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Feller processes and abstract Cauchy problems

Fix a probability space (Q, X, P) and a R%valued Feller process
X ={X(t), t >0} onit. Denote by (T¢)t>0 the Feller
semigroup on Co(R?) defined as

Tef (x) = E[f(X(2)) | X(0) = x]. (*)
and let G be its generator, with domain Dom(G).

It is well-known that for all f € Go(R?) the abstract Cauchy
problem

du(t) _

dat

admits as unique strong solution u(t) = T:f.

G u(t) u(0) ="~
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Feller processes and abstract Cauchy problems

Fix a probability space (Q, X, P) and a R%valued Feller process
X ={X(t), t >0} onit. Denote by (T¢)t>0 the Feller
semigroup on Co(R?) defined as

Tf(x) = E[f(X(t)) | X(0) = x]. (*)
and let G be its generator, with domain Dom(G).

It is well-known that for all f € Go(R?) the abstract Cauchy
problem
d u(t)
dt
admits as unique strong solution u(t) = T:f.
Hence we can represent the solution by means of the conditional
expectation (x).

=G u(t) u(0) ="~
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How do we use the stochastic representation?

If X is a diffusion process, that G is a differential operator and the
Cauchy problem is a parabolic PDE.

o From the PDE to the process: e.g. the
not-feeling-the-boundary principle.

@ From the process to the PDE: e.g. determination
stationary distribution.
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Let a € (0,1) and consider the operator

1 d

D5 1(0) = ey | (6= V) — FO)

provided all the involved quantities are well-defined (possibly as

Bochner integral). This is true, for instance, if f is absolutely
continuous, with

CD8‘+f(t):—r(11_a)/O (t - 7)° 2 (r)dr.
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Dzhrbashya Caputo fractlonal derlvatlves

D30 = g ap L 6760~ )

provided all the involved quantities are well-defined (possibly as
Bochner integral). This is true, for instance, if f is absolutely
continuous, with

CDg+f(t):—r(11_a)/O (t - 7)° 2 (r)dr.

Denote by £ the Laplace transform operator and assume that
€Dg, f admits abscissa of convergence z; € [—00, +00). Then

L[DG fI(2) = 2° LIf](2) — 2*£(0)

for ®(z) > max{0, z; }.
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Let a € (0,1). An a-stable subordinator S, = {S,(t),t > 0} is a
Lévy process (i.e., a stochastically continuous process with
stationary and independent increments) with characteristic function

E[e—zSa(t)] _ e—tzo" z>0.

Stable subordinators are non-negative, S,(0) =0 a.s. and are
strictly increasing. Hence, in particular, they are invertible.

We define the inverse a-stable subordinator as the first passage
process L, = {L,(t), t > 0}, where

Lo(t) :=inf{s > 0,S5,(s) > t}
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Stable subordinators and their inverse

Let a € (0,1). An a-stable subordinator S, = {S,(t),t > 0} is a
Lévy process (i.e., a stochastically continuous process with
stationary and independent increments) with characteristic function

E[e 25+()] = e " 2 > 0.

Stable subordinators are non-negative, S,(0) =0 a.s. and are
strictly increasing. Hence, in particular, they are invertible.

We define the inverse a-stable subordinator as the first passage
process L, = {Ln(t), t > 0}, where

Lo(t) :=inf{s > 0,S5,(s) > t}

Since S, is strictly increasing, L, is increasing and continuous.
Hence we can use it as a stochastic time. Furthermore, for all
t >0, Lo(t) admits density f,(t,s) with

Llfa(-,9)|(z) = AR
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From Feller processes to fractional Cauchy problems

Consider again the Feller process X with semigroup (T;)¢>0 and
generator G. We apply to X the random time-change t — L, (t),
obtaining the process X, := {X(Ln(t)),t > 0}. We can also

define the family of operators T f(x) = E[f(Xa(t)) | X(0) = x].

X, is not Markov, but still exhibits Markov the Markov property in
exit times from open sets [MS14]. Analogously, (T{)¢>0 is not a
semigroup.
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From Feller processes to fractional Cauchy problems

Consider again the Feller process X with semigroup (T;)¢>0 and
generator G. We apply to X the random time-change t — L, (t),
obtaining the process X, := {X(Ln(t)),t > 0}. We can also

define the family of operators T f(x) = E[f(Xa(t)) | X(0) = x].

