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Feller processes and abstract Cauchy problems

Fix a probability space (Ω,Σ,P) and a Rd -valued Feller process
X = {X (t), t ≥ 0} on it.

Denote by (Tt)t≥0 the Feller
semigroup on C0(Rd) defined as

Tt f (x) = E[f (X (t)) | X (0) = x ]. (⋆)

and let G be its generator, with domain Dom(G).

It is well-known that for all f ∈ C0(Rd) the abstract Cauchy
problem

d u(t)

dt
= G u(t) u(0) = f

admits as unique strong solution u(t) = Tt f .
Hence we can represent the solution by means of the conditional
expectation (⋆).
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How do we use the stochastic representation?

If X is a diffusion process, that G is a differential operator and the
Cauchy problem is a parabolic PDE.

From the PDE to the process: e.g. the
not-feeling-the-boundary principle.

From the process to the PDE: e.g. determination
stationary distribution.
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Dzhrbashyan–Caputo fractional derivatives

Let α ∈ (0, 1) and consider the operator

CDα
0+f (t) =

1

Γ(1− α)

d

dt

� t

0
(t − τ)α−1(f (τ)− f (0))dτ,

provided all the involved quantities are well-defined (possibly as
Bochner integral).

This is true, for instance, if f is absolutely
continuous, with

CDα
0+f (t) =

1

Γ(1− α)

� t

0
(t − τ)α−1f ′(τ)dτ.

Denote by L the Laplace transform operator and assume that
CDα

0+f admits abscissa of convergence z1 ∈ [−∞,+∞). Then

L[CDα
0+f ](z) = zα L[f ](z)− zα−1f (0)

for ℜ(z) ≥ max{0, z1}.
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Stable subordinators and their inverse

Let α ∈ (0, 1). An α-stable subordinator Sα = {Sα(t), t ≥ 0} is a
Lévy process (i.e., a stochastically continuous process with
stationary and independent increments) with characteristic function

E[e−zSα(t)] = e−tzα , z ≥ 0.

Stable subordinators are non-negative, Sα(0) = 0 a.s. and are
strictly increasing. Hence, in particular, they are invertible.

We define the inverse α-stable subordinator as the first passage
process Lα = {Lα(t), t ≥ 0}, where

Lα(t) := inf{s > 0,Sα(s) > t}

Since Sα is strictly increasing, Lα is increasing and continuous.
Hence we can use it as a stochastic time. Furthermore, for all
t > 0, Lα(t) admits density fα(t, s) with

L[fα(·, s)](z) = zα−1e−szα
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From Feller processes to fractional Cauchy problems

Consider again the Feller process X with semigroup (Tt)t≥0 and
generator G.

We apply to X the random time-change t 7→ Lα(t),
obtaining the process Xα := {X (Lα(t)), t ≥ 0}. We can also
define the family of operators Tα

t f (x) = E[f (Xα(t)) | X (0) = x ].

Xα is not Markov, but still exhibits Markov the Markov property in
exit times from open sets [MS14]. Analogously, (Tα

t )t≥0 is not a
semigroup.

Theorem [BM01]

Let f ∈ Dom(G). Then the unique strong solution of

CDα
0+u(t) = G u(t) with u(0) = f

is given by

u(t, x) = Tα
t f (x) = E[f (Xα(t)) | Xα(0) = x ].

A similar result holds for the forward Kolmogorov equation.
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Gaussian processes and non-autonomous parabolic PDEs

Now consider X = {X (t), t ≥ 0} to be a 1-d Gaussian process in
place of a Feller one. Hence, we drop the Markov property. We can
still show that the density pX (t, x) of X satisfies a special PDE.

Consider a Brownian motion B = {B(t), t ≥ 0} and let p(t, x) be
the density of B(t). Let also µX (t) = E[X (t)] and
VX (t) = E[(X (t)− µX (t))

2]. Then we can rewrite

pX (t, x) = p(VX (t), x − µX (t))

∂pX (t, x)

∂t

We refer to this equation as the Fokker-Planck equation for X
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Time-changing Gaussian processes

Let us consider the case of a Gaussian process X with constant
mean. What happens to the Fokker-Planck equation if we apply
the time-change to X?

