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Supplementary Material

The supplementary material contains proofs of Theorem 1, 2, 3 and 4 in the paper.

We will give formal proofs for the theorems in the article. The arguments utilize tech-
niques for proofs concerning estimators fitted by two-stage procedures and are similar to
those given by e.g. [Imbens, Spady, and Johnson (1998)) and [Schennach! (2007)). Before we
begin, however, we sill state and prove a result concerning consistency of Z-estimators. The

result is a slight modification of Theorem 5.42 in [Van der Vaart| (2000)).

Lemma 1. Let Yy,...,Y, € R? be i.i.d. from some distribution F and let : R? x © — R4
be a function with © C RP. Assume there is a unique solution 0, to the equation 0 =
U, (0) = n 'Y 0(Y;,0) for all n and a unique solution Oy to the limit equation 0 =

U(0) = E[y(Y,0)] when Y ~ F. Then 0, converges in probability to 6y, provided

(C1) the function ¥ is continuously differentiable in a neighborhood of 0y and V'(6y) is in-

vertible;

(C2) there exists a neighborhood N of 0y and an F-integrable function py such that ||¢(y, 0)] <

po(y) for all 8 € N and F-almost all y.

Proof. Let ¥ and ¥,, be defined as in the lemma. Close inspection of the proof of Theorem5.42

in Van der Vaart (2000) shows that the conditions of the theorem are slightly too strict
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and that the only thing needed for the arguments to go through is that ¥ is continuously
differentiable with non-singular derivative in a neighborhood of 6, and that there exists a
closed ball around 6, inside which ¥, converges uniformly to W. The first assessment is
ensured by (C1) and continuity of the determinant function. The second condition follows
from (C2) and the uniform law of large numbers. Hence, there exists a sequence of estimators
converging in probability to 6y. By assumption, ¥, (#) = 0 has a unique solution 6,,. Because

of this, #,, must be this consistent sequence, proving that 6,, converges in probability to #,. [

S1 Proving Theorem 1

We start by proving Theorem 1 in the article. First we will demonstrate an initial and related

result.

Lemma 2. Let Yy,...,Y, € R? be i.i.d. from some distribution F and m: RY x M — RY,
where M C R® is an open set, be a function continuously differentiable in the last s argu-
ments. Let i be the unique maximizer of the empirical likelihood function in M constructed

using m and the data Yy, ...,Y,. Furthermore, assume \ is the unique solution to

_ m(Y;, 1)
0=n""
" T AT, )

and & = (X, ji). Set

Yer(y, @) = [1+ Nm(y, )] 7" (m(y, )", N om(y, )"

with Om as short hand for Om/Ou. Lastly assume TEV(\, u) = 0 has a unique solution

ag = (No, o), where Y ~ F. Then & is consistent for ag and

a= Qg — TL_IJ FEL(OZ())_l Z @DEL(Y;, Oé()) + Opr(l/\/ﬁ) (S].].)

provided the following conditions hold true:
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(1) the function TEY is continuously differentiable in a neighborhood of cy and its Jacobian

matrix at ag 18 non-singular;

(2) there exists L > 0 and a neighborhood N of ag on which Pr(1+ X'm(Y,u) > L) =1 for

all (\, 1) € N

(3) there exists a neighborhood N of o and functions p; for j = 0,1,2 such that for F-almost
all y and all o« € N, the norm of m and all first and second order partial derivatives
of m are bounded by p; for j = 0,1,2 respectively, with E[po(Y)*], E[p1(Y)*] < oo and

Elpa(y)?] < oo

In particular, /(& — ag) % N0, J TEL (ag) 1 Kgr,J TEY (ag) ™Y, with Kgp, = Var[ter (Y, o),

Y ~F.

Proof. Since m is differentiable and M is open, the MEL estimator satisfies the following

equation

X, ()T m (Y, 1) + Om (Y, 1) A (1) “om(Y;, )T A (i

0
0= - logBL,(u) = — 3 22 = -
oy 8 Bl = = 2 = Y ) .

where the last equality follows from definition of A, (u). Hence, (A,(f1), 1) is the solution
to 0 =n~! Z?’:l YL (Y;, ), where 9y, is as defined in the lemma. This shows that & is a
Z-estimator, and hence, standard results concerning such estimators can be used to study
limiting properties of &.