X, is not Markov, but still exhibits Markov the Markov property in
exit times from open sets [MS14]. Analogously, (T{*):>0 is not a
semigroup.

|

Theorem [BMO1]
Let £ € Dom(G). Then the unique strong solution of

DG, u(t) = Gu(t) with u(0)=f

is given by
u(t,x) = T¢'f(x) = E[f(Xa(t)) | Xa(0) = x].
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From Feller processes to fractional Cauchy problems

Consider again the Feller process X with semigroup (T;)¢>0 and
generator G. We apply to X the random time-change t — L, (t),
obtaining the process X, := {X(Ln(t)),t > 0}. We can also

define the family of operators T f(x) = E[f(Xa(t)) | X(0) = x].

X, is not Markov, but still exhibits Markov the Markov property in
exit times from open sets [MS14]. Analogously, (T{*)s>0 is not a
semigroup.

Theorem [BMO1]
Let £ € Dom(G). Then the unique strong solution of

DG, u(t) = Gu(t) with u(0)=f

|

is given by
u(t,x) = T¢'f(x) = E[f(Xa(t)) | Xa(0) = x].

A similar result holds for the forward Kolmogorov equation. )
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Now consider X = {X(t), t > 0} to be a 1-d Gaussian process in
place of a Feller one. Hence, we drop the Markov property. We can
still show that the density px(t,x) of X satisfies a special PDE.
Consider a Brownian motion B = {B(t), t > 0} and let p(t,x) be
the density of B(t). Let also ux(t) = E[X(t)] and

Vx(t) = E[(X(t) — ux(t))?]. Then we can rewrite

px(t,x) = p(Vx(t), x — px(t))

apxéfa X) )22 Vx(t)g;— wx(t)) |y () 2P Vx(t)g; — 1x(1))
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Gaussian processes and non-autonomous parabolic PDEs

Now consider X = {X(t), t > 0} to be a 1-d Gaussian process in
place of a Feller one. Hence, we drop the Markov property. We can
still show that the density px(t,x) of X satisfies a special PDE.
Consider a Brownian motion B = {B(t), t > 0} and let p(t,x) be
the density of B(t). Let also ux(t) = E[X(t)] and

Vx(t) = E[(X(t) — ux(t))?]. Then we can rewrite
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Gaussian processes and non-autonomous parabolic PDEs

Now consider X = {X(t), t > 0} to be a 1-d Gaussian process in
place of a Feller one. Hence, we drop the Markov property. We can
still show that the density px(t,x) of X satisfies a special PDE.
Consider a Brownian motion B = {B(t), t > 0} and let p(t,x) be
the density of B(t). Let also ux(t) = E[X(t)] and

Vx(t) = E[(X(t) — ux(t))?]. Then we can rewrite

px(t,x) = p(Vx(t), x — px(t))

Ipx(t,x) _,  Opx(t,x) | Vi(t) ®px(t, x)
ot () Ox * 2 0x?
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Gaussian processes and non-autonomous parabolic PDEs

Now consider X = {X(t), t > 0} to be a 1-d Gaussian process in
place of a Feller one. Hence, we drop the Markov property. We can
still show that the density px(t,x) of X satisfies a special PDE.
Consider a Brownian motion B = {B(t), t > 0} and let p(t,x) be
the density of B(t). Let also ux(t) = E[X(t)] and

Vx(t) = E[(X(t) — ux(t))?]. Then we can rewrite

px(t,x) = p(Vx(t), x — px(t))

apX(t)X) _ / apX(ta X) V)/((t) 8pr(t)x)
ot —#x(t) Ox * 2 0x? J

We refer to this equation as the Fokker-Planck equation for X
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Time-changing Gaussian processes

Let us consider the case of a Gaussian process X with constant
mean. What happens to the Fokker-Planck equation if we apply
the time-change to X7

The results from [BMO01] cannot be applied anymore, since the
involved Fokker-Planck equation is non-autonomous. J

Let X, = {X(L.(t)),t > 0}. Using the Laplace transform, in
[HKRU11] the authors found the following generalized fractional
Fokker-Planck equation for the density p§(t,x) of Xq:

CD(I))‘-FP?((t?X)

(G o [ 67 = el - ) LRI ) (o)

27 -
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Time-changing Gaussian processes

Let us consider the case of a Gaussian process X with constant
mean. What happens to the Fokker-Planck equation if we apply
the time-change to X7

The results from [BMO01] cannot be applied anymore, since the
involved Fokker-Planck equation is non-autonomous. J

