training information. This will lead to very
efficient estimation of standard error for parameters in neural networks, which can be used for
pruning, building confidence intervals and more.
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two-stage maximum likelihood estimator is still highly efficient when the true model
assumption is dropped and thus the model robust asymptotic variance formulas are used.
Additionally, we discover that using highly misspecified models can lead to situations
where the asymptotic variance of the two-stage maximum likelihood estimator is lower
than that of full maximum likelihood estimator. Our results are also used to analyze the
mean squared error properties for both the full and the two-stage maximum likelihood
estimators of any focus parameter.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction and copula models

The popularity of copula modeling and methods has increased rapidly in the last decade and now they are regularly used
in fields like biostatistics, hydrology, finance and actuarial science; see Embrechts [10]. One of the more popular estimation
techniques for parametric copulas with parametric margins is the two-stage maximum likelihood estimation (two-stage ML
estimation), first introduced by Shih and Louis [35]. This two-stage method is also often referred to as inference function
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for margins (IFM), a term coined by Xu [39]. The asymptotic behavior and efficiency of this method have been studied both
theoretically and numerically in [5,19,20,24,35,39].

Although the insights and results from these studies are fruitful, they are generally based on the assumption that the
chosen copula and marginal distributions are the true model that generated data. We refer to this as the ‘true model
assumption’, and the limitations and impact of this assumption for two-stage ML estimation in copula contexts have not
been studied earlier, to our knowledge. Andersen [4] has worked with model robust versions of asymptotic variances. This
was in the context of composite likelihoods, however, and her work does not give attention to the inference and impact of
model robustness. In this paper we develop model robust inference methods based on two-stage ML estimators, and study
their theoretical and numerical properties under possible model misspecification.

Our technical setting is as follows. Let (Y3, ...,Ys)" be a d-variate continuous random vector originating from a
joint density g(y1,...,Yq), and further let y; = (¥1.1,..-,¥1.d) »---»¥n = (Yn1s...»Yna) be mutually independent
observations of this variable. Typically, this true joint distribution g is unknown. Let f(y1, ..., ¥4, n) be our choice of
parametric approximation of g, with n the parameter vector, belonging to some connected subset of the appropriate
Euclidean space. Further, G and F(-, n) indicate cumulative distribution functions corresponding to g and f(-, n), respectively.
In addition, G;j(y;) and F(y;, «;) indicate the jth marginal distribution functions corresponding to G and F(-, n), respectively,
with ¢; the parameter vector pertaining to modeling margin componentj € {1, ..., d}.

Starting from the joint distribution F(-, n) under certain regularity conditions, Sklar’s theorem [36] implies that there
exists a copula C(u;, . . ., ug, 0) that satisfies

F(y]s <o Yds 77) = C{Fl(yls a])» . --st(yd7 ad)ae}s (])

with 0 the vector of parameters for the copula. For the full parameter vector, now conveniently blocked into parameters for
margins and the part for the copula, we use

n=( 0" =(af,...,0q",0")".

When F(y1, ..., Y4, n) is continuous, C(-, ) is unique. If we assume that Fi(y1, a1), ..., F4(y4, @) are absolutely continuous
and strictly increasing, C(-, ) can be differentiated and (1) becomes

d
fOrs- o yam) = clFiy, ), ... Falya, o), 03 | [, ), (2)
j=1

where c(uy, ..., ug) = 39C(uq, ..., ug, 0)/0u; - - - dug and fj(y;, oj) = 9F;(y;, «;)/dy;; see Nelsen [32]. Analogously, we can
decompose the true density g into marginal densities and copula density and obtain

d
g1, - Ya) = lGiyn), -, Gava)} | [0,
j=1

with ¢y the true copula.
One of the most important families of copulas is the Archimedean class. An Archimedean copula has the form

Cup, ..., us) = ¢ Howr) + - - + d(ug)},

where ¢ is its generator; see, e.g., [31]. One of the most common Archimedean copulas is the Gumbel copula with parameter
6 € [1, 0o), which is defined for all uq, ..., uq € (0, 1), as

Cuy,...,ug) =exp[—(IInug|? + -+ |Inuyl®)V?].

Another member of the Archimedean family is the Frank copula with parameter 8 € (0, co), defined for all uq, ..., u4 €
(0, 1), defined as

o {exp(—6 — 1)}

d
C(uq,...,ug) = —1 In |:1 + [z (exp(=0u) 1}j| .
For further parametric copula constructions, see, e.g., [11-13,19,21,32], and with several multiparameter copula models
exhibited and discussed in [9,33].

The further structure of this paper is as follows. In Section 2, we briefly describe how the two-stage ML estimation method
works. In Section 3, we first derive the limit distribution for two-stage ML estimators outside model conditions, including
proof of consistency towards the relevant least false parameter. After this, we examine consequences of the true model
assumption for the asymptotic distribution. The resulting model non-robust asymptotic variance formula is essentially
similar to that given in Joe [20], but one difference is that we choose to use quantities that are more in line with the classical
ML estimation theory. Our results give rise to clear recipes for confidence intervals, confidence curves, and hypothesis tests,
based on two-stage ML estimators, discussed in Section 4.

In Sections 5 and 6, we study the numerical behavior of our model robust inference methods against that of the model

non-robust version by using a set of simulations and a dataset of Norwegian precipitation. Generally speaking, the two-stage
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ML estimator 7 has a variance matrix, say X, for which our apparatus provides two estimators: EA, computed under model
conditions, and X using the model-robust machinery. When the true model really is captured by the candidate model,
then both variance matrix estimators tend to be in agreement. Next, when the data generating mechanism lies outside
the model, the second method aims at the correct matrix, whereas the first is not consistent. The disagreement between
these two variance matrix estimators gets larger as the degree of misspecification increases. Furthermore, we observe that
a high degree of model misspecification may lead to situations where the limiting variance matrix of the two-stage ML
estimator is smaller than the corresponding variance matrix of the full ML estimator. This cannot happen when the data
generating mechanism is inside the parametric model. By classical theorems on the optimality of ML estimators, such as
the Hajek-Le Cam convolution theorem [15], each competing sequence of estimators will have a limiting variance matrix
at least as large as the one for ML estimation (the matrix difference is nonnegative definite), under model conditions and a
few further regularity assumptions on competitors. But these optimality theorems for ML estimation do not apply when the
data generating mechanism is outside the parametric model.

In Section 7, our methods and results are used to examine the mean squared error properties of both full and two-stage
maximum likelihood estimators for any given focus parameter. This also leads to a new focused information criterion for
copulas, when examining different candidate models. In Section 8, we offer a list of concluding remarks, some pointing
to further research work. In particular, we mention model selection criteria, and explain briefly that our two-stage ML
machinery may be extended to classes of conditional copula regression models.

2. Two-stage maximum likelihood
2.1. Maximum likelihood and Kullback-Leibler divergence

With observations from a model parametrized via a parameter vector n, the ML estimator 7 is the maximizer of £(n), the
log-likelihood function of the model for the given observations. Properties of ML estimators are extensively covered by the
classic literature in statistics, including [6,29,38]. In this paper, we use " to indicate that a quantity is estimated by full or
joint ML, and ™ to indicate that the quantity in question is estimated by two-stage ML, covered in Section 2.2.

The Kullback-Leibler (KL) divergence [28] measures the extent to which one probability distribution diverges from
another. The KL divergence from g to f is defined as

KL(g. f(-. )} = / £) In{g®)/f s ) d.

In our technical setting, the true density g is the same for all models. Thus, minimizing the KL divergence is equivalent to

maximizing [ g(y)Inf(y, n)dy.
Under the usual regularity assumptions and assuming that the integral is finite, the Law of Large Numbers gives

n

1 1«
— )= - Zlnf(yi, n) > /g(y)lnf(y, n)dy = E¢{Inf(Y, n)}.
n i=1

Here and later it is understood that the convergence relates to the sample size n growing beyond bounds. The above result
implies under mild and standard regularity conditions that 7, the ML estimator of n, will tend asymptotically to 7o v, the
least false parameter value and the maximizer of f g(y)Inf(y, n)dy. Thus,

-~ D .
n — now = argminKL{g, f(-, n)} = arg max / gy)Inf(y, n)dy.
n n
In other words, the ng y. is the parameter vector making the candidate model closest to the true model, in the sense of
KL. When the parametric model is correctly specified, i.e., g(y) = f(¥, no.m), for a suitable 1o v, the minimum of the KL
divergence is zero and 7y is called true parameter value. By applying the decomposition (2) on our setting and f(y, n), we
have that 7 is a consistent estimator of the least false parameter 7o v, Say 1o.m. = (onT ML G(I ML)T

2.2. Two-stage maximum likelihood estimator

When the dimension d of the copula gets higher, the ML estimator becomes computationally more demanding and not
even feasible when the number of parameters is high [ 19]. To avoid this problem, the two-stage ML is a natural alternative
estimation strategy, first proposed, for the two-dimensional case, by Shih and Louis [35].

When parametric families for the copula and the margins are chosen, the two-stage ML estimator works as follows.

Stage 1: For eachj € {1, ..., d}, obtain &}, the marginal ML estimate of «;, by maximizing, with respect to c;,

b = Z Infi(yij, o).
i1
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Stage 2: Plugin ay, ..., &4 from Stage 1, to get

n
€@, 0) =Y Mnfiyir. @)+ +Infayia, @) + Inc{Fy(yir. @), . .. Falyia. da). O}].
i=1

Then, 6 is estimated by maximizing £(c, #) with respect to 4, yielding

9 = argmax £ (@, 6) = argmax £.(a, 6),
[ [

where

n
Cel, 0) =Y Inc{Fi(yir, 1), ..., FalYia, @a), 0).

i=1

The two-stage ML estimate ij = (@",67)" = (al,....q, 97)T obtained in this way satisfies
iy O by L) = (0 0)
aad f17-..aa&d fd,ag c = s ey .

There are p; + - -+ + pq + q parameters and equations here, where p; is the dimension of ¢; and q the dimension of 6. In
the next section we demonstrate limiting normality for the full (p; + - - - + p4 + q)-dimensional 7. Note that since the main
focus of this paper is two-stage ML estimation, we will simplify the notation for the least false parameter of two-stage ML
by using ny = 1o o throughout this paper.

3. Large-sample behavior of two-stage maximum likelihood estimators

To work out clear limit theorems for the two-stage ML estimators we are helped by the following regularity assumptions.

Al: n € ®, where ® is compact.

A2: Infi(y, a;) is twice differentiable with respect to «;.

A3: Inc{Fi(y1, 1), ..., Fa(ya, @q), 0} is thrice differentiable with respect to « and 6.

A4: There exists a function R(y;) such that E¢{R(Y;)} < oo and [Infi(y;, o;j)| < R(y;) for all y;, ;.

A5: There exists a function R(y, «) such that Ec{R(Y, @)} < oo and |Inc(y, «, 6)| < R(y, a) forall y, «, 6.

In Stage 1 of two-stage ML estimation, the parameters of each margin are estimated by using separate ML estimation. We
may consequently use large-sample results from ML estimation theory directly, regarding the behavior of @;. In particular,
the estimator @; is now aiming for the least false value instead of the usual true parameter value under the true model
assumption.

3.1. Large-sample results for Stage 1 of two-stage ML estimation

The model-robust asymptotic proprieties of the ML estimator are already covered by White [38]. Here, we briefly recap
the result.

Lemma 1. Let & be the ML estimator of the margin parameter vector o = (a1, ..., aq)" from Stage 1 and let oy = (.1,
el ozo,d)T be the least false value. Then we have

V(@ — ap) = /NI, Upolag) +0p(1) ~ T, Ay ~ N(O, T, 'K, T, ),

where
'S aginan) (230 A an)
- aq\Yi1, 01 - —— Inj1yi1, o
Un,o, (1) i n = do
Un,a(a) = = = s
Un,aq(aa) 1 1<~ 9
— U, ids O - — In id, O
. ,_Z] g (Vinds @a) . 1—21 derg fa(yia, @a)
Ky, Koy -+ Koy
Koy,oq K, co Koy ey
Ky = i i ) , K. =Ky o,
. . c. . J 1At
Ko:d,al Kad,az e Kad

Koo = cove{Uy; (), @0,), Uy (Vk, @0,k)} = Ec{Uq;(¥j, 0,7) Uey (Vies aok)' ),
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T, 0 0 .,
Ia = 0 . . 0 ) Iolj = - /g} W lnfj(y]’ a(]]) dy] EGJ {Haj(ij Olo,j)}‘
0 0 1, !

We have used Hy, (¥j, o) for the Hessian matrix operation on In fi(y;, o).

For the proof, see the proof of Theorem 3.2 in White [38].

Under the assumption that the margins are correctly specified, one has K,, = Z,,. When j # k, however, it holds in general
that Ko, # 0. The asymptotic variance matrix will hence keep the sandwich form even under the assumption that margins
are correctly specified.

3.2, Large-sample results for Stage 2 of two-stage ML estimation

Under the assumption that all margins and the copula are correctly specified, it is well known that 9 is a consistent
estimator of the true parameter value 6y, i.e., KL{co, c(+, 6p)} = 0. However, without this assumption, the consistency of 6
needs more care, also since it needs to be clarified precisely what it is aiming for.

Lemma 2. Consider the function

M(“Os 9) = /glnC{F](y17 aO,l)a ceey Fd(yds ao,d)a Q}dy

and assume that there exists 6y, a unique and well-separated point of maximum of M(«y, 6), which satisfies
sup{M(ao, 0):d(0, 6p) < e} < M(ao, 6o)
forevery e > 0; here d(0, 6y) refers to Euclidean distance. Let M, (a, ) be the Stage 2 sample version of M(«g, 0), viz.

- 1 o - -
0) = - EIHC{FN}’M, o), ..., Fa(yia, aq), 0},

where the a;s are the estimates from the Stage 1. Then 9, the maximizer of My,(a, 0), is a consistent estimator of 6y, the least false
parameter value.

The proof is given in the Online Supplement [26].
So, under margin and copula misspecification, 6 is still consistent, but for the appropriate least false parameter value,
rather than for any ‘true’ parameter value. The divergence in question is of the KL type form
/ In cofF1(y1. @0,1), - - - Fa(¥a, c0,0)}
c{Fiy1, @0,1), - - -, Fa(Vd, 0,0, 0}
This leads to a precise notion of the least false parameter vector ng = (ao , GT) associated with two-stage ML estimation.

Based on the consistency lemma above, we now derive the model robust asymptotic distribution of the two-stage ML
estimator.

Proposition 1. With 7 the two-stage ML estimator of n, we have

-1
v () —mo) =/n (Ilfe 109) <Ugg’("&(z°9)0)) + (Zié}%) ~ I, Ay ~ N(0, V),
where

V, =1, 'Kz, )",
ad
Upo(a, 6) ZUe Vi @, 6) Z£ Inc{Fi(yi1, 1), ..., Fa(Vid» 0ta)f),

i=1
(K, 1<,,,.9
K, = <KO:|"0 Ky )

Ky = varg Ug(y, ao, 60) = E{Us(y, a0, 60) Us(y, 0, 60) "},
Ky.6 = cove{Uq(y, ao), Up(y, @0, 60)} = E{Ux(y, @) Up(y, a0, 60) "},

(% 0
n = IJ,G I@ )

82
Iy = — /g ——= Inc{Fi(y1, @0,1), - . ., Fa(ya, @0,a), 0} dy = —Ec{Hp(y, a0, 60)},
96006,
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82
Toyp = — /g + Inc{Fi(y1, @0,1), - - ., Fa(Va, @0,4), 0} dy = —Ec{Ha,0(y, 0. 60)}.
9006,

The proof is given in the Online Supplement [26].
Compared to the results from [20,39] where margins and copula are assumed to be correctly specified, the asymptotic
variance expression in Proposition 1 has a more general form. Writing it in block matrix form gives

w= (e o) = (Lot o ) (8 ) (5 ) 3)
1 Vaﬁ V9 _IO Ioz,@ Ia IQ Ka.G K9 0 Ie

Vo, =7, 'K, T, ',
Vo =T, Ko Iy ' + I, ' Ty 4 T, ' Ka Ty ' Tao Ty ' — Ty 'Ky 0 Ty ' Tap Ty ' — T ' T4 4 T, 'Kao T,

o0 ~a (4

where

—1 —1 —1 —1 —1
Voo =7, ' Keo T, — T, Ko I, ' T 0 T, .

Andersen [4] has a similar result, but in the context of a composite likelihood construction.

Further, since the two-stage ML estimator can be seen as a special case of the generalized method of moments (GMM)
in econometrics, Proposition 1 and Lemma 2 can also be seen as the direct result of consistency and asymptotic normality
of the GMM estimator with the optimal weight matrix W = K, 1. See Hall [ 16] for details of the GMM estimator. Similarly,
Proposition 1 can also be derived by using the theories of estimating equations, like in Section 5.5 of Joe [21].

Since the main focus of our paper is finding the exact effect of the true model assumption, i.e., f = g, we now look at
how the true model assumption simplifies the result from Proposition 1. As already mentioned in Section 3.1, the true model
assumption in Stage 1 gives equality K,; = Z,, forallj € {1, ..., d}, where d indicates the dimension of the data.

Joe [20] implements this result by replacing each 7, with Ky in his asymptotic variance formula. Although this method
is theoretically correct, it is not the most economical way of stating results, since V,, contains more Z,,.s than K, s; note that
every Ky, is ‘sandwiched’ by Zy; in(3). In addition, this is in opposition to the usual practice of maximum likelihood theory,
where the asymptotic variance is defined and used as the inverse of Fisher information, as opposed to the variance of the
score function vector.

Thus, under the true model assumption, we choose to simplify V, by replacing K, with

Loy Kal""z e Kal""d
K 7 - K
K;MA _ oy,0q o) o, 0
I(O,d,o,1 KO,M[2 e Ty

Although our method is theoretically the same as that of Joe [20], it will make a difference in practice since it is almost
never the case that the two matrices Ky, and Z,;, though identical as population quantities, have empirical estimates that are
very close.

Lemma 3. Under the assumption that the margins and copula are correctly specified, one has K, o = 0.

The proof is given in the Online Supplement [26].

In two-stage ML estimation, the log-likelihood functions are different in Stages 1 and 2. This implies that the true model
assumption does not give Z, y = K, ¢. Instead, the true model assumption for two-stage ML estimation yields a different
relationship, as follows.

Lemma4. Let

Ujl(y,al) — Inc{Fi(y1, 1), ..., Fa(ya, q), 0}
Uy, a) = ; —

Uy (. @) 2 neBi @) - .. Fayas oa), 6)

and
I<0t9 = COVG{UJ(}’, ao)v U@(ya o, 00)} = EG{U;(yv 010) UG(y’ Qp, GO)T}'
Under the assumption that the margins and copula are correctly specified, one has Z,, o = K ,.

The proof is given in the Online Supplement [26].

Lemma 5. Under the assumption that the margins and copula are correctly specified, one has Zy = Ky.

The proof is given in the Online Supplement [26].
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3.3. Impact of model misspecification on the copula parameter

The most apparent consequence of margin misspecification is that the two-stage ML copula parameter estimate 8 is no
longer consistent for the true parameter value. Another consequence is the change in asymptotic variance V,. Applying the
lemmas resulting from true model assumption to (3) gives

YA _ "t Vae _ 7, 0 KM 0\ (70—, ' 76Ty (4)
v et ove) “\m o4\ n)lo T )

where
vt =1 'k, M =1 1 1 KM T T e 1y VY = =T KM T, T 0 Ty

In Section 5 we illustrate the difference between (3) and (4) in practice by using simulated data. In Section 6, we illustrate
the same difference by using real-life data.

4. Inference

Having established limiting normality of the two-stage ML estimator 7 in Proposition 1, we can derive limiting normality
also for smooth parameter functions ;t = (%), via the delta method. To use such results in practice we need consistent
estimators of all variances.

The general formula for the variance matrix of the limiting distribution of 7 has the form V, = 1I( (L, T, These
components are population quantities, defined as means and variance matrices of random varlables Con51stent estimators
for these components emerge generally speaking by using plug-in sample averages h, = Z h(y:, 77)/n for estimating a
required hg = E¢{h(y, no)}. For regularity conditions that secure convergence in probablllty of such hy, to ho, see [22]. This
general recipe leads to consistent estimators of Z_! , K, above, and hence of V,, = I K. (T ( hr,

Consider now such a focus parameter p = ,u(n) = u(a, 0), a parameter of prlmary 1r1terest a smooth function of the
model parameters. In addition to the ML estimator &1 = u(«, 9) we may define the associated two-stage ML estimator
= pu(a, 8), for which the delta method yields

V(L = o) ~ N0, 72), (5)

~

with t2 = ¢V, ¢, and ¢ = 9u(no)/dno. Then T2 = €'V, is consistent for 2, with € = d.(%)/7. This leads to confidence
intervals, for any parameter of interest, as with

n+1967/vn (6)

for the approximate 95% interval. There are different versions of (6), corresponding to different ways of applying the variance
matrix formula V, above. One may use components for V in a model-robust fashion, or the version where the parametric
model assumption is trusted, leading to say V;™* and to a consequent ™. Also, results similar to and in fact more familiar

than those of (5) and (6) are easy to write down and use for the full ML estimation method, leading to 71 & 1.96 T/+/n etc.

We note that full confidence distributions can be computed and displayed, to supplement the two-stage ML based point
estimate 7t and estimated standard deviation 7/+/n. These are random curves cc(u), one such for each focus parameter,
constructed post data, with the property that Pr{cc(u) < «} is equal to or approximately equal to «, for all confidence levels
«. In addition to the easy to use first-order large-sample confidence curve

1) = e{Vn(n — 1)/7},

somewhat more elaborate and better approximations may be constructed via the methods in Chapters 3-4 of Schweder
and Hjort [34], involving generalizations of the Wilks type theorems. In Section 6 such confidence curves are computed and
displayed for relevant parameters pertaining to Norwegian precipitation data.

Our methodology lends itself nicely also to hypothesis testing. If © = u(«, 0) is a parameter where a certain null value
W 1S Of interest, then we may test H,ui: 4 = Una Via inspection of the associated confidence interval, or via some fully or
nearly equivalent route. This in particular applies for testing independence in the model structure, for the full d-dimensional
vector or for a subset, if this corresponds to a null value for the 6 parameter.

We may also use the developed machinery to test whether aspects of two or more sets of data are identical or different.
If one has data from two groups thought to be not very different, say A and B, one may fit the same copula model to both,
yielding parameter estimates for n4 = (wy, 64) and ng = (a3, 63), along with variance estimators. With this taken care as
explained above, one may then test the hypothesis H, : 84 = 0. Specifically, with sample sizes ny and ng, we would have

6a — 05 24 N0 — 05, W),

say, with W = X /na+ Xp/np. Here X4 and X are the variance matrices appearing in the limit distributions for ,/n4 QA 0a)
and ./ng 93 — 63). The test statistic

= (64 — G5) W 1(B4 — Bp),

with W involving consistent estimators for X4 and X5, would then follow an approximate X; null distribution, with q the
dimension of 6.
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Table 1
Description of the models used in simulation 1.
Copula Margin 1 Margin 2 I?L(g, f)
Data generating Gaussian Weibull Gamma
model 0 =0.3 a; =(1.5,4)T =21
(shape, scale) (shape, rate)

Model 1 Gaussian Weibull Gamma 0

Model 2 Gaussian Weibull Generalized gamma 0

Model 3 Gaussian Log-normal Log-normal 0.140

Model 4 Student ¢ Weibull Gamma 0.020

Model 5 Student t Log-normal Log-normal 0.166

Model 6 Frank Weibull Gamma 0.004

Model 7 Frank Log-normal Log-normal 0.139

Table 2
Description of the models used in simulation 2.
Copula Margin 1 Margin 2 Margin 3 Margin 4 I&(g,f)
Data generating Gumbel Weibull Weibull Gamma Gamma
model 0=3 =(1.5,4)" =(2,3)" =21 =31
(shape, scale) (shape, scale) (shape, rate) (shape, rate)

Model 1 Gumbel Weibull Weibull Gamma Gamma 0
Model 2 Gumbel Weibull Weibull Generalized Gamma Generalized Gamma 0
Model 3 Gumbel Log-normal Log-normal Log-normal Log-normal 0.298
Model 4 Survival Clayton Weibull Weibull Gamma Gamma 0.433
Model 5 Survival Clayton Log-normal Log-normal Log-normal Log-normal 0.508
Model 6 Frank Weibull Weibull Gamma Gamma 0.263
Model 7 Frank Log-normal Log-normal Log-normal Log-normal 0.558

5. Simulation study

To study the impact of the true model assumption on two-stage ML estimation, we have performed a set of simulations.
In simulation 1, we study the impact of the true model assumption on a number of 2-dimensional copula models. In
simulation 2, we do the same with 4-dimensional copula models. In simulation 3, we look at the case where the degree
of misspecification increases or decreases gradually.

