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Geophysics and power laws

— Experimental observations for body waves in the earth’s crust gives

frequency dependent attenuation.
e Empirically observed intensity ‘apparent’ power law attenuation for harmonic

wave:

2 = ep(—Clo[@2), ae (1)
0

How can we relate medium properties to a power law attenuation?
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Geophysics and power laws

— Experimental observations for body waves in the earth’s crust gives
frequency dependent attenuation.

e Empirically observed intensity ‘apparent’ power law attenuation for harmonic
wave:

% = op(—Clo|*z), ae(-1,1).
0

How can we relate medium properties to a power law attenuation?
o is obtained through a fitting of measured data:
o ~ 0.4 for low frequencies < 10~2Hz [Lekic 2009],

o € (—0.4,0) for mid frequencies (102, 1)Hz [Choy 1986, Shito 2004],
o ~ —1 for high frequencies > 1Hz [Choy 1986, Cormier 2011].
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frequency dependent attenuation.

e Empirically observed intensity ‘apparent’ power law attenuation for harmonic
wave:

% = op(—Clo|*z), ae(-1,1).
0

How can we relate medium properties to a power law attenuation?

o is obtained through a fitting of measured data:
o ~ 0.4 for low frequencies < 10~2Hz [Lekic 2009],
o € (—0.4,0) for mid frequencies (102, 1)Hz [Choy 1986, Shito 2004],
o ~ —1 for high frequencies > 1Hz [Choy 1986, Cormier 2011].
e Two possible mechanisms: scattering and intrinsic attenuation (due to
friction, viscosity, ...) [Knopoff 1964, Jackson 1970, ..., Ricard 2014 Is there
seismic attenuation in the mantle?, ...].
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Geophysics and power laws

— Experimental observations for body waves in the earth’s crust gives
frequency dependent attenuation.

e Empirically observed intensity ‘apparent’ power law attenuation for harmonic
wave:

% = op(—Clo|*z), ae(-1,1).
0

How can we relate medium properties to a power law attenuation?

o is obtained through a fitting of measured data:
o ~ 0.4 for low frequencies < 10~2Hz [Lekic 2009],
o € (—0.4,0) for mid frequencies (102, 1)Hz [Choy 1986, Shito 2004],
o ~ —1 for high frequencies > 1Hz [Choy 1986, Cormier 2011].
e Two possible mechanisms: scattering and intrinsic attenuation (due to
friction, viscosity, ...) [Knopoff 1964, Jackson 1970, ..., Ricard 2014 Is there
seismic attenuation in the mantle?, ...].
e Recent applications to medical imaging; Holm & Sinkus.
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Numerical experiment in one-dimensional random medium
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Scalar wave equation in one-dimensional random medium

Scalar wave equation:
82 pe 1 82 pe
022 c&(2)? or
A section of random medium is sandwiched in between two homogeneous
half-spaces:

=0

1 (1 —I—Sv(giz)) for z € [0, L]

ct(2)? for z € (—o0,0) U(L,0)

o%l “oc?ol -

The background velocity is ¢,.
v(z) is a zero-mean, stationary, random process with covariance function:

0(2) :=EN(y)v(y +2)]
Pulse wave incoming from the left with pulse profile
t - 2://(H3

ps(t7z):p0( )7 t<0
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Long-range and short-range correlations

— Medium correlations ¢(z) = E[v(y)v(y + z)]
e Long-range correlations: ¢ is not integrable and has a power decay at infinity:

2|0 2H -2

0(z) ~ ry

z
le
where r,y >0and H' € (1/2,1) (i.e., 2H —2 € (—1,0)).

