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Introduction



Fractional Brownian motion

Definition
The fBm B = (BH;t > 0) is the Gaussain process with zero
mean and covariance function

cov(BH BY) = (P 4 £ — |1 — s

where H € (0, 1) is the Hurst parameter.

(Note: fBm with H = comades with Brownian motion)



Fractional Brownian motion: properties for H # %

e H-self similar Gaussian process with stationary increments
Bi' — B ~ N(0, [t — ")

e paths are H-Holder continuous
e neither a semimartingale, nor a Markov process

e the sequence of increments

ABH = gt _ gt n=1,2,..

n—1>
have long range dependence for H > %
Cov(ABY, ABY) < C(H)n*"™% asn— oo

e Its formal derivative is a basic model for the "1/f noise" in
engineering



Processes not so far from

Other “fractional” processes:

e fractional “noise”

e fractional Brownian bridge
e fractional OU process

e integrated fBm

e mixed fBm

e Riemann-Liouville process



Problems to study

e The eigenvalue problem

e Fredholm equations

They arise in

e optimal linear filtering/interpolation problems

e statistical inference of processes



The eigenvalue problem



The eigenvalue problem

e A random process X = (X;,t € [0, T]) with zero mean and
covariance function ("kernel")

K(s, 1) = EX,X,.

e Covariance operator
T
®)0) = [ K07 ().
0
e Find all pairs (A, ¢) with A € R which solve

Kp = Ap.



The eigenvalue problem

General theory

If K € L?(]0, T]?) there are countably many solutions (A, ¢n)

e the eigenvalues ), are nonnegative and A\, \, 0

e the eigenfunctions ¢, form orthogonal basis in L*([0, T])

Applications:

e Karhunen-Loeve expansion
Statistical inference (nonparametric tests, etc.)

Filtering and detection problems
Small L?-ball probabilities
Sampling from heavy tailed distributions

e ctc.



Some comments: numerical methods

Numerical approximations. ..

e .. .give reliable results for several first eigenelements

e .. .do not work for large values of n

Numerical relative error for eigenvalues of Brownian motion

Numerical relative error: eigenvalues of the Brownian motion



Why it is non trivial

Discontinuity of the second order term
Let K(s,1) =sAt—ecst €€ [0,1]. Then

where

e v, =nt— 7+ O0(n') when e €[0,1)

e v, = nm when ¢ = 1.
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The eigenvalue problem

Example (Brownian motion)
For K(s,t) = min(s, 7) with s,7 € [0, 1]

M=v2 oult) =V2sin(ver), n=1,2,..
where v, = (n — 1)m.

Some other processes with exact solutions:

e Brownian bridge
Demeaned Bm

OU process

integrated Bm and bridge
e ctc.

The approach: reduction to BVP for ODEs (Sturm-Liouville) 0



Eigenvalue problem for the fBm

Find all solutions (), ) to the integral equation

1
/ K(s,t)o(s)ds = Ap(t), t€][0,1]

0

with the kernel K (s, 1) = 3 (s*" +2# —[t—s[*#) with H € (0,1).

1
2

Theorem (Bronski 03)

i H)I'(2H + 1 _ (CH+2)(4H+3)
An = 81n(7r( ))2(H+1+ ) 0] (n 4H+5 +6> asn — oo.
nm

Other proofs: Nazarov and Nikitin 04, Luschgy and Pageés 04.
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Eigenvalue problem for the fBm

Theorem (Chigansky and Kleptsyna, 2018)

1. The eigenvalues satisfy
A\ = sin(rH)T(2H + D)y, 271 n=1,2,...

where the sequence v, satisfies

1\2
1 (H — i) m =1l
=(n—3z)m— = +0 —
vp=(n— 37 Hyl 2 +0(n~"), n—oo
e Exact asymptotics.
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Eigenvalue problem for the fBm

Theorem (continued)
2. The eigenfunctions satisfy

on(t) = V2 sin (V,,t 4= "7H)+
| (e + fiwe 10 ) aut v (0, re 0.1
0
where fy and fy are explicit (cumbersome) functions and