The results from [BM01] cannot be applied anymore, since the
involved Fokker-Planck equation is non-autonomous.

Let Xα = {X (Lα(t)), t ≥ 0}. Using the Laplace transform, in
[HKRU11] the authors found the following generalized fractional
Fokker-Planck equation for the density pαX (t, x) of Xα:

CDα
0+p

α
X (t, x)

= Iα0+

(
α

2
L−1

[
1

2πi

�
γα

(·α − zα)L[VX ](·α − zα)L[pα
X (·, x)](zα)dz

])
(t),

where γα is a complex contour which is a transformation of
another complex contour γ that leaves all the singularities of VX

on one side, provided all the involved quantities exist.
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Let us consider the case of a Gaussian process X with constant
mean. What happens to the Fokker-Planck equation if we apply
the time-change to X?

The results from [BM01] cannot be applied anymore, since the
involved Fokker-Planck equation is non-autonomous.

Let Xα = {X (Lα(t)), t ≥ 0}. Using the Laplace transform, in
[HKRU11] the authors found the following generalized fractional
Fokker-Planck equation for the density pαX (t, x) of Xα:

CDα
0+p

α
X (t, x)

= Iα0+

(
α

2
L−1

[
1

2πi

�
γα

(·α − zα)L[VX ](·α − zα)L[pα
X (·, x)](zα)dz

])
(t),

where γα is a complex contour which is a transformation of
another complex contour γ that leaves all the singularities of VX

on one side, provided all the involved quantities exist.



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

Time-changing Gaussian processes

Let us consider the case of a Gaussian process X with constant
mean. What happens to the Fokker-Planck equation if we apply
the time-change to X?

The results from [BM01] cannot be applied anymore, since the
involved Fokker-Planck equation is non-autonomous.

Let Xα = {X (Lα(t)), t ≥ 0}. Using the Laplace transform, in
[HKRU11] the authors found the following generalized fractional
Fokker-Planck equation for the density pαX (t, x) of Xα:

CDα
0+p

α
X (t, x)

= Iα0+

(
α

2
L−1

[
1

2πi

�
γα

(·α − zα)L[VX ](·α − zα)L[pα
X (·, x)](zα)dz

])
(t),

where γα is a complex contour which is a transformation of
another complex contour γ that leaves all the singularities of VX

on one side, provided all the involved quantities exist.



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

Time-changing Gaussian processes

Let us consider the case of a Gaussian process X with constant
mean. What happens to the Fokker-Planck equation if we apply
the time-change to X?

The results from [BM01] cannot be applied anymore, since the
involved Fokker-Planck equation is non-autonomous.

Let Xα = {X (Lα(t)), t ≥ 0}. Using the Laplace transform, in
[HKRU11] the authors found the following generalized fractional
Fokker-Planck equation for the density pαX (t, x) of Xα:

CDα
0+p

α
X (t, x)

= Iα0+

(
α

2
L−1

[
1

2πi

�
γα

(·α − zα)L[VX ](·α − zα)L[pα
X (·, x)](zα)dz

])
(t),

where γα is a complex contour which is a transformation of
another complex contour γ that leaves all the singularities of VX

on one side, provided all the involved quantities exist.



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

The considered equation involves the fractional integral of the
inverse Laplace transform of a contour integral of a sort of
convolution product of the Laplace transform of both the variance
and the unknown itself (in Italian, we should end this sentence
with che al mercato mio padre compró)...

Furthermore, this right-hand side is so much nested that it is really
difficult to verify whether all the involved quantities actually are
well-defined...

The equation is too complex to hope finding some useful
information on pαX ! We need to better understand what is the
operator on the right-hand side. That’s what we are going to do
here.
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Inverse subordination

We already introduced the inverse α-stable subordinator Lα.

Let B
be a Banach space. We define the inverse subordination operator
ISα : L∞(R+;B) → L∞(R+;B) as

ISαu(t) = E[u(Lα(t))], t > 0

Reformulating [BM01]

Let G be the generator of a Feller semigroup and f ∈ Dom(G).
If u is the unique strong solution of

du(t)

dt
= G u(t) and u(0) = f (1)

then uα = ISαu is the unique strong solution of

CDα
0+uα(t) = G uα(t) and uα(0) = f (2)

If uα is the unique strong solution of (2), then it belongs to
the range of ISα and the function u such that uα = ISαu is
the unique strong solution of (1).
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A class of admissible weights

We would like to add a weight in the definition of inverse
subordination operator. But what are the admissible weights?