We start by showing consistency towards «yp. This is achieved by proving condition (C2)
of Lemmal[l] (C1) holds by condition (1) of this lemma. Fix a neighborhood N of ag such
that all conditions of the lemma hold true on N. By assumption (2) there exists L > 0 such
that 1+ ATM(u) > L with probability 1 for all & € M. Combining this with condition (3)

ensures ||Ygr(y, )| < Cipo(y) + Copi(y) for some constants C1, Cy € R. The right hand side
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of this inequality is a sum of F-integrable functions. This shows condition (C2) of Lemma 1]
and guarantees that & converges in probability to ay.

We will use Theorem 5.21 in [Van der Vaart| (2000) to show (SL.1). We start with the
Lipschitz condition. Direct computations show |22 (y,a)|| < Cspo(y)? + Capo(y)pi(y) +
Csp1(y) + Cop1(y)? + Crpa(y), for some constants C; for j = 3,...,7. This is a consequence
of condition (3) of the lemma. Since all functions on the right hand side of this equation are
square integrable with respect to the measure F', the sum is square integrable as well. This
in conjunction with the mean value theorem for multivariate functions, ensures the Lipschitz
property of Theorem 5.21 in [Van der Vaart| (2000)). Furthermore, E[|[1)(Y, ap)|?] < oo by a
similar argument. The rest of the conditions of Theorem 5.21 in [Van der Vaart (2000) hold
by assumption. follows.

Strictly speaking, we have only showed that the sequence of solutions ton™' >""" | ¥(V;, «)
satisfies the properties of the lemma. Since, log EL, (x) is equal to — > log[14+-\, (1) " m/(Yi, )]
only when 1+ A, (u)"m(Y;, u) > 0 for all i = 1,...,n, dlogEL,(j1)/0p = 0 is not immedi-
ately equivalent to n=' """ | ¥(Y;, &) = 0. However, by construction the empirical likelihood
function is always non-negative and equal to zero when 1 + A\, (u)"m(Y;, u) < 0 for some
i = 1,...,n. Hence, the maximizer of —n~'>"" log[l + \,(1)"m(Y;, p)] is equal to the
maximizer of EL,, as long as it satisfies 1 + A, (u)T"m(Y;, u) > 0 for all i = 1,...,n. Further-
more, since 1 + ATm(Y;,u) > 0 for all i = 1,...,n holds on A by assumption (2), & will
satisfy 1+ A, (p)"m(Y;, ) > 0 for all i = 1,...,n and be the maximizer of log EL, (1) with

probability tending to one. O
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S1.1 Proof of Theorem 1

By Lemma [2] /i converges in probability to the last s components of «g, the parameter
solving 0 = E[gL(Y,a)]. By definition A(u) is the root of E{m(Y,u)/[1 + AXTm(Y, n)|},
the first ¢ component functions in E[¢g (Y, «)]. Hence, ag = (A(po), o) where pq is the
root of E{Om(Y, )T X (1)/[1 + AMu)"m(Y, u)]}. Furthermore, the maximizer of —E{log[1 +
A(p) (Y, p)]} satisfies 0 = E{[N ()" m(Y, p) + Om(Y, p)" A()]/[L + M) m(Y, )]}, since
M is open and m is differentiable. Since A(u) is the root of E{m(Y, u)/[14+ AT'm(Y, )]}, the
right hand side of this equation is equal to E{Om(Y, 1) A(1) /[1+ A()Tm(Y, )]} which, by
definition of g, has pg as a root. In particular, py maximizes —E{log[1 + A(u)Tm(Y, u)]}
in the interior of the parameter space. Since M is open and the maximizer of —E{log[l +
M) Tm(Y, 1))} is unique, po is the unique maximizer in M.

For (2.7) in the main part of the article, let (0,7) be the (¢ + s) X (¢ + s) block matrix

where I is the s x s-identity matrix. Then, by (S1.1)),

o= (0,1)a = po = (0, )l (o) ™'n ™" 3 (Vs a0) + 0pe(1/V/n).

