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1. Problems

Consider following m-dimensional stochastic differential
equation:

dX; = b(Xp)dt +dB;,  te[0,T], (1)

where

B; is fBm (fractional Brownian motion) with Hurst parameter
He(1/2,1)

Xo = Xp is a constant in R,

b:R™ — R™is one-sided Lipschitzian: namely, there is a
constant s such that

<X—y,b(X)—b(y)>§/£’X—y‘2, VX,yERm. (2)



The coefficient b itself and its first, second and third derivatives
are of polynomial growth: namely, there are constants x and
such that

[b(x)| + |0b(x)| + [92b(x)| + +]0°b(x)| < k(1 + |x|*), ¥ x € R™.
@)

Example: m = 1, b(x) = —cx®™+1 4 lower order terms. ¢ > 0.
Want to study

1. The existence and uniqueness of the solution, The
properties of the solution (needed in the study of numerical
solution)

2. Numerical scheme and its rate of convergence

3. Limiting distribution



2. Properties of the solution
Proposition
Let X; be the solution of equation (1). Then for any integer
p > 1, there exists a constant C,. , , T depending only on k, p,
p and T such that

E sup ‘Xt’p < Cn,u,p,T' (4)
te[0,T]

Proposition
Let X; be the solution of equation (1). Take « such that
0<a< H. Then

ElX;— XsP<Clt—s/™ p>1  and
[X[la < &(1+ sup [Xi*) + |[Blla-
te[0,T]



Proposition
Let Assumptions be satisfied. Then for any p > 1, there is a
constant C,. , T p such that

E [ Sup ‘DrXt|p S CH,,LL,T,p < OO,

0<rt<T

and

2
E| sup [DiXiP| < Cpptp < o
o<r,r t<T



3. Backward Euler scheme
Let
T:0=hh<h< - <lh1<th=T (7)
be a partition of the time interval [0, T]. Denote

Ak = tk+1 — tk, ABk = Btk+1 — Btk, |7r| = sup Ak. (8)
0<k<n—1

The classical backward Euler scheme applied to (1) is

fk+1

This is an implicit scheme. To find Y7  from Y, we need to
solve a function equation: Y7 — b( Y’T DAk = Y{ + ABg. This
scheme gives all the values of the apprOX|mat|on at the partition
points fy, ty,- - - , Ip.



To compare the approximation solution with the original
solution, we need to know the value of the approximation
solution at all time instant. We shall use the following
interpolation: let Y/ satisfy

Yi =Yg +b(YE)(t = t) + (Bt — By),
te(tk>tk+1]7 k=0,1,---,n—1. (10)



Proposition

Let Y{ be the solution of the backward Euler scheme defined
by (10). Then for any p > 1, there is a constant Cp 1 < oo
independent of the partition = such that we have

E sup |Y{|P < Cpr;
o<t<T

E sup |[DsYiP < Cpr;
s,t€[0,T]

E sup ’Drzsyt‘p < Cp,T-
r,s,t€[0,T]



4. Convergence and rate of convergence

Theorem

Let X; satisfy (1) and let Y; satisfy (10). There is a constant C

independent of the partition = (but dependent on «, i, T) such
that

sup_E [|Y; - X?| < ClrnP?, (1)
0<t<T

and

.
/ E|Y; — X;|?dt < C|x|?. (12)
0



5. Limiting distribution

Theorem

For any p € [1,2), we have the following convergence in Ly. Let
Zt = Xt — Yt Then

1t 1/
nZ = U =5 /0 915 ' Obb(Xs)ds + 5 /0 G105 ' Ob(Xs)dBs .