Let X, = {X(L.(t)),t > 0}. Using the Laplace transform, in
[HKRU11] the authors found the following generalized fractional
Fokker-Planck equation for the density p§(t,x) of Xq:

“Dg, p%(t, x)
(G o [ 67 = el - ) LRI ) (o)

Y

where v, is a complex contour which is a transformation of
another complex contour « that leaves all the singularities of Vx
on one side, provided all the involved quantities exist.
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convolution product of the Laplace transform of both the variance
and the unknown itself (in Italian, we should end this sentence
with che al mercato mio padre comprd)...
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The considered equation involves the fractional integral of the
inverse Laplace transform of a contour integral of a sort of
convolution product of the Laplace transform of both the variance
and the unknown itself (in Italian, we should end this sentence

with che al mercato mio padre comprd)...
v

Furthermore, this right-hand side is so much nested that it is really
difficult to verify whether all the involved quantities actually are
well-defined... )




The considered equation involves the fractional integral of the
inverse Laplace transform of a contour integral of a sort of
convolution product of the Laplace transform of both the variance
and the unknown itself (in Italian, we should end this sentence
with che al mercato mio padre comprd)...
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v

Furthermore, this right-hand side is so much nested that it is really
difficult to verify whether all the involved quantities actually are
well-defined...

The equation is too complex to hope finding some useful
information on p§! We need to better understand what is the
operator on the right-hand side. That's what we are going to do
here.
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Let G be the generator of a Feller semigroup and f € Dom(G).




Weighted inverse subordination [

Inverse subordination

We already introduced the inverse a-stable subordinator L,. Let B

be a Banach space. We define the inverse subordination operator
IS : L°(RT; B) — L®°(R";B) as

IS*u(t) = Elu(La(t))], t >0
Reformulating [BMO01]

Let G be the generator of a Feller semigroup and f € Dom(G).
o If u is the unique strong solution of
du(t)
dt
then u, = 1S®u is the unique strong solution of

CD&_ua(t) = G uy(t) and ua(0) =f (2)

=Gu(t) and u(0) ="~ (1)
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Inverse subordination

We already introduced the inverse a-stable subordinator L,. Let B

be a Banach space. We define the inverse subordination operator
IS : L°(RT; B) — L®°(R";B) as

1Su(t) = E[u(La(t))], t >0

Reformulating [BMO1]
Let G be the generator of a Feller semigroup and f € Dom(G).

o If u is the unique strong solution of
du(t)

dt
then u, = 1S®u is the unique strong solution of

CD&_ua(t) = G uy(t) and ua(0) =f (2)

@ If u, is the unique strong solution of (2), then it belongs to
the range of 1S and the function u such that u, = 1S“u is
the unique strong solution of (1).

=Gu(t) and u(0) ="~ (1)
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o We take weights o € L} (R™) with o > 0;

loc
o We will work with Laplace transforms: we need L[w](z) to be
well-defined for #(z) > 0

@ We want the constant 1 to be in the domain of the modified
inverse subordination operator: we need E[w][L,(t)]] < oo for
all t > 0.
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A class of admissible weights

We would like to add a weight in the definition of inverse
subordination operator. But what are the admissible weights?

o We take weights v € L] (R') with v > 0;

o We will work with Laplace transforms: we need L[w](z) to be
well-defined for #(z) > 0

@ We want the constant 1 to be in the domain of the modified
inverse subordination operator: we need E[w][L,(t)]] < oo for
all t > 0.

We denote by W, the set of weights satisfying the previous
assumptions.
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class of admissible weights

We would like to add a weight in the definition of inverse
subordination operator. But what are the admissible weights?

o We take weights o € L} (R™) with o > 0;

loc
o We will work with Laplace transforms: we need L[w](z) to be
well-defined for #(z) > 0

@ We want the constant 1 to be in the domain of the modified
inverse subordination operator: we need E[w][L,(t)]] < oo for
all t > 0.

We denote by W, the set of weights satisfying the previous
assumptions. Observe that the constant 1 € W,,.
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A class of admissible weights

We would like to add a weight in the definition of inverse
subordination operator. But what are the admissible weights?

o We take weights to € L (R*) with v > 0;

loc
o We will work with Laplace transforms: we need L[w](z) to be
well-defined for #(z) > 0

@ We want the constant 1 to be in the domain of the modified
inverse subordination operator: we need E[w][L,(t)]] < oo for
all t > 0.

