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Supplementary Material

The supplementary material contains proofs of Theorem 1, 2, 3 and 4 in the paper.

We will give formal proofs for the theorems in the article. The arguments utilize tech-

niques for proofs concerning estimators fitted by two-stage procedures and are similar to

those given by e.g. Imbens, Spady, and Johnson (1998) and Schennach (2007). Before we

begin, however, we sill state and prove a result concerning consistency of Z-estimators. The

result is a slight modification of Theorem 5.42 in Van der Vaart (2000).

Lemma 1. Let Y1, . . . , Yn ∈ Rd be i.i.d. from some distribution F and let ψ : Rd × Θ→ Rq

be a function with Θ ⊆ Rp. Assume there is a unique solution θn to the equation 0 =

Ψn(θ) = n−1
∑n

i=1 ψ(Yi, θ) for all n and a unique solution θ0 to the limit equation 0 =

Ψ(θ) = E[ψ(Y, θ)] when Y ∼ F . Then θn converges in probability to θ0, provided

(C1) the function Ψ is continuously differentiable in a neighborhood of θ0 and Ψ′(θ0) is in-

vertible;

(C2) there exists a neighborhood N of θ0 and an F -integrable function p0 such that ‖ψ(y, θ)‖ ≤

p0(y) for all θ ∈ N and F -almost all y.

Proof. Let Ψ and Ψn be defined as in the lemma. Close inspection of the proof of Theorem5.42

in Van der Vaart (2000) shows that the conditions of the theorem are slightly too strict



INGRID DÆHLEN AND NILS LID HJORT

and that the only thing needed for the arguments to go through is that Ψ is continuously

differentiable with non-singular derivative in a neighborhood of θ0 and that there exists a

closed ball around θ0 inside which Ψn converges uniformly to Ψ. The first assessment is

ensured by (C1) and continuity of the determinant function. The second condition follows

from (C2) and the uniform law of large numbers. Hence, there exists a sequence of estimators

converging in probability to θ0. By assumption, Ψn(θ) = 0 has a unique solution θn. Because

of this, θn must be this consistent sequence, proving that θn converges in probability to θ0.

S1 Proving Theorem 1

We start by proving Theorem 1 in the article. First we will demonstrate an initial and related

result.

Lemma 2. Let Y1, . . . , Yn ∈ Rd be i.i.d. from some distribution F and m : Rd ×M → Rq,

where M ⊆ Rs is an open set, be a function continuously differentiable in the last s argu-

ments. Let µ̂ be the unique maximizer of the empirical likelihood function in M constructed

using m and the data Y1, . . . , Yn. Furthermore, assume λ̂ is the unique solution to

0 = n−1

n∑
i=1

m(Yi, µ̂)

1 + λTm(Yi, µ̂)
,

and α̂ = (λ̂, µ̂). Set

ψEL(y, α) = [1 + λTm(y, µ)]−1
(
m(y, µ)T , λT∂m(y, µ)

)T
with ∂m as short hand for ∂m/∂µ. Lastly assume ΓEL(λ, µ) = 0 has a unique solution

α0 = (λ0, µ0), where Y ∼ F . Then α̂ is consistent for α0 and

α̂ = α0 − n−1J ΓEL(α0)−1

n∑
i=1

ψEL(Yi, α0) + opr(1/
√
n) (S1.1)

provided the following conditions hold true:
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(1) the function ΓEL is continuously differentiable in a neighborhood of α0 and its Jacobian

matrix at α0 is non-singular;

(2) there exists L > 0 and a neighborhood N of α0 on which Pr(1 +λTm(Y, µ) > L) = 1 for

all (λ, µ) ∈ N ;

(3) there exists a neighborhood N of α0 and functions pj for j = 0, 1, 2 such that for F -almost

all y and all α ∈ N , the norm of m and all first and second order partial derivatives

of m are bounded by pj for j = 0, 1, 2 respectively, with E[p0(Y )4], E[p1(Y )4] < ∞ and

E[p2(y)2] <∞.

