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Down under in the year 2000

▶ Both visiting Peter Hall at ANU in Canberra
▶ Peter left for a few weeks to visit Europe
▶ Start of FMA work
▶ One weekend: hike to Telstra tower in Black Mountain
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Model choice and compromise estimators

in a local environment

Nils & Gerda

-{.,qoorlfi.amerl'orlr:lteedlnor(.)r'esults;version0.37otso'asof4'4'2000

AssTR.rCr. Na,rron, rnodel: .f ly,0) : f (.'y d,lo), real model: f (y,0'1) r'vith an

extra q-climensionai parameter 1'*iri.i."iu-r.ot too far awa-v from fo' \AIe consicler

narro\\r inf.erence versus various forms of wid.er inference, including that suggested

b5' moc1el choice criteria' like the AIC'

I(Et' ff:OnDS: Akajk e's information ctiterion. bias a'nd variance balancel compro-

mjse estirriators. growingmodels, rnoc]erate misspecification, smooth envelopes

1. Introduction and summarY

irx lviodels are seldom fu11y correct. (Find some quotes') Need' to str-rdy departures from

them.. Robustness. x,{oclel selection. AIC, BIC, others' what happens to estimators-after-

selection? Smooth enveioping models. Variable selection in regression models; growing

leqression strr-rctures. i,vith interactions. etc'; should be easy to find motivating examples'

Srles-. the fact that rve br-rild a urrified appara'tu-s insicle rvhich 'evervthing' can be precisely

; t-rir'.e,1 ;1111 cotrrlri,r'ctl' xr]

2. A, rnodel choice framework

TlLis section estahlishes a' fiuitful general framer'vork for model choice and estimator con-

srrr-rr:tic-xrs. 1br ca,ses *rith independent and identically distributed data a's r'vell as for re-

glession tr.pe situations. The motiva'tion is to start rvith a 'narrow' model' perhaps of

clas,sicai texrboori 'ariet1,. 
ancl then add on one or more acld.itional f'eatures' in the form of

a clclitional palameters.

2.1. The i.i.d. sefup. Let independent d.ata Yr ,...,Yn come from densiry f ' We

consid.er at the outset the possibility of using many different parametric models' with the

aim of estimating and carr-ving out inference for a certain parameter estimand pr : p(/)

our frarne\,ork is to builcl alternative parametric models 'atoun'cl', a basic narrow model'

of the t1.pe .f (y, d) $,ith a p-r,,ector of pararneters 6. sal' of classicai textbook tvpe' our

ertendec,l mc-iclels talie the form /(y,9.t) with an additional q-r''ector of 1-parameters' and

r,vlrere -,t : ^ioputs us back in the narrorn'model, that is, Jfu,0): f (y,0,^io')'We operate

uncler the as,sumption that the wiclest p + q parameter model is correct' for appropriate

Values of the parameters. One ,,raY in any case consider emplo)'ing suitabie submodels'

c6r'lesp6ndirrg t<,i [aving sorne of the 1, parameters equal to 17,0 while others are not' Using

a simpler rnoclel might entail some mod.elling bias, but rvoulcl be a'r'varded a lou'er varia'nce

1evel fbr palametter estimatols. Th.ere a're therefore at the out-set ?s srrch submodels to

consicler" one fol each subset ^9 of {1" "'q}'
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Frequentist model averaging

Nils Lid Hjort and Gerda Claeskens

A goocl frtunev,ork: neerJ rlol'e) results; l'ersiort 0.52 or,5'o, as of 2/6/1

Assr.n.{ct.r,. NarLos, rnoclel: f (A,0): .f (.,!1,0,.t0'), r.ea.l rnoclel: .f (,y,0,,r,) u,ith a,n

cxtl:r q-climensiorral para,nretel i, rvhich is rrot too fiu a,r'r.trr'' fiorn lo. \\,Ie considel

rril.r'r'o\\r irifelcnce velsus r,.alior-rs fblrns of xricler inference. irrclucling thtrt suggcstccl

bl. 1rr,-,.,., choice clitcria like tire AIC. \I:rrr),, papers on Biu,esiarr rnoclel averagirig:

this is :r contt'ibution iir the frequcntist direction. Confideuce intclvtrls ztlc ttlo

sliolt: u,c inr,'estigtlte rvhat hti,ppens. \{odel sclectiorr/cstimation problerns.