We denote by W, the set of weights satisfying the previous
assumptions. Observe that the constant 1 € W,,.

Anticipation: we want the derivative of the variance of the parent
Gaussian process to be an admissible weight! J
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Weighted inverse subordination

For a weight v € W,, we define the weighted inverse subordination
operator 1SS : L®(RT; B) — L®(R™;B) as

IS u(t) = E[ro(La(t))u(La(t))], t >0

Observe that IS§ = IS®. We also define the weighted Laplace
transform

L[u] = L[wu].
For any v € L°(R™;B) and z > 0, we have
LISGul(z) = 227" Lu[u(2%).

In particular, if o > 0 a.e., then ISy is injective.
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Welghted inverse subordination

For a weight v € W,, we define the weighted inverse subordination
operator 1SS : L®(RT; B) — L®(R™;B) as

IS u(t) = E[ro(La(t))u(La(t))], t >0

Observe that IS§ = IS®. We also define the weighted Laplace
transform

Em[u] = E[mu]
For any v € L°(R™";B) and z > 0, we have
LISRu)(2) = 207" Lio[u](2%).

In particular, if o > 0 a.e., then ISy is injective.

As a shorthand, we say that a function v(t,x) defined for t > 0 and

x € E C R is dominated in E by a function f(t) if |v(t,x)| < f(t) for all
x € E, while it is locally dominated in E if for all compact subsets K of
E there exists a function fx such that |v(t, x)| < fx(t) for all x € K.



Weighted inverse subordination
Preservation of regularity

Now we consider only B =R. If we use a two variables function v(t, x),
the operator ISy, will be always assumed to work on t.



Weighted inverse subordination
Preservation of regularity

Now we consider only B =R. If we use a two variables function v(t, x),
the operator ISy, will be always assumed to work on t.

If tv € W, N C(R") and there exist t; € W, with j = 1,2 such that
(—1)fmj is non-increasing and to < to; + tvy, then for all
v € L®(RT) N C(RY), ISE € C(RT).




Weighted inverse subordination
Preservation of regularity

Now we consider only B =R. If we use a two variables function v(t, x),
the operator ISy, will be always assumed to work on t.

If tv € W, N C(R") and there exist t; € W, with j = 1,2 such that
(—1)J'mj is non-increasing and to < to; + tvy, then for all

v € L®(RT)N C(RT), ISY € C(R™). Furthermore, if 10(0+) € R and
v € C(RY), then 1SS € C(RY).




Inv bordinators Weighted inverse subordination Fractional

Preservation of regularity

Now we consider only B =R. If we use a two variables function v(t, x),
the operator ISy, will be always assumed to work on t.

If tv € W, N C(R") and there exist t; € W, with j = 1,2 such that
(—l)jmj is non-increasing and to < to; + tvy, then for all

v € L®(RT)N C(RT), ISY € C(R™). Furthermore, if 10(0+) € R and
v € C(R{), then IS2 € C(RY).

@ If v(t,-) € C(a,b) is locally dominated in (a, b) by functions fi. 4
with E[fic 4(La(t))0(La(t))] < oo, then ISTv(t,-) € C(a, b).




bordinators Weighted inverse subordination Frac motion Fractional OU

Preservation of regularity
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Preservation of regularity

Now we consider only B =R. If we use a two variables function v(t, x),
the operator ISy, will be always assumed to work on t.

If tv € W, N C(R") and there exist t; € W, with j = 1,2 such that
(—l)fmj is non-increasing and to < to; + tvy, then for all

v € L®(RT)N C(RT), ISY € C(R™). Furthermore, if 10(0+) € R and
v € C(RY), then ISY € C(RY).

@ If v(t,-) € C(a,b) is locally dominated in (a, b) by functions fi. 4
with E[fic 4(La(t))0(La(t))] < oo, then ISTv(t,-) € C(a, b).