In particular,
√
n(α̂−α0)

d→ N[0, J ΓEL(α0)−1KELJ ΓEL(α0)−1], with KEL = Var[ψEL(Y, α0)],

Y ∼ F .

Proof. Since m is differentiable and M is open, the MEL estimator satisfies the following

equation

0 =
∂

∂µ
log ELn(µ) = −

n∑
i=1

λ′n(µ)Tm(Yi, µ) + ∂m(Yi, µ)Tλn(µ)

1 + λn(µ)Tm(Yi, µ)
= −

n∑
i=1

∂m(Yi, µ)Tλn(µ)

1 + λn(µ)Tm(Yi, µ)
,

where the last equality follows from definition of λn(µ). Hence, (λn(µ̂), µ̂) is the solution

to 0 = n−1
∑n

i=1 ψEL(Yi, α), where ψEL is as defined in the lemma. This shows that α̂ is a

Z-estimator, and hence, standard results concerning such estimators can be used to study

limiting properties of α̂.

We start by showing consistency towards α0. This is achieved by proving condition (C2)

of Lemma 1. (C1) holds by condition (1) of this lemma. Fix a neighborhood N of α0 such

that all conditions of the lemma hold true on N . By assumption (2) there exists L > 0 such

that 1 + λTM(µ) > L with probability 1 for all α ∈ N . Combining this with condition (3)

ensures ‖ψEL(y, α)‖ ≤ C1p0(y) +C2p1(y) for some constants C1, C2 ∈ R. The right hand side
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of this inequality is a sum of F -integrable functions. This shows condition (C2) of Lemma 1,

and guarantees that α̂ converges in probability to α0.

We will use Theorem 5.21 in Van der Vaart (2000) to show (S1.1). We start with the

Lipschitz condition. Direct computations show ‖∂ψ
∂α

(y, α)‖ ≤ C3p0(y)2 + C4p0(y)p1(y) +

C5p1(y) + C6p1(y)2 + C7p2(y), for some constants Cj for j = 3, . . . , 7. This is a consequence

of condition (3) of the lemma. Since all functions on the right hand side of this equation are

square integrable with respect to the measure F , the sum is square integrable as well. This

in conjunction with the mean value theorem for multivariate functions, ensures the Lipschitz

property of Theorem 5.21 in Van der Vaart (2000). Furthermore, E[‖ψ(Y, α0)‖2] < ∞ by a

similar argument. The rest of the conditions of Theorem 5.21 in Van der Vaart (2000) hold

by assumption. (S1.1) follows.

Strictly speaking, we have only showed that the sequence of solutions to n−1
∑n

i=1 ψ(Yi, α)

satisfies the properties of the lemma. Since, log ELn(µ) is equal to−
∑n

i=1 log[1+λn(µ)Tm(Yi, µ)]

only when 1 + λn(µ)Tm(Yi, µ) > 0 for all i = 1, . . . , n, ∂ log ELn(µ̂)/∂µ = 0 is not immedi-

ately equivalent to n−1
∑n

i=1 ψ(Yi, α̂) = 0. However, by construction the empirical likelihood

function is always non-negative and equal to zero when 1 + λn(µ)Tm(Yi, µ) ≤ 0 for some

i = 1, . . . , n. Hence, the maximizer of −n−1
∑n

i=1 log[1 + λn(µ)Tm(Yi, µ)] is equal to the

maximizer of ELn as long as it satisfies 1 + λn(µ)Tm(Yi, µ) > 0 for all i = 1, . . . , n. Further-

more, since 1 + λTm(Yi, µ) > 0 for all i = 1, . . . , n holds on N by assumption (2), α̂ will

satisfy 1 + λn(µ)Tm(Yi, µ) > 0 for all i = 1, . . . , n and be the maximizer of log ELn(µ) with

probability tending to one.
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S1.1 Proof of Theorem 1

