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Some known effects of noise
Generally, fro a stochastic fluid model

dX =

drift from fluid PDE︷ ︸︸ ︷
b(t ,X (t)) dt + noise,

it is well-known that noise can provide some regularization effect:

• Problem is easier to be well-posed: Noise can make it easier to establish well-posedness of linear
stochastic transport equation under weaker hypotheses: [Flandoli, Gubinelli & Priola, Invent Math.,
2010] VS [DiPerna & Lions, Invent Math., 1989] and [Ambrosio, Invent Math., 2004]

• Prevent/delay singularities: [Fedrizzi & Flandoli, JFA, 2013](linear transport equation/noise),
[Glatt-Holtz & Vicol, AoP, 2014](Euler + linear noise), [Flandoli, Galeati, & Luo, CPDE, 2021](nonliear
equations+ transport noise), [Tang & F-Y. Wang, arXiv:2208.08312, 2022](nonliear equations + large
noise), [Röckner, Zhu & Zhu, SPA, 2014] (SQG + linear noise).

• Enhance decay/dissipation: [Tang, SIMA, 2018] (Camassa-Holm + multiplicative noise, decay of
peakons) [Galeati, SPDE, 2020](linear transport equations + transport noise, enhance dissipation in
scaling limit), [Li, Liu & Tang, SPA, 2021](MHD + multiplicative noise, enhance decay in Hs), [Tang &
Z-A. Wang, CCM, 2023](Keller-Segel + multiplicative noise, enhance decay in L∞), [Luo, JDDE,
2023](NS + transport noise, enhance dissipation).
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Effects of noise on stability

Motivation and difficulty

Most previous work on noise effects mainly focused on the effects of the noise on the existence, uniqueness
and regularity. So far, very few results has been known on the noise effect in terms of the
stability/dependence on initial data.

But this problems is very interesting because:

Noise VS Laplacian
“Regularization by noise” may formally
look related to the regularization produced
by an additional Laplacian;

Noise VS Laplacian
If we do have a Laplacian, semilinear
parabolic techniques can improve the
dependence on initial data.

For example: the dependence on initial data for Euler equations is at most continuous [Himonas & Misiołek,
CMP, 2010], but for the NS equations, it is at least Lipschitz continuous, see [Henry, Book, 1981].
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Motivation and difficulty
In deterministic case, results of optimal dependence on initial data can found in

Burgers’ equation not Hölder continuous in Hs [Kato, ARMA, 1975]

Schrödinger equation not continuous from certain Hs to H−1 [Tao, JFA, 2006]

Euler equations not uniform continuous in Hs(R) [Himonas & Misiołek, CMP, 2010] (s > 0) and [Bourgain &
Li, CMP, 2019] (s ≥ 0)

In stochastic case, there is one main difficulty, i.e., lack of lifespan estimate.

If we expect to see that Xn tends to X when Xn(0) tends to X (0), it seems that we implicitly require that:

Implicit requirement
there is a common time interval [0, τ] such that Xn exists on [0, τ] for all n.
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Motivation and difficulty
In practice, due to the lack of lifespan estimate, it is difficult to find such common time interval.

Question
Even though we are certain that Xn exists on the interval [0, τn] with a probability P(τn > 0) = 1 for
every n ≥ 1, sometimes it remains ambiguous whether P(infn τn > 0) = 1 or not.

A new concept on the stability
In our recent works, we introduce a new notion about the stability on the exiting time and then
consider the connections between this stability and dependence on initial data.
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Stability of exiting time
For a given SPDE, assume we can solve it in certain Hilbert space H and H ↪→ M for a large Hilbert space M.

Definition (Stability of exiting time)

Let X0,X0,n ∈ H (n ≥ 1) be F0-measurable random variables. Let X ,Xn ∈ H be the corresponding (unique)
solutions to a target SPDE with initial value X0 and X0,n, respectively. For any R > 0 and n ∈ N, define the
R-exiting time as

τR
n := inf {t ≥ 0 : ‖Xn(t)‖H > R} , τR := inf {t ≥ 0 : ‖X (t)‖H > R} ,

where inf∅ :=∞.

