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Abstract

@AL—FORAIH, M., PospiSiL, J., AND VIVES, J. (2023), Computation of Greeks in rough Volterra

8
stochastic volatility models using the Malliavin calculus approach, DOI 10.48550/arXiv.2312.00405,
available at arXiv: https://arxiv.org/abs/2312.00405

Using Malliavin calculus techniques we obtain formulas for computing Greeks under different

rough Volterra stochastic volatility models. In particular we obtain formulas for rough versions
of Stein-Stein, SABR and Bergomi models and numerically demonstrate the convergence.
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Little history

Malliavin calculus — integration by parts

@FOURNIE, E., Lasry, J.-M., LEBUCHOUX, J., Lions, P.-L., AND Touzi, N. (1999),
Applications of Malliavin calculus to Monte Carlo methods in finance. Finance Stoch. 3(4), 391-412,
ISSN 0949-2984, DOI 10.1007/s007800050068, Zbl 0947.60066, MR1842285

[ FourNIE, E., LAsRy, J.-M., LEBUCHOUX, J., AND Lions, P.-L. (2001), Applications of
Malliavin calculus to Monte Carlo methods in finance Il. Finance Stoch. 5(2), 201-236, ISSN
0949-2984, DOI 10.1007/PL00013529, Zbl 0973.60061, MR1841717

P integration by parts in Malliavin calculus

» improved dramatically the efficiency in terms of computational time required for the
numerical computation of Greeks, specially for discontinuous payoffs
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Little history

Calculation of Greeks using Malliavin calculus — Black-Scholes model

3 MONTERO, M. AND KoHATSU-HIGA, A. (2003), Malliavin calculus applied to finance. Phys. A

320(1-4), 548-570, ISSN 0378-4371, DOI 10.1016/S0378-4371(02)01531-5, Zbl 1010.91046,
MR1963722

NUALART, D. (2006), The Malliavin calculus and related topics. Probab. Appl., Berlin:
Springer-Verlag, 2nd edn., ISBN 3-540-28328-5/hbk; 978-3-642-06651-1/pbk; 3-540-28329-3 /ebook,
DOI 10.1007/3-540-28329-3, Zbl 1099.60003, MR2200233

» surveys of the Malliavin Calculus technique under the Black and Scholes (1973)

framework

» Chapter 6 in the Nualart's book, it was newly added in the 2nd edition
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Little history

Calculation of Greeks using Malliavin calculus — jump-diffusion models

E Davis, M. H. A. AND JOHANSSON, M. P. (2006), Malliavin Monte Carlo Greeks for jump
diffusions. Stochastic Process. Appl. 116(1), 101-129, ISSN 0304-4149,
DOI 10.1016/j.spa.2005.08.002, Zbl 1081.60040, MR2186841

[ EppAHBI, M., LALAOUI BEN CHERIF, S. M., AND NASROALLAH, A. (2015), Computation of
Greeks for jump-diffusion models. Int. J. Theor. Appl. Finance 18(6), 1550039, 30, ISSN 0219-0249,
DOI 10.1142/50219024915500399, Zbl 1337.91094, MR3397252

[ MHLANGA, F. J. (2015), Calculations of Greeks for jump diffusion processes. Mediterr. J. Math.
12(3), 1141-1160, ISSN 1660-5446, DOI 10.1007/s00009-014-0459-1, Zbl 1321.60168, MR3376837

EBERLEIN, E., EDDAHBI, M., AND LALAOUI BEN CHERIF, S. M. (2016), Computation of
Greeks in LIBOR models driven by time-inhomogeneous Lévy processes. Appl. Math. Finance 23(3),
236-260, ISSN 1350-486X, DOI 10.1080/1350486X.2016.1243013, Zbl 1396.91779, MR3572024

» jump-diffusion models, including local volatility models
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Little history

Calculation of Greeks using Malliavin calculus — stochastic volatility models

[ PETROU, E. (2008), Malliavin calculus in Lévy spaces and applications to finance. Electron. J.
Probab. 13(27), 852-879, ISSN 1083-6489/e, DOI 10.1214/EJP.v13-502, Zbl 1193.60075,
MR2399298