We take weights w ∈ L1loc(R
+) with w ≥ 0;

We will work with Laplace transforms: we need L[w](z) to be
well-defined for ℜ(z) > 0

We want the constant 1 to be in the domain of the modified
inverse subordination operator: we need E[w[Lα(t)]] < ∞ for
all t > 0.

We denote by Wα the set of weights satisfying the previous
assumptions. Observe that the constant 1 ∈ Wα.

Anticipation: we want the derivative of the variance of the parent
Gaussian process to be an admissible weight!
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Weighted inverse subordination

For a weight w ∈ Wα we define the weighted inverse subordination
operator ISαw : L∞(R+;B) → L∞(R+;B) as

ISαwu(t) = E[w(Lα(t))u(Lα(t))], t > 0

Observe that ISα1 = ISα. We also define the weighted Laplace
transform

Lw[u] = L[wu].

For any v ∈ L∞(R+;B) and z > 0, we have

L[ISαwu](z) = zα−1 Lw[u](z
α).

In particular, if w > 0 a.e., then ISαw is injective.

As a shorthand, we say that a function v(t, x) defined for t > 0 and

x ∈ E ⊂ R is dominated in E by a function f (t) if |v(t, x)| ≤ f (t) for all

x ∈ E , while it is locally dominated in E if for all compact subsets K of

E there exists a function fK such that |v(t, x)| ≤ fK (t) for all x ∈ K .
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Preservation of regularity

Now we consider only B = R. If we use a two variables function v(t, x),

the operator ISαw will be always assumed to work on t.

If w ∈ Wα ∩ C (R+) and there exist wj ∈ Wα with j = 1, 2 such that
(−1)jwj is non-increasing and w ≤ w1 +w2, then for all
v ∈ L∞(R+) ∩ C (R+), ISαw ∈ C (R+). Furthermore, if w(0+) ∈ R and
v ∈ C (R+

0 ), then ISαw ∈ C (R+
0 ).

If v(t, ·) ∈ C (a, b) is locally dominated in (a, b) by functions f[c,d ]
with E[f[c,d ](Lα(t))w(Lα(t))] < ∞, then ISαwv(t, ·) ∈ C (a, b).

If limx→±∞ v(t, x) = 0 for all t > 0 and there exists a constant M
such that v is dominated on {|x | ≥ M} by a function f∞ with
E[f∞(Lα(t))w(Lα(t))] < ∞, then limx→±∞ ISαwv(t, x) = 0

If v(t, ·) ∈ C n(a, b) is locally dominated, together with its partial
derivatives in x , in (a, b) by functions f[c,d ] with
E[f[c,d ](Lα(t))w(Lα(t))] < ∞, then ISαwv(t, ·) ∈ C n(a, b) with
∂n
x IS

α
wv(t, ·) = ISαw∂

n
x v(t, ·).
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If w ∈ Wα ∩ C (R+) and there exist wj ∈ Wα with j = 1, 2 such that
(−1)jwj is non-increasing and w ≤ w1 +w2, then for all
v ∈ L∞(R+) ∩ C (R+), ISαw ∈ C (R+). Furthermore, if w(0+) ∈ R and
v ∈ C (R+

0 ), then ISαw ∈ C (R+
0 ).

If v(t, ·) ∈ C (a, b) is locally dominated in (a, b) by functions f[c,d ]
with E[f[c,d ](Lα(t))w(Lα(t))] < ∞, then ISαwv(t, ·) ∈ C (a, b).