KBy u'onns: AJrajl<e's jl-folnration critct'jon, bj.rs and va;'iancr: bttlanc:e. (:ontpj'o-

rrrjse estint:ltol's) gt'osting ntcttlels. utoclerate misspecificlttion. srnootlt etir.elr-rpes

1. Introduction and summary

[xx \{o<le1s:rrc selclorn lir11r, collecrt. (Finr1 sornc qttotes.) Need to stuch'clttpaltnlels fi'orri

thern. Roltustness. \Ioclel sek:c:tion. AiCl. BIC. othet's. What h:rpperrs to estittratot's-aftel-

seler:tion'l Snrooth ern.cloping rrioclels. \riLliirble selectiou irt lcgrcssion moclels: glorvirtg

reglessictrr stnrctules, u,ith irrterzrctiorrs. etc.: should Lro easl'to finci rnotivii,tirtg exantples.

Strcss the f:rct thtrt lr,e builit a urriliecl apptrltltrrs insicle u,hich'ever\.thittg't::ttt be plecisell,

a,nirh.serl arrd compaleil. Nlentiorr Italter'\'et al., Potschcr', Serr. Gcttrge... xxl

2. A model choice framework

This sectiori estirblislies a fi'uitful genela,l frtrrnervolk for moilel t:hoice zrntl estitnatot cotr-

stnrctions, fol ca,ses rvith incleperrderrt and iclenticallr. distlibuted clata trs rvell as fbl le-

glessiorr t1.pe situzrtions. The rnotirration is to stalt u,ith a 'rltt,rlow' rrioclel, pelhnps of

clirssical textbook r,raliet--v. ancl tlierr :rdcl on one ol rnorc adclition:rl lbatrilets. in the fbrrn of'

a dclitiorral p:Llarnctcrs.

2.1. Tlta i.i.rl. sertup. Let irrdcpcrrclent rlatir [,...,Y, corlc ft'orri dcrrsity .1. \\'c

consick-rr at thc outset the possibilitl. of r-Lsing niany clifiilerrt ptrt'aurcLric nroclt:1s, rvith the

irirrr of cstirn:rting a.nc1 carlvirrg orrt infcrcnce fbl a r:ertain pararrietcr estinttrrrcl 1t: p(.f).

Oul firrmenor'h is to build altclnative paltlrrietlic models'a.t'otutd'a ba.sic llat't'ow rnoclcl,

of tlx: t1.pe /'(;i7,0) with a, p-vector of pa,r:rnretels 0, say of cltrssical textlrouk tvpe. Our'

erxterrclccl nrorlels takc the forn f ('y"9.1') with an acklitional q-r.cctol of 1-lritlantetels, and

n,hele I : jri puts rn b:ri:k in the nallor.v nroclcl. that is. J0t.O) - .f (y.().^to'). \Ve olretlirtt'

rrrrtlcl thc trssrrrnption 1.htrt the u,klest 'p + q p:rrtrmetel rnotlcl is con'ect. 1or apltt'opt'ititc:

r.irhrcs of thc p:r,rzrnreters. Orre rri:ry in tr.n\. case corrsiciel r:mploying srtitzilrle snbrnoclels,

colrcsponding to havirrg sorne of the i, palarnetels ecptr). to ?r.u t1[1e ot]rers trre not. Llsing

ir sinrplel nroclel rnight ent:ii1 sornc rnoclr:lling bitis. but rvould be zuvalcleri a" lou,et' r'aliancc

ler.el fitr piua.rrietel estirn:rtols. 'fhere tu'e thelcfcrre at the oritset 2'1 such subinociels ttt

considcr'. onc fbr cii,ch srrbset S of {1, . ,q}
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Model selection, and next?

▶ Back in 2000: take the selected model and pretend as if you knew
this model all the way long

▶ FMA (2003, JASA discussion paper): under local misspecification
framework, provide precise limit variable via model averaging

▶ Suggestion for simulation approach (see CUP book 2008: chapter 7)
▶ Now in 2023: still need to ’educate’ some users of statistics to not

pretend to know too much
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Highlights of today’s talk

▶ What?
▶ Inference after selection by group lasso

▶ Applicable to other than Gaussian models

▶ Inference conditional on selection: selective inference

▶ Results:
▶ Asymptotic post-selection likelihood

▶ Correct inference after selection of variables

▶ Wald-type confidence intervals with finite expected length
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Data example: NHANES

National health and nutrition examination survey (US)
▶ sample size n = 5985
▶ Response binary: depressed or not
▶ 8 grouped categorical covariates (race, education, marital status,

income, alcohol consumption, diet health, milk consumption,
diabetes)

▶ 9 binary covariates (daily 4/5 or more drinks, ever any kind of
alcohol, high blood pressure, high cholesterol level, smoked at least
100 cigarettes in life, asthma, diabetes, treatment for anemia, ever
blood transfusion)