(H— 3)(H - 3)
+

and  sup |ry(1)| < C(H).
t€[0,1]

B —
mm

H =

D —
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Eigenvalue problem for the fBm

Theorem (continued)
3. The eigenfunctions satisfy

en(l) = (=1)"V2H + 1(1 + O(n™ "))

and, with an explicit constant Cy,

1
/ ©n(x)dx = Cyv; L.
0

e additional “byproduct” of the method (useful in some
applications)
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An application: small ball probabilities

Small ball probabilities problem:
For a given process X = (X;,t € [0,1]) and a norm || - || find the
asymptotics of P(||X|| <e) ase — 0.

e The most studied is the Gaussian case with L2-norm:
[o.¢]
P(IX]2 < &) = P(ZAnzﬁ < £2> with Z, " N (0, 1)
n=1
e Some milestones: Sytaja 75 (Laplace transform), Li 92

(comparison theorem), Dunker, Lifshits and Linde 98
(checkable conditions), ...

Example (Bm, Cameron-Martin 44)

P(||Bll. <¢) = %eexp (- %5_2)(1 +o0(1)), €—0.
16



An application: small ball probabilities

Nikitin and Nazarov 2004:

e The asymptotics of —log P(||X||2 < ¢) is determined by the
asymptotics of A,
e The asymptotics of P(||X||2 < ¢) is determined by the
asymptotics of A\,, up to a mult. “distortion” constant.
Corollary (Bronski 03)
For any H € (0,1),

—log P([|B¥|l2 < &) = B(H)e"H(1 + 0(e)), —0,
where
(sin(rH)D(2H + 1)) /%)

. \L/QH)+I
((2H+1)SIH2H+1) /CH)+

B(H) =H
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An application: small ball probabilities

Corollary (Chigansky and Kleptsyna 2018)
For all H € (0,1),

P(IB" |12 < &) = Ca(H)e" ™ exp (—B(H)=""H) (1 +0(1)), & =0

where C4(H) is (yet unknown) distortion constant and

1 1 1-2H
= —(3/4+H +-—— ).
2H</ o +2(1+2H)2>
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Fredholm equations




Fredholm equations

Find a function g which solves the equation

T
eg(1) —l—/o K(s,t)g(s)ds =f(¢), t€]0,T]
where

e ¢ > (0 is a parameter
e f(t) is a given “forcing” function
e K(s,1) is a covariance kernel of a random process

e T<oworT =00
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Fredholm equations

General theory
Existence and uniqueness of solutions in appropriate spaces
depending on K and f. The solutions are rarely explicit.

A frequent objective in applications is to find the asymptotics of
some functional of the solution with respect to a relevant
parameter:

e Large time T — oo (finite section limits)

e Small parameter ¢ — 0 (singular perturbation)

20



Innovation of the mixed fBm

Definition
Mixed fBm is the process

X, =B +B, tc|0,7T]

where B and B are independent fractional and standard Bm's.

Theorem (Cheredito 01)
X is a semimartingale if and only if H € (3,1)U{3}. For H > 3,
X and B induce equivalent probability measures.

21



Innovation of the mixed fBm

Theorem (Cai, Chigansky and Kleptsyna, 16)

The process M, = E(B,|FX) is the canonical innovating
(fundamental) martingale for X :

FX=9M  tc[0,T].

The equation

d t
g(s, 1)+ 7 / g(r,0)H|s — r|*"Isign(s — r)dr = 1,
S Jo

has unique continuous solution and

t t
M, :/ g(s,0)dXy; and (M), :/ g(s, 1)ds.
0 0

22



Innovation of the mixed fBm

e ForH e (%, 1) the derivative and integration interchange and
t
g(s,1) +/ gr,tepls — P 2dr=1, 0<s<t
0
with ¢y = H(2H — 1) and
t t
(M), = / g(s, t)ds = / g(s, s)ds.
0 0
o Let e :=t'72H then 7. (x) := *~g(xt,1) solves
1
€7 (x) +/ calx =y 7y (y)dy =1, 0<x< 1.
0

= d(M
o (M), = 5 (4., 1) and % = e2:2(1).
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Innovation of the mixed fBm

e For ¢ = 0, the equation of the 2nd kind

1
f2u) + [ eupr =Py =1, 0<x<1,
0

degenerates to the equation of the 1st kind

1
/ culx =y y()dy =1, 0<x<1
0
with the closed form solution (ag is an explicit const.)