By Lemma 2, µ̂ converges in probability to the last s components of α0, the parameter

solving 0 = E[ψEL(Y, α)]. By definition λ(µ) is the root of E{m(Y, µ)/[1 + λTm(Y, µ)]},

the first q component functions in E[ψEL(Y, α)]. Hence, α0 = (λ(µ0), µ0) where µ0 is the

root of E{∂m(Y, µ)Tλ(µ)/[1 + λ(µ)Tm(Y, µ)]}. Furthermore, the maximizer of −E{log[1 +

λ(µ)Tm(Y, µ)]} satisfies 0 = E{[λ′(µ)Tm(Y, µ) + ∂m(Y, µ)Tλ(µ)]/[1 + λ(µ)Tm(Y, µ)]}, since

M is open and m is differentiable. Since λ(µ) is the root of E{m(Y, µ)/[1+ λTm(Y, µ)]}, the

right hand side of this equation is equal to E{∂m(Y, µ)Tλ(µ) /[1 +λ(µ)Tm(Y, µ)]} which, by

definition of µ0, has µ0 as a root. In particular, µ0 maximizes −E{log[1 + λ(µ)Tm(Y, µ)]}

in the interior of the parameter space. Since M is open and the maximizer of −E{log[1 +

λ(µ)Tm(Y, µ)]} is unique, µ0 is the unique maximizer in M.

For (2.7) in the main part of the article, let (0, I) be the (q + s) × (q + s) block matrix

where I is the s× s-identity matrix. Then, by (S1.1),

µ̂ = (0, I)α̂ = µ0 − (0, I)ΓEL(α0)−1n−1

n∑
i=1

ψ(Yi, α0) + opr(1/
√
n).

Let Hxy be the matrix obtained by first differentiating E{log[1 + λTM(µ)]} with respect to

y and afterwards with respect to x evaluated at (λ0, µ0). Then J ΓEL(α0) can be written as

the following block matrix

J ΓEL(α0) =

Hλλ Hµλ

Hλµ Hµµ

 .

Furthermore, λ′(µ0) = −H−1
λλHµλ by the implicit function theorem. Utilizing this and

the formula for inverses of block matrices, we find (0, I)ΓEL(α0) = (A−1λ′(µ0)T , A−1) =

A−1(λ′(µ0)T , I), where A = Hµµ − HλµH
−1
λλHµλ. Direct computation shows that A = JEL.

Putting all of this together shows −(0, I)ΓEL(α0)−1ψ(y, α0) = J−1
EL (λ′(µ0)T , I)ψ(y, λ0, µ0) =
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J−1
ELψµ(y, µ0), proving (2.7) in the main part of the article.

S2 Proving Theorem 2

We proceed similarly as for the proof of Theorem 1, by first showing a lemma.

Lemma 3. Let Y1, . . . , Yn be i.i.d. from some distribution F and m : Rd+r × M → Rq,

where M ⊆ Rs is open, be a function continuously differentiable in the last s arguments.

Assume furthermore, that P̂ is some estimator satisfying n−1
∑n

i=1 h(Yi, P̂ ) = op(1
√
n) and

that µ̂ is the unique maximizer of the empirical likelihood function in M constructed using

the estimating function (y, µ) 7→ m(y, P̂ , µ). Lastly, let λ̂ be the unique solution to

0 = n−1

n∑
i=1

m(Yi, P̂ , µ̂)

1 + λm(Yi, P̂ , µ̂)

and set

ψPEL(y, λ, µ, P ) = [1 + λTm(y, P, µ)]−1
(
m(y, P, µ)T , λT∂µm(y, P, µ)

)T
with ∂µm being shorthand for ∂m/∂µ. Then, if αP,0 = (µ0, λ0, P0) is the unique solution to

0 = ΓP (λ, µ, P ) =
(
E[ψPEL(Y, αP )]T ,E[h(Y, P )]T

)T
, the vector α̂P = (µ̂T , λ̂T , P̂ T )T converges

in probability to αP,0 and

α̂P = αP,0 − n−1J ΓP (αP,0)−1

n∑
i=1

ψPEL(Yi, αP,0)

h(Yi, P0)

+ op(1/
√
n), (S2.2)

provided the following conditions hold true:

(1) the function ΓP is continuously differentiable in a neighborhood of αP,0 and its Jacobian

at αP,0 is non-singular;

(2) there exists L > 0 and a neighborhood N of αP,0 on which Pr(1+λTm(Y, P, µ) > L) = 1

for all (λ, µ, P ) ∈ N ;
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(3) there exists a neighborhood N of αP0 and functions pj for j = 0, 1, 2 such that for F -

almost all y and all α ∈ N , the norm of m and all first and second order partial deriva-

tives of m are bounded by pj for j = 0, 1, 2 respectively, with E[p0(Y )4], E[p1(Y )4] <∞

and E[p2(y)2] <∞.

(4) The norm of h(y, P ) and all first order partial derivatives of h with respect to P is

bounded by functions q1 and q2 not depending on P and with E[q1(Y )], E[q2(Y )2] <∞.

Proof. By assumption, the plug-in estimator P̂ satisfies n−1
∑n

i=1 h(Yi, P̂ ) = op(1/
√
n).

Hence, the vector α̂P is the solution to

0 = n−1

n∑
i=1

ψPEL(y, λ, µ, P )

h(Yi, P )

+ δn

where δn is a term of order op(1
√
n) which does not depend on αP . The lemma now follows

from arguments completely analogue to those given in the proof of lemma 2.

As with Lemma 2, the above result give asymptotic properties of the full vector α̂P . In

practice, however, µ̂ alone is of interest, and because of this, a marginal result for µ̂ alone is

given in Theorem 2 the paper. We give the proof in the following subsection

S2.1 Proof of Theorem 2

Let αP,0 = (λT0 , µ
T
0 , P

T
0 )T be the root of E[ΓEL

P (αP )] = (E[ψPEL(Y, αP )]T , E[h(Y, P )]T )T . Then,

by definition, P0 is the solution to E[h(Y, P )] = 0 and λ0 the solution to

E

(
m(Y, P0, µ0)

1 + λTm(Y, P0, µ0)

)
= 0.

Now let µ1 be the maximizer of − log[1 + λ(µ, P0)Tm(Y, P0, µ)] in M where λ(µ, P ) is the

solution to.

E

(
m(Y, P, µ)

1 + λTm(Y, P, µ)

)
= 0.
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Then µ1 satisfies

0 = E

(
∂µ1λ(µ, P0)Tm(Y, P0, µ1) + λ(µ, P0)T∂µ1m(Y, P0, µ)

1 + λ(µ, P0)Tm(Y, P0, µ1)

)
. (S2.3)

By definition of λ(µ1, P ) the second term equals zero, implying

0 = E

(
λ(µ, P0)T∂µ1m(Y, P0, µ)

1 + λ(µ, P0)Tm(Y, P0, µ1)

)
, (S2.4)

but by assumption this equation has a unique root at µ0. Hence, µ1 = µ0 and µ0 is the max-

imizer of −E{log[1 + λ(µ, P0)Tm(Y, P0, µ)]}. This proves that αP,0 = (λ(µ0, P0)T , µT0 , P
T
0 )T .

Secondly, consider the matrix J ΓP (α). By definition of the Jacobian matrix, we can

write J ΓP (α) as the following block matrix:

J ΓP (α) =

J ΓEL
P (λ, µ) ∂PΓP (λ, µ, P )

0 ∂PEh(Y, P )

 ,

where J ΓEL
P (λ, µ) is equal to J ΓEL(λ, µ) defined in lemma 3 where the estimating function

used is(y, µ) 7→ m(y, P, µ) for each fixed P and ∂Pf is short-hand for ∂f/∂P for a general

function f . By inversion of block matrices and condition (1) in theorem Theorem 2 in the

paper, this matrix is continuously differentiable in a neighborhood of (λT0 , µ
T
0 , P