EL-KHATIB, Y. (2009), Computations of Greeks in stochastic volatility models via the Malliavin
calculus, DOI 10.48550/arXiv.0904.3247, available at arXiv: https://arxiv.org/abs/0904.3247

[ KHEDHER, A. (2012), Computation of the delta in multidimensional jump-diffusion setting with

applications to stochastic volatility models. Stoch. Anal. Appl. 30(3), 403-425, ISSN 0736-2994,
DOI 10.1080/07362994.2012.668440, Zbl 1242.91188, MR2916862

@YOLCU—OKUR, Y., SAYER, T., YiLMAzZ, B., AND INkAYA, B. A. (2018), Computation of the
delta of European options under stochastic volatility models. Comput. Manag. Sci. 15(2), 213-237,
ISSN 1619-697X, DOI 10.1007/s10287-018-0316-y, Zbl 1417.91518, MR3817795

» Petrou (2008) considered a general stochastic volatility jump-diffusion model with jumps
both in the underlying and and in the volatility process, Heston (1993) and Bates (1996)
models can be considered as a special case

» different formulas for the same models (?!), more references in the paper
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Preliminaries

Consider a price process S := {S;¢, t > 0} with completed natural filtration {F;,t > 0}.

A financial derivative is contingent claim with payoff F, where F is a random variable
adapted to F7 for a fixed expiry date T > 0. Typically F = f(S7) for a certain function f.
Assume a fixed instantaneous interest rate r > 0. Under the no arbitrage principle, the price
at t = 0 of the derivative is given by

Vo = EQ[e_rTf(ST)],

where Q is a risk-neutral probability measure.

Malliavin calculus is based on two dual operators, the Malliavin derivative D and the
Skorohod integral d, also called divergence operator. Let D2 and D2 denote the Sobolev
spaces properly defined in the paper.
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Preliminaries
Greeks

Greeks Delta, Gamma, Rho, Vega and the derivative with respect to the Hurst parameter in
rough volatility models are defined respectively as

A = 0s,E e~ T£(ST)],

M= 05,0 = 0%, 5,E [eT£(ST)]
0= 0B e~ Tf(ST)],

V = 0yE [e*’Tf(sT)} :

H =0 [e~T(ST)]

where Vj denotes the initial volatility, r the fixed interest rate and H the Hurst parameter
associated to the fractional process underlying the rough Volterra process associated to the
volatility.
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Preliminaries

Integration by parts formula
Let / be an open interval of R. Let {F? 6 € I} and {®? 6 € I} be two families of functionals

on D12, both continuously differentiable with respect to 6 € /. Assume we have
h € L?(Q x [0, T]) such that h; € D2 for any t € [0, T],

.
/ D:F%h,dt # 0 a.s. on {9gF’ # 0}
0

and
Y9y F? h
) DeFOh, dt
belongs to Dom(d) and is continuous in §. Then,
B[O F(FO) = E | F(F?) . 5 (2 20F +E[f(F?)9,9’] (1)
’ JJ DeFOh(t)dt ’

for any function f € C}(R) such that f(F?) € L3(Q).
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Preliminaries

Volterra processes

Let W = (W;, t > 0) be a standard Wiener process defined on a probability space (€2, F,Q)
and let 7 = (FW t > 0) be the filtration generated by W. A Gaussian Volterra process is
defined as a process Y = {Y;, t > 0} such that it can be represented as

t
Yt:/ K(t,s) AW,
0

where K(t,s) is a kernel K : [0, T] x [0, T] — R such that the following three integrals

T ,t t T
/ / K(t,s)*>dsdt, / K(t,s)?ds, / K(t,s)?dt
o Jo 0 s
are finite, and for any t € [0, T], 7 = FV. By r(t,s) we denote the autocovariance
function of Y; and by r(t) := r(t,t) its variance:
r(t,s) :==E[Y:Ys], t,s>0,
r(t) :==E[Y?, t>0.
t
Denote also k¢ = / Ku(t,s)ds.
0
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Preliminaries