If limx→±∞ v(t, x) = 0 for all t > 0 and there exists a constant M
such that v is dominated on {|x | ≥ M} by a function f∞ with
E[f∞(Lα(t))w(Lα(t))] < ∞, then limx→±∞ ISαwv(t, x) = 0

If v(t, ·) ∈ C n(a, b) is locally dominated, together with its partial
derivatives in x , in (a, b) by functions f[c,d ] with
E[f[c,d ](Lα(t))w(Lα(t))] < ∞, then ISαwv(t, ·) ∈ C n(a, b) with
∂n
x IS

α
wv(t, ·) = ISαw∂

n
x v(t, ·).
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The time-changed fractional Brownian motion

Let BH = {BH(t), t ≥ 0} be a fractional Brownian motion with
Hurst index H ∈ (0, 1).

It holds E[BH(t)] = 0 and VH(t) = t2H .

We consider the time-changed fractional Brownian motion
BH
α := {BH(Lα(t)), t ≥ 0}, first introduced in [M14].

Some properties

BH
α is Hα-selfsimilar and its trajectories are a.s. γ-Hölder

continuous for all γ < Hα

E[BH
α (t)] = 0 and E[|BH

α (t)|p] = Cp,α,Ht
αHp

BH
α (t) admits density pHα (t, x) = E[p((Lα(t))2H , x)]

The increments of BH
α are neither stationary of independent.

Notation: we set pH(t, x) = p(t2H , x).
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continuous for all γ < Hα

E[BH
α (t)] = 0 and E[|BH

α (t)|p] = Cp,α,Ht
αHp

BH
α (t) admits density pHα (t, x) = E[p((Lα(t))2H , x)]

The increments of BH
α are neither stationary of independent.

Notation: we set pH(t, x) = p(t2H , x).



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

The time-changed fractional Brownian motion

Let BH = {BH(t), t ≥ 0} be a fractional Brownian motion with
Hurst index H ∈ (0, 1). It holds E[BH(t)] = 0 and VH(t) = t2H .

We consider the time-changed fractional Brownian motion
BH
α := {BH(Lα(t)), t ≥ 0}, first introduced in [M14].

Some properties

BH
α is Hα-selfsimilar and its trajectories are a.s. γ-Hölder
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Independently shifted time-changed fBm

To provide the equation solved by pHα , we first need to regularize in
some sense this density.

To do this we consider, for any function
f ∈ C∞

c (R), t > 0 and x ∈ R

pH,f (t, x) =

�
R
f (y)pH(t, x − y)dy (1)

pH,f
α (t, x) =

�
R
f (y)pHα (t, x − y)dy (2)

pH,f (0, x) = pH,f
α (0, x) = f (x).

Independent shift

If f ≥ 0 and
�
R f (x)dx = 1, we can consider a random variable X

with density f independent of both BH and Lα. Then (1) is
density of X + BH(t), while (2) is the density of X + BH

α (t).

f ∈ L∞(R) ⇒ pH,f
α (t, x) = ISαpH,f (t, x)



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

Independently shifted time-changed fBm

To provide the equation solved by pHα , we first need to regularize in
some sense this density. To do this we consider, for any function
f ∈ C∞

c (R), t > 0 and x ∈ R

pH,f (t, x) =

�
R
f (y)pH(t, x − y)dy (1)

pH,f
α (t, x) =

�
R
f (y)pHα (t, x − y)dy (2)

pH,f (0, x) = pH,f
α (0, x) = f (x).

Independent shift

If f ≥ 0 and
�
R f (x)dx = 1, we can consider a random variable X

with density f independent of both BH and Lα. Then (1) is
density of X + BH(t), while (2) is the density of X + BH

α (t).

f ∈ L∞(R) ⇒ pH,f
α (t, x) = ISαpH,f (t, x)



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

Independently shifted time-changed fBm

To provide the equation solved by pHα , we first need to regularize in
some sense this density. To do this we consider, for any function
f ∈ C∞

c (R), t > 0 and x ∈ R

pH,f (t, x) =

�
R
f (y)pH(t, x − y)dy (1)

pH,f
α (t, x) =

�
R
f (y)pHα (t, x − y)dy (2)

pH,f (0, x) = pH,f
α (0, x) = f (x).

Independent shift

If f ≥ 0 and
�
R f (x)dx = 1, we can consider a random variable X

with density f independent of both BH and Lα.

