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Introduction

Introduce the squared Bessel process
t
X(t) =xo + at + 2/ Vv X(s)dW(s) (1)
0
and its generalization, Cox-Ingersoll-Ross (CIR) process

X(8) = x0 + /Ot (a— bX(s)) ds + o/ot VX)W (s). @)

There processes and their respective square roots are widely used in various fields such as physics
( see e.g. [Bray, 2000], [Horibe et al., 1983] and [Guarnieri et al., 2017]) or finance (see e.g.
[Cox et al., 1981], [Cox et al., 1985a], [Cox et al., 1985b] and [Heston, 1993]).

One of the reasons for the popularity of these processes lies in the fact that a > 0 in (2) implies
that X(t) > 0 for all t > 0 with probability 1.
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Introduction

If the Feller condition 2a > o2 is satisfied, the paths of X in (2) are strictly positive a.s. which
turns out to be very useful in multiple cases, for example, for the Heston model. Put Y := VX
and observe that under the Feller condition we have that

£
/0 Vi< 3)

with probability 1 for all t > 0. This, in particular, implies that Y has the dynamics of the form

Y(t)=vio+ L [0 ai%—bY(s) ds+ ZW(t), t>0. (4)
2 0 Y(S) 2
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Introduction

Problem

Empirical considerations indicate that the Feller condition can sometimes be too restrictive and
models perform better when it is not satisfied.

Therefore, the process Y = v/X under relatively small values of a often turns out to be more
relevant for reflecting real-life phenomena despite the associated analytical challenges.

But due to these challenges, the majority of sources in the literature pay more attention to the
case when the Feller condition is satisfied.

Some notable exceptions:

° ”TZ <a< %2: [Blei, 2012], [Cherny, 2000], [Cherny and Engelbert, 2005].
e 0<ax< ”TZ: [Bertoin, 1990a], [Bertoin, 1990b] consider some properties of Bessel processes
(1) with rather involved methodology.

The number d = % is called the dimension or the number of degrees of freedom (even being
noninteger). So, Feller condition is fulfilled for the case where the dimension d > 2.
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Calculations

So, to recall: let a,0 >0, b >0,

X(£) = x0 + /Ot (a— bX(s)) ds + 0'/: JX(5)dW(s)

Since the paths of X are non-negative with probability 1 provided that a > 0, we can define the

square-root process Y = {Y(t), t > 0} := {\/X(t), t > 0}.
In order to analyze the dynamics of Y, take £ > 0 and observe that, by It6's formula,

Y 1 t a _12 X(s)
VX(t)+e=vVxo+ +2/0< (o) e T x ()+€)g>ds

1ot bX(s)

0 VX@ T /\/7

dW(s).
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Calculations

o With probability 1, the LHS of the equation above converges to Y (t) as ¢ | 0.

@ By monotone convergence,

£ X(s)
.S. 0.
m H/Y(S a.s., el

@ It is possible to prove that
CVXG)

E( sup
<te[o,T] VX(s)+e

Hence there exists a sequence {e,, n > 1} such that

EOVX(s)
0o VX(s)+en

2
W(s) — W(t)> —0, elo.

dW(s) — W(t)

—+0 a.ss., n—oo.

s
te0,T]
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Calculations

Fixing T > 0 and taking the limit as ¢, | 0, we obtain that Y = v/ X satisfies the SDE of the form
b [t o
Y(t) = Y(0) — 5 Y(s)ds + EW(t) + L(t),
0

where Y(0) = /o and

— im L ¢ a o X(s)
L(e) = an 2/0 (\/X(S)+5n 4 (X(s)+€n)g> o ©)

Remark 1

Note that the limit in (5) is well-defined with probability 1 since all other terms converge as
en — 0 a.s. Moreover, the process L is continuous a.s. since

L(t) = Y(t) - Y(0) + g /Ot Y(s)ds — ZW(2).

But if the Feller condition 2a > o2 holds, this is nether reflection function nor local time because
the process does not visit zero.
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Calculations

Question

What is the limit in

1t a o X(s)
L = lim = 2 d
(t) n4>002/0 < X(S)+5n 4 (X(5)+€n)g> )

equal to?