Volterra kernels

Different kernels K give different Gaussian Volterra processes. The most famous example is
the standard fractional Brownian motion (fBm) B!, that is a process with stationary
increments and that corresponds to the representation

t
Bf’:/o Ki(t,s) dW,

where Ky(t,s) is a kernel that depends on the so-called Hurst parameter H € (0,1). The
autocovariance function of B is given by

1
r(t,s) = E[BBl] = (BH 4+ s2H — |t —sPH), ts>0,

and in particular r(t) := r(t,t) = t?, t > 0. For H = 1/2, fBm is the standard Brownian
motion, for H > 1/2, the increments are positively correlated and the trajectories are more
regular than Brownian ones, and for H < 1/2, the increments are negatively correlated and
the trajectories are more rough than Brownian ones. The term rough fractional model
therefore refers to the case where H < 1/2 is considered in the model.
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Preliminaries

Fractional Brownian motion kernels

» Simplified Riemann-Liouville kernel (Alos, Mazet, and Nualart, 2000)
Ku(t,s) = V2H(t — s)H=1/2,

» Historically, several other representations occurred (Mandelbrot and Van Ness, 1968;
Molchan and Golosov, 1969; Muravlev, 2011) and relation between them was studied for
example by Jost (2008).

» approximate fractional Brownian motion (afBm) (Thao, 2006)

Ku(t,s) = V2H(t —s+e)HY2 = >0,

For every ¢ > 0 such a process B{f” is a semimartingale and as ¢ tends to zero, B;
converges to the Riemann-Liouville process in the L?—norm, uniformly in t € [0, T].
tAs

r(ta 5) = KH(ta V)KH(S7 V)dV,
0

t t
r(t) = / KZ(t,v)dv = 2H/ (t—v+e)?Htdv = (t4¢)2H - 21,
0 0
Note that if ¢ = 0, we get exactly the variance r(t) = t2H.
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Methodology for computation of Greeks

Price process

The price process is assumed to follow the equation
dSt = rSt dt + O'(Vt)st th, t e [0, T],

where r > 0 is the constant instantaneous interest rate and V' denotes the volatility or the
variance process that we assume adapted to the completed filtration generated by W and W.
Processes S and V are assumed to be square-integrable with continuous trajectories and
such that S; and V; belong to D?? for any t € [0, T]. Note that

S = Soexp{/ot <r— ;JZ(VS)) ds + /Ota(Vs)dWS}, teo,T].

The Malliavin derivative of St with respect to W is ’ D:St =57G(¢t, T) ‘ where

G(t, T)—JVt)—i—/ Vi) Dy Vs dWs — /a(v '(Vs) D¢ Vs ds.
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Methodology for computation of Greeks
Malliavin derivative of G(t, T)

The Malliavin derivative of G(t, T) is then

DSG(t7 T) = U/(Vs\/t)Ds/\t Vvt

T T
[ (VD VDV dW, + [ o/ (V)DsDeV,y dW,
sVt sVt
T T T
—/ (a’(Vu))2D5VthVudu—/ U”(VU)U(VU)DSVUDtVudu—/ o' (V)o (V) Ds D; Vy du
sVt sVt sVt
Main result:

In order to find Malliavin weights and to compute the considered Greeks, it is essential to find

T T T
/ G(t, T)dt and / / DsG(t, T)dtds|.
0 0 s
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Methodology for computation of Greeks

General Greek formula

Let # now be a model parameter and our goal is to calculate the corresponding Greek, in
particular the partial derivative with respect to it. For example may write

T T
9959 = S {/ b(VS)ds+/ a(VS)dWS}7 where
0 0

a(Vo) =5 (o(Vs))  and  b(Vi) =y (r _ ;02(vs)> . 2)

Direct consequence of the IBP formula applied to the constant process hy = 1jg 7(t) then
gives us the general Greek formula

T 0\1 efrT 0. 8553-
OpE[e™"" f(ST)] = E [f(ST) 0 (foT S8G(u, T) du>

= TE[F(S7) - 8(c(Ve))| + E[F(S7) - 00 (7). 2

+E[F(SF)- 99 (¢7T)]

where we denoted
foT b(Vs)ds

c(Vs) = Jo Glu, Tydu + [y a(Vs)dWs @
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Methodology for computation of Greeks