1 Let R > 0. The R-exiting time is said to be stable at X , if X0,n → X0 in H P-a.s. implies

lim
n→∞
τR

n = τR P-a.s. (2.1)

2 Let R > 0. If X0,n → X0 in M P-a.s. also implies (2.1), then the R-exiting time is said to be strongly
stable at X .
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Stochastic Camassa-Holm type equations
Let {Wk , W̃k}k≥1 is a family of independent 1-D Brownian motions. Consider the stochastic Camassa-Holm
(CH) type system

du +
[
uk∂x u + F (u)

]
dt =

∞∑
k=1

Ak u ◦ dWk +
∞∑

k=1

hk (t , u) dW̃k (2.2)

where {Ak} is a sequence of differential operators, {hk} is a sequence of nonlinear functions, and

F (u) := F1(u) + F2(u) + F3(u)


F1(u) := (1− ∂2

x )−1∂x

(
uk+1

)
,

F2(u) :=
2k − 1

2
(1− ∂2

x )−1∂x

(
uk−1u2

x

)
,

F3(u) :=
k − 1

2
(1− ∂2

x )−1
(

uk−2u3
x

)
.

(2.3)

For the deterministic counterpart of (2.2), i.e., Ak = 0 and h = 0,
• k = 1, CH equation.
• k = 2, Novikov equation.

We also note that, the case that the case Ak = ξk∂x is known as transport type noise.
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Stochastic Camassa-Holm type equations
Some known results on stochastic CH type equations:

Local well-posedness [Chen, Gao, Guo, JDE, 2015] (CH + additive noise), [Tang, SIMA, 2018] (CH +
multiplicative noise), [Alonso-Orán, Rohde & Tang, JNLS, 2021] (CH2 + transport noise),
[Albeverio, Brzeźniak & Daletskii, JDE, 2021](CH + transport noise), [Holden, Karlsen & Pang,
DCDS, 2022] (CH + viscosity + transport noise), [Chen, Duan & Gao, AAP, 2023] (rotation
CH2), [Tang & Yang. Annales de l’IHP, 2023] (CH with Coriolis effect + multiplicative noise)
[Tang, JFA, 2023] (CH + pseudo-differential noise).

Wave breaking [Crisan & Holm, Phy.D., 2018] (CH + transport noise), [Holden, Karlsen & Pang, JDE, 2021]
(Hunter-Saxton + transport noise), [Rohde & Tang, NoDEA, 2021] (CH + linear multiplicative
noise, how/when/how fast). [Zhao, Li & Chen, ZAMP, 2023] (CH2 + linear multiplicative
noise).

Global existence [Rohde & Tang, JDDE, 2021] (CH with k ≥ 1 + linear multiplicative noise, sign condition
on initial data), [Ren, Tang & Wang, POTA, 2023] (CH + large mean field noise,
unconditional global solution).
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Weak instability

Theorem (Weak instability: general/rough statement)

If Ak = 0 (we focus on pure multiplicative noise) and when hk satisfies certain growth/decay conditions,
then for (2.2), at least one of the following holds:

1 The exiting times of the zero solution is not strongly stable for all R > 1;

2 For any T > 0, the solution map u0 7→ u from L∞(Ω,Hs) to L1 (Ω; C ([0,T ]; Hs)), is not uniformly
continuous.

This means that, if noise can bring some stabilization effects, it can not improve the stability of exiting time
and improve the continuity of dependence on initial data, simultaneously.

(2.2) with k ≥ 2 on R: [Miao, Rohde & Tang. SPDE, 2023] (we also show he continuity of solution map from
Hs to Hs so that it is nearly optimal).

Euler-Poincaré equations on Td : [Tang. JFA, 2023] (higher dimensional extension of (2.2) with k = 1).