Yo(x) = aHx%_H(l —x)%_H, x € (0,1).

24



Singular perturbation

05 1 I L L L I I L L
0 0.1 0.2 03 0.4 05 06 0.7 0.8 0.9 1

time te [0,T]
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Singular perturbation
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Singular perturbation
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Singular perturbation
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Singular perturbation
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Singular perturbation
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Singular perturbation
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Singular perturbation
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Singular perturbation
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Singular perturbation

1.5 H
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time te [0,T]
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Singular perturbation

Corollary (Chigansky and Kleptsyna, 16)
(1) 7= — 70 in L*(0,1) and as € — 0,

1—H

em’ H e (%71)7
[7e —ll2 < { ey/loge™!, H= %7
: HEe (3:3)

(2) The solution ~. diverges to +o0o at the endpoints:

=

7e(0) =7(1) <72, e—0.

Proof: by means of expansion into series of eigenfunctions.

&5



The filtering problem

channel distortion

State process /\ /’\ Observation
) u

X \[/ process Y,
/\/\/\/\ Noise process

@




The Kalman-Bucy filtering problem

A basic "Additive White Gaussian Noise" model in engineering:

e OU “state” process
t
X, = ﬁ/ Xds+W,, t€][0,T]
0

where 8 € R is a constant and W is a Brownian motion.
e "Observation" process

t
Y, = ,u/ Xds + \/EV;, re [07 T]
0

where p # 0 is the "channel gain" constant, € > 0 is the
"noise intensity" parameter and V is a Brownian motion
independent of W.

e Find the optimal estimator of X, and its MSE:

X, = E(X,|F7) and P, =E(X —X)>.
37



The Kalman-Bucy filtering problem

Theorem (Kalman and Bucy, 61)
The optimal estimator solves the linear SDE

= PN P A
dX, = BR,de + P2 (av, — yXdr), 1€ [0,T]
€
subject to )A(O = 0, where P; solves the Riccati ODE

P =28P; +1— (u//e) P>

started at Py = 0.

38



The Kalman-Bucy filtering problem

Elementary analysis reveals that

e the steady state error is

» <ﬁ ﬂ) B+ B+ /e
> e/ 1500 p?/e '

e and the small noise ("high SNR") asymptotics is

PT<B,%):§(1+0(1)) ase =0, YT >0.

39



Kalman-Bucy model with general noises

e The optimal filter is
Xr =
v e

e The weight function g(s) solves integro-differential equation

o [T 0
&/0 g(r)EKV(r,s)dr—f—

0 p
ol Ky(r, dr = _Kx(s,T), s€l0,T],
= | Etreiar = Loy, e
with the covariance kernels
Kx(s,t) = Cov(X;,X;) and Ky(s,1) = Cov(Vs, Vi).
e The minimal MSE is given by the functional

Pr(p ) =2 (2 [ o) kvt -

40



Kalman-Bucy model with fractional noises

Theorem (Afterman, Chigansky, Kleptsyna, Marushkevych
22)

For the Kalman-Bucy model with fBm's WH and V2, the
steady state error exists:

P (22) = i o 22),
and, for any T > 0,

H,
1+H1—H2'

M

NG

lim Py (5, ) = Poo(0,12)  with v =

41



Kalman-Bucy model with fractional noises

In meaningful special cases more detailed picture is obtained. The
main ingredients are:

e sectionally holomorphic “structural" function on C \ R:

2

Az Hy, Hy) = (22 ~F°)k(Hz) (i?)l_ZHZ—%n(Hl) (i%)l_ml

where k(H) = T'(2H + 1) sin(wH).
e A(z;Hy, H;) has zero zq in the first quadrant iff Hy > H,.
e the limit across the cut R in the upper half plane:

AT (t;H{,H) := lim  A(z;Hy,H>)

z—1,Im(z)>0

and its angle (explicit function)
0(1; Hy, Hy) = arg { A" (1; Hi, Ha) }.