▶ 6 continuous covariates (age, family income to poverty ratio, BMI, nr
of meals not prepared at home in last 7 days, nr of ready-to-eat
foods in last 30 days, nr of frozen meals/pizza in last 30 days)
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Group lasso selection

▶ β̂n ∈ arg min
β∈Rp

{ 1
√

n
ℓ(Xβ; Y) +

∑
g∈G

λg∥βg∥2

}
(Yuan & Lin JRSSB 2006)

▶ Loss function to be minimized: ℓ(Xβ; Y) =
n∑

i=1

ρ(x⊤i β; Yi)

▶ Regularization allowing for grouped variables:
∑
g∈G

λg∥βg∥2

Examples of loss functions:
▶ Negative log-likelihood, e.g. for binary data
ℓ(Xβ; Y) = −

∑n
i=1

[
yi log h(x⊤i β) + (1 − yi) log{1 − h(x⊤i β)}

]
with h(θ) = eθ/(1 + eθ) the inverse logit link function

▶ Quasi-likelihood estimation function (e.g. for overdispersed Poisson
data)

▶ Least absolute deviation loss, Huber loss

More examples later in this talk.
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Post-GL Naive
Intercept 0.600 0.000
Age 0.327 0.037
Family income to poverty ratio 0.000 0.000
BMI 0.616 0.093
nr of meals not
prepared at home last 7 days 0.223 0.773

nr of ready-to-eat
foods in last 30 days 0.166 0.171

nr of frozen meals/
pizza in last 30 days 0.000 0.000

Race (ref.: Other) 0.000 0.000
Mexican american 0.032 0.262

Other hispanic 0.869 0.814
Non-hispanic white 0.325 0.953
Non-hispanic black 0.159 0.002
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Post-GL Naive
Civil state (ref.: Never married) 0.000 0.000

Married/Living with 0.133 0.016
Widowed/Divorced/Separated 0.315 0.639

Healthy diet (ref.: Poor) 0.000 0.000
Excellent 0.023 0.000

Very good 0.002 0.000
Good 0.001 0.000

Fair 0.005 0.000
Male 0.822 0.000
Daily 4/5 or more drinks 0.141 0.000
High blood pressure/Hypertension 0.449 0.000
Smoked at least 100 cigarettes in life 0.180 0.018
Asthma 0.000 0.000
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Inference after group lasso

▶ Grouped variables: no polyhedral lemma as for lasso
(Lee, Sun, Sun, Taylor AoS 2016)

▶ General loss function – data not Gaussian
▶ Want to avoid infinite expected length for confidence intervals

(Kivaranovic & Leeb JASA 2021)
▶ Results need to be statistically valid

Randomized group lasso estimation:

β̂(Λ)
n ∈ argmin

β∈Rp

 1
√

n
ℓ(Xβ; Y) +

∑
g∈G

λg∥βg∥2 −
√

nω⊤n β


with

√
nωn ∼ Np(0,Ω)
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Selection set

Index set of selected coefficients

Ê =
{
j ∈ {1, . . . , p} : β̂(Λ)

n,j , 0
}
.

Complementary set Ê′ = {1, . . . , p} \ Ê : indices that are not selected.
▶ Inference conditional on Ê

Target for inference when Ê = E

b∗n,E = argmin
b∈R|E|

1
√

n
E [ℓ(XEb; Y)] .

E-restricted M-estimator β̂n,E satisfies ∂
∂βE
ℓ(XEβ̂E; Y) = 0|E|
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Reparametrization

▶ g ∈ GE: set of selected groups

β̂(Λ)
n,g = γ̂n,gûn,g, where γ̂n,g = ∥̂β

(Λ)
n,g ∥2, and ûn,g =

β̂(Λ)
n,g

∥̂β(Λ)
n,g ∥2

.

▶ g < GE ⇔ g ∈ GE′ : unselected groups

ẑn = ( ẑn,g : g ∈ GE′ )⊤

subgradient vector of the group lasso penalty
∑
g∈G

λg∥βg∥2 at the

non-active (zero) groups.{
Ê = E, ûn = un, ẑn = zn

}
=

{
ûn = un, ẑn = zn,

√
n̂γn ∈ R

|GE |
+

}
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Relate group lasso estimator to refitted one

Group lasso estimator β̂(Λ)
n satisfies

0p =
1
√

n
X⊤∇ℓ(Xβ̂(Λ)

n ; Y) +


(
λgûn,g

)
g∈GE(

λĝzn,g

)
g∈GE′

 − √nωn.

