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What is the problem and aim?
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Delivery

e Stochastic model for the term-structure evolution

¢, T,,T,) » F@T,T,), (<T,<T,

t, T) Ft,T), t<T
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Challenges

Many factors needed

PCA analysis reveals: 5-10
factors in power, 4 factors in
metals

Stochastic volatility

Volatility clustering

Non-Gaussian “returns”

Or noise residuals

Term-structure of volatility

Samuelson effect

Koekebakker and Ollmar (2005)
Feron and Gruet (2020) Geman (2005)

Brent Crude Oil front month: daily log returns

Volatility (EURO)
23 1

EEX power forwards: volatility term-structure

50 100 150
Time to maturity (in days)
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1. Fixed vs. periodic delivery: F(z, T) vs. f(t, 1,,7T,)

» Power price denominated in EUR/MWh.
« Ashort position pays (7, — T}) %\(t, 1,,T,)

* No-arbitrage relationship

n—1
(I, -T) F (T, T, = Z (T — 7)) F (4,7, 7,41)
i=0

T T,
7 7| TZJAT\T3 Ty
« Taking the limit Az — 0
P I, 1 I,
F@T,T, = J F (t,7,7)dr = J F(t,v)dr
I, =T T, I, =T, T,



UiO ¢ Department of Mathematics
University of Oslo

1. Fixed vs. periodic

 We only need stochastic models for fixed delivery forwards!

t, T)—» F(t,T), t<T
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1. Fixed vs. periodic....

« Musiela parametrisation: x =7 — ¢
« Time TO delivery, instead of time OF delivery

ft,x) =Ft,t+x), t>20,x>0

» Periodic delivery forwards in Musiela parametrisation:
P o0
Ft+xt+x+d) = ftx)= J wy(x, VIf(E, y)dy

0
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2. Classical models

« Factor spot models (Lucia & Schwartz (2002))
S(T) = X\(T) + Xi(T) dX(t) = — a;X(t)dt + 6. dB(?)
Corr(dB,,dB,) = pdt
 Forward dynamics
F@t, T)=E[S(T)| Z,]
dF(t,T) = 6, "=dB,(f) + 0.~ T=DdB,(f)

* Musiela dynamics _ _
2 [dW1(T)]

df(t,x) = 0. f(t, x)dt + [o1e™W" gpe™] P 7 dW,(1)
2

0 1

Samuelson effect Correlation matrix Indep. BI\4I’3
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2. Classical models

5-factor dynamics Independent BM's
dW,(1)
df(t,x) = 0, f(t, x)dt + |[oe™* .. o™ C|

d Ws(f)_

5 X 5 correlation matrix C:

« 4+43+2+1=10 unknown cross-correlations, with restrictions

High number of unknowns to estimate
« Correlations and parameters of Samuelson effect

Note: 5 contracts spans out the whole forward market
* Any maturity can be “hedged” using 5 contracts with given maturities
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2. Classical models

 Extend to infinite factor models?

* Infinite number of parameters?
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3. Infinite dimensional models

« HJM-model on Hilbert space samuelson effect

df(t) = 0_f(t)dt + MAW(?)

« Hilbert space H of functions
on positive real line

f)eH,x— f(t,x), x>0

«  WI(¥) is Wiener process

Covariance operator (Of,g) = E[{(W(1), g){W(1), h)]

10
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3. Infinite dimensional models: covariance

* Infinite number of parameters Of(x) ~ Jm q(x, V)f(y)dy
in Q? 0
q(x,y) = E[W(1.x)W(1.y)]
 NO!

* integral operators
e Correlation structure

* EX: US Treasury forward rates B., Paraschiv, Russo, Schurle (2023+)

« 2(!) parameters

S+ (1—e )1 —e) l
VEF A —e /(2 + A -en)

qx,y) =

1"



UiO ¢ Department of Mathematics
University of Oslo

3. Infinite dimensional models

« Some properties of the correlation term structure
» “Flat” correlation structure for large maturities

Im k(x,x+ A) =1

X—> 0

« Correlation decays to a positive constant

lim ke, x4+ A) >0

A— o0

« Hilbert space H: Filipovic space

« (weakly)-differentiable functions on the positive real line
0

(f.8) =1(0)g(0) + [ e f'(x)g ' (x)dx

0

12
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3. Infinite dimensional models: Samuelson effect

EEX power forwards: volatility term structure

« Defineas /Z € L(H)

T . B. Paraschiv (2018)
« Multiplication operator(s)

. H.IS Banach algebra /%g(x) — e_axg(x)
« Simple Samuelson effect

 Projections onto subspaces
 “Multi-factor” analogue

Mg(x) = e Mg, )P (x) + e g, ) (x)
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3. Infinite dimensional models: non-Gaussianity

« Levy process L(t) in H
»  Subordination of the Wiener L(t) := W(S(2))

process

TTF gas front month futures: log returns
March 1 2016 to Sept 8 2022

« Subordinator S(7)

« Increasing Levy process . Fitted normal|
sh / *ri\ |
. | I\ Fitted NIG
« Covariance operator preserved ! / \
. T \
 Marginals are Levy processes A T

« Example NIG: IG-subordinator
t = L(t,x) ~ NIG

14
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4. Stochastic volatility (SV) in co-dimensions