5.1. Simulation 1 (2-dimensional case) and simulation 2 (4-dimensional case)

Tables 1 and 2 contain descriptions of the models that were used to generate the data and the models that were used to
fit the data in simulation 1 and simulation 2, respectively. The candidate models are chosen in such a way that they illustrate
different types and degrees of misspecification. The column I(L(g f) indicates estimated Kullback-Leibler divergence with
ML estimated least false parameter values. We used two sample sizes n = 100 and n = 1000. For each sample size, we
drew 1000 samples and the results were averaged. Some of the candidate models are easily distinguishable from the data
generating model for a sample size 1000, based on likelihood-based model selection criteria such as AIC. However, since our
goal is to investigate different degrees of model misspecification, we included them in our simulation.

For each model, ML and two-stage ML estimations were performed both assuming and not assuming that the model is the
true model that generated data. The column ‘True model assumption’ in Tables 3-6 indicates the presence of this assumption.
Dropping the true model assumption leads to the model robust asymptotic variance formulas. For the ML estimator, this is
the so-called ‘sandwich estimator’. For a copula model, this estimator can be obtained straightforwardly by applying classical
theory covered in [8,17,38]. When we make the true model assumption, the sandwich estimator simplifies to the inverse of
the Fisher information. For two-stage ML estimators, dropping the true model assumption yields (3) as asymptotic variance,
and assuming the true model, this simplifies into (4).

Below, 6 and 9 indicate the ML and the two- -stage ML estimate of the copula parameter, respectively. Also, J/n SE
the square root of the estimated asymptotic variance of 0.1t is estimated by choosmg the relevant formula, dependmg on
the presence of true model assumption, and, in general terms, replacing Eg{h(y, no)} by Zi:l (y;,m)/n or Zl Lhyi, m)/m;
see the discussion in Section 4.

Next, let gg g indicate the vector that contains the 0.8-quantile value of each margin according to the data generating
model, i.e., gog = (G”(O 8),. G;l(O 8)). With Pr(gps < Y) we mean the joint probability that each marginal variable
has larger value than the correspondmg 0.8- quantlle value. ThlS joint upper probability is sensitive to the tail behavior
of both margins and copula. The notations Pr(qu < Y)and Pr(qu < Y) refer to ML and two-stage ML estimates of
thls joint probability, respectlvely Also, +/n SE( Pr (qos < Y))is the square root of the estimated asymptotic variance of
Pr(qo g < Y), and /n SE( Pr (qos < Y))is the two-stage ML estimator analog. These asymptotic variances are obtained by
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Result from simulation 1 with sample size 100. For clarification of the column labels, see Section 5.1.

Simulation 1 (n = 100)

True model MLE
assumption
9 (95% CI) Coverage JASE®@) Pr(gos <Y) (95%CI) Coverage VA SE(Pr(gos < Y))
0 Pl‘(qO_g < Y)

No (0.107,0.489)  0.951 0.974 (0.048,0.085)  0.959 0.094
Model Ty ¢ 0298 (0121,0475) 0939 0.902 0.066 (0.049, 0.083)  0.939 0.087

No (0.109, 0.489)  0.952 0.970 (0.048,0.085)  0.954 0.094
Model 2y 029 (0.122,0476) 0939 0.904 0.066 (0.049,0.083)  0.937 0.087

No (0.095,0.500) 0.961 1.032 (0.047,0.086)  0.963 0.100
Model 3y ¢ 0298 (0121,0474) 0929 0.902 0.066 (0.049, 0.083)  0.930 0.087

No (0.098,0.496) n/a 1.016 (0.050,0.088)  0.943 0.096
Model4 .o 0297 (0.102,0491) nja 0.992 0.069 (0.050,0.087) 0.942 0.094

No (0.091,0514) nfa 1.079 (0.049,0.089)  0.947 0.103
Model 5y g 0303 (0102,0503) nja 1.022 0.069 (0.050,0.088) 0.938 0.098

No (0.504,3.183) nja 6.835 (0.047,0.083)  0.946 0.092
Model6 .o 1844 0597.3090) nja 6.358 0.065 (0.048,0.082) 0.932 0.086

No (0.527,3.480) nja 7.535 (0.047,0.087)  0.950 0.101
Model 7y 2003 (0682.3325) nja 6.742 0.067 (0.049,0.085) 0.921 0.090

True model Two-stage MLE

assumption

[ (95% CI) Coverage VNSE(@)  Pr(ges <Y) (95%Cl) Coverage VN SE(Pr(gos < Y))
0 Pr(qos < Y)

No (0.107,0.488)  0.950 0.973 (0.048,0.085) 0.957 0.094
Model 1 .o 0298 0121,0475) 0939 0.903 0.066 (0.049,0.083) 0.938 0.087

No (0.108,0.487) 0.951 0.967 (0.048,0.085)  0.955 0.093
Model2 y.q 0297 (0.120,0475) 0941 0.905 0.066 (0.049,0.083) 0.938 0.087

No (0.095,0.500) 0.961 1.032 (0.047,0.086)  0.963 0.100
Model 3y 0298 0117,0478) 0936 0.923 0.066 (0.049,0.084) 0.936 0.089

No (0.101,0.491) n/a 0.995 (0.050,0.087) 0.943 0.094
Model 4y, ¢ 029 " (0.103,0.490) n/a 0.986 0.069 (0.050,0.087) 0.942 0.094

No (0.094,0510) nfa 1.062 (0.049,0.089)  0.950 0.101
Model 5y 0302 (9.098,0505) nja 1.038 0.069 (0.049,0.088)  0.947 0.099

No (0.506,3.150) n/a 6.746 (0.047,0.083)  0.946 0.091
Model6 v, g 1828 0583,3.072) nja 6.350 0.065 (0.048,0.082) 0.935 0.086

No (0.534,3.415) nfa 7.351 (0.047,0.086)  0.947 0.099
Model 7y 1974 (0638.3311) nja 6.819 0.067 (0.049,0.085)  0.930 0.092

writing Pr(qos < Y) as a function of n and applying the delta method. With those standard errors, we also constructed
confidence intervals. The reported confidence intervals in Tables 3-6 are obtained by averaging the confidence intervals
from 1000 samples.

In the cases where the true value of 6 or Pr(qpg < Y) was known, we also computed coverage to supplement the
confidence interval. The coverage is computed as the number of times that the confidence interval captured the true value

divided by the total number of simulations.

When estimating the above mentioned quantities, the main computational bottleneck is estimating the K-matrices. For

instance, the matrix

Ia=—/g

is estimated by

~

Ty

1 n
:_E;

2

36006,

2

Inc{F1(y1, ®0.1),

ooy Fa(ya, a0,q), 0} dy

0 - . ~
39907 ncthilin ). .. Fa(yia, o). 0}.
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Table 4
Result from simulation 1 with sample size 1000. For clarification of the column labels, see Section 5.1.

Simulation 1 (n = 1000)
True model MLE

assumption
9 (95% CI) Coverage JASE®@) Pr(ges <Y) (95%CI) Coverage VA SE(Pr(gos < Y))
6 Pr(qos <Y)

No (0.241,0.356) 0.950 0.930 (0.060,0.072) 0.954 0.090
Model Ty 0298 (0242.0355) 0947 0.908 0.066 (0.061,0.071) 0.948 0.088

No (0.241,0.356) 0.953 0.929 (0.060,0.072) 0.954 0.090
Model2 v 0299 (0242.0355) 0947 0.909 0.066 (0.061,0.071) 0.949 0.088

No (0.230,0.352) 0.942 0.987 (0.059,0.071) 0.938 0.095
Model 3y .o 0291 (0234.0347) 0927 0914 0.065 (0.060,0.071) 0.919 0.088

No (0.241,0.356) nJja 0.930 (0.061,0.072)  0.950 0.089
Model 4y 0299 (0241.0356) nfa 0.930 0.067 (0.061,0.072) 0.951 0.090

No (0.233,0.355) n/a 0.985 (0.060,0.072) 0.939 0.094
Model 5y 0294 (02340353) nfa 0.964 0.066 (0.061,0.072) 0.936 0.092

No (1.407,2.204) nja 6.422 (0.059,0.070) 0.914 0.088
Model6 v ¢ 1806 (1 417.2.194) nja 6.269 0.064 (0.059,0.070)  0.905 0.086

No (1520,2397) nja 7.076 (0.061,0.073) 0.944 0.096
Model 7y 1958 (1544,2372) nja 6.674 0.067 (0.061,0.072) 0932 0.091

True model Two-stage MLE

assumption

(i (95% CI) Coverage JASE®) Pr(ges <Y) (95%CI) Coverage VI SE(Pr(gos < Y))
0 Pr(gos <Y)

No (0.241,0.356) 0.950 0.929 (0.060,0.072) 0.954 0.090
Model Ty 0.298  (0242.0355) 0947 0.909 0.066 (0.061,0.071) 0.948 0.088

No (0.241,0.356) 0.952 0.929 (0.060,0.072) 0.954 0.090
Model 2y .o 0.298  (0242.0355) 0948 0.909 0.066 (0.061,0.071)  0.949 0.088

No (0.230,0.352) 0.942 0.987 (0.059,0.071) 0.938 0.095
Model 3y 0291 (0233.0349) 0931 0.938 0.065 (0.060,0.071)  0.926 0.090

No (0.241,0.356) n/a 0.929 (0.061,0.072) 0.949 0.089
Model 4y 0298 (0241.0356) nfa 0.930 0.067 (0.061,0.072) 0.950 0.090

No (0.233,0.354) nja 0.983 (0.060,0.072)  0.940 0.094
Model 5 v .o 0294 0232.0355) nja 0.988 0.066 (0.060,0.072) 0.942 0.095

No (1.405,2.197) nja 6.385 (0.059,0.070) 0913 0.088
Model6 v 1801 1 413,2.189) nja 6.260 0.064 (0.059,0.070)  0.905 0.086

No (1.511,2.376) n/a 6.982 (0.060,0.072) 0.946 0.095
Model 7y 1944 1525.2362) nja 6.748 0.066 (0.061,0.072) 0.940 0.092

When calculating this matrix, a for-loop can be avoided by swapping the order of summation and differentiation. When
computing

~ 1< ~ ~
Ko == ) Up(yi. @ 0)Up(yi, @ 0),
P>
however, the same trick cannot be used and we are forced to use a time-consuming for-loop.

Now we look at the results from the simulations. From the result of simulations 1 and 2, we can observe that models
that are correctly specified or have a small degree of misspecification (e.g., Student t-copula instead of Gaussian copula and
Generalized Gamma distribution instead of Gamma distribution), the presence of the true model assumption makes virtually
no difference. This confirms the finding from Section 3 that when the model is correctly specified, the model robust variance
formula (3) and the non-robust version (4) coincide. Further, for the ML estimation part, it echoes the classical finding that
the ‘sandwich estimator’ becomes the inverse of the Fisher information when the model is correctly specified.

When the degree of misspecification increases (e.g., models 5 and 7 in simulation 2 where the log-normal density has a
heavier tail than the data generating margins and the Frank copula has lighter tails than the Gumbel copula), we see that
assuming the true model (i.e., using (4) instead of (3)) results in a larger difference in estimated the asymptotic variance.
Often, assuming the true model results in a smaller asymptotic variance. This sounds intuitive because assuming the true
model entails ignoring the model uncertainty and thus reduces the variance. In other words, ignoring the model uncertainty
often leads to over-confident confidence intervals. The degree of over-confidence will be larger when the sample size is small,
because the asymptotic variance is divided by the sample size when a confidence interval is computed. This also implies that
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Table 5
Result from simulation 2 with sample size 100. For clarification of the column labels, see Section 5.1.

Simulation 2 (n = 100)
True model MLE

assumption
9 (95% CI) Coverage JASE®) Pr(ges <Y) (95%CI) Coverage VA SE(Pr(gos < Y))
0 Pl‘(qO_g < Y)

No (2.582,3.462) 095 2.246 (0.122,0.142) 0.943 0.050
Model Ty ¢ 3022 5571.3473) 0954 2.302 0.132 (0.122,0.142) 0.953 0.051

No (2.552,3.496)  0.95 2.407 (0.122,0.143)  0.944 0.054
Model 2o 3024 (5570,3478) 0953 2315 0.132 (0.122,0.142) 0.944 0.051

No (2.447,3291)  0.863 2.153 (0.118,0.139) 0.905 0.053
Model 3y g 2869 () 469,3268)  0.858 2.039 0.128 (0.119,0.138) 0.905 0.050

No (2.010,3.724)  n/a 4374 (0.105,0.140)  0.855 0.089
Model 4y ¢ 2867 (5108,3626) nja 3.874 0.123 (0.107,0.138)  0.797 0.078

No (2793,5.021)  nja 5.683 (0.125,0.154) 0755 0.072
Model 5y 3907 (5970,4843)  nja 4779 0.139 (0.127,0.151)  0.674 0.061

No (8.667,13.652) nja 12.715 (0.092,0.122) 0.136 0.077
Model 6 ¢ 111609375 12.944)  nja 9.106 0.107 (0.096,0.118)  0.040 0.056

No (10.242,17.436) nja 18.350 (0.104,0.138) 0.815 0.086
Model 7y 13839 11421,16258) nja 12340 0121 (0.110,0.132)  0.545 0.058

True model Two-stage MLE

assumption

[ (95% CI) Coverage JNSE(B) Pr(gos <Y) (95%Cl) Coverage VN SE(Pr(gos < Y))
0 Pr(qos < Y)

No (2.514,3.487) 0931 2.484 (0.121,0.142)  0.941 0.056
Model 1y 3001 (5508.3493) 0936 2512 0.131 (0.120,0.143)  0.941 0.057

No (2.502,3475) 0935 2.482 (0.120,0.142) 0.939 0.056
Model2 yg 2989 ()493,3484) 0944 2.527 0.131 (0.120,0.142) 0.942 0.058

No (2.524,3435) 0947 2.323 (0.121,0.141)  0.957 0.053
Model 3y ¢ 2980 (5549,3411) 0938 2.199 0.131 (0.121,0.141)  0.941 0.050

No (1.852,3.386)  nja 3.912 (0.100,0.135) 0.671 0.090
Model4 ¢ 2619 (1893.3346) nja 3.706 0.117 (0.101,0.134) 0.621 0.085

No (2.378,3.983)  nja 4.094 (0.115,0.143)  0.940 0.072
Model 5y 3180 5 426,3934)  nja 3.846 0.129 (0.116,0.142) 0913 0.067

No (7.994,11.775) n/a 9.646 (0.085,0.112) 0 0.068
Model 6y 9884 (9377 11.447) nja 7.974 0.099 (0.088,0.110) 0 0.056

No (7652,11.623) nfa 10.130 (0.083,0.111)  0.001 0.073
Model 7y 9637 (8109,11.165) nja 7.797 0.097 (0.086,0.108) 0 0.056

when hypothesis testing is carried out on the copula parameter or on a function that takes the copula parameter as an input,
the choice between the model-robust and model non-robust variance formula can lead to different outcomes of the test.

Although the true model assumption often results in a smaller variance of the copula parameter, there are cases when
this does not hold, e.g., model 1 from simulation 3 in Section 5.2 and the model for precipitation data in Section 6. This is in
line with the fact that we could not find any analytical evidence for the inequality V;M* < Vp. In addition, the true model
assumption changes the interpretation of 6 from ‘estimate of the least false parameter value’ to ‘estimate of the true value
that generated the data’.

Joe [20] carried out an extensive study on the asymptotic efficiency for two-stage ML estimators and concluded that
two-stage estimation is highly efficient in most cases. By comparing the results from ML and two-stage ML estimations, we
can largely confirm that this is also the case when the model robust variance formula is used, particularly when the sample
size n is large, as the two variance matrix estimators involved are estimating the same quantity.

Another notable result regarding efficiency is that the Hajek-Le Cam convolution theorem, and related theorems on
the optimality of ML estimation, do not apply when the model is incorrectly specified. The Hajek-Le Cam convolution
theorem [15], combined with the Cramér-Rao lower bound [30] theory, states that no asymptotically unbiased and normal
competing estimator can have a smaller limiting variance matrix than that of the full ML estimator. Models 5 and 7 in both
the two- and four-dimensional cases have a relatively large degree of model misspecification. For these models, it frequently
happens that the asymptotic variance of the two-stage ML estimator is smaller than that of the full ML estimator. This occurs
both when the model-robust and model non-robust variance formulas are used. The largest difference occurs for model 7
from simulation 2, where the degree of model misspecification is high (the copula and all four margins are misspecified).
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Table 6
Result from simulation 2 with sample size 1000. For clarification of the column labels, see Section 5.1.

Simulation 2 (n = 1000)
True model MLE

assumption
9 (95% CI) Coverage JASE®) Pr(ges <Y) (95%CI) Coverage VA SE(Pr(gos < Y))
0 Pr(qos <Y)

No (2.861,3.143)  0.947 2271 (0.129,0.135) 0.946 0.051
Model 1y, g 3002 (5861,3.143) 0949 2278 0.132 (0.129,0.135)  0.949 0.051

No (2.848,3.156)  0.950 2.482 (0.129,0.135)  0.945 0.056
Model 2y 3002 (5860,3.144) 0951 2287 0.132 (0.129,0.135) 0.948 0.051

No (2713,2.993)  0.460 2.255 (0.125,0.132)  0.500 0.056
Model 3y 2853 5728.2978) 0382 2.019 0.128 (0.125,0.132)  0.409 0.050

No (2.516,3.055)  n/a 4346 (0.116,0.128)  0.050 0.092
Model 4y ¢ 2785 5551.3019)  nja 3.780 0.122 (0.117,0.127) 0.024 0.080

No (3.487,4237)  nja 6.049 (0.135,0.144) 0.133 0.078
Model 5y 3862 (3569.4.155) nfa 4728 0.140 (0.136,0.143)  0.064 0.061

No (10.234,11.900) n/a 13.436 (0.102,0.112) 0 0.083
Model6 v 11067 (10509, 11.624) nja 8.997 0.107 (0.103,0.110) 0 0.056

No (12.619,14.934) n/a 18.677 (0.116,0.127) 0.019 0.088
Model 7y 13777 (13019, 14535) nja 12207 0121 (0.118,0.125)  0.002 0.057

True model Two-stage MLE

assumption

[ (95% CI) Coverage JNSE®) Pr(gos <Y) (95%CI) Coverage VI SE(Pr(gos < Y)
0 Pr(qos <Y)

No (2.842,3.156)  0.960 2532 (0.128,0.135)  0.962 0.057
Model 1y ¢ 299 (7842.3.156) 0964 2537 0.132 (0.128,0.135)  0.960 0.057

No (2.840,3.153)  0.961 2,527 (0.128,0.135) 0.961 0.057
Model 2y 2997 )839.3.154) 0961 2.539 0.132 (0.128,0.135)  0.960 0.057

No (2.838,3.136)  0.943 2.399 (0.128,0.135) 0.945 0.054
Model 3y 2987 ()846,3.128) 0932 2277 0.132 (0.128,0.135) 0.938 0.052

No (2.339,2.833)  nfa 3.985 (0.112,0.123) 0 0.093
Model 4y g 2586 (3357.2816) nfa 3703 0.117 (0.112,0.123) 0 0.086

No (2915,3.441)  nja 4248 (0.125,0.134) 0.839 0.074
Model 5y 3178 (2937.3419)  nja 3.887 0.129 (0.125,0.134) 0.791 0.068

No (9.254,10.459) n/a 9.723 (0.095,0.103) 0 0.069
Model 6y 9856 9358 10.355) nja 8.040 0.099 (0.095,0.102) 0 0.057

No (9.007,10.288)  n/a 10.337 (0.093,0.102) 0 0.075
Model 7y 9647 (9153.10.142) nfa 7.980 0.097 (0.094,0.101) 0 0.058

When it comes to the asymptotic variance of the upper tail probability Pr(gos < Y), we often observe that the true model
assumption decreases the asymptotic variance. Yet, in some cases, we observe that the true model assumption increases the
asymptotic variance. This happens mostly when the true model assumption increases the asymptotic variance of 6, but there
are also cases where the true model assumption increases the asymptotic Pr(qps < Y) while it decreases the asymptotic
variance of 6. We suspect that this is due to the fact that the whole V,, including its non-diagonal elements, is used through
the delta method formula to compute Vpyg, ;<v). To check whether this also happens in non-copula models, we simulated
a large number of univariate data and fitted well-known distributions and computed upper tail probability from them. We
could observe that the true model assumption can increase the limiting variance of the upper tail probability while the
limiting variance of parameters decreases. Further, from the same univariate simulation, we also observed that using the
true model assumption sometimes increases the limiting variance of parameters.

5.2. Simulation 3 (gradual change in misspecification)

To study the difference in the numerical behavior between (4) and (3) in more detail, including the cases where the degree
of misspecification is very small, we ran a simulation with gradual change in misspecification. There are three scenarios and
for each scenario, we generated a dataset of size 100. The data generating algorithm generated (1 — §) x 100% of data points
from model 1 and § x 100% data points from model 2. So, § can be seen as the degree of ‘contamination’ to model 1 by
model 2. Then, we fitted both model 1 and model 2 to these data by using two-stage ML. This process was repeated 100,000
times and the results were averaged. We used 100 different values of §, which were spread evenly between 0 and 1. Table 7
describes the model 1 and model 2 that were used in each scenario. In scenario 1, model 1 gets contaminated only in the
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Table 7
Description of the scenarios used in simulation 3.
Copula Margin 1 Margin 2
Gaussian Weibull Gamma
Model 1 #=0.3 a; =(1,3)7 a =(2,1)7
Scenario 1 (shape, scale) (shape, rate)
Gaussian Log-normal Log-normal
Model 2 6 =03 a1 =(0.5,1.3)7 o =(0.4,0.8)7
(mean, SD) (mean, SD)
Gaussian Weibull Gamma
Model 1 0 =0.3 a; =(1,3)" a; =(2,1)7
Scenario 2 (shape, scale) (shape, rate)
Frank Weibull Gamma
Model 2 =3 a; =(1,3)7 =021
(shape, scale) (shape, rate)
Gaussian Weibull Gamma
Model 1 6=03 o =(1,3)7 @ =(2,1)7
Scenario 3 (shape, scale) (shape, rate)
Frank Log-normal Log-normal
Model 2 =3 ;= (0.5,1.3)T oy =(0.4,0.8)7
(mean, SD) (mean, SD)
Table 8
Description of the model for precipitation data.
Copula Margin 1 Margin 2 Margin 3 Margin 4 Margin 5
(Vestby) (Ski) (Lerenskog) (Nannestad) (Hurdal)
Model Gumbel  Gamma Gamma Log-normal Gamma Log-normal

margins. In scenario 2, model 1 gets contaminated only in the copula. In scenario 3, model 1 gets contaminated both in copula
and margins. For each model and scenario, we estimated the asymptotic variance of 6 and Pr(qpg < Y) by assuming the true
model and using Eq. (4) and by not assuming the true model and using Eq. (3).