42



Kalman-Bucy model with fractional noises

Filtering of a fractional OU process in white noise:

Theorem (AChKM 2022)
Let H:=H, € (0,1)\ {3} and H, = %, then

EY_e (1 [%,.
(5. 02) = e (7 ) ot b et )

Consequently, for any T > 0,

1
I'(2H + 1) si H)) 2+t
PT(5,i> X( ( +.)Sn;l(7r ) (5/,u2)213%, ase — 0.
Ve S ST

e Reduces to the classical spectral formula in the stable case

£ < 0, but is valid also in the case 8 > 0!
43



Estimation of the Hurst parameter from noisy continuous data

Problem
Estimate the parameters H € (0, 1) and o > 0 from the sample

X, =oBY +\/eB,, t€[0,T]

where B and B are independent fractional and standard Bm's
and € > 0 is a known parameter.

e Both o and H can be recovered exactly from the above
sample if and only if H € (0, %] (by means of discrete power
variations Dozzi, Mishura and Shevchenko, 15)

44



Estimation of the Hurst parameter from noisy continuous data

Theorem (Chigansky and Kleptsyna, 2023)

The parameters H € (2,1) and o € (0,00) can be estimated at
the optimal local minimax rates

SI/(H=2)  pq  J1/(4H-2) loge~.
respectively, as e — 0.

Proof: verification of the LAN property, hinges on asymptotic
analysis of the equation

T
eg(r) +/ K(t—s)g(s)ds=K(t), 0<s<t,
0
with the weakly singular kernel
K(t) = cH(2H — 1)|¢]*172.

45



About the method




About the method

‘ Inspired by math physics: Gibbs 66, Ukai 71, Pal'cev 74 ‘

Step 1. Reduce to an equation with differential and weakly
singular integral operators.

Example
The eigenvalue problem for the fBm

1
1
/ S 4 |t sPYpls)ds = Mp(r), 0<<1,
0
for H € (%, 1) reduces to the generalized eigenvalue problem

1
/ Cals — 1| (s)ds = = " (1), O0<t<1.
0

with @ =2 — 2H € (0,1) for ¢(s) = [ p(s)ds. M,



About the method

Step 2. Use the identity

1 [ee]
|s — ¢t~ = m/ ol ar o e (0,1)
@) Jo

to show that the Laplace transform
1
9@ = [ wierd, zec
0

admits of the representation

Po(z) + e P1(—2)

0 (z) = analytic function +
Y(z) ytic functi e

where

e A is an explicit function, sectionally holomorphic on C\ R
and, possibly, has isolated zeros.
e Oy and @, are unknown functions, sectionally holomorphic
on C\ Ry with a priori growth estimates at 0 and at co. 47



About the method

Do (z) + e 2P (—2)
A(z)

¥(z) = analytic function +

Step 3. Since 12 is an entire function singularities in the ratio
must be removable. Removal of the jump across the cut R gives
a Hilbert BVP for ®y(z) and ®,(z) with boundary condition on
R, such as e.g.,

Dl (1) — 0Dy (1) = 2ie e sin (1) D (—1)

. . teRy,
OF (1) — 2P0 (1) = 2ie~"e®O sin (1) Do (—1) "

where 0(t) = arg{A™(¢)} is an explicit function. If A(z) has zeros,
additional algebraic constraints apply.

48



About the method

Step 4. By means of the standard technique (the Sokhotski -
Plemelj formula, etc.) for the Hilbert problems, the functions
®y(z) and ®(z), and thus the Laplace transform J(z) are
expressed in terms of solutions to certain auxiliary integral
equations on the semi-axis R, such as e.g.,
L [ ho(s)e ™

p(t) = ;/0 Siﬂp(s)ds +f(@), teRy

where

e v is related to A by a simple closed form formula
e /iy is reasonably explicit function
e f is either a polynomial or an explicit function

Remarkably, these auxiliary equations are amenable to asymptotic
analysis as v — oo (corr. A — 0) and p(t) = f(¢) + o(1)
49



Thank you!
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