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Discounting - constant vs. hyperbolic or general

what is a current value of contingent claim of 100 USD which we receive after
two years ? - ¢(2)100 USD

general discount rate:

®:N — [0,1] : ¢(0) = 1, n — ¢(n) nonincreasing function and ¢(n + k) >
o(n)op(k), for n,k € N,

we assume that >°92 5 ¢(k) = oo.

general (strict) discount rate: n — ¢(n) strictly decreasing and ¢(n + k) >
o(n)op(k), for n,k € N.

Example: hyperbolic discounting: ¢(i) = (1 + hi)" %, where h > 0,r > 0 and
r<q.
h —

constant discounting: ¢(i) = e~

Loewenstein, G. and Prelec, D. 1992, Rohde, K.I.M. 2010, time inconsistent
problems (Bjork, T., and Khapko, M., and Murgoci, A., Springer 2021)
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Problems with general discounting
optimal stopping max; E; [¢(7)g(X7)]
we don’'t have Bellman equation unless we add time variable

various concepts of equilibrium Y. I. Huang (Z. Zhou and collaborators), S.
Christensen K. Lindensjo, E. Bayraktar, J. Zhang, Z. Zhou

problems in discrete and in continuous time

discrete time long run control problems average reward per unit time and
other functionals (.. Stettner 2023),

impulse control with generalized discounting (D. Jelito, t.. Stettner 2023)

In certain cases time inconsistent control problems can be replaced by time
consistent problems without extending the dimension of the problem
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Long run stochastic control problems

(Xp) discrete Markov process on (2, F, (Fy)) taking values in a locally compact
space E endowed with Borel o field £. The process has transition operator
(kernel) P%(x,-), where z € E and a € U a fixed compact set of control

parameters.

Markov process is controlled using sequence V = (ag,a1,...,an...) such that
an, € U is F, adapted. We denote by ]E}C/x expected value corresponding to
controlled Markov process with the use of sequence V and starting at time k
from x. When k = 0 we simply write EY .

We want to maximize the following long run average generally discounted
functional

n+k—1 — n+k—1
Jg,x<v>=|miogf< > a><z'>> BV, | S é@eKipain)| (1)
1=k 1=k
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Further functionals

long run risk sensitive generally discounted functional

n+k—1
eXD{’Y > Qb(i)C(Xi—kaai—k)}])

n—oo

n-f—1 —1
I,Z,’g(\/) = liminf (7 Z gb(i)) In (]E‘k/x

i=k i=k
(2)
with ~ = 0.
averade reward per unit time functional (¢ =1)
Jg;(V) = |InI’Tl>IOI’<])f 5Ew ZO C(XZ', ai) (3)
1=

long run risk sensitive functional (¢ =1)

n—1
exp {7 2 C(Xiaai)}]) - (4)

1
I7(V) = liminf —In (Eg
1=0

OOnfy
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Why risk sensitive problems are important?

11 1
liminf =~ InE [Wtﬂ or equivalently as  liminf =uY(In W), (5)
t—o00 tfy t—oo t

where p7(-) ;= 1/~ - InE[exp(v(:))] is the entropic utility

From the second order Taylor’'s expansion of the entropic utility, around v = O,
we get

pY(INWe) = E[In W] + gVar[m Wi + 0(12,t), t>0,
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Main results I:

1. optimal control for the functional

R N v
J(V) = |InI’Tl>IOI’<1)f ﬁEm

n—1
Z C(XZ', az)] (6)

1=0

IS also optimal for the functional

n+k—1 e n+k—1
Jj (V) = liminf ( > ¢(i)> Er.| > ¢(i)C(Xi—kaai—k)] (7)
i—k i=k
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Main results II:

2. optimal control for the functional

o1y
J (V) = lim inf ;Ew

n—1
Z C(XZ', az)] (8)

1=0

is also nearly for

1
W) = I%nl)ioréfn—,yln (E¥

n—1
exp {7 Z C(Xivai)}]) : (9)

1 =0

with v < 0 and for

n+k—1 =1
nP9(v) =liminf (v > ¢G) | In(Ey,
1=k

1=k

n+k—1
eXD{’Y > Qb(i)C(Xi—kaai—k)}])
(10)

provided that O > ~ is sufficiently close to O.
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Fundamental assumptions:

uniform ergodicity:
[A.1] sup sup supP%w, D) —P%(z,D)=A <1 (11)
x,x'€FE a,a’'cU De&
Feller property:
[A.2] the mapping E x U 3 (x,a) — P*f(x) 1is (12)

continuous for f € C(FE).
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Long run average discounted functional problem.