Let H,, be the matrix obtained by first differentiating E{log[1 + AT M (1)]} with respect to
y and afterwards with respect to z evaluated at (Ag, o). Then JT®(ag) can be written as

the following block matrix

Hy\x Hpyx
JFEL<OZO> = 8
HM HML
Furthermore, N (u9) = —H,, H,\ by the implicit function theorem. Utilizing this and

the formula for inverses of block matrices, we find (0, [)I"™(ap) = (AN (po)?, A7) =
A~Y(N (o), 1), where A = H,, — Hy, Hy H,. Direct computation shows that A = Jgy,.

Putting all of this together shows —(0, ITX(ag) " 9(y, ag) = Jgit (N (o)™, D (y, Ao, pto) =
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Jui ¥u(y, o), proving (2.7) in the main part of the article.

S2 Proving Theorem 2

We proceed similarly as for the proof of Theorem 1, by first showing a lemma.

Lemma 3. Let Yy,....Y, be ii.d. from some distribution F and m: R™"™ x M — R,
where M C R?® is open, be a function continuously differentiable in the last s arguments.
Assume furthermore, that P is some estimator satisfying n=" > h(Y;, P) = o,(1y/n) and
that [i is the unique maximizer of the empirical likelihood function in M constructed using

the estimating function (y, p) — m(y, P, w). Lastly, let \ be the unique solution to

Oznli m(}/lapaﬂ)
L+ Am(Y;, P, i)

=1

and set
_ T
Uy, A, P) = [L+ Nm(y, P, )] ™" (m(y, P, )", N1 0,m(y, P, )

with 0,m being shorthand for Om/Ou. Then, if apo = (1o, Ao, Fo) is the unique solution to
0="Tp(\p,P) = (EREL(Y,ap)]" E[R(Y, P)]T)T, the vector ap = (7, N\, PT)T converges

in probability to apy and

" [ Vi (Yi, apo)
(Sép :Oépyo—n_ljrp(ap’o)_lz —f—Op(l/\/ﬁ), (822)
=1 h(Yla PO)
provided the following conditions hold true:

(1) the function I'p is continuously differentiable in a neighborhood of apy and its Jacobian

at apg s non-singular;

(2) there exists L > 0 and a neighborhood N of apy on which Pr(1+XT'm(Y, P,pu) > L) = 1

for all (\, 1, P) € N;
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(3) there exists a neighborhood N of apy and functions p; for j = 0,1,2 such that for F-
almost all y and all o € N, the norm of m and all first and second order partial deriva-
tives of m are bounded by p; for j = 0,1,2 respectively, with E[po(Y)*], E[p1(Y)*] < o0

and E[pa(y)?] < .

(4) The norm of h(y, P) and all first order partial derivatives of h with respect to P is

bounded by functions q; and g not depending on P and with Elq(Y)], E[g(Y)?] < oo.

Proof. By assumption, the plug-in estimator P satisfies n ™! Z?Zlh(Yi,P) = 0,(1/\/n).
Hence, the vector ap is the solution to

] - wIIEDL<y7 )‘7M7 P)
0=n + 0,
=\ h(Y,P)
where 0, is a term of order 0,(1/n) which does not depend on ap. The lemma now follows

from arguments completely analogue to those given in the proof of lemma 2] O

As with Lemma [2] the above result give asymptotic properties of the full vector ap. In
practice, however, [i alone is of interest, and because of this, a marginal result for i alone is

given in Theorem 2 the paper. We give the proof in the following subsection

S2.1 Proof of Theorem 2

Let apo = (AL, ud, PE)T be the root of E[['E(ap)] = (EE, (Y, ap)|T, E[L(Y, P)]T)T. Then,

by definition, Py is the solution to E[A(Y, P)] = 0 and Ag the solution to

E( m(Y, By, p1o) ) _o.

T+ )‘Tm(Y7 P07 MO)
Now let p; be the maximizer of —log[1 + A(u, Py)"m(Y, Py, )] in M where A(u, P) is the

solution to.