Figs. 1, 2 and 3 show the results of scenarios 1, 2 and 3, respectively. We can observe that the true model assumption can
both decrease and increase the estimated asymptotic variance of 6 and Pr(qos < Y). And it seems like it is model-specific. For
example, model 1, which is same across all three scenarios, always shows increased variance of copula parameter 6 under
the true model assumption, regardless of what kind of contamination it gets.

A general pattern that we can clearly observe in all scenarios is that the difference between the two asymptotic variance
formulas (4) and (3), regardless of whether it is positive or negative, gets smaller as the degree of misspecification decreases.
As expected, this pattern is most clearly visible in scenario 3 where both copula and margins are misspecified.

6. Precipitation data

The precipitation data consist of daily measurements of precipitation in millimeters at five different meteorological
stations in Norway (Vestby, Ski, Lerenskog, Nannestad and Hurdal) from January 1, 1990 to December 31, 2006. These
data were provided by the Norwegian Meteorological Institute and used previously in Aas and Berg [1] (with one station
less) and Hobak Haff [18]. Following the example of two previous papers that used these data, we modeled only positive
precipitation by removing all observations for which at least one of the stations has recorded zero precipitation, resulting in
5536 observations. The main advantage of this is that we remove time dependence.

To choose an adequate model, we first fitted a set of well-known distributions for each margin by using ML estimation and
evaluated them by AIC. After the marginal distributions were chosen, we performed a probability integral transformation
for each margin and fitted a set of well-known copulas by using ML estimation and evaluated these by AIC. The best model
obtained in this fashion is described in Table 8. The choice of the Gumbel copula corresponds well with the fact that there are
indications of strong upper, but not lower, tail dependence. This is visible in Figure 2 from the Online Supplement [26], which
contains simulated scatter plots between the first two variables of the 5-dimensional Gumbel copula. Since the Gumbel
copula is a member of the Archimedean copula family, the scatter plots between other possible combinations among the
five variables will be virtually the same as the one between variable 1 and variable 2. They are therefore not displayed.

Figure 1 from the Online Supplement [26] shows that the marginal distributions of the fitted model are highly non-normal
and can differ between meteorological stations.

Table 9 shows the result from the model described in Table 8. With ML estimation, ignoring model uncertainty gives
smaller values of the asymptotic variances. However, with two-stage ML estimators, this is not the case. This phenomenon
was discussed earlier in Section 5.
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Fig. 1. Result of simulation 3, scenario 1. (Models 1 and 2 have the same copula, but different margins.) TMA stands for ‘true model assumption’. The
dashed lines are computed with the model non-robust asymptotic variance formula (4) and the solid lines are computed with the model robust asymptotic
variance formula (3).

Furthermore, we observe that the asymptotic variance of the two-stage ML estimator is smaller than that of the ML
estimator. As already discussed in Section 5, this happens when the degree of misspecification is high and consequently the
Hajek-Le Cam convolution theorem is not applicable. In our case, we used the five-dimensional Gumbel copula, which is a
member of the Archimedean copula family, to model the precipitation in five locations. The advantage of the Archimedean
family copulas is that we can model high-dimensional dependency by using only one parameter. The disadvantage, especially
when dimension is high, is that the dependency structure and strength is the same between all different pairs of variables.
The dependency relationship between u; and u,, for example, is the same as the dependency relationship between u3 and us,
in such models. Here u; = F(y;), forj € {1, ..., 5}, and these are uniform. The pairwise pseudo-observations plot (Figure 3
in Supplement B of Hobak Haff [ 18]), however, shows that the pairwise dependencies among the stations are not the same.

This rigidness of Archimedean copulas is causing a misspecification, and therefore we see that the asymptotic variance of
two-stage ML estimators is smaller than that of the full ML. Aas and Berg [ 1] suggest pair-copula constructions as a method
to overcome this limitation.

Fig. 4 visualizes Table 9 by using confidence curves, see Section 4. For details about confidence curves, see Schweder
and Hjort [34]. In Fig. 4, the confidence intervals from the model non-robust formula (dashed curves) and the confidence
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Fig. 2. Result of simulation 3, scenario 2. (Models 1 and 2 have the same margins, but different copulas.) TMA stands for ‘true model assumption’. The
dashed lines are computed with the model non-robust asymptotic variance formula (4) and the solid lines are computed with the model robust asymptotic
variance formula (3).

intervals from the model robust formula (non-dashed lines) are quite close to each other. This is partly due to the fact that
the sample size (n = 5536) is relatively large and thus scales down the asymptotic variance when a confidence interval is
computed. For datasets with smaller number of observations, the choice of model (non-)robust formula will make a bigger
difference.

The joint upper tail probability Pr(gos < Y) can be interpreted as the probability that, given that there is precipitation in
all five locations, there is precipitation higher than the 0.8-quantile values in all five locations within the same day.

7. Comparing estimation schemes

Methods and results reached in the present paper may be exploited for examining and assessing the impact of model
misspecification for different types of outcomes. Some quantities will be more affected by misspecification than others,
depending on the particularities of the models entertained, the underlying data generating mechanism, and also the sample
size. It is also a consequence of our results that the two-stage based estimator may have lower variance than the full ML
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Fig. 3. Result of simulation 3, scenario 3. (Models 1 and 2 have different margins and different copulas.) TMA stands for ‘true model assumption’. The
dashed lines are computed with the model non-robust asymptotic variance formula (4) and the solid lines are computed with the model robust asymptotic

variance formula (3).

Table 9
Result from the model described in Table 8 fitted with the precipitation data. For the description of column labels, see
Section 5.1.
True model assumption =~ MLE
0 (95% CI) JNSE(@) Pr(ges <Y) (95%Cl) N SE(Pr(qos < Y))
No 2351 (2.299,2.404) 1.996 0.108 (0.101,0.114)  0.246
Yes : (2.304,2.398) 1.796 ’ (0.102,0.114)  0.226
True model assumption ~ Two-stage MLE
(2 (95% CI) JASE®@) Prlges <Y) (95%CI) VA SE(Pr(gos < Y))
No 2196 (2.154,2.238) 1.578 0.101 (0.096,0.107)  0.207
Yes . (2.151,2.241)  1.696 ’ (0.095,0.107)  0.225
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ML. Dashed curves correspond to the true model assumption. The dashed horizontal lines indicate point-wise 95% confidence . (For interpretation of the
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estimator, outside model conditions. The extent to which this is an advantage or not then depends on the implicit biases,
when used to estimate well-defined population quantities.

Consider any parameter of interest, say u = u(G), expressed in terms of the underlying data generating mechanism G,
the joint cumulative distribution function fory = (y1, ..., y4)". When G is modeled as in (1)-(2), the parameter of interest
may be expressed in terms of the parameters of that model, i.e., u = wu(n) = u(a, 0). Under mild regularity conditions, also
regarding the smoothness of 11, methods and results obtained in Section 4 lead to

Vn (ﬁML - MO,ML) ~ N (0, tv) Vn (ﬁZML - MO,zML) ~ N (0, Tomi)

for the ML and the two-stage ML method, respectively. Here pom = t(no.m) and poam = (102m) are the appropriate
least false parameter values for 4 = u(n), involving the least false parameter values that the ML and the two-stage ML
method are aiming for, as in Section 4. Also, Ty, = CJLV,,,MLCML and Ty = CZTMLVW,ZMLCZML, with gradient vectors ¢ = du(n)/9n

evaluated at respectively the 1o . and 1o . positions in the n = (e,0T)" parameter space. There is also a third natural
estimator to be reckoned with here, namely the nonparametric /z,, = x(G,), exploiting the direct empirical distribution of
the observations, and for which a similar result \/n (&, — i) ~ N(0, t,,) holds. This essentially requires the existence of
an influence function for u(G) with a finite variance.

Importantly, these results give rise to mean squared error (MSE) approximations, for the three natural estimators of the
focus parameter. We may write

-~ —1/2_1/2 -~ —1/2_1/2 ~ _
HUnp =M1+ 1 / 'Cnp/ Zn,np7 Mme = Mom + 1 T Znme,  Mome = Moome + 1

with the three Z, variables tending in distribution to the standard normal A/(0, 1). These results invite the first-order large-
sample approximations

MSE,,, = 0% + Top/N,  MSEy = bZML + /N, MSEy = bgm + T /1,

1/2 1/2

1/2
TomL Zn,ZMLv
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involving in addition to the approximate variances also the biases byy = o m. — @ and by = o om0 — - The nonparametric
estimator has zero asymptotic bias.

Depending on the specifics of the models studied, and the focus parameter examined, each of the three estimators
might win, in the sense of having the smallest MSE. Particularly with a complicated w, the parametric variances might
be significantly smaller than the nonparametric ones, so either the ML or the two-stage method might win, for small or
moderate sample sizes, if the biases are not large. It is also clear that if the parametric model is not accurate, leading to
non-zero biases by, and b,y , the nonparametric estimation method will win for sufficiently large n. What is best in practice,
for different focus parameters, when working with a given dataset, becomes a matter of balancing bias with variance.

In work flowing from the present paper, the authors have pursued these ideas, by constructing asymptotically unbiased
estimators of the quantities involved in the MSE expressions. Incidentally, this requires the full simultaneous limit
distribution of the Z, variables above, in that limit distributions of by, = iy — np and by = fow — Mnp also play a
role in the construction of estimators of the squared biases involved. The end result is a focused information criterion (FIC)
for copula, in the tradition of the earlier developed focused information criterion (see Claeskens and Hjort [7,8] and Jullum
and Hjort [22,23]), but now involving at least three estimators for each focus parameter. If the statistician examines say k
different parametric copula models, each of type (1)-(2), then 2k+ 1 different estimators are evaluated, assessed, and ranked,
via the FIC for copula. See Ko et al. [27] for details, discussion, and applications.

8. Conclusions and further research

In our paper we have reached precise results for the behavior of two-stage ML estimators for parametric copula models,
both under and outside model conditions. This has then led to a full and flexible machinery for inference, including confidence
intervals and curves for focus parameters, testing hypotheses, etc. Here we offer some concluding remarks, some pointing
to further research.

The assumption that the chosen parametric model captures the true model that generated data leads to a set of
simplifications in our apparatus. For instance, the model robust asymptotic variance (3) simplifies to the model non-robust
asymptotic variance formula (4), which is essentially the same as the asymptotic variance formula from Joe [20]. The
difference is that we choose to use the inverse of the Fisher information matrix instead of the covariance of score vectors. We
believe that this is more concordant with the current practice of ML theory. Although these two definitions of asymptotic
variances are theoretically the same under the true model assumption, the practical difference between them can be non-
negligible when a real-life dataset is used. A further study on the impact of making one vs. the other choice for estimating the
population Fisher information matrix, either in the usual fashion based on the Hessian matrix at the ML position, or using
the variance matrix for the score vectors, would be useful not only for the copula community, but also more generally for
statisticians applying ML theory in other contexts.

The methods in this paper require that the first and second derivatives of the density function with respect to the model
parameters can be obtained. When it is not feasible to obtain the derivatives, one can consider to use the resampling methods
mentioned in Joe [20,21] as alternatives.

Our simulation study shows that assuming that the model is true (i.e., using the model non-robust variance formula) can
both decrease and increase the asymptotic variance of the copula parameter estimate, depending on the parametric form of
the model. The degree of decrease or increase gets larger as the degree of misspecification increases.

Since the asymptotic standard deviation is divided by +/n when computing a confidence interval, the overconfidence or
underconfidence coming from the true model assumption gets larger as sample size decreases. When carrying out hypothesis
testing for the copula parameter, or on a function that takes the copula parameter as an input, the choice of model-robust
variance formula or not can therefore lead to different decisions.

Joe [20] compares asymptotic relative efficiency (ARE) of the two-stage ML estimator with that of the full ML and
concludes that two-stage ML method typically has good ARE. We could observe that the two-stage ML estimator is still
highly efficient when the true model assumption is dropped and the model robust asymptotic variance formulas are used.

When models are highly misspecified, however, we see that the asymptotic variance of two-stage ML estimators can be
smaller than that of the ML estimator. This happens both when the model-robust and model non-robust variance formulas
are used. This effect increases as the degree of model misspecification and dimension increases. This relates to the fact that
the Hajek-Le Cam convolution theorem, along with theorems of a similar nature for the optimality of ML estimation for
parametric models, does not apply when the models are misspecified.

When the true model assumption decreases the variance of the estimator of the copula parameter, we sometimes observe
that the asymptotic variance of the joint upper tail probability increases. A possible reason is that this asymptotic variance is
computed with the delta method by using the whole variance matrix of 7 (or 7)), including the covariances between copula
and margin parameters. A further theoretical and numerical study on the property of variance transformation through the
delta method would be fruitful, especially considering the fact that this also happens in various other types of models.

Our general results concerning misspecified models involve both the notion of least false parameters (those aimed at by
respectively the ML and the two-stage ML methods) and ensuing limit variance matrices. It appears possible to study how
much these vary from their true counterparts, under model conditions, in terms of functional derivatives, in certain types of
model neighborhoods. The O(1/+/n) model misspecification from Chapters 6 and 7 of Claeskens and Hjort [8] can be used for
such purposes. Such considerations could then be used to pinpoint which parameter estimands = w(n) are more robust
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than others, with respect to moderate misspecification. It is outside the scope of the present paper to pursue this issue,
however. We also consider the development of Section 7, with concrete analysis for each focus parameter u = u(n), to be
more directly informative in this regard.

The authors of this study are currently developing model selection criteria for two-stage ML estimators that utilize the
model robust large-sample distribution from Section 3 of this article [25]. These model selection criteria will complement
earlier model selection methodology efforts, such as the Copula Information Criterion (CIC) developed by Grenneberg
and Hjort [14]. One particular goal of these extended efforts will be to aid model building and selection for pair-copula
constructions [1,2].

The methodology for two-stage ML estimation for copula models, inside and outside model conditions, has been
developed in this paper, primarily aiming for the case of iid sequences of vector observations. Importantly, in the presence of
relevant covariate information, the large-sample results and ensuing inference methods can be extended to various classes of
conditional copula regression models, with the required extra efforts. This will then lead to further estimation and inference
tools for models worked in, e.g., [3,37]. The covariates may influence the margins, the copula mechanism, or both. As one
such example, we might fit the Norwegian precipitation data of Section 6 using the Gumbel copula, but now with

0; = 0 exp{y1(x; — 1990) + y2(x; — 1990)*},

where ¥; is the calendar year for observation i € {1, ..., n}. This leads to estimates and confidence curves for y4, 3, and
related parameters, via the two-stage construction

n
@, 0,y) =Y _InclFi(yi1, &), ..., Fayia @), 61},
i=1

and allows one the opportunity to assess any changes of the copula mechanism over time.
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Supplementary Material:
Model robust inference with two-stage
maximum likelihood estimation for copulas

Vinnie Ko**, Nils Lid Hjort?
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Abstract

This is a supplement to the article Ko and Hjort [2]. Section 1 provides proofs of the key results from that paper, and
Section 2 provides figures referred to in in its Section 6.

1. Proofs of main paper results

1.1. Proof of Lemma 2

. ~ ~ P . . ~ .
Proof. For the estimator @ from stage 1, we have @ — «a. The Taylor series expansion of M, (a, #) around «, with 6
fixed as an arbitrary constant such that 6 € O, gives

M, (o, 6)

M,(a,6) = M,(a, ) +
oa

@ = ap) +0p(n”'").

Since o LN @, we have, for every € > 0 and all 8 € @, that
M, (a, 6) — M, (a,0)| < &. (D

Le Cam’s uniform convergence theorem (Ferguson [1, Theorem 16(a)]) gives directly:

Pr{lim sup |M, (o, 0) — M(ap, 0)| = 0} =1 2)
n—-oo 6c®
By combining (1) and (2), we have
sup [M, (@, 6) — M(a, 6)| = 0. 3)
0O

In other words, M, (a, 8) converges uniformly in probability to M(«ay, 6).

Now, we mimic the proof of Theorem 5.7 in van der Vaart [4]. Consider the estimator 5,, that nearly maximizes
M, (@, 0) and satisfies

M,(@,6,) > sup M,(@,6) — 0,(1).
2]
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Then we have certainly M, (@,6,) > M,(a,6p) — 0,(1). By adding ~M(a, 6,) + 0,(1) on both sides, we get

M,(@, 6p) — M(ao, 6,) < M@, 6,) — M(ao, 0,) + 0,(1)
< sup M, (@, 6) — M(ao,0)| + 0,(1) > 0
0

by (3).

Because of the assumption that is made in the beginning of the lemma, for every € > 0, there exists 7 > 0 such
that M(ao, 8) < M(ay, 6y) — n for every 0 satisfying d(0, 6y) > . This implies that the event {d(0, 6y) > €} is contained
in the event {M (g, 8) < M(ay, 6y) — n}. The probabilty of the latter event converges to 0. Thus, d(gn, 6p) tends to zero
in probability. O

Proof of Proposition 1
Proof.

Lemma 1. Let 0 be the two-stage ML estimator of 0 and 8y be the least false value of this parameter. Then we have
— 1 &
0-60=1I,"=> Uy, a,bp) +o,(n"?).
o yn; o(Vi» @, 6p) + 0,(n"'7)

Proof. The Taylor series expansion of U, ¢(e, 6) around 6, yields
0 = Upo(@,6) = Upo(@, 60) + Hyo(@. 00)(0 — 60) + 0,(n”"/%),
which gives

0— 0y = —H, (@, 00)" Uy o(@, 60) + 0,(n""/?). )

From stage 1, @ is a consistent estimator of a, i.e., & 2 . Since Hy(y, a, 8y) is differentiable at « and there
exists a Jacobian Hy(y, ag, 6), we can apply the multivariate delta method (Lehmann [3, Theorem 3.7]) and obtain

H,o(a, 0p) KA H, o(ao, 0p). Further, by the law of large numbers, we have
—H,, 0, 6p) L —Eg [Ho(y, a0, 60)] = To.

Thus, we have —H,, ¢(, 6)) 5T ¢ and (4) becomes

0—6p = I,'U,o(@,6p) +o0,n""?).

Lemma 2. With notation as in the previous lemma, we have

-6y = ]';1 {Un,e(ao,go) - I;,e (@- 010)} 4 Op(n_l/z)
= 1" {Uno(@0.60) = 10,4 I, Unalao)} + 0,77,



Proof. The Taylor series expansion of U, ¢(c, 6) around a yields

AU, p(0.600) " — .
%) (@ —ap) +o0,n 1/2)

= Un (o, 00) + H, , o(@0,60) @ — o) + 0p(n"'/?)
1/2)

Uyo(a, 8y) = Uy p(ao, 6) + (

= Unp(ao, 80) — I (@ — g) + 0p(n~
= n,(-)(ao, 6o) — I;e f;l Un’a(alo) + Op(n_l/Z),

Plugging this result into Lemma 1 gives
60— 00 = I;" {Uno(ao. ) — I7 @ — ao)} + 0,(n™"/?)
= I, {Uno(ao, 00) = I] 7' Up o)} + 0p(n™"72).
O

Finally, we obtain Proposition 1 by combining the result from Lemma 2 from this supplementary material with
the result from Lemma 1 from [2] by using Slutsky’s theorem:

i) = Vi3]

_ Vn I Upa(ao) +0p(n~'1%)
= Vil g (Unol@o. 00) = I7y T3 Upal@o)) + 0,(n7'12)

(L. o) Un,[xao)) (o,,a))
- \/ﬁ(];,g Iﬁ) (Un,@(a'O’gO) * Op(l)
i (I, 0\ "' (As
- IZ,@ Ly Ag

= 1,'0, ~ N (0. 1,5, (7))

Proof of Lemma 3

Proof. We assume that margins and copula are correctly specified, i.e., f(:,n0) = g, or simply g = f in concise
notation. Then

Ko, 9 = Covg (U, (01, @0,1), Ug(y, @0, 6p))
=Eg [Um (1, @0,1) Ug(y, avo, 90)T]

=f"‘fgUal(M,Olo,l)Ue(y,ao,l,go)Tdyl"'d d
Vi Yd

8%
_fUal(ymlm)(f 'nge(y,ao,h@o)Tdyz“'dyd)dY1
Y1 2 Yd

dlnc(Fi(y1,@01)s - - Falya, @0.4),00)\ "
Um(y1,a01) --fg( (10 0169 2V, Fod O)) dy; -+ dyg | dy;
Yd 0
dln f(y, o1,60)\"
..fg Olnfaon b))y gy )y,
Yd 690

Ual(ymlm) f

Yd

Uarl(yl’a'OI)(f ’
(f (6lnf(y,aol790)) dyy -+ dyd)dy1~

3



By using that d1n f/06y = (1/f)0f /06y, this becomes

Af(y, @o.1,60)\"
Km,9=fUm(Yl,ao,l)(f'“f(m;T(;lO)) d)’Z"'dyd)dY1
fUm(yl,am)( f ffdyz 'dyd) dy

fUm(YuOlm)( fl) dy,

=fUal(Y1,(lo,1)'0dy1
1

=0.

Similarly, K,,9 = O forall j=1,...,d. Thus, Ky = 0.

Proof of Lemma 4

Proof. We assume again that margins and copula are correctly specified, i.e., g = f(-,19), or g = g, and have

dlnc
£ 756,

fOMC
}fl dc
680

“Jl1s)i

_facn;;f,-d
- a6,

3f
a0, ¥

_a—goffdy,

Eg [Ug(y, @, 60)] =

dy




which is zero. Also,

OB [Ug(y, @, 600)] "
(90/()

81nc

6@0 ff 69T
Finc 9f dnc

= d

f (f daod6]  dag 06 ) Y

& lInc dlnf dlnc
= d
f (f davd] ! oy 06 ) Y

_f 7 d*Inc . aZ?:llnfj_'_(?lnc dlnc d
- dad0] daq dag | a0y [

Inc 32?:1 Infjinc dlncdlnc
oaeT
[-

0=

6a/0 (%?T o (o)) 6HT

—Eg [-Hoo(y, a0,60)] + Eg [Ua(y ap) Ug(y, aO,GO)T] + Eg [U(y(y ap) Ug(y, o, 6p) ]
=—tapt Ka,é) + Ka,g
= —Ia,g + K;,@

SO Iag = oz0

Proof of Lemma 5

Proof. We assume that margins and copula are correctly specified, i.e., g = f(-,79). Then

AEG [Us(y, 0, 00)]"
06,

0 dlnc
—a—aoff—aag d
Plnc  df dlnc
_ff(aeoaeg " 00 0] )d

0 Inc dlnf dlnc
- d
f (r daae; T a0, o6 )dy

&lnc dlnc dInc
= d
f (r omde; ! o0, o0y )d

S &P lnc +E dlncodlnc

T O a606] | ¢ a6, a6]

= —Eg [-Ho(y, @, 00)] + Eg Ug(y, @, 69) Up(y, o, 6) "
=—TJg¢+ Kp.

0=

SO, Ig = Kg.