@ If limy_, too v(t,x) = 0 for all ¢ > 0 and there exists a constant M
such that v is dominated on {|x| > M} by a function f,, with
Elfeo(La(t))w(La(t))] < oo, then limy_ 100 ISy v(t, x) =0

o If v(t,:) € C"(a,b) is locally dominated, together with its partial
derivatives in x, in (a, b) by functions fi. 4 with
E[fic,a)(La(t))0(La(t))] < oo, then ISgv(t,-) € C"(a, b) with
ALNISv(t, ) = IS5 0% v(t, ).
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© The Fokker-Planck equation of the time-changed fractional
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o B! is Ha-selfsimilar and its trajectories are a.s. y-Holder
continuous for all v < Ha

o E[BY(1)] = 0 and E[|BY(1)["] = G ™"
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B! := {BH(L,(t)),t > 0}, first introduced in [M14].
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N |c
A\

Some properties

o B! is Ha-selfsimilar and its trajectories are a.s. y-Holder
continuous for all v < Ha

o E[BJ(t)] =0 and E[| B}/ (t)|P] = Cp,a,nt*™
o BY(t) admits density pH(t,x) = E[p(( o(t))?H, x)]
o The increments of B!! are neither stationary of independent.

4

Notation: we set p/(t, x) = p(t?7, x). ]
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To provide the equation solved by pg, we first need to regularize in
some sense this density. To do this we consider, for any function
feCMR),t>0and xeR

P () = [ FR(e.x — )y (1)
R

pi(t,x) = / F(y)pd (t,x — y)dy (2)
R

p7(0,x) = pi*(0,x) = £(x).

Independent shift

If f >0 and [ f(x)dx =1, we can consider a random variable X
with density f independent of both B and L,,.
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some sense this density. To do this we consider, for any function
feCMR),t>0and xeR

P () = [ FR(e.x — )y (1)
R

pi(t,x) = / F(y)pd (t,x — y)dy (2)
R

p7(0,x) = pi*(0,x) = £(x).
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If f >0 and [ f(x)dx =1, we can consider a random variable X
with density f independent of both BH and L,. Then (1) is
density of X + BH(t), while (2) is the density of X + B (t).
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Independently shifted time-changed fBm

To provide the equation solved by pg, we first need to regularize in
some sense this density. To do this we consider, for any function
feCMR),t>0and xeR

P () = [ FR(e.x — )y (1)
R

pi(t,x) = / F(y)pd (t,x — y)dy (2)
R

p7(0,x) = pi*(0,x) = £(x).

Independent shift

If f >0 and [ f(x)dx =1, we can consider a random variable X
with density f independent of both BH and L,. Then (1) is
density of X + BH(t), while (2) is the density of X + B (t).

f € L®(R) = pf(£,x) = 1S (£,x) |
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Fractional Brownian motion

An equation for p-f and its Laplace transform

By adopting a simple change of variables, it is not difficult to
check that p"f satisfies the non-autonomous heat equation

8p’-lf(ta X) — Ht2H—1 82pH7f(t7 X)

5t T with pf7(0,x) = f(x)

Setting oy = Ht?H~1, we notice that it is a weight in W,. Once
we take the Laplace transform on both sides

—82”H’f("x)] (2)

2 L[ (. 0)(2) = F(x) = L, [ P

This will be our starting point. )
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We now manipulate the previous Laplace transform.

We evaluate the relation in z¢

2 HF(.
2 LM () = () = Ly |22t |
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We now manipulate the previous Laplace transform.

We multiply both sides by z*~1

2 HF (L 5
201 E[pH’f(-,X)](Za)—za_lf(x) _ yo-1 Lo, |:a P62§7 ):| (z%)
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We now manipulate the previous Laplace transform.

We use the formulae for the Laplace transform of IS® and ISy,

2 HF( 5
2 LIp () = F((2) = £ [usgﬁij)} (=)
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Fractional Brownian motion

The Fokker-Planck equation for p/’:f

We now manipulate the previous Laplace transform.

We multiply everything by z~1

2 HF (L
2L (- x) — F()(2) = 27 L [ls%,,apTx(’)} (2)

Once we have this, we can take the inverse Laplace transform to
get

82pH’f(s X)

B (o) = )0 = [ 158, 2 as

where /01_:5’ is the fractional integral of order 1 — a..
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B (o) = 00N = [ 155, P2 s ()
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The Fokker-Planck equation for p/’:f

t 2 M. (o 5
Bl o) = 00)e = [ 13, = as

ptf(t,-) € C3(R) and is locally dominated together with its
derivative by a family of good functions. Hence

0?pMf(s,x) 92 H
a 9 «a ,f 3 7 ;
IS‘UHT = ?ISmHP (S, X) IS continuous In s

Differentiating both sides of () we get the desired equation.




t 2 M. (o 5
Bl o) = 00)e = [ 13, = as

pHf(t,-) € C3(R) and is locally dominated together with its
derivative by a family of good functions. Hence
%pHf(s, 92 . . .
IS%HM = —ISngH’f(s,x) is continuous in s

02x Ox?