(13)
Moreover, U; satisfies

dUy; = 9b(X;) Urdt + %abb(Xt)dt + %8b(Xt)dB,. (14)



Let B; = (B}, B?) be a two-dimensional fractional Brownian
motion with Hurst parameter H € (0, 1) and assume that B;
and Bt2 are mutually independent. In this example we consider
the two-dimensional stochastic differential equation:

aX; = [X;— Vo= X} — X ¥¢] dt + dB],
(15)

dY; = [x,+ Y — X2Y; — Yﬁ} dt + dB?,
with the initial value X(0) =1, Y(0) =1 for t € [0,1]. It is easy

to verify that equation (15) satisfies the one-sided Lipschitz
condition.
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To find the convergence rate of the backward Euler method, in
our numerical computation we take the time step sizes 2,

k =5,6,---,9. The numerical solution with a much smaller
step size (in this example we take the step size 2'") is used to
replace the exact solution. We perform M = 1000 simulations,
and we compute the mean square error by

M
1
«(T) = J 2 (X5 = X2+ [V = Vi),
=1

For the four subfigures, the red dotted reference line has a
slope of 1. When H = 0.6, the slope of the blue line is 1.1616
through least squares fitting the error, and when H = 0.9, the
slope is 1.1016, the rest of the blue lines have slopes between
these two values.



6. Idea of Proof

We can write the original equation as

t
Xt :th + b(Xs)dS + (Bt — Btk)

tc
=Xy, + b(Xt)(t — t) + (Bt — By,) + Rx(t)
where t <t < t,1, and
t
R (t) = b(Xs) — b(Xt)ds.

t

For ease of notation, we denote Ry := Rk(t1) and
th( = Rk(tk+1 A t).



Denote the error process Z; = X; — Y;. For convenience we will
also denote Z = Z;, . Substracting (10) from (16), we get for
te <t < tiq

Zt = Z + (t — t){b(Xt) — b(Y)} + R(t).
We can rewrite the above formula as
Zt — (t = t){b(Xt) — b(Y1)} = Zi + Rk(1).

That is

]
Z — (t— t) {/0 Jp(uXt + (1 — u) Yt)du} Zy = Zx + Rk(t). (18)



We denote A, = Ay,. Therefore, multiplying A; on both sides of
(18) we get
Zy = Atk + AtRk(t).

Taking t = t,1 particularly arrives at
Zi1 = Aky1Zk + Axy1 Bk (19)
Denote

k
A=A [ I1 Ag] , (20)

=j+1

where k is such that t < t < tx, 1 and here we use the
convention that if {¢ : j+1 < ¢ < k} = @ then [Tj_,, A, = 1. By
iterating (20) and then using (19) and RL := Ry (tk41 A t) we
obtain

K
Z =) AR (21)
j=0



Now we have

Al < (1= r(t = 1))~ (1 = kDy1) T (1 = D))~
< &2 -1) < . (22)

This can be used to obtain some rate of convergence in a
previous work. However, this rate will not be optimal. To obtain
the optimal rate estimate, we need to bound the Malliavin
derivative of A/.



A straightforward computation for D¢ Af and DZ Al yields

DAl =D:A;

L=j+1 £=j+1

2 At _ P2
DecAj =DecAr

(=j+1 =i+
K
+ Y DeAr[Apr Ay - DA A A
(=j+1

k
+ > DA [Ajyt Ay - DA Ay - Al
t=j+1
k
+ Z At[Aj+1~~-DgAe--~DgAe/---Ak]-
OO 00 =]+1

k k
I1 Aé] + > A [A/+1 Ay DR A Ay

k k
11 Af] + Y At[Apr At DA Avr - Al

'Ak}



These two formulas yield

E [ sup ]DgA/t-p] < Cp < o0;
0§§7t§7—,j:0,1,--.,n

E [ sup |D§CAHP < Cp <@
0<£,C,t<T,j=0,1,...,n

forany p > 1.



Now we come back to the main proof. We write (21) as

k
Z = Z AR!.
j=0

Thus, we have

x

E(1Z/?) Z ]

j=0

Ji'=0

zk: E{AR AR} = Zk: .