TTF gas front month futures: logreturn time series

« Volatility clustering in data
» Sign of stochastic volatility |

« SV across maturities

« Linear operator on Hilbert
space H

 Positive definite Hilbert- Z(Z) ‘= %1/2(0
Schmidt operator Lyg(H)

—G
+ BNS-model for SV d7 (1) = €V (Odt + dL(1)

« Barndorff-Nielsen & Shephard
B. Ruediger, Suess 2020

Cox, Karbach, Khedher 2022
15
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4. SV in co-dimensions

« SV with leverage and Samuelson effect
B. and Sgarra (2022)

df(t) = 0, f(Odt + ME(AW(E) + pd L (1)

« Leverage: linear operator

p:Lyg(H) —» H

* Recall: Z (1) noise in stochastic variance process

N()

Jiid positive definite € Lyg(H)
L0 =) 7
k=1

F,=Y® Y, € HGaussian

16
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5. Option pricing

« Options on fixed and delivery period forwards

« European, exercise time at ¢ < T and payoff function p
p(F(z,T)) p(F(z, T}, T3)) p(x) = max(x — K,0)
» Payoff represented by linear functionals

p(F(z,T)) = p (67_.f(7))

1 T,—t
p(F(z,T,,T,) =p ( i [ 5Zf(T)dZ>
2 — 1

TI—T

p (Af(r)) A€ H*

17
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5. Option pricing: Fourier

 Pricing in general using Fourier approach

1 R . N .
px) = Z_J p(y)edy p(y) = [ p(x)e ™ dx
T Jn n

» Option price

1
P(t,7) :=E [p(AM() | F| = 2—ﬂ[ P(E |exp(iyAf(z))| dy
R

« Characteristic exponent known in leverage SV-model

T—t

E [exp(iyAf(z)) | #,] = exp (iy/\é’(f —1f ()= iyAJ é’(s)dspﬁE\[g(l)]>
0

l T—t
X exp (-5 yZAJ SE MDDV (@S(r —t — Y (t ))9“2,/%*5*(s)ds/\*1>
0

T—t 2 rs
X exp [J v, <1%J S(s — (D2 S W)y A1) du + yp*&(s)*/\*l) ds] 5
0 0
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6. Neural nets (NN) and options

* Pricing via neural nets: Learning the map

J() = P(t,7; [(1))

» Price on delivery-period forward depends on the term structure!
e ...and not on single contracts...

« Continuous map from H to the real line
 Need NN on Hilbert space

19
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Henry Hub gas at NYMEX on August 11, 2014
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Classical neural network oo-dimensional neural network
Train on samples of term
Train on sampled data structure curves realized
f(x)), ..., f(x,) from asf € H.
forward term structures Adds structural information
from basis functions in H
First 7 orthonormal basis functions
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ay+b =» o

%a§y+b2 -0

N
y = (X&), ..., X(E)) Zfi(f(a{%bi)

/ i=1

ayy +by—»o

Input Neurons Output

A1x+b1—>0
/A2x+b2—>0 k‘ N
X / Ny / Z(f o(A;x + b))
i=1
\ Ayx+by—»o

A, eLH) beH oc€(CH) ¢,eH

21
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6. NN and options: mathematical idea

« Let u be a measure on H supported on a compact

. Define for g € L*(p)

I(g) =E “ P (A1) — 8(&) | u(dé) Fle@r) ==&
H

Proposition: /(P(t,7)) = 1nf I(g)
gEL*(p)
Proof: A direct calculation shows

Var(p (Af"(2)))u(dé) + [ |P(t,7:&) — g(&) |> u(d&) > I(V)

H 22

I(g) = ‘

H



UiO ¢ Department of Mathematics
University of Oslo

6. NN and options: example

« Delivery next month, and strike in one month at strike price 1
 Exponential price model, constant volatility,

« His the Filipovic space
T = Tl T2

% | >

I
0 1‘#2

12 delivery 12

——

First 7 orthonormal basis functions

* Neural network may exploit L0o .
. . i 1st: level
information from basis o
functions £ oz %/
2 000 —
i -0.25 1
= -0.50
0757 2nd: slope
-1.00

0 1 2 3 4 5
time to maturity
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6. NN and options: example

. on one-layer NN, with 1 to 30 neurons.
« Data are Monte Carlo-simulated prices

« From a range of randomly drawn initial term structures &

. on 10.000 initial curves & with corresponding “true’

option prices

« &'s are randomly drawn from u

* “True” option prices from Monte Carlo simulations

Option price as a function of initial curve NN MSE
0.00040
, 0147  *
05 ~ \\\ * 0.00035 -
/ 013 1 T ]
04 F . g 0.00030
I 012 e 3 000025 {
0.2 1 e *g 50 1
,./ 0101 \‘\«\ # 000010
011 .‘,,’; 0.09 - \‘\t 0.00005 -
00 *"T*‘*—r, al : , 008 1 , : a2 : B 00000073 5 10 5 20 % 30
-04 -0.2 0.0 02 04 -04 -0.2 00 02 04 number of nodes in hidden layer
Level, first coordinate Slope, second coordinate Nodes 24
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THANK YOU FOR LISTENING!
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