£ m(Y, P, j1) _o
1+ ATm(Y, P,p))
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Then p; satisfies

0=F <8m/\(u, Po)"'m(Y, Py, j11) + Mp, Po)" 9, m(Y, Poaﬂ)) . (S2.3)

L4+ Ap, Po)Tm(Y, Py, 1)

By definition of A(u1, P) the second term equals zero, implying

)‘(:uv PO)Tamm(Y? PO?“) )
0=FE , 2.4
(1 + A, Po)T'm(Y, Po, 1) ( )

but by assumption this equation has a unique root at py. Hence, uy = po and pg is the max-
imizer of —E{log[1 + A(, Po)"m(Y, Py, )] }. This proves that apg = (A(po, Po)”, ud, PE)T.
Secondly, consider the matrix JI'p(«). By definition of the Jacobian matrix, we can

write J ['p(a) as the following block matrix:

JFIEDL(/\HU’) aPFP(/\HU’v P)
JFP(O[) = )
0 OpER(Y, P)
where JTEV(X, 1) is equal to JTPE(A, 1) defined in lemma [3) where the estimating function
used is(y, u) — m(y, P, ) for each fixed P and Opf is short-hand for 0f /0P for a general

function f. By inversion of block matrices and condition (1) in theorem Theorem 2 in the

paper, this matrix is continuously differentiable in a neighborhood of (A, ud, Pi)" with

L [UTEEL T o (Ry)[0pER(Y, P)| 7!
[JTp(apo)]™ =
0 OPER(Y, P)]
non-singular. In the above a(P) is the root of (A, i) — I'p(\, i, P) for each fixed P. Hence,

by arguments similar to those given in the proof of Theorem 1,
—(01,0) (JTp(apo)) " vp(y, app) =
Jar Uil (y, po) — 1 (Po)[0pER(Y, P)] 'h(y, By),

where ¢50 is equal to 1, defined in Theorem 1 in the article when replacing m by (y, 1) —

m(y, i, Fy). Lastly, by condition (4) in the theorem and theorem 5.21 inVan der Vaart| (2000)),



S3. PROVING THEOREM 3

A

P — Py = —[0pER(Y, P)| 7' Y0 h(Yi, Py) + 0,(1/y/n). Hence, —p/(Po)n [0pER(Y, P)]™*

n= S h(Y;, Py) = i (By)(P — Py) + 0,(1y/n). This concludes the proof.

S3 Proving Theorem 3

Again we first show a lemma.

Lemma 4. Let Yy,...,Y, € R? be i.i.d. from some distribution F and m: R — R4
a function continuously differentiable in the last s arguments. Assume that m is used in
construction of the empirical likelthood function EL,. Let fo for 6 € © C RP, where © is
an open set, be some parametric family with score function u and p: RP — R® such that
E{m[Y,u(0)]} = 0 when Y ~ fy. Fiz a € [0,1) and assume that 0 is the unique mazimizer

of hy. Furthermore, let S\(é) be the unique solution to

A~

0= nfl i m[)/la :U’(e)] =0

~

= 1+ )‘Tm[yz‘a M(Q)]

Lastly, let = (0, \), B = (é,;\), and

QZJHL(ZJ, 6) = (1 - CL) —a wEL[y, )\,/L(@)].
u(y, 0) 0 w07

Assume that By = (X, po) is the unique root of THY(\ 1) = E[(Y, B)], where Y ~ F. Then

B 1s consistent for By and

B =Bo—n " TTM(B0) ™" Y vun(Yi, Bo) + ope(1/V/n) (53.5)

provided condition (1-3) of Lemma [3 hold true with ag = (A, 11(60)")" and the following

additional assumptions

(4) The function p(0) is twice continuously differentiable in a neighborhood of 6.
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(5) There exists a neighborhood of 6y on which all components of u and du/00 are bounded

by some F-square integrable functions q; and qo respectively not depending on 6.

In particular, /n(B— Bo) KN N0, J THE(By) L Ky, J THE(By) 1), with Kyp, = Var[vuy (Y, Bo)],

Y ~F.

Proof. Notice that

o (0) < 1y OMLY5, ()] An(8) + A (0) T m[Y;, p(9)]

i=1

_ - — DuY:.0) — a (T Om[Yi, p(0)]" An(6)
_;{(1 JulYi, 0) — ap'(0) 1+An(9)Tm[Yi,u(9)]}’

where the last equality follows from the definition of A, (6) and dm is short hand for Om/dpu.
Hence, since © is open and the maximizer of h, in © unique, B is the solution to 0 =
n Y uL(Yi, B) where ¢y, is as defined in the lemma. Because of this B is a Z-estimator
and, just as for the MEL estimator, standard results can be used to study its limiting be-
havior.