Bellman equation: we look for (w(7,z)) and (A(2)) such that

w(i, @) = sup [6(5) (e(w,a) = X)) + [ wli+1y)P G, dy)|  (13)
acU E

for ¢ > k. The problem is time inconsistent. Let ||f|lsp = Sup.cg f(x) —
infcp f(a), for f € C(E) and the space Csp = C(N x E)/ ~, where for
f,g € C(Nx E) we have f ~ g = Ven ||f(G, ) — g, -)|lsp = 0. We consider in

Cip the norm [I£Il := supienll £ G, ) — i, llsp-

Theorem 1 Under [A.1] and [A.2] there exist solutions w € Csp and (A(i)) to
the equation (13). Moreover

SR A6 (4)

(14)
n—l—k; 1 (Z)

sup Jk (V) = lim inf

and the limit do not depend on k € N and ¢ € E. Optimal strategy V for the
functional Jg’x is of the form V = (iy(Xo), tg+1(X1), .- tp+4i(X;),...), where
u;, dla i >k is a Borel selector of the right hand side of the equation (13).
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Average reward per unit time

When ¢ =1 (no discount rate) w look for w and X\ such, that

w(z) = sup ez, a) — A+ /Ew@m%, dy) (15)

holds for x € E.

Corollary 1 Under [A.1] and [A.2] there is w € C(E) and a constant \ for

which the equation (15) is satisfied. Moreover ||w||sp < ﬁ,

sup Jz (V) = A, (16)
V

and control V. = (u(Xgp),u(X1),...,u(Xn),...), where 4 is a Borel selector of
the right hand side of (15), is optimal for (3).

Theorem 2 Under assumptions [A.1] i [A.2] the strategy V defined in Corol-
lary 1 is also optimal (1) and for k € N and z € E we have supy Ji (V) = .
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Further properties of the average reward per unit time

Corollary 2 Under [A.1] for stationary Markov strategy u there is a bounded
function w* € B(E) and a constant A\“ such that

w'(@) = | (el u(@)) = X + [ w ()P, dy)] (17)
is satisfied. Moreover ||w"||sp < 125 and
1 n—1
A= Jp(u) = lim —EY | Y e( X, u(X;) | - (18)

Corollary 3 Under [A.1] for stationary Markov strategy Vp
(u(Xg),u(Xq),...,u(X;),...) =u we have

Ji o (Vin) = A" (19)
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The role of continuous controls
Assumption

[A.3] there is n € P(E) such that

Pz, B) = /Bp(a:,a,y)n(dy) for Be& and x € E, (20)
the mapping £ x U 3 (x,a) — p(x,a,y) is continuous for y € E and there is a
constant M > 0 such that - < p(z,a,y) < M for 2,y € E and a € U.
Proposition 1 Under [A.3] we have

A= sup Y. (21)

u continuous
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Problems with risk sensitive functionals

Bellman equations: v < 0 for : > k we have

wY(4,2) — (¢(@)(c(z,a)—A7(4)))Y w (i+1,y)pa
e 52{] [e /Ee P (a:,dy)] (22)
while for v > 0
e () — gyp [e(cb(i)(C(w,a)—/\V(i)))V/ ew (it y)pacy dy)] (23)
acU E

Further assumptions:

w(Y)Pa(r d
[B.1] sup sup sup Ji e ,(w’ y) = K < o0. (24)
weC(E) z.2'cE a,acU [g e? WP (!, dy)
Lemma 1 Assumption [B.1] says that measures P*(x,dy) and IP’a/(a?’, dy) are
equivalent with densities uniformly (in a,a’ € U, =, 2’ € E) bounded from below
and from above.
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Solutions to the risk sensitive Bellman equations

Alternative assumption to [B.1]:

[B.2] elellsva < 1 (25)
Let r(v) := ||ve|lsp — IN(1 — Aellvellsp).