Then (1) is
density of X + BH(t), while (2) is the density of X + BH

α (t).

f ∈ L∞(R) ⇒ pH,f
α (t, x) = ISαpH,f (t, x)



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

Independently shifted time-changed fBm

To provide the equation solved by pHα , we first need to regularize in
some sense this density. To do this we consider, for any function
f ∈ C∞

c (R), t > 0 and x ∈ R

pH,f (t, x) =

�
R
f (y)pH(t, x − y)dy (1)

pH,f
α (t, x) =

�
R
f (y)pHα (t, x − y)dy (2)

pH,f (0, x) = pH,f
α (0, x) = f (x).

Independent shift

If f ≥ 0 and
�
R f (x)dx = 1, we can consider a random variable X

with density f independent of both BH and Lα. Then (1) is
density of X + BH(t), while (2) is the density of X + BH

α (t).

f ∈ L∞(R) ⇒ pH,f
α (t, x) = ISαpH,f (t, x)



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

Independently shifted time-changed fBm

To provide the equation solved by pHα , we first need to regularize in
some sense this density. To do this we consider, for any function
f ∈ C∞

c (R), t > 0 and x ∈ R

pH,f (t, x) =

�
R
f (y)pH(t, x − y)dy (1)

pH,f
α (t, x) =

�
R
f (y)pHα (t, x − y)dy (2)

pH,f (0, x) = pH,f
α (0, x) = f (x).

Independent shift

If f ≥ 0 and
�
R f (x)dx = 1, we can consider a random variable X

with density f independent of both BH and Lα. Then (1) is
density of X + BH(t), while (2) is the density of X + BH

α (t).

f ∈ L∞(R) ⇒ pH,f
α (t, x) = ISαpH,f (t, x)



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

An equation for pH,f and its Laplace transform

By adopting a simple change of variables, it is not difficult to
check that pH,f satisfies the non-autonomous heat equation

∂pH,f (t, x)

∂t
= Ht2H−1∂

2pH,f (t, x)

∂2x
with pH,f (0, x) = f (x)

Setting wH = Ht2H−1, we notice that it is a weight in Wα. Once
we take the Laplace transform on both sides

z L[pH,f (·, x)](z)− f (x) = LwH

[
∂2pH,f (·, x)

∂2x

]
(z)

This will be our starting point.
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The Fokker-Planck equation for pH,f
α

We now manipulate the previous Laplace transform.

Once we
have this, we can take the inverse Laplace transform to get

I 1−α
0+ (pH,f

α (·, x)− f (x))(t) =

� t

0
ISαwH

∂2pH,f (s, x)

∂2x
ds

where I 1−α
0+ is the fractional integral of order 1− α.



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

The Fokker-Planck equation for pH,f
α

We now manipulate the previous Laplace transform.

We evaluate the relation in zα

zα L[pH,f (·, x)](zα)− f (x) = LwH

[
∂2pH,f (·, x)

∂2x

]
(zα)

Once we have this, we can take the inverse Laplace transform to
get

I 1−α
0+ (pH,f

α (·, x)− f (x))(t) =

� t

0
ISαwH

∂2pH,f (s, x)

∂2x
ds

where I 1−α
0+ is the fractional integral of order 1− α.



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

The Fokker-Planck equation for pH,f
α

We now manipulate the previous Laplace transform.

We multiply both sides by zα−1

z2α−1 L[pH,f (·, x)](zα)−zα−1f (x) = zα−1 LwH

[
∂2pH,f (·, x)

∂2x

]
(zα)

Once we have this, we can take the inverse Laplace transform to
get

I 1−α
0+ (pH,f

α (·, x)− f (x))(t) =

� t

0
ISαwH

∂2pH,f (s, x)

∂2x
ds

where I 1−α
0+ is the fractional integral of order 1− α.



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

The Fokker-Planck equation for pH,f
α

We now manipulate the previous Laplace transform.

We use the formulae for the Laplace transform of ISα and ISαwH

zα L[pH,f
α (·, x)− f (x)](z) = L

[
ISαwH

∂2pH,f (·, x)
∂2x

]
(z)

Once we have this, we can take the inverse Laplace transform to
get

I 1−α
0+ (pH,f

α (·, x)− f (x))(t) =

� t

0
ISαwH

∂2pH,f (s, x)

∂2x
ds

where I 1−α
0+ is the fractional integral of order 1− α.