2. Figures from Section 6
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Figure 1: Density plot of fitted marginal distributions of precipitation data.
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Figure 2: Scatter plots between the first 2 variables of 4-dimensional Gumbel copula. The plots are generated by simulating from the fitted models
with precipitation data. The left side is fitted with ML and the right side fitted with two-stage ML. The areas in the upper corners indicated by the

red dashed lines are the regions where both variables have higher values than their 0.8-quantiles.
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In parametric copula setups, where both the margins and copula have parametric forms,
two-stage maximum likelihood estimation, often referred to as inference functions for
margins, is used as an attractive alternative to the full maximum likelihood estimation
strategy. Exploiting the existing model robust inference of two-stage maximum likelihood
estimation, a copula information criterion (CIC) for model selection is developed. In a nut-
shell, CIC aims for the model that minimizes the Kullback-Leibler divergence from the real
data generating mechanism. CIC does not assume that the chosen parametric model cap-
tures this true model, unlike what is assumed for AIC. In this sense, CIC is analogous to the
Takeuchi Information Criterion (TIC), which is defined for the full maximum likelihood. If
the additional assumption that a candidate model is correctly specified is made, then CIC
for that model simplifies to AIC. Additionally, CIC can easily be extended to the condi-
tional copula setup where covariates are parametrically linked to the copula model. As a
numerical illustration, simulation studies were performed to show that the better model
according to CIC also has better prediction performance in general. The result also shows
that the bias correction term of CIC penalizes the misspecified model more heavily. This
bias correction term has a strong positive relationship with the prediction performance of
the model. So, a model with bad prediction performance is being penalized more by CIC.
Although this behavior of the bias correction part is an important conceptual advance of
CIC, this is not sufficient to make CIC outperform AIC in practice. This is because each mis-
specified model has the bias correction term and they grow at different speeds, depending
on the model. The difference between CIC and AIC becomes minimal as sample size grows
because the log-likelihood part outgrows the bias correction part.

© 2019 EcoSta Econometrics and Statistics. Published by Elsevier B.V. All rights reserved.

1. Introduction and copula models

One of the main practical issues in copula modeling is model selection. In the full parametric setup, where both the

copula and margins are assumed to have a parametric form, one often has multiple candidates for both the copula and
margins. As the dimension of the model increases, a list of possible combinations of margins and copula grows rapidly.
Hence, there is a need for a model selection criterion that can evaluate each model systematically according to a certain
philosophy or criteria and assign a score to each model. In the end, one would choose the model with the best score.
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Throughout this paper, we consider the full parametric setup. In this setup, one can simultaneously estimate all param-
eters of the model (i.e. both copula parameters and margin parameters) by using maximum likelihood (ML) estimation. In
this ML estimation framework, one can for instance use AICyy (Akaike, 1974) or TIC (also known as model-robust AlCyy)
(Takeuchi, 1976) as model selection criterion and select the model with the best score. (Note that we denote the AIC under
ML estimation as AICy; to distinguish it from the two-stage ML based AICyy, which we will derive in Section 2.3.) However,
when the dimension of the copula model gets high, the number of parameters increases quickly and the ML estimation is
not always feasible in terms of speed and numerical stability. Two-stage maximum likelihood (two-stage ML) estimation,
also often referred to as inference functions for margins (IFM), is a popular alternative estimation strategy that is designed
to overcome these drawbacks of the ML estimation. In stage 1 of the two-stage ML estimation, the parameter vectors of
each marginal distribution are estimated separately by ML. In stage 2, the estimates from stage 1 are plugged into the
log-likelihood of the model. Then, the parameters of the copula, which are now the remaining parameters to estimate, are
estimated by using ML estimation again. One of the advantages of this multi-stage approach is that it is computation-wise
much faster than estimating all parameters simultaneously, because it does not have to search for the global maximum in
high-dimensional space. A drawback of the two-stage ML estimation method, however, is that we cannot use the classical
results based on ML estimation, which include model selection criteria such as TIC and BIC.

In practice, different sorts of goodness-of-fit testing are often used as substitutes, to choose the best model (Genest and
Favre, 2007). Another often used model selection strategy for the two-stage ML is that one first evaluates candidates of
each marginal distribution with AICy;; and consequently chooses the best distribution for each margin. Once the margins
are chosen, one fits different copulas and evaluates the copula part with AICy;.. However, this piecewise model evaluation
cannot evaluate the model as a whole.

In this paper, we develop the copula information criterion (CIC) for two-stage ML estimation, which has the form

CIC = 2¢, (7)) — 255

Here ¢,(7) is the maximized log-likelihood with the two-stage ML estimation method, in terms of the full parameter vector
n of the model in question, and 5;"7 is a certain penalization factor, worked out in Section 2.2. The main advantage of CIC
is that it can evaluate a parametric copula with parametric margins as a whole. CIC is also a model-robust model selection
criterion which means that it does not assume that the candidate model contains the true model. As the overlap of the name
already suggests, our CIC is analogous to the CIC from Grgnneberg and Hjort (2014), which is designed for copulas estimated
with pseudo maximum likelihood (PML). In the PML framework, margins are estimated empirically, i.e. nonparametrically,
while two-stage ML assumes parametric forms of margins.

Our technical setting, identical to Ko and Hjort (2019), is as follows. Let (Y;,...,Y;)T be a d-variate continuous stochastic
variable originating from a joint density g(y1.....y4) and let y; = (¥;1.....¥;4)", for i=1,...,n, be independent observa-
tions of this variable. The true joint distribution g is typically unknown. Let f(y4,...,y4, 1) be our parametric approximation

of g, with the parameter vector 7, belonging to some connected subset of the appropriate Euclidean space. In addition, G
and F(-, n) indicate cumulative distribution functions corresponding to g and f( -, i), respectively. Here G;(y;) and F(y;, ;)
indicate jth marginal distribution functions corresponding to G and F(-, n) respectively, with «; as the parameter vector
belonging to margin component j.

According to Sklar’s theorem (Sklar, 1959), there always exists a copula C(uq, ..., uy, 0) that satisfies

Fyi,....¥a.m) =CEW1. 1), .... Fi(Vg. 0q). 0),

where the full parameter vector 1 is now blocked as
n= ("0 =l . .. o 6"

By assuming the regularity conditions from Ko and Hjort (2019), C( -, €) can be differentiated,

d
fOor,....yam) = C(Fl(yl’al%~~~’Fd(ydyad)aQ)Hfj(yj’o[j),

j=1

where c(uy, ..., ug) = 99C(uy, ..., ug,6)/du; --- duy and fiy;j. aj) = 0Fj(yj, aj)/dy;. For further details of copula modeling,
see Joe (1997) and Nelsen (2006). Analogously, the true density g can also be decomposed into marginal densities and the
copula density

d
V1. ¥a) =0 (G1(1). ... Gaa) [ [ &;y)-

j=1

with ¢g( - ) the true copula.

Note that the theories of CIC and AIC;)y, which we will develop in Section 2, should hold for both continuous and
discrete variables since the two-stage ML estimation keeps its properties in case of discrete variables. In this paper, however,
we only consider the case of continuous variables for simpler notation and exposition.

The further structure of this paper is as follows. In Section 2.1, we briefly explain Kullback-Leibler divergence and its
relationship to TIC and AICy.. In Section 2.2, we derive and define our copula information criterion. In Section 2.3, we prove
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that the AIC,y; formula holds under the two-stage ML estimation. In Section 2.4, we summarize the relationship between
TIC, CIC, AICy;. and AICyp. In Section 2.5, we illustrate what CIC looks like in the two-dimensional setting and show how
CIC easily can be extended to the conditional copula setting. In Section 3, we study the numerical behavior of those model
selection criteria. In our final Section 4, we offer a few concluding remarks and suggestions for future research.

2. The copula information criterion for two-stage maximum likelihood estimation
2.1. Kullback-Leibler divergence

The Kullback-Leibler (KL) divergence from g to f measures how the density f diverges from g (Kullback and Leibler, 1951)
and is defined as

KL /) = [ )log %dy = [ st 1oggw)dy - [ 50 log f)ay.

It is well known that the ML estimator aims for parameter values that minimize the Kullback-Leibler divergence (Akaike,
1998).

Consider a case where one has competing models for certain data and the parameters are estimated by ML. An arbitrary
candidate model with ML parameter estimates can be denoted as f(y, 77). (Throughout this paper, we use ‘™’ to indicate that
a quantity is estimated with ML and ‘~’ to indicate that a quantity is estimated with two-stage ML.) Since g(y) is the same
across all candidate models, minimizing KL divergence is equal to maximizing Q (%) = [ g(¥) log f(y, )dy. This quantity is,
however, not directly observable since g(y) is unknown. As an alternative, one may use the empirical equivalent of Q(7):

n

~ 1 1 R R N o~
Q) = () = - > [log fi i1, @) + - -« + log faVig, @g) + logc(F ¥i1, @1, ..., Fa¥ia, @a), 0) ]
i=1

Yet, this estimator of Q(7) is a biased estimator. By identifying and subtracting the bias, we obtain an approximately unbi-
ased estimator of Q(7)):

Q@) = (@) — (7K.
where 7, is the observed information and K, is the estimated covariance matrix of the score vector.
The TIC (Takeuchi, 1976) aims for the model that maximizes Q*(7) and is defined as
TIC=2¢(n) — zﬁZ,Tlo (1)
where P} 1o = tr(fn‘ll?n). This shows that TIC is basically a scaled version of Q* (7).

When one boldly makes the assumption that the candidate model is correct, i.e. contains the true data generating mech-
anism, TIC simplifies to AICyy, possibly the most well known model selection criterion in statistics, which is defined as

AlCyL = 2¢() — 2py. (2)
where p;, is the length of the parameter vector 7. Note that the formula of TIC and AICyy are only valid if the parameters
are estimated by the ML estimator. For more details about TIC and AICyy, see chapter 2 of Claeskens and Hjort (2008).

2.2. Derivation of the copula information criterion

When the copula model is estimated with the two-stage ML, the bias correction term of TIC, i.e. 57}110 is not valid. We
now derive the copula information criterion (CIC) which is analogous to TIC and is made for copula models estimated with
the two-stage ML.

When the copula model is estimated with the two-stage ML, the non-constant part of the KL divergence is

Q) = /g(y){IOgﬁO’l,&l) + -+ log fy(ya. Ga) + logc(F (yl’&])’~~de(yd,&d)s§)}dY~
The empirical equivalent is

~ 1 - - - -~

Q) = = > [log fr(yi1, @) + - +10g f4yVia, Fa) +logc(F ¥i1, @), - .. By Vi, Fa). 0) |-

n-
i=1

Now we check the bias of (5(77):

Ec[Q(D] - Q) = Eq, |:111 > log fi(¥is, 551)i| - /g()’l) log f1(y1, a1)dys
i=1
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+ Eg, |:111 Zlngd(yi,d’&d):| _[g(yd)l()gfd(ym&d)d}’d
i1

1 ~ &.).60
+Ec|:n > logc(F (i1, &), - 7Fd(.Vi‘dvad)’9):|

i=1
- [ew)togc(Fin.@). - Fatva &), 0 )dy:

Since the parameters of marginals from stage 1 (;s) are obtained with ML estimation, we can directly use the results from
the derivation of TIC and obtain

1< ~ ~ 1 1.
Eg, {n ZIngj(Yz',jsaj)i| - fg(vj)logf(y,-,aj)dyj = Etr(I;Kaj) +o(n ) = —Po, + o(n1),
i=1

where
I<Dtj = EGj [UO(j (.y]» aO,j) UOtj 0’]7 aOA,j)T]a

dlog f:(yi, a;
Uaj(}’j,()lj):gggj ])

and

)

E [alegfj(Yj’OlO,j):|.

To = —Ec.
T
darg j0org ;

In a nutshell, Ly, is the Fisher information of jth margin and Kaj is the covariance matrix of the score vector that belongs
to jth margin.
Further, let

Q:(i7) = [ &) loge(F 3. &), ... Fsva. @), 6 )dy

and

~ 1 N o~

Q@) =~ > logc(F ¥it. @), ... By (Vi @), 6).

i=1
So, we can write
~ 1 ~ -
Ec[Q(D] - Qi) = . D tr(ZyKey) +Ec[Q (D) ] = Qi) +o(n ™).
=1

Now, EG[@(ﬁ)] — Qc(7) is the only element that should be evaluated. Let

Q:(0) = [ £0)loge(Fy 51, 00.1). . FalV o). 0 ).
Zi =logc(F (i1, ®0.1), - -, F(ia» @0.4), 60 ) — Qe (o),

-1
N T 0 Un,o{(a ) 0p(1)
Ay =Vn(@i —no) = \/ﬁ(zgﬁ 29) (Un,g (060,090)> * (Oz(l))

which stems from Proposition 1 in Ko and Hjort (2019), and furthermore

and

10 1 L dloge(F (yit, 1), ... Fy(Via, oq), 0
Unp () = EZU"(V“”) = EZ GIZ - i )
i=1 i=1
1< 1 & 0% loge(FR it ar). ..., Fy(Vig. o). 0
Hn,n(n):EZHn(yivn):EZ ( l anonT l )’
i=1 i=1

and

Ty = —Ec[H, (v. m0) | = - /g(y)Hn (v, mo) dy,
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which, incidentally, should not be confused with Z, in Proposition 1 of Ko and Hjort (2019). Then we have E[Z,]=
1S L E[Z] =0, along with

3 = - ;:1: logc(y:. )
_1 > " |log c(yi. o) — Qe(m0) + Qe (m0) + (71 = 110) Uy ¥ mo) + 1(7’7 —10)"Hy Vi, 10) (7T — no) | + 0p(n~1)
n 2
i=1

= % > 1Zi] + Qe (no) + (71 — 10)Un.y (M0) + %(ﬁ — 10) "Hn.n (o) (T — no) + 0p(n”")
i=1

_ 1
=Qc(no) +Zn+ —=AlUy, n(ﬂo)+ ATHn n(M0)Ay +0p(n"),

il
Q:(i) = [ g log (1. &) ... a0 ). 6 )y
= [ &)[1ogew. o) + (7~ 10)"Uy 0. 110) + 5 7~ 10) 9. 50) 7 — 1) |y + 05”1
= [ )10y o) dy+ ([~ 10)" [ &)Uy 5. 10 dy -+ 5 G = 10)" [ 8OIHy 0 10)dy - G = 10) +0pn )
= Q1) + (7= 10)" - 0+ 5V~ 10)" [ 80)Hy 3. 10) dy - V(T — i) + 0y (™)

= Qc(10) — ATZ*A n+op(n'),

and
~ _ _ 1 1
n(Qc(7) — Qc(1)) = nZn + VAU 5 (10) + jAI;Hn¢n(770)An ZAZIZAn +0p(1).
Further, note that

1 & dloge(F (i1 @01), .- FaWia, ®0.4). 6o
Un,ﬁ(no) = EZ ( : 8770 ' ° )

i=1

has the following convergence, by the central limit theorem:
d * *
VUny (0) = V(Uny (00) — E[Uy (Y. 1m0)]) = A} ~N(0.K;),
where K = Var(Uy (¥, 10)) = E[Uy (v 110) Up (¥, 110)"]. (Here A} and K;; should not be confused with A, and K in Proposition

1 of Ko and Hjort (2019).) _
Now we evaluate E¢[n(Qc(77) — Qc(7))]:

Ee[n(Q:() — Q:()] = Ec| nZa + VAL Uy (o) + S ALy (10)A, + SATT:A, |+em
R EG[(I,;1A,7)TA;]
= Eo|tr(z,' A (A7) )]

= tr(Z," Ec[ A, (A;)T]) = tr(Z,'K;) = p}.

where

Aa(AL)"  AgAj K Koo
K =Ec[Ap(A:)T]| =E * “ .
n G[ ’7( 77) ] G|:(A (A* AQAT>i| ( K* Ky

It is practical to note that

-1
Ao 1 0 KO
tr(Z,'K;) = t"((zf@ 1 1<9

. (( alKg < Kao ))
=u 1 Ao 4 11 \T 1 - 1
~I' T TR + T (K ) —T, T o T Kap + T, Ky
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0
T Ky 0 +1911<9)>'

and Kj can be obtained by using plug-in sample averages. The consequent esti-

n

mators are denoted as f(;j], I?aj, f,j T I?;;. For regularity conditions that ensure convergence in probability, see Jullum and
Hjort (2017).
Thus, the approximately unbiased estimator of Q(7) is

d

~~ 1 - 1 ~ i~ ~ 17

Q' () = (i) — (Z tr(Zy,'Kay) + tr(Iann))
j=1

By defining 53,» = tr(fgj?l?aj), ffg) = tr(f,f[?;;), 577

mation criterion as

CIC = 2, (7) — 255

= 27:1 5*&], + f)g and scaling @*(ﬁ), we can finally define the copula infor-

3)
2.3. AIC for two-stage maximum likelihood estimator

The CIC, derived in Section 2.2, is a model robust model selection criterion. This means that the CIC does not assume
that the parametric model includes the true model that generated data. In this section we show that, if we do make such
a true model assumption, the CIC simplifies to the AIC,y;. To our knowledge, this is the first time that the validity of the

AICy). formula is proven for the two-stage ML estimator.
Lemma 1. Under the assumption that the margins and copula are correctly specified, it holds that K} = 7o, — K.

Proof. Assume the candidate model worked with contains the true data generating mechanism, i.e. that f = g at the relevant
parameter point. Then

dEc[Uy (, ap) ]

0= 80[0
| jOXialosh;
dag dord

af ad Z?:] log f; N

g dorf

02 Z?zl log f;
dogda)

>d

f 92 3], log f;

dagdar}
{ )

a9 logf; 99, log f; d
aag oot

f f—
/ 0 o
= Ec[Ua (v, @0) Ua (¥, 20) ] + Ec[Ug (v, 00) Ua (., Oto)T] - EG[_Ha (. ao)]
= Ko+ K — =

dlog f 9% log f;
g dord

Y9, log f; .
8a0

Jo

39, log f; .
dard

92 27:1 log f;
dorgdar]

dlogc
80[0

dlogc 32, 110ng dy

02 Z] 1 log f; d
8060

oo 8%

If we make the true model assumption (i.e. f = g), we have from the classical results of maximum likelihood theory that
Iaj = Kaj. This implies that we have for the bias correction term in the marginal parameters p*&j = tr(Iojj1 Kaj) = dim(«a;),
for each j.

For the bias correction term in the copula parameters part, the true model assumption results in Lemma 1. Combining
Lemma 1 with Lemmas 3 and 5 from Ko and Hjort (2019) gives

tr(I,;l K,j) = tr<(Z‘;lKg‘ 0

0 —T,'1} )T, Ka —1—19‘11(9))

(5 )
_ tr<<8 (I’)) — dim(0).
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Table 1
An overview of the relationship between
model selection criteria discussed in this

paper.

Model robust
Yes No

Estimation ML TIC AlCyp
2ML  CIC  AlGym

Thus, the unbiased estimator 6*(77) can be simplified as

d
G (i) = ea() — (Y dim(e) + dim(®)

j=1

By defining p; = Zj’-':] dim(«;) 4+ dim(#) = dim(n) and scaling Q*(7), we obtain AIC,y. for the two-stage ML estimated
copula models

AlComL = 240 (1)) — 2Py (4)

Compared to AICyy from Section 2.1, the only difference is that the log-likelihood is now estimated under the two-stage ML
instead of ML, i.e. we use 7 instead of 7.

2.4. Relationship between the model selection criteria

So far, we have discussed four model selection criteria for copula models. Table 1 offers an overview of the relationship
between them. When the model (i.e. both copula and margins) is correctly specified, CIC and AIC,y; become equal, and the
same happens between TIC and AICy; . Thus, one can compare CIC and AICy)y. (or TIC and AICy; in case of ML estimation)
to check whether the model is correctly specified.

Further, since both CIC and TIC are estimating the same part of the KL divergence under the same model robust envi-
ronment, they are compatible. This implies that one can compare CIC to TIC to measure how much one loses in terms of
KL divergence by using two-stage ML estimation instead of ML estimation. The same can be done by comparing AICy), to
AICy;. when one believes in the model. However, one should not compare CIC with AICyy (or TIC with AlCyy; ) since they
are based on two different model beliefs (i.e. presence of the true model assumption). Figuratively speaking, one would in
that situation be comparing apples with pears.

2.5. lllustration for two-dimensional case and extension to the conditional copula regression.

To make things more concrete, we now give an example of the two-dimensional case with (Y7, Y;) from the unknown
g(y). As candidate margins we choose a two-parameter distribution (e.g. normal, gamma, Weibull, etc.) for both F; and F,.
For the copula part, we choose a one-parameter copula (e.g. Gumbel, Frank, Clayton, etc.). The candidate model then has
the form

FO1.y2.n) =c(BE1, 1), EW2, 02),0) - fi(y1, a1) - L2, a2),

where n = (¢q.1, @12, @21, %22, 0)T. The ingredients for the CIC can then be written down by using the block matrix form,
in line with Ko and Hjort (2019):

Ko,  Kopao Kujg Za, 0 0 Kg, Ky o, Kuo
Kr/ = Kaz,on Kotz Kazﬂ s Zr/ = 0 Iocz 0 5 K; = Kézﬁh T Kglz T Kazﬂ
T T T T
Kl , K, K e Toe Io (K;l.e) (ngqg) Ky

We consequently have
Py = Do, + Do, + Dy
= tr(Z,, Ko, ) + tr(Zs, Ko, ) + tr(Z, ' K; )
= tr(Z, Ke, ) + tr(Z5,) Ko, ) + tr(Z, K, ) + tr(Z,) K5,
(=2, "2y Ty Kavo — Ty ' 1o, g Ty Ko + T 'Ky).

More generally, we can consider the conditional copula regression where all marginal distributions and copula are con-
ditioned on the k-variate covariate X parametrically. Patton (2002) extends the existing theories of copula to the conditional
copula setting, including the conditional version of Sklar’s theorem, which gives conditional copula density

F, - Yanlx) = c(F (1, a1|x), B2, a20x), 0x) - fi(y1, o1]X) - f(¥2, o2 |x).
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Fig. 1. Result from simulation 1. On the x-axis is the value of CIC or AICyy. The 324 different copula models, defined by using the candidate copulas and
margins described in Table 3, are fitted to the dataset generated from the data generating model described in Table 2. The y-axis is the mean squared
error of P(go7 < Y), which indicates the two-stage ML estimated joint probability that each marginal variable has larger value than its 0.7-quantile value,
defined by the data generating model.

For simplicity, we consider the case where the copula parameter 6 is modeled by the linear calibration function with
6 =XB where 8 = (B, ..., /S,C)T is a k+ 1 dimensional parameters. We can then consider § as the copula parameter instead
of 6, which results in 7 = (011, @12, %21, %22, Bo, - - -, Br)T. One can easily define matrices K, Z,, and K; accordingly. For
details about conditional copula regression, see Patton (2006), Acar et al. (2013) and Palaro and Hotta (2006).

3. Simulation studies

To study the behavior of CIC, we have performed a set of simulation studies. Simulation 1 studies the similarity between
CIC and AICyy. and whether the models with higher CIC or AICyy, scores are indeed ‘better’ models in practice. Simulation
2 focuses on the difference in the behavior of CIC and AICyy. In particular, we analyze whether CIC outperforms AICyp in
practice.

3.1. Simulation 1

In simulation 1, we generated a dataset of size n = 1000 with the model described in Table 2. We then, with this dataset,
fitted 324 different copula models, which are based on the possible combinations of the candidate copulas and margins
described in Table 3. Further, P(qg7 <Y) was computed from every fitted model. Here, qg; is a vector that contains the
0.7-quantile value of each margin according to the true model. i.e. go7 = (G;'(0.7),...,G,'(0.7)). We repeated this process
1000 times and averaged the results.

