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Frequentist model averaging

Nils Lid Hjort and Gerda Claeskens

A good framework; need more results; version 0.52 or 50, as of 2/6/1

ApsTRACT. Narow model: fly,0) = j’(y.,().f,’g),, real model: f(y,0: ~) with an
extra q-d'unensiorml parameter which is not t00 far away from 7o- We consider
narrow inference yersus various forms of wider inference. including that sugg,e,sted
by model choice criteria like the AIC. Many papers on Bayesian model averaging:
this is & contribution in the frequentist direction. Confidence intervals are £00
short; we investigate what happens. Model sel tion/ estimation problems.

KEY WORDS: Akaike’s information criterion, bias and variance balance, compro-
wing models, moderate misspeciﬁcaﬁon; smooth envelopes
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Model selection, and next?

» Back in 2000: take the selected model and pretend as if you knew
this model all the way long

» FMA (2003, JASA discussion paper): under local misspecification
framework, provide precise limit variable via model averaging

» Suggestion for simulation approach (see CUP book 2008: chapter 7)

> Now in 2023: still need to 'educate’ some users of statistics to not
pretend to know too much
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Highlights of today’s talk

» What?
> Inference after selection by group lasso

> Applicable to other than Gaussian models

> Inference conditional on selection: selective inference

> Results:
> Asymptotic post-selection likelihood

> Correct inference after selection of variables

> Wald-type confidence intervals with finite expected length
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Data example: NHANES

National health and nutrition examination survey (US)

>

»

>

sample size n = 5985
Response binary: depressed or not

8 grouped categorical covariates (race, education, marital status,
income, alcohol consumption, diet health, milk consumption,
diabetes)

9 binary covariates (daily 4/5 or more drinks, ever any kind of
alcohol, high blood pressure, high cholesterol level, smoked at least
100 cigarettes in life, asthma, diabetes, treatment for anemia, ever
blood transfusion)

6 continuous covariates (age, family income to poverty ratio, BMI, nr
of meals not prepared at home in last 7 days, nr of ready-to-eat
foods in last 30 days, nr of frozen meals/pizza in last 30 days)
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Group lasso selection

1
75(}([3; Y)+ > AglBel} (Yuan & Lin JRSSB 2006)
n
8€G

> Loss function to be minimized: £(XB;Y) = Zp(xiT,B; Y)
i=1

> Enearggelg}{

» Regularization allowing for grouped variables: Z AlIB 112
8€G
Examples of loss functions:

> Negative log-likelihood, e.g. for binary data
(X Y) = = XL [yilogh(x] B) + (1 = y) log{1 — h(x] B)}]
with 1(0) = €7/(1 + ¢°) the inverse logit link function

> Quasi-likelihood estimation function (e.g. for overdispersed Poisson
data)

> |east absolute deviation loss, Huber loss

More examples later in this talk.
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Post-GL Naive

Intercept
Age
Family income to poverty ratio
BMI
nr of meals not
prepared at home last 7 days
nr of ready-to-eat
foods in last 30 days
nr of frozen meals/
pizza in last 30 days
Race (ref.: Other)
Mexican american
Other hispanic
Non-hispanic white
Non-hispanic black
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Post-GL Naive

Civil state (ref.: Never married)
Married/Living with
Widowed/Divorced/Separated
Healthy diet (ref.: Poor)

Excellent
Very good
Good

Fair

Male

Daily 4/5 or more drinks

High blood pressure/Hypertension
Smoked at least 100 cigarettes in life
Asthma
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Inference after group lasso

» Grouped variables: no polyhedral lemma as for lasso
(Lee, Sun, Sun, Taylor AoS 2016)

» General loss function — data not Gaussian

» Want to avoid infinite expected length for confidence intervals
(Kivaranovic & Leeb JASA 2021)

» Results need to be statistically valid
Randomized group lasso estimation:

1
B in{ —0(XB; Y § 2 —Vnw,
B ea;%gln{ 7 Xp )+g6g ¢lIBgll2 \/71%,3}

with iiw, ~ N,(0,Q)
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Selection set

Index set of selected coefficients

E={je{l,....p}: B} #0}.