T
0 )T with

[J Γp(αP,0)]−1 =

[J ΓEL
P (λ, µ)]−1 α′(P0)[∂PEh(Y, P )]−1

0 [∂PEh(Y, P )]−1


non-singular. In the above α(P ) is the root of (λ, µ) 7→ ΓP (λ, µ, P ) for each fixed P . Hence,

by arguments similar to those given in the proof of Theorem 1,

− (0 Is 0) (J Γp(αP,0))−1ψP (y, αP,0) =

J−1
ELψ

P0
µ (y, µ0)− µ′(P0)[∂PEh(Y, P )]−1h(y, P0),

where ψP0
µ is equal to ψµ defined in Theorem 1 in the article when replacing m by (y, µ) 7→

m(y, µ, P0). Lastly, by condition (4) in the theorem and theorem 5.21 in Van der Vaart (2000),
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P̂ − P0 = −[∂PEh(Y, P )]−1
∑n

i=1 h(Yi, P0) + op(1/
√
n). Hence, −µ′(P0)n−1[∂PEh(Y, P )]−1

n−1
∑n

i=1 h(Yi, P0) = µ′(P0)(P̂ − P0) + op(1
√
n). This concludes the proof.

S3 Proving Theorem 3

Again we first show a lemma.

Lemma 4. Let Y1, . . . , Yn ∈ Rd be i.i.d. from some distribution F and m : Rd+s → Rq

a function continuously differentiable in the last s arguments. Assume that m is used in

construction of the empirical likelihood function ELn. Let fθ for θ ∈ Θ ⊆ Rp, where Θ is

an open set, be some parametric family with score function u and µ : Rp → Rs such that

E{m[Y, µ(θ)]} = 0 when Y ∼ fθ. Fix a ∈ [0, 1) and assume that θ̂ is the unique maximizer

of hn. Furthermore, let λ̂(θ̂) be the unique solution to

0 = n−1

n∑
i=1

m[Yi, µ(θ̂)]

1 + λTm[Yi, µ(θ̂)]
= 0

Lastly, let β = (θ, λ), β̂ = (θ̂, λ̂), and

ψHL(y, β) = (1− a)

 0

u(y, θ)

− a
I 0

0 µ′(θ)T

ψEL[y, λ, µ(θ)].

Assume that β0 = (λ0, µ0) is the unique root of ΓHL(λ, µ) = E[ψ(Y, β)], where Y ∼ F . Then

β̂ is consistent for β0 and

β̂ = β0 − n−1J ΓHL(β0)−1

n∑
i=1

ψHL(Yi, β0) + opr(1/
√
n) (S3.5)

provided condition (1-3) of Lemma 2 hold true with α0 = (λT0 , µ(θ0)T )T and the following

additional assumptions

(4) The function µ(θ) is twice continuously differentiable in a neighborhood of θ0.
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(5) There exists a neighborhood of θ0 on which all components of u and ∂u/∂θ are bounded

by some F -square integrable functions q1 and q2 respectively not depending on θ.

In particular,
√
n(β̂−β0)

d→ N(0, J ΓHL(β0)−1KHLJ ΓHL(β0)−1), with KHL = Var[ψHL(Y, β0)],

Y ∼ F .

Proof. Notice that

∂hn(θ)

∂θ
=

n∑
i=1

{
(1− a)u(Yi, θ)− aµ′(θ)T

∂m[Yi, µ(θ)]Tλn(θ) + λ′n(θ)Tm[Yi, µ(θ)]

1 + λn(θ)Tm[Yi, µ(θ)]

}
=

n∑
i=1

{
(1− a)u(Yi, θ)− aµ′(θ)T

∂m[Yi, µ(θ)]Tλn(θ)

1 + λn(θ)Tm[Yi, µ(θ)]

}
,

where the last equality follows from the definition of λn(θ) and ∂m is short hand for ∂m/∂µ.

Hence, since Θ is open and the maximizer of hn in Θ unique, β̂ is the solution to 0 =

n−1
∑n

i=1 ψHL(Yi, β) where ψHL is as defined in the lemma. Because of this β̂ is a Z-estimator

and, just as for the MEL estimator, standard results can be used to study its limiting be-

havior.