Fig. 1 displays the relationship between mean squared error of estimated P(qg7 <Y) and CIC and AlCyy. We can see
that both model selection criteria evaluate the models that have lower mean squared error as better models. The difference
between CIC and AICy),. in this perspective is minimal. This is because the log-likelihood, the element that is shared by
both model selection criteria, has much bigger absolute value than the bias correction term and dominate the criteria. The
difference between CIC and AICy)y (the misalignment between the black triangles and the red crosses in the figure) is
caused by the difference in their bias correction part alone. Further, the model ranks determined by CIC and AICy),. are
highly similar and both model selection criteria successfully picked the true data generating model as the best model in
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Table 2
Description of the data generating model used in simulation 1.
Copula Margin 1 Margin 2 Margin 3 Margin 4
Weibull Weibull Gamma Gamma
Data generating model ~ Gumbel ;= (1.54)T «a;=(2.3)T a3 =2, 1T ay =3, 1T
6=3 (shape, scale) (shape, scale)  (shape, rate) (shape, rate)
Table 3
List of the candidate copulas and margins used in simula-
tion 1.
Candidates
Copula Gumbel, Gaussian, Frank, Survival Clayton

Margin 1 Weibull, Gamma, Log-normal
Margin 2 Weibull, Gamma, Normal

Margin 3 Gamma, Weibull, Log-normal
Margin 4 Gamma, Weibull, Log-normal

X AN
w
2
% A AL
X AN
o X
o 7 %
%
. i
& X
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=)
oo |
e
w
g
A CIC
X AICZML
o —— CIC (trend)
S

T T T T
10 15 20 25

Bias correction term (i:‘)'*TI orp,)

Fig. 2. Result from simulation 1. The 324 different copula models, defined by using the candidate copulas and margins described in Table 3, are fitted to
the dataset generated from the data generating model described in Table 2. The y-axis is the mean squared error of P(qo7 < Y). The x-axis is the value of
the bias correction terms in model selection criteria (ﬁ*n for CIC and p, for AlCym).

all 1000 repetitions. In short, Fig. 1 illustrates that the KL-divergence based model selection criteria that we introduced for
two-stage ML estimation (i.e. CIC and AIC,); ) show the desired behavior in practice.

Fig. 2 uses the same mean squared error as in Fig. 1, but the x-axis is now the bias correction term (ﬁ;“7 for CIC and
py for AlCyy). The difference between CIC and AlCyy is now more clear. While p, (dimension of the parameter vector 1)
for AICy)y is either 9 or 14, depending on the total number of parameters in the model, 13’,*7 tends to penalize misspecified
models more and forms a strong relationship with the mean squared error of estimated P(qg7 <Y).

3.2. Simulation 2

In simulation 1, we observed that CIC penalizes misspecified models more in its bias correction part, which is a feature
that AIC,y,. does not have. Does it imply that CIC should outperform AICyy; when they disagree on the model? To find an
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Table 4
Description of the models used in simulation 2.
Dependence measure Copula Margin 1 Margin 2
Log-normal Log-normal
Model 1 Kendall's T = 0.56 Frank o =(09,08)T  a;=1(03,08)T
Spearman’s p = 0.76 0=7 (mean, SD) (mean, SD)
Weibull Gamma
Model 2 Kendall's T = 0.60 Clayton o7 = (1.5,4)7T o, =2, 17

Spearman’s p = 0.79 6=3 (shape, scale) (shape, rate)

answer to this question and to study the difference in the behavior of AIC,y; and CIC in detail, we performed simulation
2. Although we tried different combinations of copulas and margins, they all led to the same conclusion. Hence, we only
display some chosen representative results.

Like we saw in Section 3.1, the difference between CIC and AICy)y is fairly small because of the dominance of the log-
likelihood part. This means that there are not that many situations in practice where CIC and AIC,,. disagree, especially
when the sample size is large. So, we have to look into situations where the difference between two competing models
is relatively small. We mimicked such a situation by letting the data come from a mixture of the two models. Another
advantage of this simulation design is that it allows us to study the situation where there is no ‘true model’ on the candidate
model list (when the ‘contamination’ parameter § is away from its boundaries).

In simulation 2, we generated datasets of 4 different sizes (n = 100, 200, 500, 1000) from the two models described in
Table 4. The data generating algorithm generated (1 — §) - 100% of data points from model 1 and § - 100% of data points from
model 2. So, § can be seen as the degree of ‘contamination’ to model 1 by model 2. Then, we fitted both model 1 and model
2 to these data by using two-stage ML. This process was repeated 10,000 times. We used § =0, 0.05, ..., 0.95, 1.

Note that the copulas used in model 1 and 2 are easily distinguishable with reasonable sample size (e.g. 200), since
Clayton copula has stronger lower tail dependence than Frank copula. This enables us to observe different degrees of mis-
specification with varying § values.

From Fig. 3, we can first confirm our theoretical finding from Section 2.3 that CIC and AICy); become equal when the
model is correctly specified. (For model 1, it is when § =0 and for model 2, it is when § = 1.) As the degree of model
misspecification grows (for model 1, it is when § moves towards 1 and for model 2, it is when § moves towards 0), the two
model selection criteria diverge from each other. To be more specific, CIC always has smaller value than AICyy; . Since the
only difference between the two model selection criteria is the bias correction part and the bias correction part of AlCyy is
constant for all values of §, this can only imply that 13’,“7 gets larger as the degree of misspecification grows. The divergence
between CIC and AICy)y. gets smaller and smaller as the sample size (n) grows. This is because the size of the log-likelihood
part of grows linearly with the sample size while the bias correction part does not.

Fig. 4 shows how often each model is chosen as the best model by each model selection criterion. One could intuitively
think that CIC should choose the ‘more correct’ model (which is model 1 for § < 0.5 and model 2 for § > 0.5) more often than
AICyyy. since CIC is a model robust model selection criterion and the misspecified model gets penalized by 577' However, the
result shows that this is not the case. Fig. 4 shows that CIC always prefers model 1 above model 2, both when 6 <0.5 and
6 >0.5. We tried many different copulas and margins and CIC always preferred a certain model across all range of §. Which
model was preferred, depended on the combinations of copula and margins. Fig. 5, where we plot the bias correction term
against §, explains this phenomenon. At a first glance, we can observe that 5’;] and p, are equal when the model is correctly
specified and that E;; grows as the degree of model misspecification increases. The key thing is that this growth happens in
both models and that each model has its own speed of growth for 5’;. Back to AIC,y, since both model 1 and 2 have same
number of parameters, the model with higher log-likelihood value becomes the ‘winning model’. In other words, whether
AIC;p. choose model 1 or 2 as winning model, depends on

Sgn(zn,Ml - Zn.MZ)s

where Zn m; indicates the under two-stage ML maximized log-likelihood value of model j. So, CIC and AICyy;. disagree on
the winning model if and only if

sgn(Comt — amz) # 580 (Ennnt — Camz — (B wi — By ) (5)

where p* nMj indicates the bias correction term of model j, as in (3). Thus, if f)*;]M] < ﬁ”;LMZ, CIC chooses model 2 more often
as wmmng model (relatively to AlCyy). If the inequality holds in opposite direction, CIC chooses model 1 more often as
winning model (again, relatively to AIC,y; ). From Fig. 5, we see that both 5?;,M1 and 577,1\/12 have value close to 5, when
the model is correctly specified, but as the misspecification appears, 5;;,M2 grows faster than 5>,"7M1. (This is also visible by
the fact that the point where 5’:7YM1—curve and 5’;YM2—curve cross each other lies far more right to § = 0.5.) Combining this
growth speed difference with (5), it is logical that CIC chooses model 1 more often as winning model compared to AICyy;.

To sum up, CIC, compared to AICyy;, chooses the model with smaller value of 577 more often as winning model, which
in practice is not necessarily more correct model as we noticed in Fig. 4.
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Fig. 3. Result of simulation 2. The y-axis is the value of CIC or AICyy;. The x-axis is 8, the proportion of data points generated by model 2 described in
Table 4. The remaining (1 — &) - 100% data points were generated by model 1. The simulation was repeated 10000 times and the results were averaged.
The blue dashed vertical line is § = 0.5. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

Interestingly, there does exist a situation where, theoretically at least, the difference in 5’;7 between two competing mod-
els always favors the correct model: When one of the two model is the ‘true model’. i.e. § = 0 or 1. In this case, as one can
see in Fig. 5, 5;‘7 of the correct model will be (almost) equal to p,, while 5’,"7 of the misspecified model will outgrow p;. So,
there is no issue of growth speed difference. However, in this situation, the log-likelihood of the ‘true model’ will be much
higher than that of the misspecified model. So, the AICy),; would also be able to point the true model as winning model.
(e.g. Winning rate close to 1 in Fig. 4 when § = 0 or 1.) So, in practice, there will be no noticeable advantage of CIC in this
situation.

Furthermore, the fact that E;; gets lower than p, in lower sample sizes is because of the estimation errors involved in
estimating matrices as mentioned in Section 2.3 of Burnham and Anderson (2003).
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Fig. 4. Result of simulation 2. The y-axis is what we call ‘winning rate (WR)', the proportion among 10,000 repetitions that the concerning model (model
1 or model 2) is picked as the best model according to the model selection criterion of choice (CIC or AIC;yy ). The x-axis is 8, the proportion of data points
generated by model 2 described in Table 4. The remaining (1 — §) - 100% data points were generated by model 1. The blue dashed vertical line is § = 0.5.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

4. Conclusions and further research

In this paper, we have developed the copula information criterion (CIC), which is a TIC-like model robust model selection
criterion for two-stage ML estimated copulas. When we make an assumption that the parametric candidate model contains
the true model, CIC becomes equal to AIC,y; . This validates the use of AICy),. for the two-stage ML estimated copula models.
To our knowledge, this is the first time that AIC,y; formula is analytically justified. Further, since both TIC and CIC are
estimating the same part of the KL divergence, without the presence of the true model assumption, they are compatible to
each other and can be used to check possible disadvantages caused by the two-stage ML estimation. The same can be done
by comparing AICy;. and AlCyy;, when one believes in the model.

Regarding the assumption that a candidate model is correct, one can compare 5’{7 (bias correction term of CIC) and p;
(bias correction term of AICyy) to check whether the model severely diverges from the data generating model, i.e. as a
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Fig. 5. Result of simulation 2. The y-axis is the value of bias correction term (5’;7 for CIC and p, for AICyy.). The x-axis is §, the proportion of data points
generated by model 2 described in Table 4. The remaining (1 — §) - 100% data points were generated by model 1. The simulation was repeated 10,000 times
and the results were averaged. The blue dashed vertical line is § = 0.5. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

separate goodness-of-fit test. It may be noted that the job of the CIC is to rank models according to a sensible criterion,
and to identify the best ones, but doing well in this ranking is not the same as claiming that the model passes goodness-
of-fit tests. In yet other words, the winning model, using the CIC, may still not be a perfect model, perhaps since the list of
candidate models has not been the best.

We performed a set of simulation studies. In the first simulation study, we observed that CIC and AIC,y; have strong
agreement in how they rank the model and that the ‘better models’ according to CIC and AIC,y;. show better prediction
performance (measured in MSE). In addition, 13*;7 alone has a strong correlation with the prediction performance. So, one
could consider to utilize 13’;] as an extra tool to evaluate the model. (We showed earlier that 5’;, can be used to measure the
divergence of a candidate model from the true model.)

In the second simulation study, we showed that CIC and AIC;). are indeed identical when the model is correctly spec-
ified. The two model selection criteria diverge from each other as the degree of misspecification gets larger. The difference
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between CIC and AIC,y; however becomes smaller and smaller as sample size increases, because the log-likelihood part
grows much faster than the bias correction part.

Further, we showed that when CIC and AIC,),. disagree on the winning model, CIC does not necessarily outperforms
AICyp. CIC has tendency to prefer a model that shows slow growth 5’;, of when the degree of model misspecification
increases. Further, CIC should theoretically outperform AIC,yy in the situation when there is true model on the candidate
model list. However, in practice, this effect is shadowed by the log-likelihood term which dominates the criterion because
the fit of the true model is much better than the misspecified model. In this regard, AIC,y;. already picks the true model
as the best model and there is almost no space for CIC to outperform AIC,y;. Hence, no real practical advantage of CIC
over AlCyy.. Moreover, CIC requires large sample sizes to estimate its bias correction elements accurately and when sample
size is large, the dominance of log-likelihood term gets even larger. In this sense, AICy)y is a parsimonious approach to
CIC. These practical issues are also the reason why TIC is rarely applied in practice for ML estimated models (Burnham and
Anderson, 2003).

Because of the large number of possible models in high dimensional settings, the number of situations that we could
examine was limited. (In case of a 4-dimensional copula model with 5 candidate copulas and 3 candidate margins for each
variable, there are 324 models that we have to test.) Another problem was that we could not try all copulas and margins on
the simulated data since fitting a heavily misspecified copula and margins would cause numerical problems. A further large-
scale simulation study that examines the behavior of different types of copulas in variety of situations would be fruitful.

Furthermore, CIC is computationally expensive mainly because K, K, g and Ky require score functions for every data
point separately. For example, for 7,' and Z,, one can avoid this by swapping the order of summation and differentiation,
but for K3, K, ¢ and Ky, this is not possible. A numerical technique that can make CIC less computationally extensive would
be appreciated.

Theoretically, CIC can be directly applied to pair-copula constructions as long as one uses two-stage ML for estimation. A
pair-copula construction is after all just a special case of high-dimensional copula (Aas et al., 2009). However, in practice, it
can be difficult to estimate all the necessary components due to the large number of parameters.

Although CIC and AICy)y. perform decently well in selecting a good model that fits the data best in terms of KL diver-
gence, there are situations where one is interested in a model that is suitable for specific tasks. The task of interest could be
for example estimating tail probabilities, the mean, or the median. The authors of this study has recently developed a model
selection criterion that can take this into account, for copula models under the two-stage ML scheme (Ko et al., 2019).
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Abstract

In this paper, we extend the focused information crite-
rion (FIC) to copula models. Copulas are often used for
applications where the joint tail behavior of the variables
is of particular interest, and selecting a copula that cap-
tures this well is then essential. Traditional model selection
methods such as the Akaike information criterion (AIC)
and the Bayesian information criterion (BIC) aim at find-
ing the overall best-fitting model, which is not necessarily
the one best suited for the application at hand. The FIC,
on the other hand, evaluates and ranks candidate mod-
els based on the precision of their point estimates of a
context-given focus parameter. This could be any quantity
of particular interest, for example, the mean, a correlation,
conditional probabilities, or measures of tail dependence.
We derive FIC formulae for the maximum likelihood esti-
mator, the two-stage maximum likelihood estimator, and
the so-called pseudo-maximum-likelihood (PML) estima-
tor combined with parametric margins. Furthermore, we
confirm the validity of the AIC formula for the PML esti-
mator combined with parametric margins. To study the
numerical behavior of FIC, we have carried out a sim-
ulation study, and we have also analyzed a multivariate
data set pertaining to abalones. The results from the study
show that the FIC successfully ranks candidate models in
terms of their performance, defined as how well they esti-
mate the focus parameter. In terms of estimation precision,

FIC clearly outperforms AIC, especially when the focus

© 2019 Board of the Foundation of the Scandinavian Journal of Statistics

Scand J Statist. 2019;1-24.

wileyonlinelibrary.com/journal/sjos |

1



2—|—Scandinavian Journal of Statistics KO ET AL.

parameter relates to only a specific part of the model, such
as the conditional upper-tail probability.

KEYWORDS

mean square error, model selection, semiparametric estimation, two-stage

maximum likelihood

1 | INTRODUCTION AND COPULA MODELS

Model selection is inarguably an important part of modern statistics. Most model selection cri-
teria work by evaluating the “overall” fit of the models, in a suitable sense, as opposed to their
performance related to a specific use. For example, the Akaike information criterion (AIC) and
the Takeuchi's information criterion (TIC) aim for the model that minimizes the Kullback-Leibler
(KL) divergence from the real data-generating mechanism to the candidate model. However, in
practice, the model itself is often not the final goal. The model is to be used for some specific tasks
such as estimating the mean, a quantile, correlation, or the tail dependence.

Copula models are frequently used for applications within, for instance, finance and insur-
ance, as well as hydrology, where the tail behavior of the joint distribution is particularly
important. Measures of interest are then typically the value at risk, the expected shortfall, or the
conditional upper quantiles of the distribution of sea and river levels. Selecting a copula that cap-
tures the joint tail behavior well is then essential. It is by no means certain that this is obtained
with traditional model selection methods. On the other hand, the focused information criterion
(FIC), proposed by Claeskens and Hjort (2003), is a model selection method that evaluates candi-
date models based on the precision of their estimate of a quantity of interest, measured in terms of
the mean square error (MSE). This quantity of interest is called the “focus parameter” and hence
the name “focused information criterion.” One of the drawbacks of the original FIC (Claeskens
& Hjort, 2003) is that it assumes all the models to be parametric and nested. Jullum and Hjort
(2017) extend the FIC to a more general setting by using a nonparametric model to estimate the
bias part of the decomposed MSE. Their new FIC machinery is designed for maximum likelihood
(ML)-estimated parametric models and nonparametric models. Furthermore, the candidate mod-
els do not have to be nested. We extend this new FIC to copula models that are estimated with
ML, two-stage ML, or pseudo ML combined with parametric margins (PMLpm).

Our technical setting is as follows. Let y;, ...,y, be independent and identically distributed
d-dimensional observations from a joint density g(y;, ...,Y4). This data-generating model g is
typically unknown. Suppose f(y,, ...,Y4, ) is our parametric approximation of g, with the param-
eter vector # belonging to some connected subset of the appropriate Euclidean space. Let G and
F(-,n) denote cumulative distribution functions corresponding to g and f(-, ), respectively. Fur-
thermore, G;(y;) and Fj(y;, ;) indicate jth marginal distribution functions corresponding to G and
F(-,n), respectively, a; being the parameter vector belonging to margin component j.

According to Sklar's theorem (Sklar, 1959), there always exists a copula C(uy, ..., uq,0) that
satisfies

F(yl’ aydan) = C(Fl(yl’al)a aFd(ydaad)ag)

with the full parameter vector

n=@"0"" = (al, ... ,as",6")".
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Under the assumption that Fi(y;,a1), ..., Fq(y4, @q) are absolutely continuous and strictly
increasing, C(-, ) can be differentiated. This gives

d
FO1 oy = c(BEr(y @), ... Faa. aa).0) [[ /07 ).
j=1

where c(uy, ..., ug) = adC(ul, ey Ug,0)/0uy ... 0ug and]j-(yj, aj) = aFj(yj, aj)/ayj. Similarly, the
true density g can also be decomposed into marginal densities and copula density

d
81, . ya) = o (Gi(y1). - . Ga(ya)) [ [ 8-
j=1

with ¢y (-) the density of the true copula. For more details on copula modeling, see Joe (1997, 2014)
and Nelsen (2006).

Three of the most commonly used estimation procedures for parametric copulas are full ML,
two-stage ML, and PML. When full ML is employed for the copula and margins, the theory of AIC,
BIC, and FIC holds directly. For PML-estimated copula, combined with nonparametric margins,
Greonneberg and Hjort (2014) develop a copula information criterion (CIC) and Chen and Fan
(2005) suggest a pseudolikelihood ratio test. Ko and Hjort (2019a) propose a different CIC for
the two-stage ML. This paper concerns extending the FIC theory to these different estimation
procedures. This partly follows the line of arguments used in Jullum and Hjort (2017, 2018) but,
by necessity, involves certain extra efforts, as we work with more complex estimation strategies
than the pure nonparametric and the ML.

The further structure of this paper is as follows. In Section 2, the FIC for copula models under
ML, two-stage ML, and the PMLpm estimator is derived and defined. Furthermore, we present
the AIC formula for the PMLpm estimator in Section 3 and cover the average weighted FIC
(AFIC), designed for the situations where multiple focus parameters are of interest, in Section 4.
In Section 5, the behavior of the FIC is investigated in a simulation study. Moreover, we apply the
FIC to a data set on multiple measurements on abalones in Section 6. Finally, Section 7 contains
concluding remarks and suggestions for future work.

2 | FICFORCOPULA MODELS

2.1 | General idea and derivation of the FIC

In this subsection, we briefly summarize the idea behind the FIC of Jullum and Hjort (2017) and
reach a general formula. The actual details for implementing this FIC formula depend on the
specific estimation scheme, which we return to later in Sections 2.2, 2.3, and 2.4.

Most model selection criteria such as AIC, BIC, and TIC measure how close a candidate
model is to the true model in terms of a certain divergence measure. However, in many cases,
the model itself is not the goal, but rather a means to estimate a specific quantity, such as the
mean or the probability of a certain event. The main idea behind the FIC, first introduced by
Claeskens and Hjort (2003) and later modified by Jullum and Hjort (2017, 2018), is that one wants
to select a model that is good for a specific task. In our setting, we quantify this specific task as
that of estimating a focus parameter, say, T(G), a functional of the data-generating distribution.
The functional needs to have a clear statistical interpretation across candidate models. With Fy,,
the distribution associated with such a candidate model M, T(F),) is the ensuing approximation to
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the Tywe = T(G). We also need the functional to be smooth, in the sense of admitting an influence
function leading to limiting normality with a \/ﬁ rate. This involves certain regularity conditions,
as (C1)-(C4) of Jullum and Hjort (2017, Section 2).

In our setting, the estimated focus parameter via the use of a candidate model is denoted as
/’.l\’cnd or T(ﬁ), with F as the estimated distribution via this model. We are looking for candidate
models such that ?Cnd is close to Tiye. As with Jullum and Hjort (2017, 2018), we use a quadratic
loss function, leading by definition to the MSE as the criterion of closeness. We hence define the
FIC as the estimated MSE

—_— ——— - 5

FIC = MSE (Tena) = Varg(Tena) + bias’ (?Cnd, Ttrue> . 1)

We return to estimates for the variance of ?’Cnd below, with different recipes for different estima-
tors. For estimating the bias, we use the fact that the nonparametrically estimated T, which we
denote as T, is asymptotically unbiased. This suggests using

— =k A A A 2
bias® (Tcnda Ttrue) = (Tcnd - Tnp) s

which however tends to overestimate its estimand. By correcting for the overestimation and
possible negative values, we obtain the final squared bias estimator

( S S 2 — A
max {0, <Tcnd - Tnp) - VarG Tcnd>

/'\2 7 —_— ——~—— P —_——~— Py P
bias <Tcnd’ Ttrue) = —Varg <Tnp> + 2Covg (Tnp, Tcnd> } , if the model is (semi)parametric

0, if the model is nonparametric.

) )

Note that this derivation of the FIC is done without specifying the estimation scheme. As long
as Tend, Thnp, Varg(Tena), Varg(Thp), and Covg(Thp, Tena) can be obtained, the FIC can be defined
for any model and estimation scheme.

2.2 | FIC under ML

The ML estimator #M* is defined as the maximizer of #,(r), the log-likelihood function of a
chosen model with given observations. Its properties are covered in classic references such as
White (1982) and Le Cam (1990).

Let ?’ML = T(F@#MY)) denote a focus parameter, estimated based on a given parametric
model and using the ML. Furthermore, let T v, indicate the focus parameter associated with the
least false parameter value 7)'", which minimizes the KL divergence from the true model to the
candidate model. If the candidate model captures the true model, we have Ty = Tirye-

Under the regularity conditions (C1)-(C4) (Jullum & Hjort, 2017), the joint distribution of
?ML and ?np can be written in our copula setting as

T T d A 0 Vip  Vap,
\/E Anp true 5 <.T MLHEI > ~N<<0> ’<VTnp II;pML>>’ (3)
TML - TO,ML Sy (I,,, ) A,,,ML np.ML ML
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where

Vap = Varg (IFr(y, G)) = Eg [IF(y, G)IF(y, G)T] ,
_ 095, _ oT(F(n)
on on
. -1 -1. T
Vo = 5 ()R 5 K = [ ) (™)'

1, T .
Vapme = Qe (™) 5, Qu = Eg [IFT(J’, G) -y (y.my™) ] . 8y

d
0 <2J=110gfj(y]7 aj) + logc(Fl(J’h al)a 7Fd(yda ad)a 9))
on ’

(v n) =
1" = —Eq [H, (v.n5"")]
d
? (X logs; (vsat) +1oge (Fr (v alt), ... .Fa (v ally ). o3"))
/g onon’

and IF7(y, G) is the influence function associated with the focus parameter. Based on (3), the FIC
for ML estimated parametric models is defined as

dy,

1 25 ~ ~ 2 1 A A A
FICyy, = ZVML + max {0, (TML — Tnp) — Z <VML + Vnp — 2Vnp,ML> } R (4)

where
1

-1 -1 —
Y — N TML i U _ TOML, _ oT( 7ML ML ( 7ML “
VapML = QML(I;y > S5 VML =S,V 8 = S,A,<In ) Ky (In ) S

Here, I7np, O, ﬂ,VIL, I?}}’IL indicate empirical analogues of Vyp, Qur, )", KM, respectively.