Equivalently,

√
nωn =

1
√

n
X⊤∇ℓ(Xβ̂(Λ)

n ; Y) + CEΛE′̂zn + DEûn.

Taylor series expansion of 1st term around refitted estimator gives
√

nωn = AE
√

nβ̂n,E + BE
√

nÛnγ̂n + CE(
√

nβ̂⊥n,E + ΛE′̂zn) + DEûn + op(1).
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Nuisance parameters

Aim: conditional distribution of
√

n β̂n,E given
{
Ê = E, ûn = un, ẑn = zn

}
Eliminate nuisance parameters in the limit: condition on

β̂⊥n,E =
1
n

∂

∂βE′
ℓ(XEβ̂n,E; Y) − AEβ̂n,E ∈ R

|E′ |,

where AE = HE′,E − KE′,EK−1
E,EHE,E.

H =
1
n
E

[
∂2

∂β∂β⊤
ℓ(XEb∗n,E; Y)

]
=

[
HE,E HE,E′

HE′,E HE′,E′

]
K = Var

(
1
√

n
∂

∂β
ℓ(XEb∗n,E; Y)

)
=

[
KE,E KE,E′

KE′,E KE′,E′

]
Target nuisance parameter b⊥n,E = E

[ 1
n

∂
∂βE′

ℓ(XEb∗n,E; Y)
]
− AEb∗n,E
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Marginal and conditional log-likelihood

Denote Ln,un,zn,β
⊥
n,E

(
b∗n,E, b

⊥
n,E; β̂n,E, γ̂n

)
the marginal likelihood based on the distribution of

√
n
(̂
β⊤n,E, γ̂

⊤
n
)⊤∣∣∣∣{̂β⊥n,E = β⊥n,E, ûn = un, ẑn = zn}

Now, truncate to the event {
√

n̂γn ∈ R
|GE |
+ }.

Conditional likelihood:

Ln,un,zn,β
⊥
n,E

(
b∗n,E, b

⊥
n,E; β̂n,E, γ̂n

)
∫

Ln,un,zn,β
⊥
n,E

(
b∗n,E, b

⊥
n,E; βn,E, γn

)
1
R
|GE |
+

(
√

nγn)dβn,Edγn

1
R
|GE |
+

(
√

n̂γn)

=
Ln,un,zn,β

⊥
n,E

(
b∗n,E, b

⊥
n,E; β̂n,E, γ̂n

)
P
[
√

n̂γn ∈ R
|GE |
+

∣∣∣∣ β̂⊥n,E = β⊥n,E, ûn = un, ẑn = zn

]1
R
|GE |
+

(
√

n̂γn).
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Conditional log-likelihood

log Ln,un,zn,β
⊥
n,E

(
b∗n,E, b

⊥
n,E; β̂n,E, γ̂n

)
− logP

[
√

n̂γn ∈ R
|GE |
+

∣∣∣∣ β̂⊥n,E = β⊥n,E, ûn = un, ẑn = zn

]

1st term: asymptotic distribution of

√
n(̂β⊤n,E, γ̂

⊤
n )⊤

∣∣∣∣{̂β⊥n,E = β⊥n,E, ûn = un, ẑn = zn}

is represented by the following likelihood

d(b∗n,E)J(
√

n̂γn,Un)ϕ(
√

nβ̂n,E; R̄
√

nb∗n,E + s̄, Θ̄)ϕ(
√

n̂γn; Ā
√

nβ̂n,E + b̄, Ω̄),

with d(b∗n,E) normalizing constant
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Large deviation result

▶ 2nd term. Positivity constraint:
√

n̂γn ∈ R
|GE |
+

▶ Indicator function is non-differentiable ↪→ barrier function
Barr(v) =

∑|v|
k=1 log(1 + 1/(vk − c)).

▶

lim
n→∞

1
a2

n
logP

[√
n̂γn ∈ K

∣∣∣∣∣ β̂⊥n,E = b⊥E , ûn = un, ẑn = z
]
− On = 0

▶ With an = o(n1/2)

On = − infb′,g′

{ 1
2

(
b′ − R̄bE −

1
an

s̄
)⊤
Θ̄−1

(
b′ − R̄bE −

1
an

s̄
)

+
1
2

(
g′ − Āb′ −

1
an

b̄
)⊤
Ω̄−1

(
g′ − Āb′ −

1
an

b̄
)

−
1
a2

n
log J(ang′; Un) +

1
a2

n
BarrK (ang′)

}
,
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Asymptotic post-selection log-likelihood

▶ Substituting anb′ =
√

nb, and ang′ =
√

ng gives the asymptotic
post-selection likelihood.