Theorem 3 Under [A.1] and [A.2] as well as [B.1] or [B.2] for v € R or for~ for
which [B.2] is satisfied there is a function w7 € Csp such that infyw7(i,y) =0
fori > k and a sequence (\7(i)), for which equations (22) or (23) are satisfied.
Moreover under [B.1] we have ||lw7|| := supgcpSup;>i w7 (i, z)| < ||vcllsp + K,
while under [B.2] we have ||w7|| < r(vy). Moreover

n+k—1 -1 k-1
s‘u/plg”g(V):IZ”g(V):Iiminf( > (b(i)) ( > qs(z')XY(fz)), (26)

n—oo

where V = (u(Xo), ap+1(X1),--.,4;(X;),...) is @ Markov strategy consisting
of the selectors to the equations (22) or (23) respectively.
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Risk sensitive functional without discounting

Bellman equations for v < 0O

o (z) — inf [e<c<x,a>—mv /E ewwy)Pa(x,dy)] (27)
for v >0
e () — sup [6(0(50760—)\7)’7/ ew7(y>Pa(as,dy)] . (28)
aclU E

Corollary 4 Under [A.1] and [A.2] as well as [B.1] or [B.2] for v € R or for ~
such that [B.2] is satisfied there is a function w” € C(E) such that infy w7 (y) =
O and a constant X7, for which equations (27) or (28) are satisfied. Moreover
under [B.1] we have ||w”|| := supgcg |lw'(xz)| < ||vc|lsp + K, while under [B.2]
we have ||w|| < r(v). In addition optimal value of (4) is X7, while optimal
strategy is stationary of the form a; = u7(X;), where 1" is a selector of the
right hand side of (27) for negative v or (28) for positive ~.

Workshop on Stochastics, Memory and Roughness, Oslo in January 17-19, 2024 15



Multiplicative Poisson equations and continuous controls

Corollary 5 Under assumptions [A.1] and [A.2] as well as [B.1] or [B.2] for
~ € R or for v for which [B.2] is satisfied and stationary Markov strategy
Vim = u there is a bounded function w“7 € B(FE) such that inf cgw"7(y) =0

and a constant \*7 for which is satisfied.
W (@) — ez ulz))—A"7)y /E e T Wpule) (4 dy) (29)
Moreover under [B.1] we have ||lw™7|| := supzcg w7 (x)| < ||yc|lsp while under

[B.2] [[w"7]| < r(y) and

1
AT = [Y(u) = Jim i (Eg

n—1
exp {’Y Z C(Xiau(Xi))}]) : (30)

1=0

Proposition 2 Under [A.3] and [B.1] or [B.2] we have

AN = sup AT (31)

u continuous
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Risk sensitive functionals with or without discounting

Theorem 4 For v > 0 we have

sup I,9(V) < X7 (32)
V )

Asymptotics when ~ is close to 0: for v > 0 we have

—i’y In (B e7]) <E[Y] < %In (E[e7]). (33)
and therefore
L9V < JLL(V) S LRIV, (34)

Theorem 5 Under [A.3] we have lim,_o- vV 9(k,x) =\, forke N and z € E.
Stationary optimal control u for the functional (3) is nearly optimal for the
functional (2) for v < 0 sufficiently close to 0. In the case when ~ > 0 for each
continuous stationary Markov control v : E — U we have

im 19 (u) = lim I)(u) = A" (35)
v—0 k,x ~v—0
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Large deviations of weighted empirical measures

Feller Markov process (Xp)

n+k—1 1 ptk-1
Sk(B) 1= ( > ¢(’i)> > #(D)1p(Xi—k) (36)
i—=k 1=k
Qk.(D) =Py . {S; € D} (37)
Let F:={feC(F):3J,~of(x) >a, for x€ E} and for v € P(E)
f(z)

I(v) :=sup [ In v(dz) (38)

ferJE Pf(x)

Assumption [D.1] there is n € P(FE) such that
P(z, B) = /Bp(:c,y)n(dy) dla BEEixckE, (39)

the mapping £ 5 x — p(x,y) is continuous for y € E and there is M > 0 such
that % < p(x,y) <M for z,y € E.
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Main result

Theorem 6 For compact set C C P(E) or closed subset C C P(E) under
additional assumption [D.1] we have

n+k—1 -1
I|m 1SUp ( Z o (1) ) supInQy . (C) < — inf I(v). (40)
¢ a;EE ’ I/EC

Lemma 2 If there is a unique invariant measure u for the operator P(x,-) and
u ¢ C, where C C P(E) is closed and E is compact or E is complete separable
and [D.1] is satisfied then