2.3 | FIC under two-stage ML

When the dimension d of the model grows, the length of the total parameter vector s increases
rapidly and ML estimation is not always feasible. Shih and Louis (1995) proposed two-stage ML
(a.k.a. inference functions for margins) as an alternative. This consists in first estimating @; sep-
arately for each margin by ML. Then, one plugs the resulting @™ into the log-likelihood and
obtains §ML by maximizing the log-likelihood with respect to . The asymptotic properties of
the two-stage ML estimator are given in Ko and Hjort (2019b) for the general case and given
in Joe (2005) for the situation where one assumes that the parametric model covers the true
data-generating mechanism.

Proposition 1. Under regularity conditions (C1)-(C4) from Jullum and Hjort (2017) and
(A1)-(A5) from Ko and Hjort (2019b),

\/ﬁ /Tnp — Tirue d < Anp > N < < 0 > ( VHP Vnp,ZML ) >
Py _) . _1 ~ b T b
Tome — ToomL S;1r (I;?ML> Ay 0 Vnp,ZML VoML

where
2ML oML\ 1 T,
Vipamr = Qy ((In ) )Sn’
Vomr = 8 Vipmi$y,
T
2ML\ 1 -2ML 2ML\ 1
Vi = (In ) Ky ((In ) )

and other quantities are defined in the proof.
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The proof is given in the Appendix.

In practice, Vomr and Vipomr can be estimated by taking emplrlcal analogues and using
the plug-in principle. We write those estimates as VZML and Vnp omL- The FIC for two-stage
ML-estimated parametric models is then

1 25 ~ A~ 2 1 A~ A A
FICmL = EVZML + max {0, <T2ML - Tnp> ™ <V2ML + Vip — 2Vnp,2ML> } . (5)

2.4 | FIC under pseudo ML combined with parametric margins

One of the drawbacks of (two-stage) ML estimation is that the estimation of the copula parameter
0 is affected by the choice of parametric distribution for the margins. Even when the copula is
correctly specified, possible misspecifications of the margins can lead to suboptimal values of
OML and 92ML, Genest, Ghoudi, and Rivest (1995) propose the PML estimator that overcomes this
shortcoming. In this semiparametric estimation scheme, one first uses the pseudo-observations
Gnj(y)) = (n+1)7! Z,';:l I{yr; < y;}, which are nonparametric probability integral transforms
of the data. Subsequently, one plugs these into the copula log-likelihood and maximizes this with
respect to 0 to obtain OPML_TFor details concerning the PML estimator, see Tsukahara (2005), Chen
and Fan (2005), and Kim, Silvapulle, and Silvapulle (2007).

Once 0 is estimated, one can keep the nonparametric margins. However, parametric mar-
gins are often used instead, estimating a; separately for each margin by ML, just like in stage 1
of two-stage ML estimation (Bevacqua, Maraun, Hobak Haff, Widmann, & Vrac, 2017; Hobak
Haff, Frigessi, & Maraun, 2015). Below, we derive the FIC formula for this “PML combined with
parametric margins” and abbreviate the estimation scheme by “PMLpm” in the rest of our paper.

Proposition 2. Under regularity conditions (C1)-(C5) from Chen and Fan (2005) and
(C1)-(C4) from Jullum and Hjort (2017),

\/E < ?‘np - Ttrue > _d) Anp —1 N << 0 > ( VnP Vnp,PMme >>
Py ~ T ,
Tpmrpm — To,pMLpm Sy ( IEMLPIH ) AEMme 0 Vioppyipm VPMLpm

where

-1
PMLpm PMLpm .
Vnp,PMme =y <I;1 ) Sy

.T .
VPMme =Sy VnPMmesn,

-1 -1
PML PML PML
Vipan = (Z;M) R (M)

and other quantities are defined in the proof.

The proof is given in the Appendix.

In practice, Vpmrpm and Vip pmrpm €an be estimated by plug-in estimators. For K, and
W(u, 8), one can use the consistent estimators suggested in Remark 2 of Chen and Fan (2005).
The resulting estimated variance and covariance are written as I7PMme and I7np,pMme. Plugging
these into (1) and (2) gives the FIC for PMLpm

PMLpm

A

1~ A 2 1 /A N ~
FICPMme = EVPMme + max {0’ <TPMme - Tnp> - E <VPMme + Vnp - 2Vnp,PMme) } . (6)
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3 1 AICFOR PSEUDO ML WITH PARAMETRIC MARGINS

Because the eventual model form of PMLpm is fully parametric, we can use the KL divergence
to evaluate the relative closeness of the candidate model to the true model. Minimizing KL
divergence is equal to maximizing

Q) = /g(y){logfl(y1,a1)+---+10gfd(yd,ad)+10gC(F1(y1,a1), ... »Fa(ya, @a), 0) } dy.

The empirical equivalent is

n

~ 1
Q) = EZ [log f1(yi1. @) + - - - +10g fa(yia. aa) +loge (Fi(yix 1), ..., Fa(yig» @a).0)] .

i=1

which is biased. AIC is defined as the bias-corrected and rescaled estimator of Q(#) under the true
model assumption. We may now derive AIC for the PMLpm-estimated parametric model.

Lemma 1. Assuming that the parametric model captures the model that generated the data,
that is, f(-,ny) = g(-) for an appropriate n,, an approximately unbiased empirical estimator of
2n - Q(PMLP™) widely known as AIC, is

AIC = 2£,(#"™MP™) — 2 dim(»).

The proof is given in the Appendix.

Because the AIC for the ML, two-stage ML, and PMLpm estimators are all aiming for the same
quantity under the model conditions, they are compatible. This means that AIC can be used to
compare closeness to the true model for different estimation schemes.

4 | AVERAGE WEIGHTED FIC

The FIC apparatus is designed to select the best model for estimating a chosen focus parameter
precisely. However, there are cases where one is interested in multiple focus parameters. Jullum
and Hjort (2017) developed an averaged weighted FIC (AFIC), which aims for the model that
obtains lowest risk for a set of focus parameters Ty (), with ¢ in some index set. This set of focus
parameters is specified along with a cumulative weight function W(t). Under this setting, they use
the weighted quadratic loss function

~ 2
L= / (Tcnd(t) - Ttrue(t)> dw (@),
which results in the following risk:
~ 2
Eg[L] = / Eg l(Tcnd(t) - Ttrue(t)> ] dw(®).

Then, they define the AFIC as

L —

AFIC = /\/IEEG </Tcnd(t)> dW(t) + biaszcnd,true’ (7)
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where the bias term is defined as

-

Py Pay 2 —_— Py
max {0, / (Tena® = Top®)) = VarG Tena®))
/'\2 — ——~—— P —— Py Py
bias”cnd,true = 3 —Varg <Tnp(t)> + 2Covg (Tnp(t), Tcnd(t)> } dW(t), if (semi)parametric

0, if nonparametric.

) (8)

Note that when the set of estimands Ty (f) is finite and the weight function is not stochastic, the
integral with respect to W(t) simply becomes a weighted sum. For a practical illustration of AFIC,
see the supplementary material of Jullum and Hjort (2017).

5 | SIMULATION STUDY

To study the behavior of FIC, we have carried out a simulation study in two parts. The per-
formance of the FIC with a joint box probability as focus parameter is assessed in the Part 1
simulations. The purpose of the Part 2 simulations is to evaluate the FIC with other focus
parameters, more specifically conditional probabilities, as well as the AFIC.

5.1 | Part 1: Evaluation of the FIC

We have generated data sets from a model consisting of a Gumbel copula; two Gamma, one
Weibull, and one log-normal margins; and six fitted candidate models for each data set using the
ML, two-stage ML, and PMLpm estimators. Furthermore, the sample size is either n = 100 or
n = 1000. The data-generating and candidate models are described in Table 1. With each fitted
candidate model, we have computed the focus parameter T(G) = P(q,3 < Y), where q,gisa
vector that contains the 0.8-quantile value of each margin according to the true model. That is,
qos = (G;1(0.8), e G;1(0.8)). In addition, we have estimated the focus parameter nonparamet-
rically, which is necessary for the FIC machinery. We have repeated this process 100 times and the
results are averaged. Because the natural empirical estimator for W from Chen and Fan (2005),
needed for PMLpm, is computationally very expensive for a large sample size, we have estimated
the asymptotic variance from Proposition 2 numerically with the jackknife (Efron, 1982). We have

TABLE 1 Description of the models used in Part 1 of the simulations

Copula Margin 1 Margin 2 Margin 3 Margin 4
Data generating Gumbel Gamma Gamma Weibull Log-normal
model 0 =3 a = 1,27 a=GDT a3 =(1,2"T ay =(-1,05)T
(shape, rate) (shape, rate) (shape, scale) (mean, sd)
Model 1 Gumbel Gamma Gamma Weibull Log-normal
Model 2 Gumbel Weibull Weibull Gamma Gamma
Model 3 Survival Clayton ~Gamma Gamma Weibull Log-normal
Model 4 Survival Clayton Weibull Weibull Gamma Gamma
Model 5 Frank Gamma Gamma Weibull Log-normal

Model 6 Frank Weibull Weibull Gamma Gamma
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FIGURE 1 Results from Part 1 of the simulations for n = 100. The colored numbers refer to the model
numbers in Table 1. The nonparametric model is denoted by “np.” ML = maximum likelihood; PML = pseudo
maximum likelihood; MSE = mean square error; FIC = focused information criterion; AIC = Akaike information
criterion [Colour figure can be viewed at wileyonlinelibrary.com]

compared the jackknife-estimated variance to the estimate on the basis of Chen and Fan (2005)
for small sample sizes, and they produced comparable results.

The results from the simulations can be found in Tables 1 and 2 from the supplementary mate-
rial (Ko, Hjort, & Hobak Haff, 2019). The result is also visualized in Figure 1 for n = 100 and in
Figure 2 for n = 1000.

The top left panel of Figure 1 is a plot of the estimated focus parameter T against \/ﬁ, which
is on the same scale as T. We see that the models with smaller \/ﬁ value tend to give focus
parameter estimates that are closer to the true focus parameter value. This tendency becomes
clearer as the sample size increases (see Figure 2).

In the top right panel of Figure 1, we have plotted y/MSE against \/ﬁ We can observe
that the FIC provides a good estimate of the MSE. As the sample size increases (Figure 2), the
correspondence is even better.
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symbols. ML = maximum likelihood; PML = pseudo maximum likelihood; MSE = mean square error;
FIC = focused information criterion; AIC = Akaike information criterion [Colour figure can be viewed at
wileyonlinelibrary.com]

The two panels at the bottom of Figure 1 show the AIC plotted against the FIC (left panel)
and the MSE (right panel) for n = 100. Note that models with large scores are preferred when
using the AIC. We see that both the AIC and the FIC pick the correctly specified model (model 1)
as the best model. The AIC rank for models 5 and 6 implies that those are overall rather close
to the true model (relatively to other candidates). However, the FIC suggests that they do not
estimate P(q,3 < Y) well (again in comparison to the other candidate models). The estimated
focus parameter values and MSEs indicate that this is indeed the case. This illustrates that the
FIC does choose models that are good at a specific task, as intended. Figure 2 shows that the same
holds when the sample size increases.

One of the noticeable changes as the sample size increases from n = 100 to n = 1000
is that the rank of the nonparametric model decreases from 13 to 5. The reason is that the
(co)variance terms shrink toward 0 such that the asymptotic unbiasedness of the nonparametric
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model becomes a stronger advantage. When n is large enough, the (co)variance terms will be
negligible and the nonparametric model will be the overall “winning” model.

Furthermore, the focus parameter values from models estimated with two-stage ML and
PMLpm tend to be better than the ones obtained with ML when the model is misspecified, with
correspondingly lower FIC scores. The differences are less systematic when we compare two-stage
ML and PMLpm.

5.2 | Part 2: Evaluation of the AFIC

In Part 2 of the simulations, we have generated data sets from a two-dimensional model consist-
ing of a Gaussian copula and log-normal margins and fitted 12 candidate models by using ML,
two-stage ML, and PMLpm estimators. The data-generating and candidate models are described
in Table 2, and the sample size is n = 1000. With each fitted candidate model, we have computed
aset of focus parameters T(F) = P(G;'(p) < Y1 | G;'(p) < Y3)forp = 0.90,0.91, ...,0.95.When
p is close to 1, a reasonable precision of the nonparametric estimate of this conditional proba-
bility requires a very large sample size to ensure that there are enough observations that satisfy
the inequality conditions. Therefore, we did not include probabilities that are even closer to 1. In
addition, we have computed the AFIC by assigning equal weights to each p. The whole process
was repeated 100 times and the results are averaged. As for the Part 1 simulations, the asymptotic
variance of PMLpm is estimated with jackknife.

The results from the simulations with the AFIC, as well as with the FIC with a single focus
parameter for p = 0.90 and p = 0.95, can be found in Tables 3, 4, and 5 from the supplemen-
tary material (Ko et al., 2019). The results are also visualized in Figures 3 and 4, together with
Figure 1 from the supplementary material (Ko et al., 2019). The top left panel of Figure 3 is a plot
of \/ﬁ against the focus parameter estimates T for the FIC with p = 0.9, and the top right
panel shows \/ﬁ against 4/ MSE. The bottom left and right panels display AIC against FIC and
AIC against MSE, respectively. Figures 4 show corresponding results for the FIC with p = 0.95.
The corresponding result for AFIC is displayed in Figure 1 from the supplementary material
(Ko et al., 2019).

TABLE 2 Description of the models used in Part 2 of the simulations

Copula Margin 1 Margin 2
Data generating Gaussian Log-normal Log-normal
model 0 =06 a; = (1,087 a, = (04,0.7)T

(mean, SD) (mean, SD)

Model 1 Gaussian Log-normal Log-normal
Model 2 Gaussian Gamma Gamma
Model 3 Gaussian Weibull Weibull

Model 4 Frank Log-normal Log-normal
Model 5 Frank Gamma Gamma
Model 6 Frank Weibull Weibull

Model 7 Gumbel Log-normal Log-normal
Model 8 Gumbel Gamma Gamma
Model 9 Gumbel Weibull Weibull

Model 10 Survival Clayton Log-normal Log-normal
Model 11 Survival Clayton Gamma Gamma
Model 12 Survival Clayton Weibull Weibull
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When we consider a single focus parameter with p = 0.90, the models with smaller \/ﬁ
score tend to have T values closer to the true focus parameter value, as anticipated. Moreover, the
FIC is overall a good estimate of the MSE. When p = 0.95, the patterns are the same. However,
the incorrectly specified models now have larger FIC and MSE values. This is logical because
the upper conditional probability, which becomes upper-tail dependence when p — 1, differs
highly from model to model as p increases. Furthermore, there is little correspondence between
the models preferred by the AIC and the FIC, except that they both pick the true model as the
best model. Again, the models that are favored by the AIC are not necessarily good at estimating
the upper-tail conditional probability, though they may be overall closer to the true model. This
confirms that there is a clear gain in using the FIC when the model is to be used for estimating a
specific quantity. The results for the AFIC are in line with the previous results with a single focus
parameter.
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6 | EXAMPLE: THE ABALONE DATA

As a real-life data example, we applied our FIC model selection method to the abalone data set
(Asuncion & Newman, 2011), which has previously been used to illustrate different dependence
modeling methods (e.g., Hobak Haff, Aas, Frigessi, & Lacal, 2016; Ma, Sun, Chen, & Liu, 2012).
Abalone is an edible sea snail, the harvest of which is subject to quotas. The quotas should reflect
the age distribution of abalones and is partly based on information about their sizes. As the age
of an abalone is cumbersome to determine, one would like to estimate the age based on some
physical measurements such as weight and height. The data set consists of 4177 samples of nine
variables. We focus on the dependence relations among the four variables “diameter,” “height,”
“shell weight,” and “rings.” According to the description of the data set, the age in years is given
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TABLE 3 Description of the models used to fit the abalone data set
Copula Marginl Margin2 Margin3 Margin4

Model 1 t Weibull Weibull Weibull NIG
Model 2 t Weibull Weibull Weibull Log-normal
Model 3 t Normal Normal Normal Log-normal
Model4 Gaussian Weibull Weibull Weibull NIG
Model 5 Gaussian Weibull Weibull Weibull Log-normal
Model 6 Gaussian Normal Normal Normal Log-normal
Model 7 Clayton  Weibull Weibull Weibull NIG
Model 8 Clayton Weibull Weibull Weibull Log-normal
Model 9  Clayton  Normal Normal Normal Log-normal

Note. NIG = normal-inverse Gaussian distribution.

by the number of rings + 1.5. Therefore, we convert the variable “ring” into “age” by adding
this constant. Furthermore, we make the “age” variable continuous by adding Gaussian noise
N(0,0.012).

Because the harvest quotas are related to the age of abalones as well as their size, an interesting
focus parameter to consider is the probability that an abalone is under a certain age given that
physical measurements are smaller than certain bounds. More specifically, we used the focus
parameter

T(F) = P(age < 8 | diameter < 0.325, height < 0.105, shellweight < 0.109).

Here, 0.325, 0.105, and 0.109 were sample 20%-quantile values of “diameter,” “height,” and “shell
weight,” respectively, whereas 8 is the 27%-quantile of “age.”

We have tried the nine candidate models described in Table 3. To choose adequate candidate
margins, we fitted a set of well-known univariate distributions with the ML estimator. We then
evaluated them by AIC. For copula, we fitted different copula models with the PML estimator and
looked at maximized likelihood values. We composed Table 3 by choosing certain combinations
of copula and margins. Each model in Table 3 is estimated with the two-stage ML and the PMLpm
estimators. The ML estimator encountered numeric problems for some models.

The results are shown in Table 6 from the supplementary material (Ko et al., 2019) and visual-
ized in Figure 5. We see a similar pattern to the ones from the simulation study. One of the notable
differences is that the nonparametric model is now the winning model. This seems reasonable,
considering that the nonparametric model becomes quite precise when the sample size is large
enough. This is also in line with results from Part 1 of the simulations, where the FIC rank of the
nonparametric model decreased from 13 to 5 when the sample size increased from 100 to 1000.
Furthermore, scatter plots of the pseudo-observations (not shown here) indicate that the copula
is rather different from well-known four-dimensional parametric copulas, with both asymmetric
dependence and large differences between pairs. This also explains the preference for the non-
parametric model. The winning models among the parametric ones, according to the FIC, are
the ones based on the Gaussian or the t copula, which, as opposed to the Clayton, allow for dif-
ferent dependence between different pairs. Finally, the right panel shows a moderate agreement
between the AIC and the FIC.
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7 | CONCLUSIONS AND FURTHER RESEARCH

In this paper, we have developed the FIC for copula models, partly based on the general methods
of Jullum and Hjort (2017), for three different estimators, namely, the ML, two-stage ML, and
PMLpm. This is a model selection criterion that aims for the model that minimizes the estimated
MSE of a chosen focus parameter and has the advantage that it can be used to compare models
that are estimated under different estimation schemes, including the nonparametric one. It can
also easily be extended to other estimation schemes as long as the joint asymptotic distribution
with the nonparametric focus parameter estimate can be derived. In addition, it is a model-robust
model selection criterion because it does not assume that any of the candidate model captures the
data-generating model.

We performed a series of simulations to study the behavior of the FIC. We also applied our
method to the abalone data set. The results show that models with lower FIC values give focus
parameter estimates that are closer to the true parameter value, which is the aim of the method.
Furthermore, it turns out that FIC also fulfills its role as an estimator of the MSE. Moreover, when
the focus parameter is heavily based on a specific part of the distribution, particularly the tails,
the models favored by the AIC do not necessarily give good estimates of the focus parameter.
This seems natural because AIC aims for the model that minimizes overall closeness to the true
model in terms of KL divergence and demonstrates that there is a clear advantage in using the
FIC instead of the AIC in such situations.

Even though the FIC machinery can be applied to many different kinds of focus parameters,
a limitation of the method is that it needs the focus parameter to be a smooth functional of the
full distribution G so that an influence function can be derived. For some functionals, such as the
density itself, or the copula function ¢, in a given location, there is no influence function, and
more elaborate estimators are called for, involving smoothing parameters. Versions of FIC may
still be put up but requires further elaboration; see Jullum and Hjort (2017, Section 7).

As we see from the FIC plots (Figures 1, 2, 3, and 4), often the estimates from the best mod-
els are in reasonable agreement and a final estimate can be based on a suitable average over
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these. Claeskens and Hjort (2008, Chapter 7) propose and develop machinery for such model aver-
age estimators and suggest using weights proportional to exp (—4 - FIC), with A being a tuning
parameter. We do not pursue that theme in this paper, however.

In this paper, we have only considered parametric copula models with parametric margins
and i.i.d. variables. One can for example extend the FIC framework to the PML estimator where
margins are nonparametric, as well as to time series and vine models. Furthermore, it is possible
to derive another variant of FIC by using another loss function than the quadratic loss function
(e.g., absolute loss).
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APPENDIX

PROOFS

Proof of Proposition 1

Proof. Under the assumed regularity conditions, we have from Theorem 5.5 in Shao (2003)
and Proposition 1 in Ko and Hjort (2019b) that

n
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Now, by applying the delta method with transformation function s.,(x,7) = (x,s,)7 =
(x, T(F(n)))", we obtain
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Proof of Proposition 2

Proof. Under the assumed regularity conditions, we have from Theorem 5.5 in Shao (2003),
Lemma 1 in Ko and Hjort (2019b), and Proposition 2 from Chen and Fan (2005) that
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n I GME WG (), .. . Ga(a)),0) )

-1 -1
PML PML PML
Vppon = (2,07 )M (M)

i B Odim(a)
Wi(y,0) = <W((G1(y1), ,Gd(yd))’9)> ’

W, 0) im 0) i/ 2 1BEWD) ) d
u, = (U, = co(py) ——— u; <v;)—v; V.
Jj=1 o j=17/10.1]¢ ’ aeav} r= /

Now, by applying the delta method with transformation function s, ,(x, #), we obtain

A A
Tnp - Ttrue > d np_l
n A - -T PML
\/— ( TPMme _ TO’PMme S,,, (Iﬂ pm> AnPMme

~N<<0> ( TVnp Vnp,PMme>>.
0/’ Vnp,PMme VPMme

Proofof Lemma 3

Proof. When the copula model is estimated with the pseudo ML with parametric margins,
the nonconstant part of the KL divergence is

Q™M) = / g0 log f1 (1, @) + ... +1og fa (4. 22")

+]0gc <F1 (yl,&\fML) , .., Fyg (yd, aﬁML) ’é\PML>} dy.