Non-local transport equation on R: [Alonso-Orán, Miao & Tang. JDE, 2022] (non-local extension of uux ).
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Idea of proof
This proof is based on construction of approximate solutions.

• Construct two sequence of deterministic approximate solutions {um,n} with m = 1, 2 such that

lim inf
n→∞

‖u1,n − u2,n‖Hs ' |f (t)|,

where f (t) is a non-zero continuous function when t close to 0.
• For the actual solution {um,n} with {um,n(0)} = {um,n(0)}, if we can show that for some T0 > 0 P-a.s.,

E sup
t∈[0,T0]

‖um,n − um,n‖Hs → 0 as n→∞,

then we have

lim inf
n→∞

E sup
t∈[0,T0]

‖u1,n − u2,n‖Hs & lim inf
n→∞

E sup
t∈[0,T0]

‖u1,n − u2,n‖Hs & c0 > 0,

which means that u0 7→ u is not uniformly continuous on [0,T0].
• Can we find such T0? If there is no further information, so far, NOT good! However, we can link this

issue to the stability of exiting time. If the zero solution has strong stability in terms of exit time, then
the problem can be handled.
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Stabilization by pseudo-differential noise
Recall the stochastic Camassa-Holm (CH) type system (2.2):

du +
[
uk∂x u + F (u)

]
dt =

∞∑
k=1

Ak u ◦ dWk +
∞∑

k=1

hk (t , u) dW̃k .

By the following relation for a semi-martingale f = f (t):

f ◦ dW = f dW +
1
2
〈f ,W 〉 , 〈·, ·〉 is the quadratic variation,

one has
∞∑

k=1

Ak u ◦ dWk =
∞∑

k=1

Ak u dWk +
1
2

∞∑
k=1

A2
k u dt .

So (2.2) becomes

du +
[
uk∂x u + F (u)

]
dt =

∞∑
k=1

Ak u dWk +
1
2

∞∑
k=1

A2
k u dt +

∞∑
k=1

hk (t , u) dW̃k .

Hao Tang Stability of SPDEs January 19 2024 11 / 20



Stabilization by pseudo-differential noise
Recall the stochastic Camassa-Holm (CH) type system (2.2):

du +
[
uk∂x u + F (u)

]
dt =

∞∑
k=1

Ak u ◦ dWk +
∞∑

k=1

hk (t , u) dW̃k .

By the following relation for a semi-martingale f = f (t):

f ◦ dW = f dW +
1
2
〈f ,W 〉 , 〈·, ·〉 is the quadratic variation,

one has
∞∑

k=1

Ak u ◦ dWk =
∞∑

k=1

Ak u dWk +
1
2

∞∑
k=1

A2
k u dt .

So (2.2) becomes

du +
[
uk∂x u + F (u)

]
dt =

∞∑
k=1

Ak u dWk +
1
2

∞∑
k=1

A2
k u dt +

∞∑
k=1

hk (t , u) dW̃k .

Hao Tang Stability of SPDEs January 19 2024 11 / 20



Stabilization by pseudo-differential noise
Recall the stochastic Camassa-Holm (CH) type system (2.2):

du +
[
uk∂x u + F (u)

]
dt =

∞∑
k=1

Ak u ◦ dWk +
∞∑

k=1

hk (t , u) dW̃k .

By the following relation for a semi-martingale f = f (t):

f ◦ dW = f dW +
1
2
〈f ,W 〉 , 〈·, ·〉 is the quadratic variation,

one has
∞∑

k=1

Ak u ◦ dWk =
∞∑

k=1

Ak u dWk +
1
2

∞∑
k=1

A2
k u dt .

So (2.2) becomes

du +
[
uk∂x u + F (u)

]
dt =

∞∑
k=1

Ak u dWk +
1
2

∞∑
k=1

A2
k u dt +

∞∑
k=1

hk (t , u) dW̃k .