(25)



It is worthy to notice from (17) that

I

LAt 1
R :/t /0 Jp(UXy yne+ (1 — U)Xs)du o AXs g, ards

iy At _
— / b1 (S7J)AXS,tj+1/\tdsa
7

/l

where AXs, = X; — Xs. So we can write

tH_1/\l' +1/\f
iy —/t / (Atb1 S, /)AXs 1 i1t

. Ajt/ b1 (Sl,_/'/)A)(s/J‘j/_*_1 /\t) ds'ds. (26)



Since
tj+1/\t
AXS,tj+1 At — th+1/\t - XS = / b(Xu)du + ABS,t];H Aty
S

we can rewrite (26) as follows

t]+1/\t +1/\t tj+1/\t
”, /t / I:A b1 S j) [/ b(Xu)dU+ ABS,1‘1-+1/\1‘:|
S

f/ 1/\[’
Aby(5 /) [ I b(xv)dvas/,t,,wHds’ds
S

/

=l + b+ K+ Iy, (27)



where

-
jry

o

&

At pli g At ptig AL ety g At
::/ / / / <A bi(s,j)b(Xu)
b

- Al by (s’,j’)b(Xv)> dudvds'ds;

tj+1/\t I)-/_H/\f fj+1/\t ]
= e A s )
I s s

.A}/ b (s’,j’)ABS/Jj,HM} duds'ds;

G ant l}-/+1/\T tl'/+1/\t ;
:/ / / E |:A]b1 (S,_I)ABS7[’/.+1/\[
t]' j/ Sl

ALby (s, ")b(Xv)} dvds'ds;
LAt At
/ / Atb1 S, _[)ABS tiant
i

.Ajt-,b1 (s',] )ABSIJI_,HM} ds'ds.

(29)

(30)



In the above we have omitted the dependence of i, b, I3, I4 on
J,J' for the sake of simplicity.

In the following we derive the upper-bound for f,- - -, l4. First,

let us consider /1. From the polynomial growth assumptions on
b, Proposition 1, (22), we can obtain that

E

Alby(s,)b(Xu) - Al by (8, j)b(X,)| < C < cc.

Thus

tj+1/\t tj-1+1/\t 1;‘+1/\t l}'/+1/\t
h|<C / / / dudvds'ds < CAFAS .
i L s s’

(31)



We turn to k. From (22), (23)-(24), the polynomial growth
assumption on b, Proposition 1 and Proposition 3, we can
prove (by using the product rule of Malliavin derivative) that

E  sup ‘Dg [A}m(s,j)b(xu)-A},b1(s’,j’)H<oo.

S?S/7t7u7j7j/7£

We can prove

]1{«: [A;b1 (5,1)b(Xu) - ALby (S, j/)ABS/J/,,HM} ‘ < CA;j.



Consequently, we have
l‘j+1/\t tj’+1/\t fj+1/\f
k| < Ca; / / / duds'ds < CA2A2 . (32)
t/’ Ljr S

Exactly in the same way we have

|l3] < CAZAL. (33)



Denote
F(s,s,t,),]') == Albi (s, )AL b1 (s, [') -

Similar to the above argument we can show that
E sup  (|F(s,s't,j.J)| +|DeF(s,s',t,j.[)l
S7Sl7t7j7j/ §7<

+|DZF(s, 8, 1,j,/)])| < C < oo.



N +1/\t
] < /t / F(5.8'.1.]./)DBs BBy, v as'as

t1 AL +1mr
/t / M,y int)s Vst oty n0)

+tj1 —s[- |t/+1 — &[] ds'ds
<CAjA (Vg g, Vg gy n) + CAFAT.



Plugging (31)-(34) into (27), we conclude that

BUZE) < 3 hyl<C Y A%A2
J'=0 Ji'=0
k
+CAB) D (Mg grnt 1ty onn)
j7=o

IN

Clrf?.