The empirical equivalent is

n

a(ﬁPMme) = %Z [log fl(ym’anL) + - +log f4 (yi’d’agML)
i=1

+10gc (Fl (yl',l’/a\fML) 5 v aFd (yi,da aﬁML) ,é\PML )] .
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Now, we check the bias of Q(7PMLP™):

Ee |QG™™) | - ™™ = B, [%2:, log f1(yi1. &%ML)]
- / g log 1 (y1. @) dyr + ...
+Eg, [%g log f4(vid: aﬁML)]
- /g(Yd) log fa(ya, @M") dya
+ Eg [%glogc<F1(yi’l,anL), .o s Fa(yig, @3M) ,§PML>]

—/g(y)10g0<F1(y1,anL), <ov s Fa(ya, @MY) ’aPML)dy'

Because the parameter estimates &]?ML for the margins are obtained with ML estimation, we
can use the results from the derivation of the TIC (Claeskens & Hjort, 2008, Chapter 2) directly
and obtain

n
1 AN PaS 1 —_— —
Eg, ;i;logfj(yz,j,afm)] —/g(yj)logf(yj,anL)dyj = ;tr(lafKa,.) +op(n7).

In a nutshell, 1, is the Fisher information of the jth margin and K,, is the covariance matrix
of the score vector that belongs to the jth margin. If one assumes that the model is correctly
specified (i.e.,f = g), we have 1, =K, (Hardin, 2003; Le Cam, 1990; White, 1982). Therefore,
tr(I(;j 1Ko,j) = dim(a;).

Furthermore, let

Qe(@™P™) = / g0 loge (P (y1, @), ... Fa(ya, @) 0™ ) dy

and

n
ac(ﬁPMme) =E [%Z IOgC <F1 (yi,l,fx\fML) s e ,Fd(yi’d,fx\sML) s /H\PML )] .
i=1

Therefore, we can write

B [QG™™) | - Q@™ = %Ed‘,tr (12'x.,)
j=1

+ Bg | Q™™ = Qu™H™) + o(n 7).
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Now, Eg[Qc(#PMLP™)] — Q,(7PMLPM) s the only element that has to be evaluated. Let

Qc<n§Mme> = /g(y) logC(Fl(yl,a§1}4L), ..., Fy <yd, %L) ’ggML>dy’
2ML 2ML PML PMLpm
Zl =10gC<F1(yi,l9aO,l )9 Fd<y1d9 ) 9 > QC( >,

N PML PML ~" ,PML PML 0,(1
= V(e ) () g ()« (1),

which stems from the proof of Proposition 2, and furthermore,

n

dlogce (F1(yi1,a1), ... , Fa(yid, aq),0
—Zd)n(yl’ )_—Z ( 1 1, 41 d d> @d )

Gny(n) = o

b

o

i 02 10gc (Fl(yl 1> al) Fd()’i,d’ ad)’ 9)

H;,,(n) = —ZH*(yl, n) = Sront

1; = —Eg [H* (y, é’Mme)] / gH; (. PML"‘“) dy.

i=1

Then, we have E[Z,] = = YL E[Z;] = 0, along with

S|

n
X A 1 e
Qu(@™™) = Z log c(yi, 7™MP™)

_ _Z [logc (yl’ PMme) Q. ( PMme) +0. ( PMme)
+<;1\PMme _ PMLle) o ( yin (I)’Mme>

1/ A PML " PML Al PML
+ _<nPMme 0 pm> H; <yl’n0 pm> (nPMme 0 pm)

3 +o,(n7)

_ _Z (Z]+ Qc( PMme) " (h\pMme PMme) ¢n;1 ( PMme)
1/ A PML T " PML Al PML _
5<nPMme_’10 pm) H: <'1 pm) (nPMme 0 pm>+op(n 1
— ( Mme) +En+ \;—ATd’nn( PMme)

o LAty ( PMLPm)An+Op(n_1),

Qc(y™MHP™) = /g(y) 10gc<F1 (31, @MY), ... Fa(ya, @2MY), é\PML>dy
= / g(y) [logc <y’ n(f)’Mme> N <;]\PMme _ PMme) & <y, gMme>

1/ PML T PML ~ PML _
+5<nPMme—f10 pm) H; (y,no pm) (nPMme My pm) dy + op(n™h)
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=/g(y)logc<y, ,7(1)’ Lpm )d +< PMme_n(l)’Mme> /g(y)d)n (y, PMme) dy
+ 1 (qpam — ytam ) / g0H; (™™ ) dy

APML PMLpm —
-(11 Py T >+0p(n b,

T
PML A PML
—Qc< pm>+<77PMme—1’]0 pm) .0

T
+ o/ (A ) / g)H; (g ™*™ ) dy

A PML _
\/n (nPMme Mo pm) +op(n)

1 1. _
= Q. (né’MLPm> _ %AEI,,An +0p(n7Y),

and

n {ac (ﬁPMme) ~ 0. (ﬁPMme)} = nZ, + \/ZATd)nn ( PMme)
1ATH* () 4y + 1ATI*A +0p(1).

We now assume that the margins are correctly specified, that is, F;(y;, aéﬁ.’m) = G,(y;). This

implies that 65" = §2M" and, consequently, 7, "+ =

gives

= ngM. Then, the central limit theorem

Vi, (7" ) = Vg, ()
= Vi (b, () ~E g5 (v.2M)]} S A; ~ N (0.K7).

where K} = Var(¢; (v, n2™M")) = Elb, (v, i2™M") ¢y (v, 211
Now, we evaluate Eg[n{Q.(7"M-P™) — Q (7PMLPm)1]:

o [ (@™ - Qu™m) )|

— B¢ [nZ +/n AT¢M( PMLPm) ;ATH* (nPMLPm>A,7 + %AEI;A,,] +0,(1)
p -1 T
2 Eg <<I,f V) AﬂZML> A
-1

= Eg [tr <<IPMLP‘“> Agpitom (A;;)T>l

-1
= tr <<I,f M) Eg | Ay (A;)TD

-1
={r <<I,1:Mme> K:;) >

where

o \ A (AE)" Aga (AF)" K® K°
Ky =Ec [A”PMme <An)T] ~ o [( AG:Zi EA*;T A(;Zi EAZ;T )] ) <K§ Igga > .
a /] ‘4
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Furthermore, we assume that ¢ = ¢y such that the whole model is correctly specified.
According to Genest et al. (1995), the true model assumption yields Cove, (¢5 V" (u, O5™M"),

Ww,6fM)) = 0 and IPMY = SPML where IIMM = Eg [(¢PMme(u ) -
( ¢PMme ( PMme

u,n, )T]. Because we also assumed true margins, we have

logc <F1 (31, @@, ..., Fy (yd, 2ML) ,9) —1ogc(Gi(y), ... Ga(ya), 6) .

This leads to Ky = Z;M". In addition, Lemma 1 of Ko and Hjort (2019a) gives Ky = IzM" —

KZML.
ML -1 o °
={r I Iia Kaée
Ke,a KG
IZML K° (IgML ) _1K0
== tI‘ -1 a.0
IPML ( IgML) Kg
. < ( IZML IZML KéML) 0 ))
ML\ 1 2o
(M) K

()

= dim(6).

By using those results, we have

tr <<I}1’Mme>_ K

Thus, the unbiased estimator of Q(7n"MMP™) is
QGE™MP™) = L2, GPPm) — L dim().
n n

By scaling this unbiased estimator with 2n such that it is one the same scale as the AIC for ML
(Akaike, 1974), we define the AIC for the copula model estimated with PML with parametric
margins

AIC = 2£,(#™MP™) _ 2 dim(n). =
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2 | TABLES FROM SECTION 5.2

TABLE 3 Results from Part 2 of the simulations for the FIC with p = 0.90. The results are averaged.

Model no.

1

W N w0 W

&~ ©

Estimation
2ML
ML
PML.pm
2ML
2ML
2ML
ML
PML.pm
ML

ML
PML.pm
ML

np

2ML
2ML
2ML
ML
PML.pm
ML
2ML
ML

ML
2ML
PML.pm
2ML
PML.pm
2ML
2ML
PML.pm
PML.pm
PML.pm
PML.pm
PML.pm
ML
PML.pm
ML

ML

T
0.3882
0.3882
0.3898
0.3762
0.3833
0.3751
0.3853
0.3896
0.3828
0.3844
0.4032
0.3696
0.3868
0.3617
0.4224
0.4419
0.3264
0.3269
0.4457
0.4575
0.3121
0.4583
0.3097
0.3044
0.3042
0.3012
0.4951
0.4983
0.4979
0.4999
0.5011
0.5013
0.5030
0.5038
0.5041
0.5040

0.5108

104 . MSE(T)

5.6478
5.6478
5.5264
11.7738
8.6586
12.5833
8.4380
8.1054
11.7219
12.1560
9.6180
14.6960
24.8964
19.1963
19.3920
35.4811
51.1712
49.1468
40.0698
54.9298
67.0025
55.9058
74.3431
79.2754
79.6418
87.9706
117.6930
122.7807
122.9565
126.0077
132.4155
133.2260
1359110
137.1085
138.2748
139.9657
151.7796

104 . FIC

16.1254
16.5589
16.6036
17.9116
18.0289
18.0651
18.8414
20.4592
21.7556
23.0150
23.0546
23.4908
23.8918
28.4171
29.4495
44.7175
51.4565
51.9458
52.4882
62.1409
65.1113
69.9129
72.9594
77.3873
77.5446
86.5350
125.3261
131.7212
133.5784
136.9588
145.6955
145.9652
148.9554
149.7742
151.9813
155.2434

164.4415

AIC
-6871.78
-6871.78
-6871.80
-7237.69
-7055.26
-7403.53
-7055.18
-7055.79
-7401.77
-7194.21
-7204.27
-7236.84
-7198.43
-7201.46
-7178.64
-7073.03
-7208.65
-7197.51
-7342.12
-6909.88
-7176.83
-7074.76
-6910.60
-6910.55
-7075.58
-6988.12
-6922.68
-6988.51
-6922.81
-7449.37
-7284.64
-7193.07
-6985.99
-7350.06
-7333.02

-6921.32

Rankg;c

1
2

~N O B W

ank P
Rank, c

1
2

A e W

]

Rank ;¢

2
1

24
25
20

27
23
32

36
30
21

33
31

Copula
Gaussian
Gaussian
Gaussian
Surv.Clayton
Gaussian
Surv.Clayton
Gaussian
Gaussian
Surv.Clayton
Frank
Gaussian
Surv.Clayton
np
Frank
Gaussian
Gumbel
Frank
Frank
Gaussian
Gumbel
Frank
Gumbel
Frank
Frank
Frank
Frank
Surv.Clayton
Gumbel
Surv.Clayton
Gumbel
Surv.Clayton
Surv.Clayton
Gumbel
Surv.Clayton
Gumbel
Gumbel

Gumbel

Margin 1
Log-normal
Log-normal
Log-normal
Gamma
Gamma
Weibull
Gamma
Gamma
Weibull
Weibull
Weibull
Gamma
np
Weibull
Weibull
Gamma
Gamma
Weibull
Weibull
Weibull
Log-normal
Gamma
Gamma
Log-normal
Log-normal
Gamma
Log-normal
Log-normal
Log-normal
Log-normal
Weibull
Gamma
Gamma
Log-normal
Weibull
Weibull

Log-normal

Margin 2
Log-normal
Log-normal
Log-normal
Gamma
Gamma
Weibull
Gamma
Gamma
Weibull
Weibull
Weibull
Gamma
np
Weibull
Weibull
Gamma
Gamma
Weibull
Weibull
Weibull
Log-normal
Gamma
Gamma
Log-normal
Log-normal
Gamma
Log-normal
Log-normal
Log-normal
Log-normal
Weibull
Gamma
Gamma
Log-normal
Weibull
Weibull

Log-normal
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TABLE 4 Results from Part 2 of the simulations for the FIC with p = 0.95. The results are averaged.

Model no.  Estimation T
1 2ML 0.3086
1 ML 0.3086
1 PML.pm 0.3102
3 2ML 0.3127
3 PML.pm 0.2926
2 PML.pm 0.2776
2 2ML 0.2712
2 ML 0.2731
11 2ML 0.3293
12 2ML 0.3290
11 ML 0.3233
3 ML 0.3412
12 ML 0.3386
np np 0.3065
8 2ML 0.4049
6 ML 0.1983
4 ML 0.1850
8 ML 0.4210
9 2ML 0.4243
4 2ML 0.1776
4 PML.pm 0.1778
6 2ML 0.1744
5 ML 0.1529
6 PML.pm 0.1532
8 PML.pm 0.4694
5 2ML 0.1389
7 2ML 0.4771
9 ML 0.4713
11 PML.pm 0.4732
10 2ML 0.4784
5 PMLpm  0.1342
7 PML.pm 0.4788
9 PML.pm 0.4746
10 PML.pm 0.4815
12 PML.pm 0.4781
10 ML 0.4880
7 ML 0.4893

10~4 - MSE(T)

6.3295
6.3295
6.2141
12.8982
14.0941
20.1145
24.6047
23.2402
18.3423
20.8156
17.9161
23.0161
27.7021
41.2571
102.8917
136.2531
161.6738
137.7982
147.6641
180.3702
179.9556
193.7918
254.7066
253.6577
267.6935
299.3806
285.8960
279.0023
282.4024
292.8752
315.3396
291.2749
288.3063
302.4989
301.7405
326.6800

328.3196

1074 . FIC

20.3392
20.6200
20.9331
27.9917
28.9935
29.7261
30.5281
30.5653
30.7280
32.3012
33.9353
39.6736
42.4621
43.6136
108.4323
127.7135
148.5580
148.9792
150.5689
166.3138
166.3638
180.9205
239.1068
239.2535
280.5936
281.8677
291.9153
292.4440
295.9925
297.8630
298.0236
300.6144
303.3531
312.7326
317.2543
337.9244

339.4458

AIC
-6871.78
-6871.78
-6871.80
-7201.46
-7204.27
-7055.79
-7055.26
-7055.18
-7237.69
-7403.53
-7236.84
-7197.51
-7401.77
-7178.64
-7194.21
-6909.88
-7176.83
-7342.12
-6910.55
-6910.60
-7198.43
-7073.03
-7208.65
-7193.07
-7074.76
-6922.68
-7333.02
-7284.64
-6988.12
-7075.58
-6922.81
-7350.06
-6988.51
-7449.37
-6985.99

-6921.32

Rankpc

1
2

N

—p
RankFIC

1
2

Rank ;¢

2
1
3

20
22

31
30

18

Copula
Gaussian
Gaussian
Gaussian
Gaussian
Gaussian
Gaussian
Gaussian
Gaussian
Surv.Clayton
Surv.Clayton
Surv.Clayton
Gaussian
Surv.Clayton
np
Gumbel
Frank
Frank
Gumbel
Gumbel
Frank
Frank
Frank
Frank
Frank
Gumbel
Frank
Gumbel
Gumbel
Surv.Clayton
Surv.Clayton
Frank
Gumbel
Gumbel
Surv.Clayton
Surv.Clayton
Surv.Clayton

Gumbel

Margin 1
Log-normal
Log-normal
Log-normal
Weibull
Weibull
Gamma
Gamma
Gamma
Gamma
Weibull
Gamma
Weibull
Weibull
np
Gamma
Weibull
Log-normal
Gamma
Weibull
Log-normal
Log-normal
Weibull
Gamma
Weibull
Gamma
Gamma
Log-normal
Weibull
Gamma
Log-normal
Gamma
Log-normal
Weibull
Log-normal
Weibull
Log-normal

Log-normal

Margin 2
Log-normal
Log-normal
Log-normal
Weibull
Weibull
Gamma
Gamma
Gamma
Gamma
Weibull
Gamma
Weibull
Weibull
np
Gamma
Weibull
Log-normal
Gamma
Weibull
Log-normal
Log-normal
Weibull
Gamma
Weibull
Gamma
Gamma
Log-normal
Weibull
Gamma
Log-normal
Gamma
Log-normal
Weibull
Log-normal
Weibull
Log-normal

Log-normal
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TABLE 5 Results from Part 2 of the simulations for the AFIC based on p € {0.90,0.91, -

Model no.

1

(=)}

b~ B~ B~ o0 ©

Estimation
2ML
ML
PML.pm
2ML
2ML
2ML
ML
PML.pm
PML.pm
ML
2ML
ML

np

ML

ML
2ML
2ML
2ML
ML

ML
PML.pm
2ML
PML.pm
ML
2ML
PML.pm
2ML
2ML
PML.pm
PML.pm
PML.pm
PML.pm
ML
PML.pm
PML.pm
ML

ML

7
0.3506
0.3506
0.3522
0.3535
0.3309
0.3525
0.3328
0.3372
0.3517
0.3472
0.3714
0.3612
0.3490
0.3973
0.2970
0.4237
0.2731
0.4407
0.4399
0.2512
0.2436
0.2434
0.2441
0.2432
0.2273
0.2205
0.4868
0.4876
0.4866
0.4893
0.4897
0.4878
0.4877
0.4892
0.4895
0.4959

0.5000

10~4 - AMSE(T)
6.0039
6.0039
5.8839
13.2986
14.7284
14.6442
13.9672
12.3515
10.4913
14.6029
15.4486
17.0221
30.6032
31.9702
55.9162
63.5797
87.3558
93.2461
90.5960
110.5606
126.1196
126.5241
136.3455
138.9328
174.5574
190.6471
193.7567
193.4383
193.6220
197.6532
201.0107
199.1494
199.6092
202.2458
205.2491
219.7997

228.7504

10~ - AFIC
13.4946
13.8241
13.9772
17.7845
18.1211
18.1680
18.5785
19.0526
20.1153
21.4949
22.1663
24.0154
32.1526
40.0586
52.9555
65.4443
80.1738
93.9918
97.8883
100.5473
115.5180
115.6843
127.0975
128.6879
162.4928
178.6701
197.3935
198.1757
203.1375
205.2236
209.2503
209.4146
210.3643
212.8958
216.5513
228.7910

237.6216

AAIC
-6871.78
-6871.78
-6871.80
-7237.69
-7055.26
-7403.53
-7055.18
-7055.79
-7204.27
-7236.84
-7201.46
-7401.77
-7197.51
-7194.21
-7178.64
-7198.43
-7342.12
-7176.83
-6909.88
-6910.60
-6910.55
-7208.65
-7073.03
-7074.76
-7075.58
-6988.12
-6922.68
-7193.07
-6922.81
-6988.51
-7284.64
-7333.02
-7350.06
-7449.37
-6985.99

-6921.32

Rank zg;c

1
2

—mp
Rank AFIC

1
2

-

10
11
12

13
14
15
16
17
18

20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36

Rankp ajc
2
1
3

29
14
35
13
15
26
28
25
34

23
22
20
24
32

27
16
17
18
11

21

12
30
31
33
36
10

-+,0.95}. The results are averaged.

Copula
Gaussian
Gaussian
Gaussian
Surv.Clayton
Gaussian
Surv.Clayton
Gaussian
Gaussian
Gaussian
Surv.Clayton
Gaussian
Surv.Clayton
np
Gaussian
Frank
Gumbel
Frank
Gumbel
Gumbel
Frank
Frank
Frank
Frank
Frank
Frank
Frank
Surv.Clayton
Gumbel
Gumbel
Gumbel
Surv.Clayton
Surv.Clayton
Gumbel
Gumbel
Surv.Clayton
Surv.Clayton

Gumbel

Margin 1
Log-normal
Log-normal
Log-normal
Gamma
Gamma
Weibull
Gamma
Gamma
Weibull
Gamma
Weibull
Weibull
np
Weibull
Weibull
Gamma
Weibull
Weibull
Gamma
Log-normal
Log-normal
Log-normal
Weibull
Gamma
Gamma
Gamma
Log-normal
Log-normal
Gamma
Log-normal
Log-normal
Gamma
Weibull
Weibull
Weibull
Log-normal

Log-normal

Margin 2
Log-normal
Log-normal
Log-normal
Gamma
Gamma
Weibull
Gamma
Gamma
Weibull
Gamma
Weibull
Weibull
np
Weibull
Weibull
Gamma
Weibull
Weibull
Gamma
Log-normal
Log-normal
Log-normal
Weibull
Gamma
Gamma
Gamma
Log-normal
Log-normal
Gamma
Log-normal
Log-normal
Gamma
Weibull
Weibull
Weibull
Log-normal

Log-normal
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FIGURE 1 Results from Part 2 of the simulations for the AFIC. The colored numbers refer to the model numbers in Table
2 of Ko et al. (2019). AIC indicates the average of AIC across focus parameters in the set. Similarly, MSE indicates the average

MSE.
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Abstract

Neural networks have achieved dramatic improvements
in recent years and depict the state-of-the-art methods for
many real-world tasks nowadays. One drawback is, how-
ever, that many of these models are overparameterized,
which makes them both computationally and memory in-
tensive. In addition, overparameterization can also lead
to undesired overfitting side-effects. Inspired by recently
proposed magnitude-based pruning schemes and the Wald
test from the field of statistics, we introduce a novel mag-
nitude and uncertainty (M&U) pruning criterion. In addi-
tion, we present a “pseudo bootstrap” scheme, which can
efficiently estimate the uncertainty of the weights by using
their update information during training. Our experimen-
tal evaluation, which is based on various neural network
architectures and datasets, shows that our new criterion
leads to more compressed models compared to solely us-
ing a magnitude-based pruning criterion, with less loss in
predictive power.

1. Introduction

In recent years, deep neural networks have achieved
state-of-the-art performance in a broad range of tasks and
have gained big popularity in many fields like computer vi-
sion and natural language processing [19]. Typically, these
powerful models have millions or even billions of param-
eters, which require significant computational and mem-
ory resources when deployed. For the training phase, this
computational bottleneck can usually be overcome by us-
ing powerful hardware such as graphics processing units,
which renders it possible to train big models based on a
lot of data. However, during the inference phase, once the
trained model has been deployed, one is often faced with
very limited computational and memory resources. For in-
stance, mobile or edge computing devices have little to no
hardware acceleration available. In addition, many applica-
tions of neural networks—such as face recognition in video
and autonomous driving—require the inference to be done
with minimal latency.

Stefan Oehmcke
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Fabian Gieseke
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A prominent approach to deal with these scenarios is
pruning. Here, one usually generates a powerful model
without any restrictions on its size and on computational
requirements during the training phase. Afterwards, one
“compresses” the model such that it fits into the (main)
memory of the device that should be used for the inference
phase. Pruning neural networks this way is a critical task for
many real-world applications. In addition, Denil ez al. [11]
show that there is significant redundancy in the parameter-
ization of many deep learning models. This overparame-
terization not only requires unnecessary computational re-
sources, but can also lead to an overfitting of the models.
Various approaches have been suggested in the literature
that aim at decreasing the size and the computational foot-
print of neural networks [21, 39, 7, 47, 51]; see Cheng et
al. [8] for an overview. One of the most successful works
for pruning neural networks is provided by Han et al. [21],
who prune network parameters based on their magnitude,
measured as absolute value.

Contribution: Inspired by the Wald test from the field
of statistics [46], we introduce a novel magnitude and un-
certainty (M&U) pruning criterion, which depicts a gen-
eralization of both, the magnitude-based criterion used by
Han er al. [21] and the Wald test statistic. We also propose
a new “pseudo bootstrap” scheme that efficiently estimates
the weight uncertainties based on update information ob-
tained during the training process. Our experiments show
that using our M&U pruning criterion outperforms the pre-
vious pruning criterion [21] and results in compressed mod-
els with less loss in predictive power.

2. Related Work

The attempt to prune neural networks started with Le-
Cun et al. [36] and Hassibi et al. [23], who used a second-
order Taylor expansion to determine the saliency of each
parameter. Their methods require the computation of (the
inverse of) the Hessian matrix regarding the loss function.
Anders and Korn [ 1] consider pruning as a statistical model
selection problem and apply diverse model selection tools
from the field of maximum likelihood theory.