Complementary set E = {1,...,p} \E . indices that are not selected.
> Inference conditional on E

Target for inference when E=E

1
b’ . = argmin —E [((Xgb;Y
n.E bg]thl \/— [6(XE ).

E-restricted M- eshmator,BnE satisfies 57~ t’(XE,BE, Y) = O
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Reparametrization

> ¢ e Gp: set of selected groups

)

AN _s = A — n.g
Ez,g) = YnglUn,g, where Yng = HB;(l,g)”Z’ and Upg = W
n,g 112

> ¢ ¢ G © g € G unselected groups
,Z\n = (’Z\n,g ‘8 € gE’)T
subgradient vector of the group lasso penalty Z AlIB, > at the
8€G

non-active (zero) groups.

{E =k, ’u\n = Up, ’Z\n = Zn} = {’u\n = Up, ’Z\n = Zn» \/ﬁfy\n € R?El}
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Relate group lasso estimator to refitted one

Group lasso estimator B satisfies

n —

1 Agliy,
0, :%XTVK(XE(A)‘ Y)+(( gZ g)gegf]— Viw,.
8518 ) eeGps

Equivalently,

n

1 _ -
Vhw, = ﬁXTVZ(X,’BTA) ;Y) + CeApz, + Dguty.

Taylor series expansion of 1st term around refitted estimator gives

\/ﬁwn = AS \/;lﬁn,E + BS \/Z’(jnfy\n + CS( ‘/nJﬂ\ytE + AE”Z\n) + Dsﬁﬂ + Op(1)~
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Nuisance parameters

Aim: conditional distribution of \/ﬁﬁn,E given {f =FE U, =u,, 7, = zn}

Eliminate nuisance parameters in the limit: condition on

- 10
Bir = 5 3 (XePne: V) = Achyz € R

where Ag = Hp g — KE',EKE}EHE,E-

1 0? Hprg Hpp

H (Xgb: Y ’ ’
[aﬁaﬁT (Xebn )] [HE’,E Hp g
; Ker Kpp

K = Var ((Xgb? Y ’ ’
(\/_a Kebns )) [KE’YE KECE’}

Target nuisance parameter b*, = E[1 -0 a5 (Xeby, (1Y) - Aghy,
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Marginal and conditional log-likelihood

Denote Ly, g, (b p» b ps Bk Vi)
the marginal likelihood based on the distribution of

—\T| = — —
‘/’;@EJ’;) ‘{ﬁiE :Bigaun = Up, Zp = Zn}

Now, truncate to the event { iy, € R'9!}.
Conditional likelihood:

* 1. A
Ln,un,znﬁig (bn,E’ bn,E’BmE’ 7")

1 '§E|(\/£7n)
P Ry
an,u,,,zn,ﬁiE (bn,E’ b,J;’E;,Bn,E’ Yn) 1]11?1:"( \/Zle)dﬁn,EdYn
T (P
iy (P i P ) 1o (V).

DL _pL o7 o - _
nE — PppUn = Un, Zn—Zn]

P [ iy, € R

G. Claeskens

KU LEUVEN
15/28



Conditional log-likelihood

10g Ln,u,,,z,,,ﬁiE (b;;,Ev bytE;,Bn,Ea?n)

~logP | i, € RY"

AL _pl -
g = Bups Un = Uny Zn = Zn

1st term: asymptotic distribution of
\/E(E—;Ev?;)T'{EiE = ﬂ,tEvE1 = Uy, ’Z\n = Zn}
is represented by the following likelihood

Ay )TNy U S(NBy i3 RNIDE 1 + 5, O N1V A VB + b, Q)

with d(b;, ;) normalizing constant
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Large deviation result

» 2nd term. Positivity constraint: +/ny, € ]R'fﬁ‘

» Indicator function is non-differentiable < barrier function
Barr(v) = X1 log(1 + 1/(v = ¢)).

| 4

L 1 = -
ﬁn,E ZbE,Mn = Up,Zn :Z]_On =0

1 -
lim - log IP’[ \/ﬁyn e K
n—eo @
> With a, = o(n'/?)