▶ Ignoring constants, log-likelihood:

log ϕ(
√

nβ̂n,E; R̄
√

nb∗n,E + s̄, Θ̄)

+ inf
b,g

{1
2

(√
nb − R̄

√
nb∗n,E − s̄

)⊤
Θ̄−1

(√
nb − R̄

√
nb∗n,E − s̄

)
+

1
2

(√
ng − Ā

√
nb − b̄

)⊤
Ω̄−1

(√
ng − Ā

√
nb − b̄

)
− log J(

√
ng; Un) + BarrK (

√
ng)

}
.
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Conditional post-group lasso inference

▶ MLE
√

n̂bmle
n,E = R̄−1 √nβ̂n,E − R̄−1s̄ + ΣEĀ⊤Ω̄−1

(
Ā
√

nβ̂n,E + b̄ − g∗n(
√

nβ̂n,E)
)
.

▶ Observed Fisher information matrix In,mle = nΣ−1
E M−1Σ−1

E

with M = Θ̄−1 + Ā⊤Ω̄−1Ā − Ā⊤Ω̄−1[Ω̄−1 − ∇2 log J(g∗n(
√

nβ̂n,E); Un)
+∇2BarrK (g∗n(

√
nβ̂n,E))

]−1
Ω̄−1Ā.

▶ Valid post-selection confidence interval for (b∗n,E)j

b̂mle
n,E [j] ± z1−α/2

√
I−1
n,mle[j, j]

▶ Valid post-selection confidence region for b∗n,E (or part of it){
b∗n,E ∈ R

|E| : (̂bmle
n,E − b∗n,E)⊤In,mle (̂bmle

n,E − b∗n,E) ≤ χ2
|E|,1−α

}
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Bounded confidence regions

For the inverse Fisher information matrix it holds that

max
i,j∈{1,...,|E|}

|(I−1
n,mle)i,j| ≤ n−1u0(1 + u2

0),

where u0 = max{λmax(ΣE), λmax(A⊤
E
Ω−1AE)}

and for a square matrix A, λmax(A) denotes its largest eigenvalue

Contrast with selective inference without randomization for lasso case
where the expected length of the confidence intervals is infinite
(Kivaranovic and Leeb, 2021)
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Applications

▶ GAMLSS: generalized additive models for location, scale and shape
(Rigby & Stasinopoulos 2005) +randomization
group lasso penalty: categorical covariates, smooth terms
µ(x) = E(Y |x) = g1(x1) and σ2(x) = Var(Y |x) = g2(x2)
g1(x1) = β10 +

∑q1
j=1 β1jx1j +

∑p1
j=q1+1 s1,j(x1j)

using spline function s1j(x1j) =
∑K

k=1 βj,kψk(x1j)
▶ Group regularized quasi-likelihood estimation +randomization

Overdispersed Poisson data
▶ Smoothed quantile estimation (He et al. J. Econometrics 2023)

β̂(Λ)
n,τ ∈ arg min

β∈Rp

n−1/2
n∑

i=1

(ρτ ∗ Kh)(Yi − x⊤i β) +
∑
g∈G

λg∥βg∥2−
√

nω⊤n β

 ,
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Simulation comparison

Compare inference after randomized group lasso (PostGL) with:
▶ naive: refit after selection and classical inference ignore selection
▶ Data splitting: 33% for selection (n1), 67% for inference (n2)
▶ Only for Gaussian case: Bayesian method post-selection inference

for group lasso (Panigrahi, MacDonald, Kessler, JMLR 2023)

Choice of randomisation matrix:
▶ ωn from Np(0,Ω), where Ω = fH, f = n2/n1 ≈ 2

Settings
▶ n = 500, p = 200:
▶ 120 continuous variables ∼ N120(0,Σ) with Σi,j = 0.3|i−j|

▶ 20 discrete with 5 levels from discrete uniform on [1, 5]
▶ 500 replicates
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sparsity: number of truly nonzero groups; 90% nominal coverage
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Randomization choice matches with data splitting
F1-score = #True Pos.

#True Pos.+ 1
2 (#False Pos.+#False Neg.)
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Take home messages

▶ Method gets correct inference after selection by group lasso
▶ ignoring selection doesn’t work

▶ Python software available – working on R readable version
▶ Versatile method – applicable to:

▶ different distributions for response
▶ discrete and continuous covariates
▶ different estimation methods
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This talk was based on:

Y. Huang, S. Pirenne, S. Panigrahi and G. Claeskens
Selective inference using randomized group lasso estimators for general
models

https://arxiv.org/pdf/2306.13829.pdf

Thank you!
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