Hao Tang Stability of SPDEs January 19 2024 11 / 20



Stabilization by pseudo-differential noise
Restate the equation:

du +
[
uk∂x u + F (u)

]
dt =

∞∑
k=1

Ak u dWk +

(
1
2

∞∑
k=1

A2
k

)
u dt +

∞∑
k=1

hk (t , u) dW̃k . (3.1)

If Ak is suitably chosen such that 1
2

∑∞
k=1A

2
k is an elliptic operator (diffusion can arise), then the continuity

of solution map might be improved (in some suitable sense).
However, the situation becomes complex due to the cancellation property:

∞∑
k=1

∣∣∣〈A2
k u, u

〉
Hs

+ 〈Ak X ,Ak X 〉Hs

∣∣∣ . ‖u‖2
Hs ,

This implies that (3.1) is not truly an elliptic equation. Such cancellation properties are observed in:
• Ak = ηk I + (ξk · ∇): [Crisan, Flandoli & Holm, JNLS, 2018], [Goodair, Crisan & Lang, SPDE, 2023].
• Ak is a pseudo-differential operator: [Tang & F-Y. Wang, arXiv:2208.08312, 2022], [Tang, JFA, 2023].

Therefore, the "correct" question is: in what sense does the formal elliptic operator 1
2

∑∞
k=1A

2
k contribute to

stabilization? One of our ongoing work confirms this in the context of the scaling limit.
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Mean field case
Let H be a separable Hilbert space. The mean-field SDEs, or McKean-Vlasov SDEs, of the following type
on H:

dX (t) = b(t ,X (t),LX(t)) dt + h(t ,X (t),LX(t)) dW (t), X (0) = X0 ∈ H, t ∈ [0,T ], (3.2)

have been extensively studied, and the research can be traced back to the work of McKean-Vlasov in the
1960s.

In a similar spirit, we examine (3.1) in a certain random environment. If each path is subject to influences
from all others, that is, each event is shaped by the collective average behavior of all events, it is
reasonable to consider "mean field noise"

du +
[
uk∂x u + F (u)

]
dt =

∞∑
k=1

Ak u ◦ dWk +
∞∑

k=1

hk (t , u,Lu) dW̃k (3.3)

We let Wp,H(·, ·) be Lp-Wasserstein distance on P(H) with p ∈ [1,∞). Since the fluid models are just locally
Lipschitz, we assume that in (3.2), for any N ≥ 1, there is a constant DN such that for all t ≥ 0:

sup
‖ξ‖H,‖η‖H≤N, μ,ν∈P(H)

‖b(t , ξ, μ)− b(t , η, ν)‖H + ‖h(t , ξ, μ)− h(t , η, ν)‖L2(U;H) ≤ DN {‖ξ − η‖H + W2,H (μ, ν)}
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Difficulty

Estimate on two solutions?
For two solutions X ,Y and τ := inf{t ≥ 0 : ‖X (t)‖H ∨ ‖Y (t)‖H > N}, we have the following question:

E‖X (t ∧ τ)− Y (t ∧ τ)‖2
H

. · · ·+
∫ t∧τ

0

(
W2,H(LX(s),LY (s))

)2
ds

?

.
∫ t

0
E‖X (s ∧ τ)− Y (s ∧ τ)‖2

H ds?

Difficulty
As a consequence, locally Lipschitz condition is no longer sufficient for estimating difference of two
solutions (hence not sufficient for pathwise uniqueness) in mean-field cases because we do not know(

W2,H(LX(s),LY (s))
)2 ?

≤C E‖X (s ∧ τ)− Y (s ∧ τ)‖2
H for some C > 0?

Intuitively, do we have

(E‖X (t)‖H − E‖Y (t)‖H)2 ?

≤C E‖X (s ∧ τ)− Y (s ∧ τ)‖2
H for some C > 0?
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)2 ?
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Difficulties
Usually, in deterministic case, we say that (X (t))t∈[0,∞) is a global-in-time (classical) solution to some PDE if

for any T > 0, (X (t))t∈[0,T ] = (X (t))t∈[0,∞)

∣∣∣
[0,T ]

satisfies the PDE on t ∈ [0,T ].

