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PLAN

1. Feature extraction: finding the characteristics of time series or image data with signatures
2. From 1 to 2 input parameters: some challenges arising in simple calculus

3. The shuffle product and (a version of) Chen’s relation in 2D

o

. Challenges and outlook
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THE SIGNATURE OF A PATH BI

m The signature associated with paths x : [0, T] — R? is given as the collection of iterated
integrals of the form

S(x)=(1,x},..,x",..) e T(RY) = {1} & @(Rd)@)”,

n=1

where x" is defined by
n

X2, = / Q) dx,i € (RY)=".
st i=1
Here AZ, denotes the n-th order simplex, such that (r1,..,r,) € A, then
s<n<..<rmm<t
m We let W, denote the collection of words of length n created from the alphabet
{1,...,d}, and we use the notation

(S(X)s,t, W) ::/n de:',-”' e R.

st j=1
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THE SIGNATURE OF A PATH, A SHORT RECAP

m The path signature was originally studied by K.T. Chen [Chen, 1957], and later proven
important for Lyons’ theory of rough paths [Lyons, 1998].

m In particular: In order to do pathwise construction of stochastic integrals [ y dx when x
and y are potentially irregular stochastic processes (beyond martingale setting). Turns out,
one "onlyneeds to construct components from the signature.

m The signature has in recent years proven highly successful for machine learning tasks
related to data streams (time series data...).
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FEATURE EXTRACTION

Machine Learning

S

Input Feature extraction Classification Output
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FEATURE EXTRACTION

m Given input X: The goal is to extract information to be fed as additional input to the
machine learning algorithm.

m The more information is given, the more computationally expensive the learning task gets,
and might add unnecessary noise ...
m Want to describe and understand good features:

m Computationally efficient
m Accurate description of the data distribution
m If possible: interpretable.
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FEATURE EXTRACTION

m Want to describe and understand good features:
m Computationally efficient: Algebraic structures may reduce computational complexity
m Accurate description of the data distribution: Probabilistic/analytic understanding of the role

of the features
m If possible: interpretable: Understand the 'meaning’ of various terms in the features we

construct.

Example
Given the data set X = {x1,x2,x3} we can create the features:

S ={(x1 —x)* (2 — x3)*, (x3 — x1)*}.

For a machine learning task based on the input data X we can also include S as input.
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DISTINCT FEATURES OF THE SIGNATURE

The path signature has several properties which makes it suitable as a feature:

m Invariant to translation: for a € R9 then S(x + a) = S(x).

m Invariant to re-parameterization: For a monotonically increasing ¢ : [0, T] — [0, T] with
#(0) =0 and ¢(T) = T we have S(x o ¢)o.7 = S(x)o.T-

m Has a rich algebraic structure: (Might) reduce computation time. [Lyons et al., 2007]

m Universal approximation: Linear functionals of the path signature approximate any
non-linear functional £ € C(Lip[0, T];R) arbitrarily well. [Cuchiero et al., 2023]

m Characteristicness: The signature characterize the law of stochastic processes
[Chevyrev and Oberhauser, 2022].
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CHARACTERISTICS OF IMAGES

We can view an image as a 2-variable function X : [0, 1] — RY.

B -
-H - = -

How do we create good features from an image?
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THE SIGNATURE OF AN IMAGE X

m We believe that the construction of an iterated integral signature over fields
X : [0, T]> = RY may be good features for image recognition tasks.

m Understanding the structure of the iterated integral signature for 2D fields is challenging;
observed by Chouck/Gubinelli in their Arxiv paper Rough Sheets” (2014).

m However, recent experimental research shows that the 2D signature have great potential
[Zhang et al., 2022].
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SOME 2D NOTATION

m Will use t = (t1, t2) € [0, T]? and write X; to denote evaluation of a field X : [0, T] — R¢

m The rectangular increment over a rectangle [s, t] = [s1, t1] X [s2, t2] is defined by

|js,tx - Xt + Xs - Xt1,$2 - Xsl,tQ-

t 82X to 32X
Ot X = ! — U qud 0.1
st /s 8U18U2 / / 8U10U2 i ( )

S2

m Note that
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ITERATED INTEGRALS OVER A FIELD

m For a (cont.) differentiable field X : [0, T]> — RY we define dX; =
word w = [wyws ... w,| € W, we may define the Id signature by

k00w = [ TLaxe

[st] k=1

at dt Xt,t,- Then for a

Where we let AR ) := (el ) e (0, TP)s<r <...<r <t}

m Letting VW denote the collection of all possible words, we view the signature

Se (X) = {{S§(X), w)|w € W}.
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A DIFFICULTY WITH 2D INTEGRALS BI

m In search of an algebraic structure of this collection of integrals, lets see what happens if
we multiply two elementary components; namely, multiply the terms given by the words
w = [1] and w’ = [2]. We observe that

