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Logistic regression is often used when we want to explain a binary outcome, such as benign/malignant or default/no default. The usual model assumes that the recorded label is correct. In many data sets this
is too optimistic: a diagnostic test, manual annotation, or administrative record can flip a true label with known error rates ¢ and ¢§. If we fit ordinary logistic regression to these noisy labels, the model is
fitting the wrong probability and the coefficients are pulled toward zero as the noise increases. The corrected likelihood instead models the label we actually observe, ¢;(5) = d + (1 —e — 0)p;(5), and can
recover the clean-label target when the error rates are known and the data still contain information. The trade-off is larger uncertainty: as € + 0 approaches 1, the labels contain less signal and the corrected fit
becomes unstable. We study this bias—variance trade-off with closed-form calculations, Monte Carlo simulations, the Wisconsin breast-cancer data, and a covariate-dependent noise extension, using bounded

L-BFGS-B and interior-fit diagnostics to show when the correction is trustworthy.

Naive fit: logistic regression

Ordinary logistic regression treats ¥; | z; as Bern{p;(53)}, where p;(8) = H(z, 3). Under label
errors the observed probability is instead ¢;(8) = d + ¢ p;(5), c = 1 —e — . In the symmetric case,
increasing noise pulls the observed probabilities toward 1/2, and the naive coefficient estimates
shrink toward zero as the pole € + 0 = 1 is approached. At the pole the labels carry no signal
about (; past it, the observed labels are more often flipped than correct, so the naive fit follows
the sign-reversed direction.

Naive GLM intercept Naive GLM slope

Monte Carlo simulation with n = 1000 and B = 200 label-flip replicates per noise level. Dots: individual naive
GLM fits. Solid: MC mean +1 sd. Dotted: true coefficients. Red dashed: pole.

Corrected log likelihood

The correction keeps the extra noise step in the model. With p;(3) = H(x; 3) and constant flip
rates,

G(B)=Pyi=1|z)=0+cpi(B), c=1-e—0.
Since ¥; | x; ~ Bern{q;(5)}, the corrected log likelihood is

n

() =Y [T log gi(8) + (1 — i) log(1 — 4:(B))].

i=1

The score is
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We fit 5 by maximizing £. In code this means minimizing —¢; with bounded L-BFGS-B, using
the score above as the gradient.

Numerical optimizer: L-BFGS-B

The corrected objective has no closed-form maximizer and is not globally concave once label error
is present. We optimize on a compact box By, = [—M, M]P. An interior solution is accepted; a
boundary hit warns that the likelihood is flat, near the pole, or affected by quasi-separation. We
track Deony, the fraction of Monte-Carlo fits whose coordinates remain inside the box.

Multi-start verification: bounded L-BFGS-B
omverges to the same eritical point, even af m

w0st starts hit the bound.
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Optimizer diagnostic, not label Monte Carlo: B = 200 random starts in the bounded box. Low-noise starts converge

to one point; at € = § = 0.20 on breast-cancer data, 175 interior runs split 119/56 between two local mazima.

No covariate: bias and variance

The no-covariate model makes the bias—variance trade-off explicit. If y; ~ Bern(p) and y; ~
Bern(p*), p* = 0 + ¢p, then
y—o

p (1 —p")
1—e—¢’ '

~ ~ 1

p= Ep=np, Varp = — 5
n c

The correction is unbiased, but pays variance factor p*(1 — p*)/[c*p(1 — p)] relative to clean data,

reducing to 1/¢® at p = 1/2. In Monte Carlo checks (p = 0.3, n = 1000, B = 4000), the mean

stays at 0.300 and Wald coverage stays near 0.95 away from the pole.
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Corrected fit: adjusted log regression3

Reintroduce one covariate: x; S N(0,1), y; | ®; ~ Bern{H(By + S1x;)} with (5o, 1) = (0.5,1.2),
and flip labels symmetrically. We maximize ¢}, with |3;| < 10, warm-starting past the pole at

— Bhaive- The corrected MLE is centered near the true coefficients on both sides of the pole; the
visible price is the expanding Monte-Carlo spread.

Corrected MLE: dots show every replicate; band shows MC mean # sd across all replicates

Corrected MLE intercept Corrected MLE slope

MC mean +/- sd i MC mean +/- sd
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Same Monte Carlo draws as the naive fit, B = 200 per noise level. Dots: corrected MLEs. Solid and shaded band:

MC mean £1 sd. The mean stays near (8o, 1) while variance grows near the pole.

Real data: Breast cancer

As a semi-synthetic stress test we use the Wisconsin breast-cancer data: 569 labelled fine-needle
aspirates, a stratified 398/171 split, and four standardized predictors (mean radius, texture,
smoothness, concave points). The clean-label fit is treated as the target, and we artificially flip
labels at known rates. At ¢ = § = 0.10, the naive refit strongly attenuates radius, texture, and
concave points; the corrected refit moves back toward the clean baseline, but with standard errors
about 2—4 times wider. On this near-separating design, moderate noise also creates boundary
hits and multiple local maxima. Around ¢ ~ 0.25, Wald tests lose power even while interior point
estimates still cluster near the clean target.

Breast cancer - every replicate kept; mean +/- sd computed over all of them
naive: intercept naive: mean radius naive: mean texture naive: mean smoothness naive: mean concave points

clean =074 clean = =319 154 clean = ~1.42 1.0 clean = =094 clean = ~3.16
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Monte Carlo label flips on the fixed breast-cancer training set. Top: naive GLM paths. Bottom: corrected MLE
paths. Solid: MC mean; shaded: MC mean +1 sd; dashed horizontal: clean-label baseline.

Wald p-values on the breast-cancer corrected MLE - median and IQR, every replicate kept
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Wald tests over Monte Carlo label flips. Curves show median p-values over interior corrected fits; bands are IQRs.

Strong predictors cross a = 0.05 around & ~ 0.25.

Covariate-dependent noise

Each observation may have its own label-error rates, €; = ¢(x;) and §; = §(z;), as when diagnostic
accuracy or credit miscoding depends on measured features. The observed probability is still

¢(B) = 6; + a; pi(5), a; =1—¢; =9,

so only observations with a; # 0 identify S. The important difference is practical: using one
average error rate corrects the marginal amount of label noise, but not the way noise is tied to
the predictors. If duration drives miscoding, the remaining bias concentrates on the duration
coefficient and its standard error is too optimistic.

In German Credit we flip labels with a duration-dependent false-negative rate, ; = 0.02 +
0.20H {(duration; — d)/sq}, and keep 6; = 0.05. The duration coefficient moves 0.187 (naive)
— 0.219 (constant £) — 0.301 (per-i), against clean target 0.316. A small audit can therefore
help only if it reveals which features drive the error rates and gives a well-conditioned clean

sub-design.