Simple case: if the Feller condition 2a > o2 holds, then trajectories of X are bounded away from
zero a.s. and hence, with probability 1,

2
a— <2

[ed t 1
L(t) = 24/0mds<oo.

2
However, outside of the Feller condition, i.e. if 0 < a < %, the process Y hits zero and hence
the behaviour of the integral fot ﬁs)ds is not clear and has to be discussed separately.
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2
Case l: a >

2 2 2
Let UT <a< % i,e., 1 < d < 2. This case turns out to be quite similar to a > "7 Namely, the
following theorem holds.

Theorem 2

2
Let a > UT' Then, for any t > 0,

/t 1
dS < [o¢] a.s.
0 Y(S)

and Y a.s. satisfies the SDE of the form

(o

Y(t) = V5o + % (a— ;) /Ot YES) ds — g/ot Y(s)ds + ZW(). (6)

Remark 3
Using the same arguments as in [Cherny, 2000, Theorem 3.2], it is possible to prove that for
2
a > 7 the process Y = v/ X is the unique non-negative strong solution to the SDE (6). However,

if "Tz <a< %2, (6) has other strong solutions; moreover, the uniqueness in law does not hold for
(6). For a more detailed discussion of this phenomenon, we refer to [Blei, 2012] whereas a
comprehensive overview of SDEs of the type (6) can be found in [Cherny and Engelbert, 2005].
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o2

Case ll: a = o

2 -
The case a = - turns out to be different from the one described above as the integral fot ﬁds

is infinite after zero hitting. However, the limit L from (5) has a simple interpretation in terms of
Skorokhod reflections as summarized in the following theorem.
Theorem 4

Let a= 2 and denote T := inf{s > 0| X(s) =0}.

e
Tty 1
/ ds =00 a.s.
0 Y(s)

1) Forallv >0,
2) The processes Y := /X and L defined by (5) is the (unique) solution to Skorokhod problem

Y(t) = /o — g/ot Y(s)ds + ZW() + L(2), 7)

with L being the corresponding Skorokhod reflection function, i.e. a continuous
non-decreasing process starting at 0 with points of growth occurring only at zeros of Y and
such that Y (t) > 0. In other words, Y is a reflected Ornstein-Uhlenbeck process.
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o2

Case ll: a = o

The connection between Cox-Ingersoll-Ross and reflected Ornstein processes described on the
previous slide can be exploited to obtain an alternative representation of the Skorokhod reflection
function. Namely, for an arbitrary sequence ¢, | 0, denote

X, (t) = x0 + /ot (%2 +en— bXE,,(s)) ds + U/Ot Xz, (s)dW(s).

Theorem 5

Let Yo(t) = lim Xc,(t). Then

Yo(t) = /X0 — g/ot Yo(s)ds + gW(t) + Lo(t)

is a reflected Ornstein-Uhlenbeck process with Skorokhod reflection function Ly, where, with
probability 1,
ds

sup — 0, n— oo

te[0,T]

Lo(t

1t €n
- 5/0 VXe,(5)
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|
Case lll: 0 < a < &

2
Thecase 0 < a < "— is arguably the most challenging one:

fo Y ds is infinite after the first moment of zero hitting;

o Y is not a semimartingale [Mijatovi¢ and Urusov, 2015];

@ L has infinite variation;

o L is decreasing on every interval (71, 7) such that X(t) > 0 for all t € (11, );

@ in the same time, L is not strictly decreasing on the entire [0, T]: otherwise, Y < U, where
U is the standard Ornstein-Uhlenbeck process defined by

U(t) = Y(0) — g/ot U(s)ds + ZW(z).

However, it is not possible since Y cannot take negative values.
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|
2
Case lll: 0 <a< 7

Our strategy in studying the limit in

= lim 1 ‘ 2 — 0—2 X(s) s
L) '_"Loo2/o (x/x(s)+sn 4 (x(s)+gn)§> ¢
is as follows.