{. is the critical length scale beyond which the power law behavior is valid.
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— Medium correlations ¢(z) = E[v(y)v(y + 2)]
e Long-range correlations: ¢ is not integrable and has a power decay at infinity:

2|0 2H -2

0(z) ~ ry

z

le

where r,y >0and H' € (1/2,1) (i.e., 2H —2 € (—1,0)).
{. is the critical length scale beyond which the power law behavior is valid.

e Short-range correlations: ¢ is not smooth at zero:
where dy >0 and H € (0,1/2) (i.e., 2H € (0,1)).

L. is the critical length scale below which the expansion is valid.

1%,

2+o(£

0(2) "= 0(0) (1- o
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Long-range and short-range correlations

— Medium correlations ¢(z) = E[v(y)v(y + 2)]
e Long-range correlations: ¢ is not integrable and has a power decay at infinity:

|z|—o0 z |2H' -2

0(z) ~ ry A

C

where r,y >0and H' € (1/2,1) (i.e., 2H —2 € (—1,0)).
{. is the critical length scale beyond which the power law behavior is valid.

e Short-range correlations: ¢ is not smooth at zero:
where dy >0 and H € (0,1/2) (i.e., 2H € (0,1)).

L. is the critical length scale below which the expansion is valid.

K

o) =" 00) (1~ [ +0(|7

— Example media are fractional OU & fractional noise.
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- mixing case (1/3)

¢ 0(z) =E[v(y)v(y + 2)] is integrable and regular at zero (Lipschitz).
< The correlation length £, = ﬁ Jo 0(2)az.
— The covariance function can be expanded as

o2)=00)(1-a L +o()),  lzl<t.

e Example: Binary medium. The process Vv is stepwise constant.

— (l))j>0: lengths of the elementary intervals.

— (nj)j>0: values € {—0,+} taken by the process over each elementary
interval, n; are independent and identically distributed (i.i.d.):

1
P(nj = :i:G) = 5

The lengths J; are i.i.d. with the probability density function (pdf):
1
pi(2) = 7-op (~ ) 1o (2)

< The covariance function is: ¢(z) = 6% exp (— %)
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Effective pulse propagation - mixing case (2/3)
Introduce the random traveI time
1 L,z
(L (L), (L) = /v(—)d
0=+, W= [v(5)e
In the limite — 0, at z= L,

1) the random time shift t5(L) converges in distribution to a Gaussian random
variable t.(L) (~ Brownian motion) with mean zero and variance:

(] = #40s

2) the pulse profile converges in probability to a deterministic profile:

pf(z=L,t=1%(L)+€1) 2 0(7)

pL(1:)=21—Jt / Po(0) TL(0)e ™ do, TL((O)ZGXp( 2[%(@2 :2_ i9s()] )

) = 2/000(])(2) cos (222>dz, ds(w) == 2/0w¢(z)sin (2022>dz.
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Effective pulse propagation - mixing case (2/3)

signal
signal
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Time profiles of the transmitted wave at z = L

Without time shift With time shift
Black: ten numerical results Red: theoretical (deterministic)
obtained with ten realizations transmitted pulse shape
of the random medium pi(t)

Blue: original pulse
Po(t)
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Remarks - mixing case (3/3)

e Remark 1: Known as O’Doherty-Anstey theory in geophysics (70’s). Proved in
mathematics by Papanicolaou and co (90’s).
o If % < 1 (the wavelength > £ probes the tail of ¢(z)), then:

. (Il\)c(o) OR% A)

TL(m):eXp( 8 2 0
o ‘¢

— Effective second-order diffusion (attenuation), no effective dispersion.
Here v =1.

e Remark 2: What happens if [;"0(z)dz = oo ?

o If “’C—ic > 1 (the wavelength < /. probes the small-z behavior of ¢(z)), then:

16 4, 8 ¢ L

— Effective constant attenuation, no effective dispersion, additional time shift.
Here oo = —1.
e Remark 3: What happens if ¢(z) is not regular at zero ?
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Binary medium - short- and long-range correlations

The process v is stepwise constant.

— (l})j>0: lengths of the elementary intervals.