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

The Fokker-Planck equation for pH,f
α

We now manipulate the previous Laplace transform.

We multiply everything by z−1

zα−1 L[pH,f
α (·, x)− f (x)](z) = z−1 L

[
ISαwH

∂2pH,f (·, x)
∂2x

]
(z)

Once we have this, we can take the inverse Laplace transform to
get

I 1−α
0+ (pH,f

α (·, x)− f (x))(t) =

� t

0
ISαwH

∂2pH,f (s, x)

∂2x
ds

where I 1−α
0+ is the fractional integral of order 1− α.



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

The Fokker-Planck equation for pH,f
α

We now manipulate the previous Laplace transform.

We multiply everything by z−1

zα−1 L[pH,f
α (·, x)− f (x)](z) = z−1 L

[
ISαwH

∂2pH,f (·, x)
∂2x

]
(z)

Once we have this, we can take the inverse Laplace transform to
get

I 1−α
0+ (pH,f

α (·, x)− f (x))(t) =

� t

0
ISαwH

∂2pH,f (s, x)

∂2x
ds

where I 1−α
0+ is the fractional integral of order 1− α.



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

The Fokker-Planck equation for pH,f
α

I 1−α
0+ (pH,f

α (·, x)− f (x))(t) =

� t

0
ISαwH

∂2pH,f (s, x)

∂2x
ds (⋆)

pH,f (t, ·) ∈ C 2(R) and is locally dominated together with its
derivative by a family of good functions. Hence

ISαwH

∂2pH,f (s, x)

∂2x
=

∂2

∂x2
ISαwH

pH,f (s, x) is continuous in s

Differentiating both sides of (⋆) we get the desired equation.

Theorem [APM24]

pH,f
α satisfies for (t, x) ∈ R+×R

CDα
0+p

H,f
α (t, x) =

∂2

∂x2
ISαwH

pH,f (t, x) with pH,f
α (0, x) = f (x)
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derivative by a family of good functions. Hence

ISαwH

∂2pH,f (s, x)

∂2x
=

∂2

∂x2
ISαwH

pH,f (s, x) is continuous in s

Differentiating both sides of (⋆) we get the desired equation.

Theorem [APM24]

pH,f
α satisfies for (t, x) ∈ R+×R

CDα
0+p

H,f
α (t, x) =

∂2

∂x2
ISαwH

pH,f (t, x) with pH,f
α (0, x) = f (x)
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From pH,f
α to pHα

We are not satisfied with the Fokker-Planck equation of pH,f
α , we

want something for pHα .

Note that pH,f (t, x) = (pH(t, ·) ∗ f )(x) where ∗ is the convolution

product. The same holds for pH,f
α .

By using some estimates (found in [APT22]) on the derivatives of
the density of Lα(t), one can show that if the support of f does
not contain 0

CDα
0+p

H,f
α (t, x) = (CDα

0+p
H
α (t, ·) ∗ f )(x)

∂2

∂x2
ISwH

pH,f (t, x) = (
∂2

∂x2
ISwH

pH,f (t, ·) ∗ f )(x)



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

From pH,f
α to pHα

We are not satisfied with the Fokker-Planck equation of pH,f
α , we

want something for pHα .

Note that pH,f (t, x) = (pH(t, ·) ∗ f )(x) where ∗ is the convolution

product. The same holds for pH,f
α .

By using some estimates (found in [APT22]) on the derivatives of
the density of Lα(t), one can show that if the support of f does
not contain 0

CDα
0+p

H,f
α (t, x) = (CDα

0+p
H
α (t, ·) ∗ f )(x)

∂2

∂x2
ISwH

pH,f (t, x) = (
∂2

∂x2
ISwH

pH,f (t, ·) ∗ f )(x)



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

From pH,f
α to pHα

We are not satisfied with the Fokker-Planck equation of pH,f
α , we

want something for pHα .

Note that pH,f (t, x) = (pH(t, ·) ∗ f )(x) where ∗ is the convolution

product. The same holds for pH,f
α .