@ Using the fact that the CIR process X is a non-negative diffusion, we represent it as
X(t) = 571 (W(r),
where W(t) is a reflected Brownian motion, 7 is a transformation of time and S™1 is a

transformation of space.

@ Using the representation of X in terms of W we re-write the expression for L in terms of the
local time LW of W.

@ Using the Holder continuity of LY, we calculate the limit in terms of LY.
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2
Case lll: 0 <a< 7

o Consider a reflected Brownian motion W = {W(t), t > 0} with local time LW = LW(t,x)
i.e., for any bounded measurable f,

' NS S = - X W X)ax.
/Of(vv< ))d /0 FOOLY (£, %)

o Define a function S: [0, 00) — [0, 00) by

X _2a 2by
S(x) = / y o’eo?dy (8)
0
and observe that, since S is strictly increasing and S(oc0) = oo, there exists its inverse s
e Put 1 .
4a _ 1 _4b
plx) = —xo2 e FRA (9)

o) = /Otp (57 (W(s))) ds (10)

and, since ¢ is strictly increasing and p(co) = oo with probability 1, its inverse

o= (1) (11)

is well-defined a.s.
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|
2
Caselll: 0 <a< &

Theorem 6
There exists a Brownian motion W = {W(t), t > 0} such that the process

X(t) =51 (W(n)) (12)

satisfies the equation

X(t) = x0 + /Ot(a — bX(s))ds + o /Ot JXE)dW(s),

i.e. (12) is a CIR process.
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|
2
Caselll: 0 <a< &

Theorem 7

Let
Y(t) == V/X(0) = /571 (W(r))

be the square root of the Cox-Ingersoll-Ross process X given by representation (12). Then, for
any bounded measurable f,

[ rovnas= [ oY e ey,
0 0

where, with probability 1,
4a
LY(t,y) =y o2 “(t,y)

with

(t,y) = e 1V((), S(2)) (13)
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|
2
Caselll: 0 <a< &

Theorem 8

Let X(t)=S"! (W(Tﬂ) be a CIR process. Then, with probability 1,

. iml t a 12 X(s) <
L(t).—lsw2/0< O 4(X(s)+g)§>d

2
t ot _ 2
1 / 4 2 g i ds (14)
0

VXE +e 4 (X(s)+9)
1 (0? o0 45 o _
_ ! (—73)/0 y o 7 (K(t.y) — £(,0)) dy,

where ((t,y) := 2 ei%yzLVT/(@(t)’ 5(v?))-

o2
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|
Case lll: 0 < a < &

Consider again a reflected Ornstein-Uhlenbeck process
b [t o
Yo(t) = v - 5 / Yo(s)ds + ZW(e) + Lo(t) (15)
Jo
and, for § € (0, "TZ) define a CIR process { X5} by

Xs(t) —x0+/ (7 5 — bXs(s )ds-i—a/ VX (5)dW(s). (16)
Denote also Y5 := /X5 and recall that Yj satisfies the equation
b [t o
Ys(t) = v/x0 — > Y(;(s)ds+§W(t)+L5(t)7
0
where, with probability 1,

La(t):—liml/t( g ”__o >ds
T a2k \(U@ te 4 ) reni)

and the limit does not depend on a particular sequence {e,, n > 1}, €, ] 0.
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|
2
Caselll: 0 <a< &

Theorem 9

Let {6n, n > 1} be an arbitrary positive sequence such that 6, | 0, n — co. Then, with
probability 1, for any T >0
sup |Ys,(t) — Yo(t)] =0

t€[0,T]
and
sup ‘L(;n(t) — Lo(t)] =0
te[0,T]
as n — oo.