— (nj)j>0: values € {—0,+0} taken by the process over each elementary
interval.

The values n; are i.i.d. with the distribution

1
P(n; = +0) = =
(nj ) >
The lengths J; are i.i.d. with the pdf:
) 1—2H 012"

q §2H—1 _{ z2-2H [fnf]( z)

, 3 2H'
+CI(3 2H) e 2H’1[Z ,,o)( )

pz) = (1-

where H € (0,1/2), H' € (1/2,1), 8 = {i/{., and 0 < ¢; < /.
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Binary medium - short- and long-range correlations,

Continued

The covariance function has both H-short-range and H'-long-range properties:
-if |z| > £c, then

o(2)~ - £
(@—2H) (Y +ady) 12
which shows it has the H'-long-range property in the range |z| € [(c, o).
-if 4 < | 2| < £, then

2 1 |2[*H
(@)=o%{; 1-2Hta2H32H 2H j
—2H+ a2 5

which shows it has the H-short-range property in the range |z| € (4, £c).
-if |z| < 4, then

~ o2 1 |2|
¢(z)—6{ (G2 5 S22 52 [, }

which shows it has the ‘regular’ property in the range |z| € [0, 4].
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Analysis of pulse propagation (1/3)

Write wave equation as a hyperbolic system:
opt  dut
dz ot
aut 1 0p°
0z c(2)2 ot
Introduce the right- and left-going wave amplitudes:
A(t,2)] _ [ c5(2)2p(t,2) + cf(2) 2uE(t, 2)
Bi(t,2)| — | —c®(2)""?p(t,2) + c*(2)/Put(t, 2)

(5] = sl Salsl s [ [a

Incoming wave:

0

t_ Z/Co
€2

- transport along the random characteristics with the local sound speed c*(z).

- coupling between the right- and left-going modes.
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Analysis of pulse propagation (2/3)

afAl 1 1 o §A€+azc8(z)o1 A
0z |BY]  cE(z2) |0 —1|at|Bf|  2c(z) [1 O] B
Main steps of the analysis:
- rewrite the evolution equations of the modes by centering along the
characteristic of the right-going mode: we obtain an lower-triangular system

- apply limit theorems to this system in order to establish an effective equation
for the wave front.
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Analysis of pulse propagation (2/3)

afAl 1 1 o §A€+azc8(z)o1 A
0z |BY]  cE(z2) |0 —1|at|Bf|  2c(z) [1 O] B
Main steps of the analysis:
- rewrite the evolution equations of the modes by centering along the
characteristic of the right-going mode: we obtain an lower-triangular system

- apply limit theorems to this system in order to establish an effective equation
for the wave front.

A(s,1) = f(s) +/ / Ae(u y)dudy,
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Analysis of pulse propagation (2/3)

afAl 1 1 o §A€+azc8(z)o1 A
0z |BY]  cE(z2) |0 —1|at|Bf|  2c(z) [1 O] B
Main steps of the analysis:
- rewrite the evolution equations of the modes by centering along the
characteristic of the right-going mode: we obtain an lower-triangular system

- apply limit theorems to this system in order to establish an effective equation
for the wave front.

A(s,1) = f(s) +/ / 2,uy Ae(u y)dudy,
Piy1 = dlag[Qk,Qk+1, -]Pk, with Gouipillaud medium

S SIAP 2003, Fouque et al 2007, Garnier and S JASA 2010
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Effective pulse propagation - long-range

correlations (1/4)

e Covariance function:

2] e

z 2H'—2 ,
02 = m| T He2)
C
e Introduce the random travel time
E(L) = S L), ()= —— / v (i) dz
Co ¢ ’ ¢ 20082_2"-/, 0 82

e Inthelimite — 0,at z= L,

1) the random time shift t5(L) converges in distribution to a zero-mean random
variable with variance of order one,

2) the pulse profile converges in probability to a deterministic profile:

1 .
pf(z=Lt=15(L)+€1) 8 b (1) = Et/f)o(m) T (0)e " "dw

Note that the time shift is of order €32 >> €2 (here H' > 1/2, i.e.
3 —2H' < 2): the random time shift is larger than the deterministic deformation.
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Effective pulse propagation - long-range correlations (2/4)

signal
signal
<)
N

— -0.
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Blue: original pulse profile py(t)

Red: theoretical transmitted profile p; ()

Black: results of three numerical simulations (with centering in the right
picture).