By using some estimates (found in [APT22]) on the derivatives of
the density of Lα(t), one can show that if the support of f does
not contain 0

CDα
0+p

H,f
α (t, x) = (CDα

0+p
H
α (t, ·) ∗ f )(x)

∂2

∂x2
ISwH

pH,f (t, x) = (
∂2

∂x2
ISwH

pH,f (t, ·) ∗ f )(x)



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

From pH,f
α to pHα

We are not satisfied with the Fokker-Planck equation of pH,f
α , we

want something for pHα .

Note that pH,f (t, x) = (pH(t, ·) ∗ f )(x) where ∗ is the convolution

product. The same holds for pH,f
α .

By using some estimates (found in [APT22]) on the derivatives of
the density of Lα(t), one can show that if the support of f does
not contain 0

CDα
0+p

H,f
α (t, x) = (CDα

0+p
H
α (t, ·) ∗ f )(x)

∂2

∂x2
ISwH

pH,f (t, x) = (
∂2

∂x2
ISwH

pH,f (t, ·) ∗ f )(x)



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References

The Fokker-Planck equation for pHα

The fundamental lemma of calculus of variation implies the desired result.

Theorem [APM24]

pHα satisfies for (t, x) ∈ R+×R \{0}

CDα
0+p

H
α (t, x) =

∂2

∂x2
ISαwH

pH(t, x) with pHα (0, x) = δ(dx)

The operator ∂2

∂x2
ISαwH

substitutes the one obtained in [HKRU11].
It can be shown, with some cumbersome evaluations, that the two
operators coincide.
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The fractional Ornstein-Uhlenbeck process and its variance

Let UH = {UH(t), t ≥ 0} be a fractional Ornstein-Uhlenbeck
process, solving for λ > 0 and H ∈ (0, 1)

dUH
t = −λUH

t dt + dBH
t with UH

0 = 0

It is a centered Gaussian process whose variance is given by

VH(t) = H

(� t

0
e−λuu2H−1du + e−2λt

� t

0
eλuu2H−1du

)
.

Asymptotic properties of VH and its derivative have been given in
Enrica’s talk. However, we need to recall the following asymptotics

V ′
H(t) ∼ 2Ht2H−1 as t ↓ 0

V ′
H(t) ∼

2H(2H − 1)

λ
t2H−2e−λt as t ↑ +∞

If H > 1
2 , then V ′

H/2 is bounded and, in particular, belongs to Wα.
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The time-changed fractional Ornstein-Uhlenbeck process

We are interested in UH
α := {UH(Lα(t)), t ≥ 0}.

Some properties

E[UH
α (t)] = 0 and E[|UH

α (t)|p] = Cp,α,H,λ E[|VH(Lα(t))|p/2]
UH
α admits density qHα (t, x) = E[p(VH(Lα(t)), x)]

Other properties have been given in the previous talk.

Notation: the density of UH(t) is given by
qH(t, x) = p(VH(t), x).

We will argue as in [AMP22], without independent shift.

In what follows we have to exclude the case x = 0, since qH(t, 0)
weakly converges towards the Dirac delta measure as t → 0+.
Furthermore, we assume that H > 1/2.
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An equation for qH and its Laplace transform

For t > 0 and x ∈ R \{0}, the function qH(t, x) satisfies

∂qH(t, x)

∂t
=

V ′
H(t)

2

∂2qH(t, x)

∂x2
with qH(0, x) = 0.

Observe that wH := V ′
H/2 ∈ Wα. Taking the Laplace transform

on both sides

z L[qH(·, x)](z) = LwH

[
∂2qH(·, x)

∂x2

]
(z).

For x ̸= 0, the function t > 0 7→ qH(t, x) is bounded, hence we
have qHα (t, x) = ISαqH(t, x).
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The Fokker-Planck equation for qHα

We now manipulate the previous Laplace transform.

Once we
have this, we can take the inverse Laplace transform to get

I 1−α
0+ qHα (t, x) =

� t

0
ISαwH

∂2qH(s, x)

∂2x
ds



Inverse subordinators Weighted inverse subordination Fractional Brownian motion Fractional OU process References
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The Fokker-Planck equation for qHα

We now manipulate the previous Laplace transform.