Let m2 : Rd+p → Rq be defined as m2(y, θ) = m[y, µ(θ)]. Since µ is twice continuously

differentiable as a function of θ, direct computations shows that conditions (1-3) hold for m2.

By the proof of lemma 2 this ensures that there exists a neighborhood on which the norm ofI 0

0 µ′(θ)T

ψEL[y, λ, µ(θ)] =

 −m2(y, θ)

−∂m2(y, θ)Tλ

[1 + λTm2(y, θ)
]−1

(S3.6)

is bounded some square F -integrable function depending on neither λ nor µ. Combined with

assumption (5), this proves that the norm of ψ(y, β) is bounded by some square integrable

function not depending on β. In particular, (C2) of Lemma 1 holds true. As (C1) holds by

assumption, consistency of β̂ towards β0 follows.

To show (S4.7), we will again use Theorem 5.21 in Van der Vaart (2000). The only

condition which remains to show is the Lipschitz condition. By the chain rule and proof of
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Lemma 2, the norm of all partial derivatives of (S3.6) are bounded by some square integrable

function. Combining this with assumption (5) of this lemma and the mean value theorem,

ensures that there exists a square integrable function r such that ‖ψHL(y, β1)−ψHL(y, β2)‖ ≤

r(y)‖β1− β2‖. This proves the Lipschitz condition of Theorem 5.21 in Van der Vaart (2000)

and concludes the proof.

S3.1 Proof of Theorem 3

The proof of Theorem 3 now follows directly from Lemma 4 by performing computations

similar to those in Section S1.1.

S4 Proving Theorem 4

We start with a lemma, yet again.

Lemma 5. Let Y1, . . . , Yn ∈ Rd be i.i.d. from some distribution F and m : Rd+r+s → Rq

a function continuously differentiable in the last s arguments. Let P̂ be some estimator

satisfying n−1
∑n

i=1 h(Yi, P̂ ) = op(1/
√
n) and assume that (y, µ) 7→ m(y, P̂ , µ) is used in

construction of the empirical likelihood function ELn. Let fθ for θ ∈ Θ ⊆ Rp, where Θ is

an open set, be some parametric family with score function u and µ : Rp+r → Rs such that

E{m[Y, µ(θ, P ), P ]} = 0 when Y ∼ fθ. Fix a ∈ [0, 1) and assume that θ̂(P̂ ) is the unique

maximizer of hn. Furthermore, let Mi(µ, P ) be short-hand for m(Yi, P, µ) and λ̂ the unique

solution to

0 = n−1

n∑
i=1

Mi[µ(θ̂, P̂ )]

1 + λTMi[µ(θ̂, P̂ )]
= 0
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Lastly, let βP = (θ, λ, P ), β̂ = (θ̂(P̂ ), λ̂, P̂ ), and

ψPHL(y, β) = (1− a)


0

u(y, θ)

0

− a

I 0 0

0 µ′(θ)T 0

0 0 I


ψEL[y, λ, µ(θ), P ]

h(y, P )

 .

Then if βP,0 = (θ0, λ0, P0) is the unique root of ΓHL
P (λ, µ) = E[ψPHL(Y, β)] where Y ∼ F , β̂P

is consistent for βP,0 and

β̂ = β0 − n−1J ΓHL
P (β0)−1

n∑
i=1

ψPHL(Yi, β0) + opr(1/
√
n) (S4.7)

provided condition (1-4) of Lemma 3 hold true with αP,0 = (µ(θ0)T , λT0 , P
T
0 )T and the following

additional assumptions

(5) For all P in an neighborhood of P0, function µ(θ, P ) is twice continuously differentiable

with respect to θ in a neighborhood of θ0.

(6) There exists a neighborhood of θ0 on which all components of u and ∂u/∂θ are bounded

by some F -square integrable functions q1 and q2 respectively not depending on θ.

Proof. The result follows from arguments similar to those given in the proof of Lemma 3 and

Lemma 4 and is left out.

S4.1 Proof of Theorem 4

Theorem 4 now follows directly from the above lemma by arguing and performing computa-

tions similar to those in section S2.1.
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