Here H' = 0.875.
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Effective pulse propagation - long-range correlations (3/4)
More precisely:

1) the random time shift t5(L) converges in distribution to a Gaussian random
variable t¢(L) with mean zero and variance (~ fractional Brownian motion):

Ble (L] = St jow
¢ c2 4H'(2H —1)

2) If %= < 1, then

T () =exp <—ﬂwcos ((H’ B 1)%) (|0)|€C)3—2H’ L

2 p2H 2 Co 0
ry T(2H —1) . ( , 1 |®]lc\2—2H ol L
T - ) ()
"2 22H sin (( 2) Co Co Y

< Effective fractional diffusion (attenuation) ~ |w[3~2"', 3 —2H' € (1,2).
< Effective fractional dispersion ~ |m|2~2" o,
Here o =2—2H' € (0,1).
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Effective pulse propagation - long-range correlations (4/4)

Effective fractional wave equation (up to random time correction):

92 1 92 ,5272H/ o0 1 93
gp_19P_ Wt 2Pt - s)ds
822 C(2) 8t2 22/-// 03_2"’ 0 32—2H atS

Same form as wave equations used in sound propagation in lossy media;

— slightly different from the standard models [M. Caputo, Geophys. J. R.
Astron. Soc. 1, 529 (1967), T. L. Szabo, J. Acoust. Soc. Am. 96, 491 (1994)];
using Riemann-Liouville fractional derivative (that does not respect causality);
— equivalent to the model proposed in [W. Chen and S. Holm, J. Acoust. Soc.
Am. 114, 2570 (2003)];

— respects causality (dispersion relation satisfies Kramers-Kronig relation)
and using Caputo fractional derivative.
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Effective pulse propagation - long-range correlations (4/4)

Effective fractional wave equation (up to random time correction):

92 1 92 ,5272H/ o0 1 93
gp_19P_ Wt 2Pt - s)ds
822 C(2) 8t2 22/-// 03_2"’ 0 32—2H atS

Same form as wave equations used in sound propagation in lossy media;

— slightly different from the standard models [M. Caputo, Geophys. J. R.
Astron. Soc. 1, 529 (1967), T. L. Szabo, J. Acoust. Soc. Am. 96, 491 (1994)];
using Riemann-Liouville fractional derivative (that does not respect causality);
— equivalent to the model proposed in [W. Chen and S. Holm, J. Acoust. Soc.
Am. 114, 2570 (2003)];

— respects causality (dispersion relation satisfies Kramers-Kronig relation)
and using Caputo fractional derivative.

— Finally the long- and short-range correlation case.
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_(mﬁc)3—2H’ [(2H —1)cos((H'—1/2)n) ® < 1
Co 22H (3 —2H')(1+ C) e b
In|Ti(@)| _ @le\1-2H  T(1+2H)sin(Hr) 1o 1
L~ _< Co ) 22+2H(1 —2H) (1 +C") b T 4
B H&2H-1 o 1
[ 4(1-2H)(1+C) e b
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7(‘”&)3_2'4 [(2H —1)cos((H'—1/2)n) ® < 1
Co 22H (3 —2H')(1+ C) e b
In|T (o) olc\1-2H  T(1+42H)sin(Hr) 1 () 1
— —(—) L=,
L Co 22+2H({ —2H)(1+C1) b oo b
H&?H-1 o 1
L 4(1 —2H)(1+C") " Co G
e Summary:

- For low frequenmes K f , the H'-long-range correlation property gives an
exponent o0 = 2 — 2H" e (o, 1)

- For mid frequencies -+ % <2 o < él the H-short-range correlation property
gives an exponent oo = —2H e (—1,0).