Ciggl(c) > 0. (41)
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Long run impulse control

X = (X¢)¢>0 be a continuous time standard Feller—Markov process on a filtered
probability space (2, F, (F;),P) taking values in a compact space FE.

impulse control strategy, i.e. a sequence V = (7,&;)2,, Where (7;) is an
increasing sequence of stopping times and (&;) is a sequence of JFr,-measurable

TNz, V) =
| EY (1§ ¢()g(Ve)ds + X521 11, <myd(r)e(XE, XatH)]
lim sup — : (42)
T—o0 Jo ¢(s)ds
EY [T g(Ye)ds + X2 1p cqme(XL, XL
J(z, V) := limsup 6 9(Ys)ds + S0 reryeXs, X )], (43)
T— o0 T
J§° #(s)ds = o0, ¢c: E x U = R4 is continuous, bounded, strictly positive,
0 <eco<c(=8) <clzm) +c(né), =z&§n€eE. (44)
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Discrete time problem approximation

o1 GHDR |
on () 2= E/m &(s)ds, icN. (45)

©p(0) <1 and the map ¢ — ¢p(¢) is decreasing. Also, we get > 22, ¢, (i) = oo
and (i + k) > op(D)ep(k), i,k €N,

V;, € V the subfamily of impulse control strategies with impulse times re-
stricted to {0, h,2h,...}

1
Jh(x V) = limsup —
aaes Zz_o goh(z)

Z en(1)g(Yip)

(46)

o
1 : :
+ 3" Ln<nnyen(mi/R)e(X7, XTFH)
1=1

1
Jyp(xz, V) = 1im sup—E}C/
n—,oo N

n ©.@)
1
> 9V + > 1{Ti§nh}EC(X%,X%_I_1) , (47)
i=1 i=1
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Discrete time impulse control
infyey, J4=,V), infyey, Ju(z,V), z € E.

two types of Bellman equations

d
wh(kax) —
min (o (k) (9(2) = M(K)) + Eo [wh(k + 1, Xp)|, Mijwi(k,2)),  (48)
wp(x) = min (g(x) — Ay + Ez[wp (X)), Mpwp(x)), (49)

where k € N, x € E/, and the operators Mﬁf and M; are given as

Mjwh(k, @) := Inf (goﬂk)%c(x,@ + w,‘;%k,s)) , keN,z€E, (50)

3
Mywy(x) = glglfj (%c(a:,f) + wh(f)) , x€ k. (51)

Proposition 3 There exists a unique up to a constant map w;f € C,(N x F)
and a unique sequence of constants (A;ﬁ(k))keN C R which are a solution to

Equation (48).
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Main results in discrete time

Proposition 4 Let (wf,\) be a solution to (48). Also, let the strategy V;
be given by Bellman this equation (48) , and let J¢ be given by (46). Then,
we get

n—1 N\d (-
~~ . A
g e, V) = I, Ui = tim sup =0 £nONE)
e " > i—0 (i)

, x € kl.
Theorem 7 Let (wy,\,) be a solution to (49) and let the strategy V; be
given by the Bellman equation (49). Also, let J¢ and J;, be given by (46) and
(47), respectively. Then, we get

inf JNz,V) = J%z, V) =X\, = inf J,(z,v), cE.
Vev, h(az ) h(af h) h Vev, h(fL’ v) L
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From discrete to continuous time

Theorem 8 Let J% and Jﬁf be given by (42) and (46), respectively. Then,
we get

lim | inf J \% inf J%z, V)| = 0.
h—s |V€Vh A, V) - Vev, (z, V)]

Theorem 9 Let J and Jy be given by (43) and (47), respectively. Then, we
get

lim | inf J vV inf J(x, V)| = 0.
h—>O|VEVh h($ ) Vev, (x )|

Theorem 10 Let J% be given by (42). Then, we get

lim inf J%z,V) = inf Tz, V).
h—0 VeV, Ve

Theorem 11 Let J be given by (43). Then, we get

lim inf J(z,V) = |nf J(x, V).
h—0 VeV, Ve
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Main result for long run impulse control

Theorem 12 Let J% and J be given by (42) and (43), respectively. Then, we
get

inf J%x,V) = inf J(z, V).
Vev (a:‘ ) VeV (w )
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Thank you for attention
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