. 1 ’ 5 l—T_—l ’ > 1—
0, =—1nfbr,gr{ Eb—RbE——s O | —Rbgp— —5

n

n

1 _ 1.\ - - 1-
+3 (g' —Ab - —b) Q! (g' —Ab - —b)

1 1
- log J(ang’; U, + _zBarrW(ang/) }v
a a

n n
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Asymptotic post-selection log-likelihood

> Substituting a,b’ = +/nb, and a,g’ = /ng gives the asymptotic
post-selection likelihood.

» Ignoring constants, log-likelihood:

10g §(\VnB.: R b}, + 5, ©)
it (Vi Rt =5) 07 (Vi - R -3)
%(Vﬁg—AVﬁb—B)TQ_I(\/ﬁg—Ax/ﬁb—B)

—log J(Vng: U,) + Barryc( \/ﬁg)}
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Conditional post-group lasso inference

» MLE
Vb = R \nB,p - R™'5+ ZpATQ (A VB + b — gi( \/;lﬁn,E)) -

> Observed Fisher information matrix I, me = nZ;'M~'=!
with M =0 ' + ATQ A - ATQ ' [Q ! - V2 1log J(g} (VnBur): Uy)
+V2Bart (g5, (ViBue)] Q1A

»> Valid post-selection confidence interval for (b}, .);

BE1]) % 2o T bl d]

> Valid post-selection confidence region for b;, . (or part of it)

{b;’E eRF: B — b )T LumieDMs = b7 ) < Xﬁ,ﬂ,l_a}
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Bounded confidence regions

For the inverse Fisher information matrix it holds that

-1 -1 2
comax (L )il £ 07 uo(1 + up),
iyl LEl}

where Uy = max{/lmax(zE)7 /lmax(AggilAS)}
and for a square matrix A, A, (A) denotes its largest eigenvalue

Contrast with selective inference without randomization for lasso case
where the expected length of the confidence intervals is infinite
(Kivaranovic and Leeb, 2021)
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Applications

» GAMLSS: generalized additive models for location, scale and shape
(Rigby & Stasinopoulos 2005) +randomization
group lasso penalty: categorical covariates, smooth terms
u(x) = E(YIx) = g1(x1) and o (x) = Var(Yx) = g2(x2)
gi1(x1) = Bro+ XL, Buyxi; + XL L s15(xy)
using spline function sy;(xi;) = X, Bjxi(x1))

» Group regularized quasi-likelihood estimation +randomization
Overdispersed Poisson data

» Smoothed quantile estimation (He et al. J. Econometrics 2023)

A : —-1/2 T _ T
Bt € arg min {n Z;(pr * Kp)(Y; —x; B) + Zg AglBglla \/ﬁwnﬁ} .
i= g€
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Simulation comparison

Compare inference after randomized group lasso (PostGL) with:
> naive: refit after selection and classical inference ignore selection
> Data splitting: 33% for selection (n;), 67% for inference (1)

» Only for Gaussian case: Bayesian method post-selection inference
for group lasso (Panigrahi, MacDonald, Kessler, JMLR 2023)

Choice of randomisation matrix:
> w, from N,(0,Q), where Q = fH, f = ny/n; = 2
Settings
> n =500, p = 200:
> 120 continuous variables ~ Nj2(0, X) with £;; = 0.3/
» 20 discrete with 5 levels from discrete uniform on [1, 5]

> 500 replicates
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sparsity: number of truly nonzero groups; 90% nominal coverage

Coverage rate — Gaussian data
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Randomization choice matches with data splitting

— #True Pos.
F1-score = #True Pos.+%(#FaIse Pos.+#False Neg.)

F1 score — Gaussian data
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Coverage rate - logistic regression
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Length of intervals — logistic regression
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Take home messages

> Method gets correct inference after selection by group lasso
> ignoring selection doesn’t work

> Python software available — working on R readable version
> Versatile method — applicable to:

> different distributions for response
> discrete and continuous covariates
> different estimation methods
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This talk was based on:

Y. Huang, S. Pirenne, S. Panigrahi and G. Claeskens
Selective inference using randomized group lasso estimators for general
models

https://arxiv.org/pdf/2306.13829.pdf

Thank you!
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