- For high frequenmes > z , the regular property gives an exponent oo = —1.
e Remember the expenmental findings:

- oL ~~ 0.4 for low frequencies < 10~3Hz [Lekic 2009],

- o € (—0.4,0) for mid frequencies (1073, 1)Hz [Choy 1986, Shito 2004],

- o ~ —1 for high frequencies > 1Hz [Choy 1986, Cormier 2011].
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Conclusions

e In a random medium with a covariance function that decays at infinity as
|z|2H' =2, H' € (1/2,1), the attenuation factor at low frequency corresponds to
a=2-2H€(0,1).

e In a random medium with a covariance function that behaves at zero like
1—dy|z|?", H € (0,1/2), the attenuation factor at high frequency
corresponds to a. = —2H € (—1,0).
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Conclusions

e In a random medium with a covariance function that decays at infinity as
|z|2H' =2, H' € (1/2,1), the attenuation factor at low frequency corresponds to
a=2-2H€(0,1).

e In a random medium with a covariance function that behaves at zero like
1—dy|z|?", H € (0,1/2), the attenuation factor at high frequency
corresponds to o0 = —2H € (—1,0).

e A special frequency-dependent phase is associated with the
frequency-dependent attenuation and it ensures that causality and
Kramers-Kronig relations are respected.

o Effective fractional wave equations can be written that have the form of
equations studied in the literature in the context of wave propagation in lossy
media.

e A simple binary medium with short- and long-range correlation properties
can explain the frequency dependence of the apparent attenuation observed
for seismic body waves.
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lllustration frequency dependent damping

DAMPING FACTOR

Here (H,H') are (.05, .55), (.25, .75), and (.45, .95) for respectively the
dashed blue, solid black, and dash-dotted red lines, and in all cases & = 10~*.
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Remark: Atmospheric turbulence

e Modeling in terms of a random medium:

n?(x) = Czc(gx) =14u(x), x=(x,z) e R

e The power spectral density of u:
S(®) =11 (151 5y (RN R P,
Cov(x) =E [u(x )u(x +x)]

with g is a constant, B € (0,1) U (1,2)" classic Kolmogorov turbulence
~ B =5/3,clouds ~ 3 < 1and (/,L,) inertial range.

'Garnier, Borcea & S SIAP '23.
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Remark: Atmospheric turbulence

e Modeling in terms of a random medium:

n?(x) = Czc(gx) =14u(x), x=(x,z) e R

e The power spectral density of u:

S(%) =151 1y oy (RDIR 4P,
Covy(x) =E [u(x Ju(x +x)]

with g is a constant, B € (0,1) U (1,2)" classic Kolmogorov turbulence
~ B =5/3,clouds ~ 3 < 1and (/,L,) inertial range.

— Centering via ~ fBm with H = (14 ) /2. — Wave in random frame
characterized via It6-Schrddinger:

d-a(z,x) = 5-Axa(z,x)dz + % a(z,x) 0 d,B(z,x)

"Garnier, Borcea & S SIAP '23.
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Remark: Atmospheric data

INERTIAL RANGE ESTIMATES

’ H H‘
H 1
50 5 60 65 70 75 80 8

[km]

) MEAN AND KOLMOGOROV SPECTRA
10
10° T
107
107 N
P ST SUT L S S S R A

10 10 10° 10

Correlation range of slope fluctuations ~ 1km.

Solid line is Kolmogorov slope (H=1/3) dashed line is mean slope’.
T Papanicolaou & S, Wavelet based estimation of Kolmogorov turbulence.
Long-range Dependence: Theory and Applications, Eds Tagqu et al '02.
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