Differentiating both sides of () we get the desired equation.
Theorem [APM24]

pi' satisfies for (t,x) € RT xR

0? .
“D§ Pl (t, %) = WIS%HPH”C(LX) with pf(0,x) = f(x)
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From p/"f to pH

We are not satisfied with the Fokker-Planck equation of p(’j’f, we
want something for p.

Note that p™f(t,x) = (pH(t,-) * f)(x) where * is the convolution
product. The same holds for p(’;”f.

By using some estimates (found in [APT22]) on the derivatives of
the density of L,(t), one can show that if the support of f does
not contain 0

DG pe " (t,x) = (“Dgypy (t,-) * F)(x)
02 02

g2 SwuP™ (8:%) = (5515w,p ™" (£,) % F)(x)
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Fractional Brownian motion

The Fokker-Planck equation for p!!

The fundamental lemma of calculus of variation implies the desired result.

Theorem [APM24]

pH satisfies for (t,x) € RT x R\{0}

“Dg. pH(t,x) = —ISO‘ pH(t,x) with p(0,x) = d(dx)
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The fundamental lemma of calculus of variation implies the desired result.

Theorem [APM24]

pH satisfies for (t,x) € RT x R\{0}

“Dg. pH(t,x) = —ISO‘ p"(t,x) with pf(0,x) = §(dx)

The operator %IS%H substitutes the one obtained in [HKRU11].
It can be shown, with some cumbersome evaluations, that the two
operators coincide.
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Fractional OU process

The fractlonal Ornstem UhIenbeck process and its variance

Let UM = {U"(t),t > 0} be a fractional Ornstein-Uhlenbeck
process, solving for A > 0 and H € (0,1)

dUf = - \UMdt + dBF with U} =0

It is a centered Gaussian process whose variance is given by

t t
Viu(t)=H (/ e MuPHtdy + e‘”‘t/ e’\“qu_ldu) .
0 0

Asymptotic properties of Vi and its derivative have been given in
Enrica’s talk. However, we need to recall the following asymptotics

V/,(t) ~2Ht?H=1 as t |0

2H(2H -1

3 as tT 400

If H> % then V/,/2 is bounded and, in particular, belongs to Wa.J
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We are interested in U := {U"(L4(t)), t > 0}. J

Some properties
o E[UF(t)] = 0 and E[|U ()] = Cpama Ell Vi(La(1))[P?]
o UM admits density g/(t,x) = E[p(Vi(La(t)), )]
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The time- changed fractional Ornsteln Uhlenbeck process

We are interested in U := {U"(L4(t)), t > 0}. J

Some properties

o E[Uf(t)] =0 and E[JU}/(1)IP] = Cp,a,hx Ell Vii(La(1))]P/?]
o UM admits density g/(t,x) = E[p(Vi(La(t)), )]

o Other properties have been given in the previous talk.
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The time-changed fractional Ornstein-Uhlenbeck process

We are interested in U := {U"(L4(t)), t > 0}. J

Some properties

o E[Uf(t)] = 0 and E[|UY(8)IP] = Cp.amrE[|Va(La(1))P/?]
o UM admits density q(t,x) = E[p(VH(La(t)), x)]
o Other properties have been given in the previous talk.

Notation: the density of U"(t) is given by
qH(ta X) = p(VH(t)ax)'
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The time-changed fractional Ornstein-Uhlenbeck process

We are interested in U := {U"(L4(t)), t > 0}. |

Some properties

o E[Uf(t)] = 0 and E[|UY(8)IP] = Cp.amrE[|Va(La(1))P/?]
o UM admits density q(t,x) = E[p(VH(La(t)), x)]
o Other properties have been given in the previous talk.

Notation: the density of U"(t) is given by
qH(ta X) = p(VH(t)ax)'

We will argue as in [AMP22], without independent shift. J
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The time-changed fractional Ornstein-Uhlenbeck process

We are interested in U := {U"(L4(t)), t > 0}. |

Some properties

o E[Uf(t)] = 0 and E[|UY(8)IP] = Cp.amrE[|Va(La(1))P/?]
o UH admits density q//(t, x) = E[p(VH(La(t)), x)]
o Other properties have been given in the previous talk.