We use the formulae for the Laplace transform of ISα and ISαwH
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The Fokker-Planck equation for qHα

I 1−α
0+ qHα (t, x) =

� t

0
ISαwH

∂2qH(s, x)

∂2x
ds (⋆)

qH(t, ·) ∈ C 2(R) for any t > 0. Furthermore, it is locally
dominated together with its derivative in R \{0} by a family of
good functions. Hence

ISαwH

∂2qH(s, x)

∂2x
=

∂2

∂x2
ISαwH

qH(s, x) is continuous in s

Differentiating both sides of (⋆) we get the desired equation.

Theorem [APM22]

qHα satisfies for (t, x) ∈ R+×R \{0}

CDα
0+q

H
α (t, x) =

∂2

∂x2
ISαwH

qH(t, x) with qHα (0, x) = 0.
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∂2

∂x2
ISαwH

qH(s, x) is continuous in s

Differentiating both sides of (⋆) we get the desired equation.

Theorem [APM22]

qHα satisfies for (t, x) ∈ R+×R \{0}

CDα
0+q

H
α (t, x) =

∂2

∂x2
ISαwH

qH(t, x) with qHα (0, x) = 0.
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The initial data

What happens to qHα (t, x) when t ↓ 0?

Let f ∈ Cb(R) and consider

E[f (UH
α (t))] =

�
R
f (x)qHα (t, x)dx

Then, since f is continuous an bounded, we can use the
dominated convergence theorem to achieve

f (0) = lim
t↓0

E[f (UH
α (t))] = lim

t↓0

�
R

�
R
f (x)qHα (t, x)dx .

qHα (t, ·) weakly converges towards the Dirac delta measure δ(dx)
as t → 0.

This clearly implies that CDα
0+q

H
α (t, 0) is not well-defined.

It could be interesting to understand how to extend these
equations to generalized functions.
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Time-Regularity of qHα

Lemma [APM20]

For fixed x ∈ R \{0} the function qH(·, x) is Lipschitz.

Proposition [APM22]

For fixed x ∈ R \{0} the function qHα (·, x) belongs to C 1(0,∞)
with derivative

∂qHα (t, x)

∂t
= αt−1 E

[
Lα(t)

∂qH(Lα(t), x)

∂t

]
.

In particular, for x ∈ R \{0}, qHα (·, x) is absolutely continuous.

As a consequence, we can evaluate CDα
0+q

H
α (t, x) as

CDα
0+q

H
α (t, x) =

α

Γ(1− α)

� t

0
(t−s)α−1s−1 E

[
Lα(s)

∂qH(Lα(s), x)

∂t

]
ds.
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Space-Regularity of qHα

We know that qHα (t, ·) ∈ C 2(R \{0}), but what happens in 0?

It can be verified that despite qH(t, ·) ∈ C 1(R), qHα (t, ·) admits an
angular point in 0. The same holds for ISαwH

qH .

-1.5 -1.0 -0.5 0.5 1.0 1.5

0.2

0.4

0.6

0.8

1.0

1.2

H=0.9

H=0.75

H=0.6

H=0.5

Figure: qHα (t, x) for t = 1 and different values of H, [AMP21]

Hence, even if we could find a meaning to CDα
0+q

H
α (t, 0), the

right-hand side of the Fokker-Planck equation cannot be defined in

a classical way, since
∂2ISαwH

qH(t,0)

∂x2
does not exist.
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Possible future improvements

Independent shift for the fOU: if we consider a random variable
X independent of UH and Lα and such that its density
fX ∈ C∞

c (R), then we expect the density of the process UH + X to
solve the same Fokker-Planck equation on R+ ×R with initial data
fX . This implies that qHα is the fundamental solution of the
Fokker-Planck equation.

Different initial value: if we assume that UH(0) ̸= 0, then the
equation could drastically change. If E[UH(0)] = 0 and UH(0) is
absolutely continuous and independent of BH , then we know that
the density of UH still solves the same Fokker-Planck equation, but
with initial data equal to the density of UH(0) [APM24]. This is not
true if E[UH(0)] ̸= 0. This could be handled with two separate
weights.

Extension to any subordinator: done for the fOU process in
[APM20] and [APM22], still to do for the fBm.

Extension to the case H < 1/2

Extension to all Gaussian processes
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Thank you for the attention!!!
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