(Set (X), IS (X), [2]) = (S (X), [12]) + (S (X), [21]) + K
Where K is defined by

K= dxy ,dx3 , + dx3 ,dx5 ,
AZ: rnH»n n»n A2t r»n n»n
S, S,

m The terms in K is not contained in the Id signature S/(X)!

m To overcome this, we must extend the signature to include more terms.
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EXTENDED WORDS

Definition
The set of extended words is defined as W = (J;2 o W,, where Wy = {(e,id)} and for n > 1

Wi = {(w,v)|w e Wa, vEZ m} (0.2)
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EXTENDED SIGNATURE

Definition
Let X be a function in C2([0, T]%; RY). The extended 2D signature S(X) is a function in
(C(A2))"V, defined for an extended word (w,v) € W, by setting

[Tox;,.

ry,r
. 12'2
[s,t] i=1

(Sst(X), (w,v)) == /

A
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EXAMPLE

Consider i1,i2,i3 € {1,...,d} and 132 € X1 53).

il i2 13
X dx%k L dxE .
rn»n n,n

rl,r2

(Sae(X), (i, i, i), 132)) = /

si<ri<ri<ri<t
<y <ri<ri<t,
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SHUFFLE RELATION

Proposition (Shuffle relation)

Let X be a field in C3([0, T]?; ]Rd) and S( ) be its extended 2D signature (Definition 3). We
consider two words, (w,v) € W, and (w',1') € W, (Definition 2). Then for (s,t) € A[o 2
we have

(Sst(X), (w, 1)) (St(X), (W', ) = Y > ,([ww'lz Ao7)). (0.3)

TESh(idy,id, ) AeSh(v, 1/)

For a word w with |w| = n and a permutation T € L1, we write Wy = (Wr(1), - - -, Wr(n))-
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CHEN'S RELATION BI

Proposition (Horizontal and vertical Chen'’s relation)

Consider a field X € C2([0, T]?). let S(X) be its associated id signature. Pick a word w € W,
for n > 1. Then for (s,t) € A[20 7}z the following two relations holds:

1. For any uy € [s1, t1] we have

(02 Sst(X)y W) = ¥ (S .6 (X)s (wr -+ wi)) 51 (S (4 (X), (W1 -~ wi)).

2. For any uy € [sy, to] we have

n—1

(62,8 (X)) = (S (X, (Wt - wi)) %2 (S (s (X), (Wicks -+~ wa)).

k=1
Here the convolution products %1 and *, is defined as integral operations.
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PROPERTIES OF THE EXTENDED SIGNATURE OF AN IMAGE BI

m Invariant to stretching: For two monotonically increasing functions ¢1, ¢» : [0,1] — [0, 1]
with ¢1(0) = 7T2(0) =0 and ¢2(1) = (bg(].) =1 then 5071(X¢17¢2) = S()J(X)

m Path perturbation invariant: For two paths x1,x € Lip([0, 1]; RY) consider the field
Ztl,t2 = th,tQ + Xl(tl) + Xz(i'g) then S(Z) = S(X)

m Rotations are contained in the signature (proof only over 90 degrees now).

m Universality: The linear span of extended signature terms is a sub algebra of the
continuous functionals on C([0, T]?; R¥). We have a universal approximation theorem for
the extended signature.

m The id-signature S™/(X) solves a linear Goursat type PDE:

dS§h(X) = SF(X) ®dXe,  S§u(X) =(1,0,0,..) for we o, T

19/23



OPEN PROBLEMS BI

m We need a better understanding of Chen’s relation, and the general algebraic structures,
see the recent work of Lee-Oberhauser [Lee and Oberhauser, 2023] for some details on
this problem.

m Related to the above: Find a computationally efficient recursive structure to compute

(S(X), (w;v)).

m Can the extended signature characterize the law of random fields?

m How do we construct rough integration with respect to irregular fields: l.e. for two rough
fields X : [0, T]> — R and Y : [0, T]?> — £(R9;R") can we construct the rough integral

t1 tr
/ / Yr17r2 er17r2'
0o JO

m With a rough integral: how do we construct solutions to the non-linear hyperbolic PDE

dYe e, = f(Ye,t) dXey 1y,

when X is a rough field.
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https://sites.google.com/view/sficas/start
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