Let my: R¥P — RY be defined as ms(y, 0) = mly, u(0)]. Since p is twice continuously
differentiable as a function of 6, direct computations shows that conditions (1-3) hold for m.
By the proof of lemma [2| this ensures that there exists a neighborhood on which the norm of

I 0 —ma(y, )

YeLly, A, w(0)] = [1+A\ma(y,0)]
0 (07 —Oma(y, )T\

1

(93.6)

is bounded some square F-integrable function depending on neither A nor . Combined with
assumption (5), this proves that the norm of v (y, 5) is bounded by some square integrable
function not depending on . In particular, (C2) of Lemma [I| holds true. As (C1) holds by
assumption, consistency of B towards [y follows.

To show , we will again use Theorem 5.21 in [Van der Vaart| (2000). The only

condition which remains to show is the Lipschitz condition. By the chain rule and proof of
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Lemma the norm of all partial derivatives of are bounded by some square integrable
function. Combining this with assumption (5) of this lemma and the mean value theorem,
ensures that there exists a square integrable function r such that ||¢nr(y, £1) —¥nL(y, 52)]] <
r(y)||f1 — B2||- This proves the Lipschitz condition of Theorem 5.21 in |Van der Vaart| (2000)

and concludes the proof. O

S3.1 Proof of Theorem 3

The proof of Theorem 3 now follows directly from Lemma [4] by performing computations

similar to those in Section ST.1l

S4 Proving Theorem 4

We start with a lemma, yet again.

Lemma 5. Let Yy,...,Y, € R? be i.i.d. from some distribution F and m: R4 — R4
a function continuously differentiable in the last s arguments. Let P be some estimator
satisfying n=* S h(Y;, P) = 0,(1/y/n) and assume that (y,p) — m(y, P, u) is used in
construction of the empirical likelthood function EL,. Let fy for 6 € © C RP, where © is
an open set, be some parametric family with score function u and p: RPT™ — R® such that
E{m[Y, (0, P),P]} = 0 when Y ~ fy. Fiz a € [0,1) and assume that O(P) is the unique
mazximizer of h,. Furthermore, let M;(u, P) be short-hand for m(Y;, P, ) and \ the unique

solution to

b S MR
= 1+ ATMi[M 07P>]
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Lastly, let Bp = (0, \, P), B: (é(ﬁ)’j\,f)), and

2/}EL[y7 )‘7 M(0)7 P]

h(y, P)

Uin(y,8) = (1 =a) [w(y,0) | —alo w@®)7T 0

Then if Bpo = (6o, Mo, Py) is the unique root of TRV(\, u) = B[k (Y, B)] where Y ~ F, fBp

is consistent for Bpo and
B =B —n "I TE(B0) ™D i (Vi Bo) + ope(1/3/) (S4.7)
i=1

provided condition (1-4) of Lemma@ hold true with apy = (u(0o)*, AL, PE)T and the following

additional assumptions

(5) For all P in an neighborhood of Py, function (0, P) is twice continuously differentiable

with respect to 0 in a neighborhood of 6.

(6) There exists a neighborhood of 6y on which all components of u and Ou/00 are bounded

by some F'-square integrable functions q; and qo respectively not depending on 6.

Proof. The result follows from arguments similar to those given in the proof of Lemma [3| and

Lemma M and is left out. O

S4.1 Proof of Theorem 4

Theorem 4 now follows directly from the above lemma by arguing and performing computa-

tions similar to those in section [S2.11



BIBLIOGRAPHY

Bibliography
Imbens, G. W., R. H. Spady, and P. Johnson (1998). Information theoretic approaches to

inference in moment condition models.

Schennach, S. M. (2007). Point estimation with exponentially tilted empirical likelihood. The

Annals of Statistics 35, 634—-672.

Van der Vaart, A. W. (2000). Asymptotic statistics. Cambridge, England: Cambridge Uni-

versity Press.



	Proving Theorem 1
	Proof of Theorem 1

	Proving Theorem 2
	Proof of Theorem 2

	Proving Theorem 3
	Proof of Theorem 3

	Proving Theorem 4
	Proof of Theorem 4