Notation: the density of U"(t) is given by
qH(t,X) = p(VH(t)ax)'

We will argue as in [AMP22], without independent shift. |

In what follows we have to exclude the case x = 0, since g"(t,0)
weakly converges towards the Dirac delta measure as t — 0.
Furthermore, we assume that H > 1/2.
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Fractional OU process

An equation for g’ and its Laplace transform

For t > 0 and x € R\{0}, the function g"(t, x) satisfies

oqt(t,x)  Vi(t) 2" (t,x) . o B
% 2 2 with ¢ (0,x) = 0.

Observe that wy := V},/2 € W,. Taking the Laplace transform
on both sides

32q”(-7X)] ().

2L[g" (-, )|(2) = Lu,, [ o

For x # 0, the function t > 0 — g"(t, x) is bounded, hence we
have g/(t,x) = 1S*q"(t, x).
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The Fokker-Planck equation for g/

We now manipulate the previous Laplace transform.

We use the formulae for the Laplace transform of IS® and ISy,

2 H %
2 Llati ) — ) = ¢ 153, 22 o)
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Fractional OU process

The Fokker-Planck equation for g/

We now manipulate the previous Laplace transform.

We multiply everything by z~1

24H(. x
2271 L[gH (L X)](2) = 27 2 [IS%H(?%T(X’)] (2)

Once we have this, we can take the inverse Laplace transform to
get

t 029" (s, x)
1— H _ a )
lo+"qe (t,x) = /0 IS"’H—82X ds
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t 82 H
l-a H e} q (va)
loy“qq (t,x):/0 IS“’H—@2X ds (%)
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The Fokker-Planck equation for g/

t 82qH(S X)
l-a H « )
/0+ da (t,X) :A ISmHTdS (*)

gt(t,-) € C?*(R) for any t > 0. Furthermore, it is locally
dominated together with its derivative in R\{0} by a family of
good functions. Hence

2%qt(s,x) 07

s =1 >~ IS¢ gH(s x)is continuous in s
PH 92 0x>? wy 9 &)

Differentiating both sides of () we get the desired equation.
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,a b 9%qH(s,x
groatlten = [ 15y, 95 g, (+)
0 X

gt(t,-) € C?*(R) for any t > 0. Furthermore, it is locally
dominated together with its derivative in R\{0} by a family of
good functions. Hence

2%qt(s,x) 07

IS¢ —1 2270 — — 1S¢ gH(s, x) is continuous in s
PH o 92x ax2 ~oud S

Differentiating both sides of () we get the desired equation.
Theorem [APM22]

g satisfies for (t,x) € R* x R\ {0}

0? :
CD€+qZ’(t, x) = ﬁISZHqH(t,x) with ¢"(0,x) = 0.
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The initial data

What happens to g//(t, x) when t | 0?
Let f € Cp(R) and consider

E[F(UR(1))] = /R F(x)q (¢, x)dx

Then, since f is continuous an bounded, we can use the
dominated convergence theorem to achieve

7(0) = i BIF(U(e)] = i /R /R F(x)a (£, x)dx.

qH(t,-) weakly converges towards the Dirac delta measure §(dx)
ast — 0.
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What happens to g//(t, x) when t | 0?
Let f € Cp(R) and consider

E[F(UR(1))] = /R F(x)q (¢, x)dx

Then, since f is continuous an bounded, we can use the
dominated convergence theorem to achieve

7(0) = i BIF(U(e)] = i /R /R F(x)at (£, x)dx.

qH(t,-) weakly converges towards the Dirac delta measure §(dx)
ast — 0.

This clearly implies that CD(‘)"Jrqg’(t,O) is not well-defined.
It could be interesting to understand how to extend these
equations to generalized functions.
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Time-Regularity of g

Lemma [APM20]

For fixed x € R\ {0} the function g"(-,x) is Lipschitz.
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Tlme—ReguIarl y of q"

Lemma [APM20]

For fixed x € R\{0} the function g"'(-, x) is Lipschitz.

Proposition [APM22]

For fixed x € R\{0} the function g//(-,x) belongs to C*(0, )
with derivative

agli(t,x)  _ (La(t), x)
T—at 1E|: a( )T] .
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Tlme—ReguIarl y of q"

Lemma [APM20]

For fixed x € R\{0} the function g"'(-, x) is Lipschitz.

Proposition [APM22]

For fixed x € R\{0} the function g//(-,x) belongs to C*(0, )
with derivative

9l (t,x) - 9g" (La(t), x)
qT =at'E [La(t)qT] .