Since the recent success of deep learning, there has been



a number of new approaches for reducing the computation
and memory footprint of neural networks. One approach,
quantization, aims to reduce the numerical precision re-
quired to represent each parameter (or neuron). For ex-
ample, Vanhoucke et al. [53], Hwang and Sung [25], and
Gong et al. [17] compress networks by using 8-bit preci-
sion, 3-bit precision, and vector quantizations, respectively.
There are more quantization based methods that expanded
on these [9, 24, 38, 43]. Other strategies to reduce the com-
putational burden resort to low-rank decompositions of ten-
sors [12, 33, 26].

The strategy that received the most attention in recent
years is probably the pruning of parameters based on cer-
tain criteria. Particularly, Han er al. [21] achieve state-of-
the-art results by pruning weights based on their magnitudes
(i.e., based on the absolute values of the parameters) and by
retraining the network afterwards. The same authors fur-
ther improve on their results by combining their absolute
value based pruning scheme with quantizing and Huffman
encoding techniques [20]. Extensions of this pruning strat-
egy have also been proposed for neural machine translation
(NMT) [44] and recurrent neural networks (RNN) [40], re-
spectively. Yet, those two follow-up works keep the same
criterion as the one originally proposed by Han et al. [21]
for ranking the weights to be pruned, i.e., they use the ab-
solute values of the weights. Finally, there are also attempts
to prune specific classes of weights [2, 6, 34, 37]. This ap-
proach has an advantage that the resulting pruned networks
have less irregular network connections and hence is more
suitable for parallel computation.

3. Background

In this section, we first briefly recap the theory behind
statistical hypothesis testing. Then, we look into the sim-
ilarities between the Wald test statistic and the magnitude
based criterion proposed by Han et al. [21].

3.1. Asymptotic Normality

Consider an arbitrary regression model g with indepen-
dent and dependent variable pairs (€1,Y1),-- -, (Tn, Yn)-
And let X = [zy,...,x,]T denote a tensor containing
all n observations of independent variables. The arbitrary
regression model can then be written as

E[Y] = ¢(X, w), M)
where w = [wy,...,wy]T is a parameter vector of the
model, which is commonly called weights in case of neu-
ral networks. The parameter p indicates the total number of
parameters of the model.

For now, we assume that there exists a unique set of op-
timum parameters w,, which will give the best approxima-
tion of y. We can then obtain w, our estimate of w,, by

minimizing a loss function with the optimization technique
of choice (e.g., stochastic gradient descent, mini-batch gra-
dient descent, momentum based methods, etc.).

When the loss function is the negative log-likelihood, or
an equivalent quantity such as cross entropy, gradient de-
scent can be seen as a numerical realization of maximum
likelihood (ML) estimation. In this case, we can apply the
results from classic literature on ML theory [5, 32, 55] and
we have for n — oo, the following convergence in distribu-
tion property:

Vi (@ —w,) 5 N(0, Vi) )

Here V)1, is the covariance matrix as defined in ML theory.
In the field of statistics, this type of convergence to a nor-
mal distribution is called asymptotic normality [52]. In the
model robust case, Vi, is equal to the so-called sandwich
estimator

Var =T, ' Kw I, A3)

where Z,, is the Fisher information and K, is the covari-
ance matrix of the score function [55]. In the field of statis-
tics, the score function is defined as the first derivate of the
log-likelihood with respect to its parameters. It indicates
how sensitive a likelihood function is w.r.t. its parameters.
For exact definitions of the quantities in Equation (3), we
refer to the literature in maximum likelihood theory, for in-
stance White [55]. When one assumes that the model is
true, in other words, that the current candidate model is the
true model that generated the data, we have K,, = Z,, and
Equation (3) simplifies to

VML = I;l . “4)

For more details on the impact of this ‘true model’ assump-
tion and the comparison between Equations (3) and (4), we
refer to the corresponding literature [22, 27, 28].

Even though stochastic gradient descent (SGD) and its
modified versions can be considered as numerical realiza-
tion of ML estimation, the details of SGD lead to differ-
ent properties than ML. The recent work by Toulis and
Airoldi [50] obtains, for the first time, a full analytical char-
acterization of the asymptotic behavior of SGD procedures,
including an asymptotic normality and analytical expres-
sion for the covariance matrix, which is different from that
of ML estimators. They also show the loss of asymptotic
statistical efficiency for SGD estimators. Although the work
of Toulis and Airoldi [50] is a great step forward towards
understanding the asymptotic properties of SGD estimators,
its result cannot be directly applied to non-vanilla versions
of SGD without necessary extension work. For example,
combining the SGD estimator with training strategies like
Dropout [48] and Dropconnect [54] or using momentum
based modifications such as RMSprop [49] or Adam [29]



would invalidate the asymptotic covariance matrix from
Toulis and Airoldi [50].

Based on White [55] and Toulis and Airoldi [50], it is
not unreasonable to assume that the modified versions of
the SGD estimator are still consistent and have asymptotic
normality with a finite, but unknown covariance matrix V,
i.e., that we have

Vi (@ —w,) > N(0,V). )
3.2. Statistical Hypothesis Testing

With the asymptotic normality property as defined in
Section 3.1, one can perform statistical hypothesis testing
on the parameters w. The natural null hypothesis would be

Hy:wj =0, (©6)

i.e., is the j-th parameter of the model significantly differ-
ent from 0? The three commonly used statistical hypothesis
testings are the Wald test [40], the likelihood ratio test [41],
and the score test [3]. Note that all three tests are asymp-
totically equivalent [16]. Yet, the Wald test has a practical
advantage over the other two since it does not require nested
models for testing the null hypothesis on individual weights.
Here, “nested” means that one can obtain one model by con-
straining some of the parameters of another model.

Given Equations (5) and (6), the Wald test statistic for
the parameter w; is given by

wy wy
z= = , @)
SE(w; 5
(w;) Vi,

where SE(w; ) indicates the standard error of @; and V the
estimate of the covariance matrix from Equation (5). (Since
we defined Y as a finite, but unknown covariance matrix,
its estimate V' is an unknown and arbitrary estimate.) The
test statistic z follows the standard normal distribution [16].
The corresponding p-value can be obtained via p = 2(1 —
®(|z])), where ® is the cumulative distribution function of
the standard normal distribution.

3.3. Wald Test and Absolute Value Based Pruning

In statistics, one of the most canonical ways of remov-
ing redundant parameters is by performing null hypothesis
testing as described above and by dropping the parameters
that have a p-value above certain threshold (e.g., 0.05, 0.01).
Since p = 2(1 — ®(|z|)) is a monotonic function of |z|, one
can skip the step of converting |z| into a p-value. Instead,
one can directly use

|w; | |w |
|z — = = (8
SE(w;) v,

and compare it with the threshold values in |z|-scale, which
can be obtained by transforming the threshold p-values via
the function ®~1(1 — p/2).

Here, we can realize two things. Firstly, Equation (8) is
highly similar to the magnitude based pruning criterion sug-
gested by Han et al. [21] and also used by Han et al. [20],
See et al. [44], and Narang et al. [40]. In those works, only
the absolute value of each parameter is considered and the
parameters with absolute values below a certain threshold
are removed. We denote this criterion as the ABS prun-
ing criterion from now on. The only difference between the
Wald test statistic (Equation (8)) and the ABS pruning cri-
terion is the standard error term in the denominator.

In this sense, the Wald test statistic can actually be in-
terpreted as evaluating parameters based on their absolute
value, while compensating for their uncertainty. For exam-
ple, if @; has high uncertainty, there is higher chance that
we observe a large value of w; “by chance”. Dividing by
the standard error compensates for this uncertainty.

4. Magnitude and Uncertainty Pruning
Criterion

Inspired by Wald test, we evaluate the importance of pa-
rameters by taking both their magnitudes and their uncer-
tainties into account. By using this combined criterion, we
can prune to the desired proportion of parameters in a model
or a specific layer. Further, we also introduce a “pseudo
bootstrap” approach to efficiently estimate the uncertainties
of the weights by keeping track of their changes during the
training process.

4.1. Definition

Based on our observation of the similarity between the
Wald test statistic and the ABS pruning criterion in Sec-
tion 3.3 and the interpretation of the Wald test statistic, we
define our M&U pruning criterion as

()]

Here, o, is an uncertainty estimate of @;, a quantity that
should reflect information regarding how uncertain the esti-
mated parameter @, is. We will cover possible choices for
0@, in Sections 4.2 and 4.3.

The hyperparameter 0 < A is a tuning parameter that
determines the balance between magnitude and uncertainty.
When A — o0, no uncertainty is taken into account and the
M&U pruning criterion becomes equal to the ABS pruning
criterion used by Han ez al. [21]. As A decreases, more and
more uncertainty is taken into account. In case of A = 0,
the criterion 7; has the same functional form as the Wald test
statistic. If one chooses 0, such that it is an analytically
justified estimate of the standard error, 7; is simply the Wald



test statistic. This implies that M&U pruning criterion can
be seen as a generalization of the Wald test statistic and the
ABS pruning criterion used by Han et al. [21].

4.2. Choosing Uncertainty Estimate 7,

Ideally, one would use the standard error as an uncer-
tainty estimate o, like in the original Wald test statistic
formula. However, there is at the moment no asymptotic
theories developed for non-convex neural networks with
commonly used estimation methods such as Adam [29] and
RMSprop [49].

In rare cases when a neural network is convex (or piece-
wise convex) with the negative log-likelihood, or an equiv-
alent quantity such as cross entropy as loss function, one
can take analytically derived asymptotic variance formulas
such as Equation (3), Equation (4), or other ones [50] and
estimate these uncertainty measures via their sample equiv-
alent (e.g., by replacing the expectation with a sum over
the samples). However, estimating those quantities has a
number of numerical bottlenecks. For example, to obtain
the sample equivalent of Z,,, one needs to calculate the
Hessian matrix, which requires the second derivative of the
log-likelihood function with respect to all the parameters in
the model. Although modern deep learning softwares of-
fer highly optimized automatic differentiation for the first
derivative, many of the automatic differentiation implemen-
tations do not support the second derivative. In case they
do support it, the corresponding implementations are not as
highly optimized as those for the first derivative.

Another computational bottleneck is the computation
of K,,. To estimate this matrix, one needs to compute,
for every sample separately, the first derivative of the log-
likelihood with respect to the model parameters. Automatic
differentiation implementations of most deep learning soft-
ware packages are optimized for mini-batch operations and
do not offer the first derivative for each sample of the mini-
batch separately. One can, in principle, obtain those deriva-
tives by using a mini-batch size of 1 or by using the tech-
niques suggested by Goodfellow [18]. However, both meth-
ods would add a significant amount of extra computations
next to the regular forward and backward pass operations
during training. Yet, the biggest computational obstacle is
probably that one needs to take the inverse of Z,,,. For a net-
work with, say, a million parameters, inverting this matrix is
infeasible in practice even using significant computational
resources. Since deep neural networks can easily contain
millions of parameters, this problem gets even worse.

Now, we introduce two possible alternatives to compute
the uncertainty estimate 7, . The first alternative is to make
use of bootstrapping [15]. There have been extensive stud-
ies done on both theoretical and numerical properties of this
approach [4, 14, 10, 45] and it is a canonical method in
statistics for estimating the standard error in case an ana-

Algorithm 1 Pseudo bootstrap, our proposed novel algo-
rithm for a fast estimation for uncertainty of each weight in
neural network by using their changes during the training.
The algorithm described below is for a single weight w; and
can be repeated for all the weights in the neural network.

Require: B € N: Weight collection size

Require: w = [w1, ..., wp]: Parameter vector of the given neu-

ral network.

Require: niier: The total number of weight update iterations that
is going to be made during the training phase. Note that this
is the total number of iterations and not the total number of
epochs.

: wj (B): An empty vector of length B.

. diter <— O (Initialize training iteration count)

: 1B < 0 (Initialize weight collecting count)

. while training the target model with mini-batch SGD do

iiter — iiter + 1

if Niter — B < iiter S Niter then

iB<+1ip+1
wj py[iB] < w; (Record current value of w;.)

end if

: end while

: 0p; = std(wj,(5y) (Compute uncertainty estimate of w; by
using its ‘fluctuations’ during the training.)

: return o g,

—_
A S B A e

—_
N

Iytical estimate is not feasible. The disadvantage is that we
need to train the same model multiple times, which is a big
increase in the computational costs. It is a relief that this
is parallelizable since each bootstrap sample can be trained
independently. Because neural networks are usually trained
with large number of observations, Jackknife resampling
method [13], which requires repetition of training process
equal to the number of total data points, is not suitable.

4.3. Pseudo Bootstrap

The second alternative is a novel estimation scheme,
called pseudo bootstrap, which uses uncertainty informa-
tion gathered during the training process. This idea stems
from the fact that the training process with mini-batch
SGD has similarities with the bootstrap resampling strategy:
Each mini-batch we draw during training can be seen as a
bootstrap sample with replacement and of smaller size. In
addition, the iterative weight update process of mini-batch
SGD can be seen as training with bootstrap samples, where
each bootstrap training instance uses the parameter values
from the previous instance as parameter initialization.

The pseudo bootstrap approach is sketched in Algo-
rithm 1: To obtain uncertainty estimate ;. the algorithm
observes how @ is changing during the last B iterations of
mini-batch SGD training and record it into ‘weight collec-
tion’: wj gy = [wj1,...,w;p] (see Line 4 to 10). Af-
ter the training, we simply obtain the uncertainty estimate
with o5, = std(wyp)) (see Line 11). We also tried differ-
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Figure 1. Result of Experiment 1. The y-axis of each plot shows the loss in test accuracy due to pruning (with retraining afterwards). It
is computed as the test accuracy of the pruned model subtracted by the test accuracy of the unpruned original model. Blue circles with
‘M&Uy,’ indicate that our M&U pruning method with Eg‘]’_"t is used. Orange triangles with ‘M&U,,” mean that our M&U pruning method
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with Oa,

unpruned model is 81.21%.

ent “collecting strategies” such as recording weight values
through the entire training process with a certain interval
between them. However, the best result was obtained by
recording the weight values during the last iterations.

4.4. Reparameterization of \

The hyperparameter A determines the tradeoff between
magnitude and uncertainty. It is therefore crucial to con-
sider reasonable values for A. Note that the actual impact of
A on the balance between magnitude and uncertainty de-
pends largely on which scale w; is. For instance, if we
decide to use batch normalization and the absolute value
of w; suddenly becomes much smaller, then a previosuly
“optimal” value for A\ (e.g., A = 1) might not be optimal
anymore.

To deal with this problem, we suggest to reparametrize A
via

A =X std(wayer, }) (10

when one prunes within layer k. Here, A* is a fixed global
assignment for A and std(wjayer, }) depicts the standard
deviation of the weights with the k-th layer.!

"Naturally, instead of considering W {(layer,,}» ONC can also consider the
standard deviation based on all the weights via w(,04e1) such that A is
scaled by the whole model (or by a specific part of a certain layer).

is used. Black crosses with ‘ABS’ mean that the ABS pruning criterion from Han et al. [

] is used. The test accuracy of the

5. Experiments

We implement our M&U pruning criterion in PyTorch
[42].  We evaluate with three experiments on Fashion
MNIST, CIFAR-10 and MNIST dataset. Experiment 1 is re-
peated 100 times while Experiment 2 and 3 are repeated 20
times. The reported results are averaged results over those
repetitions.

5.1. Experiment 1: Comparison of uncertainty es-
timates

The Fashion MNIST dataset consists of 28x28 grayscale
images, each with a label from one of the 10 classes [56].
The training set contains 60,000 examples and the test set
contains 10,000 examples. To make the bootstrap estima-
tion computationally feasible, we have to keep the size of
this experiment as small as possible. Thus, we use only
a balanced subset of size 6,000 example from the training
data. From this subset, 600 examples are set apart for vali-
dation during training. For testing, the entire test set is used.
We employ a very small feedforward CNN with 2 convo-
lution layers and 3 fully connected layers, combined with
max pooling, ReLU activation function and dropout. The
first fully connected layer gets a feature map of size 6 x 6 x
6 as input. The two hidden layers have 32 and 48 neurons
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Figure 2. Result of Experiment 2. The y-axis of each plot shows the loss in test accuracy due to pruning (with retraining afterwards). It is
computed as the test accuracy of the pruned model subtracted by the test accuracy of the unpruned original model. Orange triangles with

‘M&U,," mean that our M&U pruning method with & ~pb°°t

Han et al. [

each. The model has a total amount of 9,660 parameters.
We choose cross entropy as loss function. The model is
trained for 500 epochs with RMSprop with o = 0.99, ini-
tial learning rate of 10~ and a mini-batch size of 64. The
learning rate decays by a factor of 0.75 every 20 epochs.

First, since the total number of parameters is small, we
tried to estimate the covariance matrix of w with analytical
expressions (3) and (4). However, Z,, and K,, were not
invertible most of the time. As alternative, we obtained the
psuedo inverse of those matrices. Yet, the pseudo inverse
contained almost always negative diagonal elements. As
a sanity check, we estimated the expectation of the score
vector and many of its elements had values that were far
away from 0. This suggests that the maximum likelihood
theory does not hold in this case. This was expected, since
many of the assumptions from LeCam [32] and Toulis and
Airoldi [50], including convexity, are broken.

Next, we estimate E@j with bootstrap. We draw 100
bootstrap datasets and train 100 independent instances of
the model with them. With the weights from those 100
trained models, we obtain the bootstrap based uncertainty
estimate o—b"”t

Lastly, We obtain the pseudo bootstrap based uncertainty
estimate apb_OOt with the method described in Section 4.3
and B = 200. We tried different values of \* and empir-
ically choose \* = 10~ for a,tui)‘]?‘“ and \* = 1074 for

is used. Black crosses with ‘ABS’ mean that the ABS pruning criterion from
] is used. The test accuracy of the unpruned model is 79.98%.

5Rboot
W °
With the obtained 3, and A, we prune a% of param-
eters by using our M&U pruning criterion from each fully
connected layer. The values of a we tried, can be found in
Figure 1. For comparison, we also pruned the model by us-
ing the ABS pruning criterion from Han et al. [21]. After
pruning, each model is retrained for 200 epochs.
Figure 1 shows the result of the experiment. One can ob-
serve that our M&U pruning criterion either with 0b°°t or

pbOOt gives a better (i.e., smaller) test accuracy drop com-

pared to the ABS pruning criterion. The difference is rather
small when the pruning level is relatively low, but the gap
between the two increases as the pruning level increases.

Using ab""t gives the most optimal result (defeats ABS 10

out of 11 tlmes) but using crpboot also gives better results

than the ABS pruning criterion (defeats ABS 8 out of 11
times).

5.2. Experiment 2: CIFAR-10

We further examine the performance of our M&U prun-
ing criterion on the CIFAR-10 dataset consisting of 32x32
RGB images, each with a label from one of the 10 classes
[30]. The training set contains 50,000 examples and the
test set contains 10,000 examples. Unlike Experiment 1,
we utilize the whole training set. 5,000 examples of the
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Figure 3. Result of Experiment 3. The y-axis of each plot shows the loss in test accuracy due to pruning (with retraining afterwards). It
is computed as the test accuracy of the pruned model subtracted by the test accuracy of the unpruned original model. Note that the unit

of the y-axis is basis point, and not percent. Orange triangles with ‘M&U,” mean that our M&U pruning method with 7
Black crosses with ‘ABS’ mean that the ABS pruning criterion from Han et al. [

98.5160%.

training set are used as validation set during training. We
employ a smaller version of AlexNet [31]. The model has 3
convolution layers with ReLLU activation function and max
pooling, which gives a feature map of size 128%4*4 as its
output. The networks also has four hidden layers with 512,
512, 512, and 256 neurons each. The model has a total of
1,801,546 parameters. As the rapid drop in test accuracy
suggests, this model has relatively low degree of overpa-
rameterization. We choose cross entropy as loss function.
The model is trained for 1,000 epochs with RMSprop with
the same configuration as in Experiment 1. The learning
rate decays with a factor of 0.75 every 50 epochs.

Due to large amount of computation required for E%?Ot,

we only use Gi%?om with B = 200. We empirically choose
A =1 '

We prune parameters of each fully connected layer by
using our M&U pruning criterion or ABS pruning criterion
with the pruning levels found in Figure 2. After pruning, the
model is retrained for 200 epochs. Figure 2 shows the re-
sults of the experiment. Our M&U pruning criterion with
Eglj_om gives better test accuracy than the criterion from
Han et al. [21]in 9 out of 11 times.

~pboot -
PPt is used.

] is used. The test accuracy of the unpruned model is

5.3. Experiment 3: Overparameterization

To explore the case of high overparameterization, we use
MNIST dataset [35] with a MLP model. The dataset con-
sists of 28x28 grayscale images, each with a label from one
of the 10 classes. The training set contains 60,000 examples
and the test set contains 10,000 examples. We use 6,000 ex-
amples of the training set for validation during training. The
MLP model has 3 hidden layers with 512, 1024, and 512
neurons each, which results in a total number of 1,457,162
parameters. The model is trained for 1,000 epochs with
RMSprop with the same configuration as in Experiment 2,
except the initial learning rate 10~4.

Due to the large amount of computation required for
5}%‘;0”, we only use 57%?()“ with B = 200. We empiri-
cally choose A\* = 1. For this experiment, we use the it-
erative pruning strategy described in Han et al. [21]. We
prune the parameters of each fully connected layer by us-
ing our M&U pruning criterion or ABS pruning criterion
with the pruning levels found in Figure 3. After pruning,
the model is retrained for 200 epochs. Figure 3 shows the
results of the experiment. Since the model is highly overpa-
rameterized, the performance drop is minimal, even when
we pruned 99% of the weights. In fact, pruning up to 95%
of weights increases the test accuracy of the model, possibly



because pruning decreased overfitting. Our M&U pruning
criterion with Eg?_om gives better test accuracy than using

ABS pruning criterion in 10 out of 11 times.

Note that since the model is highly overparameterized,
one can prune a large number of the weights without sac-
rificing too much predictive power. For example, Figure 3
shows that we can prune 99% of the weights while losing
only 0, 33% of the test accuracy. (Note that the unit of the y-
axis in Figure 3 is basis point, and not percent.) The perfor-
mance difference between M&U pruning criterion and ABS
pruning criterion might seem small due to this minimal test
accuracy drop throughout all pruning levels. But when one
takes this into account, one can see that our M&U pruning
criterion still outperforms the ABS criterion consistently.

6. Conclusion and Discussion

Motivated by the Wald test statistic, we derived
the M&U pruning criterion for neural networks. Our
M&U pruning criterion takes both magnitude and uncer-
tainty into account and can balance between them through
the hyperparameter \.

When A = 0 and analytically justified standard error of
w; is used as uncertainty estimate o, the M&U pruning
criterion is equal to the Wald test statistic. When A — oo,
the M&U pruning criterion is equal to the absolute value
based criterion in Han ef al. [21]. Thus, our M&U prun-
ing criterion is a generalization of both Wald test statistic
and the magnitude based criterion in Han ef al. [21]. We
also suggested a reparametrization of A that makes finding
reasonable values for \ easier.

Further, we introduced ‘pseudo bootstrap’, a very effi-
cient method of measuring uncertainty of weights by track-
ing their updates during training. The experiments suggest
that M&U pruning criterion outperforms the criterion sug-
gested in Han et al. [21] most of the time, in terms of test
accuracy of the pruned model, with the best result achieved
by using 53‘;‘”. Thus, using our M&U pruning criterion
can lead to models that require less memory and at smaller
computational cost, while minimizing the loss of predictive
power.

In the future, we wish to investigate numerical and the-
oretical properties of pseudo bootstrap and compare it to
that of ‘usual’ bootstrap. Due to limited amount of GPU
resource, we had to keep our models small. We would like
to investigate the performance of our method on bigger and
deeper neural network models. Further, it will be fruitful to
combine our pruning criterion with other types of compres-
sion methods such as quantization, Huffman coding, and
regularization.
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