Now, assume (X (t))t∈[0,∞) is a global-in-time solution to (3.2). Then, for any stopping time τ ∈ (0,∞), we
have

X (t ∧ τ) = X0 +

∫ t∧τ

0
b(s,X (s),LX(s)) ds +

∫ t∧τ

0
h(s,X (s),LX(s)) dW (s), t ≥ 0.

However,

(X (t))t∈[0,τ] does not solve (3.2) on [0, τ]⇐ LX(s) 6= LX(s∧τ).

This conflicts to the natural belief that a global solution should be a local solution.
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Distribution-path dependent SDEs
For a Banach space B, we consider the path space:

CT ,B := C([0,T ];B), C w
T ,B := {ξ : [0,T ]→ B is weak continuous} .

Then we let Pw
T ,B be the sets of probability measures on C w

T ,B.

For any map ξ : [0,T ]→ B and t ∈ [0,T ], the path πt (ξ) of ξ before time t is given by

πt (ξ) := ξt : [0,T ]→ B, ξt (s) := ξ(t ∧ s), s ∈ [0,T ].

Then the marginal distribution before time t of a probability measure μ ∈Pw
T ,B reads

μt := μ ◦ π−1
t .

We state our target problem involving distribution and path:

dX (t) = b(t ,Xt ,LXt ) dt + g(t ,Xt ,LXt ) dW(t), X (0) = X0 ∈ H, t ∈ [0,T ]. (3.4)
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Local Wasserstein distance
Let ξ ∈ C w

T ,B and define
tξn := T ∧ inf{t ≥ 0 : ‖ξ(t)‖B ≥ n}, ξ ∈ C w

T ,B. (3.5)

Local Wasserstein distance
For μ, ν ∈PT ,B, we introduce the following "local" L2-Wasserstein distance

W2,B,N(μ, ν) = inf
π∈C(μ,ν)

(∫
CT ,B×CT ,B

‖ξ
t∧tξN∧t

η
N
− η

t∧tξN∧t
η
N
‖2

T ,B π(dξ,dη)
) 1

2

.

We note that
• tξn is a continuous (hence measurable) function in ξ;
• If X is an adapted random variable on C w

T ,B, then tXn is a stopping time.
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Local Wasserstein distance
If X ,Y ∈ CT ,B are two adapted random variables, then πt := L(Xt ,Yt ) ∈ C(LXt ,LYt ) is a probability measure
on CT ,B × CT ,B.

Define
τn = tXn ∧ tYn = T ∧ inf{t ≥ 0 : ‖X (t)‖H ∨ ‖Y (t)‖B ≥ n}, n ≥ 1,

F (ξ, η) := ‖ξ
t∧tξn∧t

η
n
− η

t∧tξn∧t
η
n
‖2

T ,B = sup
s∈[0,t∧tξn∧t

η
n ]

‖ξ(s)− η(s)‖2
B, ξ, η ∈ CT ,B.

Estimate involving W2,B,n

By definition, we arrive at

W2,B,N(LXt ,LYt )
2 ≤

∫
CT ,B×CT ,B

F (ξ, η)πt (dξ,dη) = E‖XτN∧t − YτN∧t‖2
T ,B.

With this, we can extend previous analysis to SPDEs with path-distribution dependent noise.
• The local Wasserstein distance was initially proposed in [Ren, Tang & Wang, POTA, 2023] to handle

uniqueness.
• In our ongoing work, it will be used to prove existence, uniqueness and stability of global solutions to

stochastic CH equation with path-distribution dependent noise on R and T.
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Summary
• Continuity of solution map is not well-studied for SPDEs;

• It requires some analysis on exiting times, so the stability on exiting times are proposed;
• It can be expected that pseudo-differential noise (including transport noise) has some stabilization effect;
• The essential part of continuity of solution map is estimating differences between two solutions. In mean

field noise, we give a new metric to describe it.
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THANK YOU!
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