In particular, for x € R\{0}, g//(-, x) is absolutely continuous.
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For fixed x € R\{0} the function g"'(-, x) is Lipschitz.

Proposition [APM22]

For fixed x € R\{0} the function g//(-,x) belongs to C*(0, )
with derivative

9l (t,x) - 9g" (La(t), x)
qT =at'E [La(t)qT] .

In particular, for x € R\{0}, g//(-, x) is absolutely continuous.

As a consequence, we can evaluate € Dg, g//(t, x) as

<pg,qf(t,x) = 1_@)/ (t—s)° L _1]E[L ()29 Lals). x) (Lat(s)’x)} ds.
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Space-Regularity of g

We know that gf/(t,-) € C?(R\{0}), but what happens in 0?

o

It can be verified that despite g"(t,-) € C1(R), q7(t,-) admits an
angular point in 0. The same holds for ISquH.

b N mmme- H=0.5

=15 -1.0 -05 ! 05 1.0 15

Figure: g'(t,x) for t = 1 and different values of H, [AMP21]
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Space-Regularity of g
We know that gf/(t,-) € C?(R\{0}), but what happens in 07

«

It can be verified that despite g"(t,-) € C1(R), q7(t,-) admits an
angular point in 0. The same holds for ISquH.

H=0.9

————— H=0.5

Figure: gH(t,x) for t = 1 and different values of H, [AMP21]

Hence, even if we could find a meaning to CD3‘+q£j(t, 0), the

right-hand side of the Fokker-Planck equation cannot be defined in
821S2 gM(t,0)

a classical way, since ——H>—— does not exist.
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Possible future improvements

@ Independent shift for the fOU: if we consider a random variable
X independent of U" and L, and such that its density
fx € C°(R), then we expect the density of the process U + X to
solve the same Fokker-Planck equation on R* x R with initial data
fx. This implies that g/’ is the fundamental solution of the
Fokker-Planck equation.
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@ Independent shift for the fOU: if we consider a random variable
X independent of U" and L, and such that its density
fx € C°(R), then we expect the density of the process U + X to
solve the same Fokker-Planck equation on R* x R with initial data
fx. This implies that g/’ is the fundamental solution of the
Fokker-Planck equation.

o Different initial value: if we assume that U"(0) # 0, then the
equation could drastically change. If E[U"(0)] = 0 and U"(0) is
absolutely continuous and independent of B, then we know that
the density of U" still solves the same Fokker-Planck equation, but
with initial data equal to the density of U"(0) [APM24]. This is not
true if E[U(0)] # 0. This could be handled with two separate
weights.



bordination Frac motion Fractional OU process F

re improvements
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weights.

o Extension to any subordinator: done for the fOU process in
[APM20] and [APMZ22], still to do for the fBm.
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Independent shift for the fOU: if we consider a random variable
X independent of U" and L, and such that its density

fx € C°(R), then we expect the density of the process U + X to
solve the same Fokker-Planck equation on R* x R with initial data
fx. This implies that g/’ is the fundamental solution of the
Fokker-Planck equation.

Different initial value: if we assume that U"(0) # 0, then the
equation could drastically change. If E[U"(0)] = 0 and U"(0) is
absolutely continuous and independent of B, then we know that
the density of U" still solves the same Fokker-Planck equation, but
with initial data equal to the density of U"(0) [APM24]. This is not
true if E[U(0)] # 0. This could be handled with two separate
weights.

Extension to any subordinator: done for the fOU process in
[APM20] and [APMZ22], still to do for the fBm.

Extension to the case H < 1/2
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Independent shift for the fOU: if we consider a random variable
X independent of U" and L, and such that its density

fx € C°(R), then we expect the density of the process U + X to
solve the same Fokker-Planck equation on R* x R with initial data
fx. This implies that g/’ is the fundamental solution of the
Fokker-Planck equation.

Different initial value: if we assume that U"(0) # 0, then the
equation could drastically change. If E[U"(0)] = 0 and U"(0) is
absolutely continuous and independent of B, then we know that
the density of U" still solves the same Fokker-Planck equation, but
with initial data equal to the density of U"(0) [APM24]. This is not
true if E[U(0)] # 0. This could be handled with two separate
weights.

Extension to any subordinator: done for the fOU process in
[APM20] and [APMZ22], still to do for the fBm.

Extension to the case H < 1/2

Extension to all Gaussian processes
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