Greeks formulas in general SV model

—rT
A=E|f(57)6 iﬁ
fO DUSTdu

e T N I T DsG(¢, T)dt ds)]

o T
B E[f(sﬂ@J ce. e T (T (e T)aey

Mr=-...
B eerEl f(ST) ( Wr +f0TfsTDsG(t, T)dtdsﬂ
S e )\ e Tyde - (fy 6(e T)de)?
el Wr I ST DsG(¢, T)dt ds)]
Ca [f(ST) <J‘J G(e.Tydt (] G(t, T)dey?
o=

- —rT WT fT fsT DSG(t7 T) dtds —rT
e ElF(ST)<f0TG(t,T>dt T 6(e. ) dey )1_ Tl
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Greeks formulas in rough Volterra SV model

Volterra volatility models

Let Y = {Y;,t > 0} be the Gaussian Volterra process correlated with the price process S in
the following sense.

t
Vo= [ Ku(t.s) dz..
0
Zo=pWe+\/1-p2W,;,  pe[-1,1],

where W is also a Wiener process. We distinguish two qualitatively different cases:
1. V is some known functional of the Gaussian process Y, i.e.,

Vi = So(tv Yl’)? (5)

where ¢ is a function differentiable in the second variable, or
2. V is a solution to the stochastic differential equation

V, = vo+/ ds+/ Vo) Ku(t, s)dZ., (6)

where functions u, v are assumed to be in C?>(R). Moreover we will assume that u( V)

and v(V;) are square-integrable processes.
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(iii).

Greeks formulas in rough Volterra SV model

Examples of rough Volterra SV models

. In the aRFSV model, first introduced by Merino, Pospisil, Sobotka, Sottinen, and Vives

(2021), o(x) = x and the process V4 is given explicitly by (5) with
1
pltx) = Vo exp {€ - x — Jar(2)}

where Vp >0, £ € R and « € [0, 1] are (together with the Hurst parameter H and
correlation p € [0, 1]) model parameters. In particular
» for &« = 1 we get the rough Bergomi model, which in the r = 0 case coincide with the
rough SABR(8 = 1) model, and
» for & = 0 we get the non-stationary RFSV model (Gatheral, Jaisson, and Rosenbaum,
2018).

. A new mixed aRFSV model is a two factor fractional model, where two fractional

volatility factors are considered, one with H < % and another with H' > % This model
is a generalisation of the «RFSV model (Merino, Pospisil, Sobotka, Sottinen, and Vives,
2021) and the mixed fractional Bergomi model (Alos and Ledn, 2021). The mixed
aRFSV model has been studied only recently by Al-Foraih, Pospisil, and Vives (2023).
In the rough Stein and Stein model, o(x) = x, u(x) = k(0 — x) and v(x) = v. Here V
is the volatility process.
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Greeks formulas in rough Volterra SV model

Volterra volatility models

formulas for the Greek Vega and for the derivative with respect the Hurst parameter H are
frTa S
E |f(57)0 GT#
Jo DuStdu
= "TE [£(S7) - 6(cv,(V4))]
frTa
E |f(57)6 E}TiHST
fO DUST du

— o TR [£(S%) - 8(cu(Ve))]

v

X
|

where cy, and cy are given by (4) with a and b being the corresponding partial derivatives

(2)-
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Greeks formulas in rough Volterra SV model

UNIVERSITY

OF WEST BOHEMIA MATHEMATICS aRFSV model for H= 0.14
aRFSV Model - European Call Delta 0.9 aRFSV Model - European Put Delta
0.1}
B — 4 e
[ /
0.1 --aRFSV Delta -0.1 --aRFSV Delta
—MC —MC
0.2 MC 99% CI 0.2 MC 99% CI
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
NS NS

T T T T
/ G(t, T)dt:/ Ve dt + p¢ / v,m,dw,—/ V25, dr
0 0 0 0

T T T T T
/ / DsG(t, T)dtds = 2p5/ Vike dt + p2€2 / Vik2dW, — 2/ V2k2dr
0 0 0 0 0
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