Comparing this result with Theorem 5, we see the " continuity” of the components of SDE from
the top and from the bottom.
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Fractional Cox—Ingersoll-Ross process (Case H > 1)

Now, let {B*(t), t > 0} be a continuous modification of a fractional Brownian motion with
Hurst index H € (0,1) Let for the moment H > 1/2. Consider a stochastic differential equation

of the form
YH(t) = Y(0) +/0 (Y%(s) — bYH(s)) ds +oB"(t),t >0, (17)

where Y(0) > 0 is a given constant, a, b, o > 0.
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SDE (17) a.s. has a unique pathwise solution {Y*(t), t > 0} such that Y/ (t) > 0 for all t > 0,
and the subset of § where this solution exists does not depend on Y(0), a, b or o (in fact, the
solution exists for all w € Q such that B"(w, t) is locally Hélder continuous in t). Moreover, it
was proved in [M. and Yurchenko-Tytarenko, 2018] that the process X (t) = (Y*"(t))?, t > 0,
satisfies the SDE of the form

Hipy = ta— H(s))ds + 20 ‘ H(s)dB" (s
X(t)7X(0)+2/0( bXH(5))d +2/0‘/X()dB(), >0, (18)

where X(0) = Y?(0) and the integral with respect to the fractional Brownian motion exists as
the pathwise limit of the corresponding Riemann-Stieltjes integral sums. Taking into account the
form of (18), the process {X*"(t), t > 0} can be interpreted as a natural fractional generalisation
of the Cox-Ingersoll-Ross process with { Y*(t), t > 0} being its square root.
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Fractional Cox—Ingersoll-Ross process (Case H < 3)

For H < % the situation is much more involved. We can define the process Y/ for H < 1/2 as
the pointwise limit as € | 0 of the processes Y¢ that satisfy the SDE of the following type (also
written in the integral form):

a

Hipy — (vrer—s -
w10 Y0+ [ (Gagn e

€

bYEH(s)> ds+oBH(t), t>o0. (19)

This limiting process is well defined and has the following properties
[M. and Yurchenko-Tytarenko, 2019].

@ The limit
YH(t,w) = lim Y (t,w)
e—0

exists, is nonnegative a.s. and is positive a.e. with respect to the Lebesgue measure a.s.
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Fractional Cox—Ingersoll-Ross process (Case H < 3)

o Y satisfies the equation of the type

YH(E) = Y(a) + a/(: % - b/(: YH(s)ds + o (BM(t) — B"(a)).

for all t € [a, 8] where (a, B) is any interval of YH's strict positivity.
Forall t >0

t t 1
YH(s)ds < oo, /7ds<oo.
Jrre 0 V()
e Forallt>0

ds

YH(t) > Y(O)+a/0 Z68 b/a YH(s)ds + oB"(t).

o Theset {t >0 YH(t) >0} is open in the natural topology on R.

The trajectories of the process YH = {YH(t), t >0} are continuous on Rt as.
As before, the fractional Cox—Ingersoll-Ross process is the process X = {X(t), t > 0}, such that

X(t)= (Y"(®)? t>o0.
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Fractional Bessel process

Now let us consider the process X" = {Xt""7 t> 0} that satisfies the following SDE:

t

XtH:Xo—i-aO%-i-aBtH,tZO, (20)
S

where Xp, a, o are strictly positive constants.

By analogy with diffusion Bessel processes, whose study began intensively with the paper

[McKean, 1960] and was continued in many works, see, for example, [Revuz and Yor, 1991,

Ch. 11], we name this process fractional Bessel process.

Equation (20) is a particular case of equation (17).

According to comparison theorem for the equations involving fBm, the solution of equation (20)

in the case H > % exists and is strictly positive.
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Fractional Bessel process (Case H < 1)

Let us consider the case H < % Similarly to (19), we can define the fractional Bessel process X'
for H < 1/2 as the pointwise limit as € | 0 of the processes X¢ that satisfy the SDE of the
following type [M. and Ralchenko, 2023]:

Xf=Xo+a ds+oBH, Xy >o. (21)

t
A Xslxe>o+e
Theorem 10

Process X is a unique nonnegative solution of the equation

t1
Xt:Xo—&-a/ 7ds+an’+L£’7
0

S

where LM is the reflection function, i.e., it is nondecreasing, continuous and increasing only at
zeros of X. )
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Fractional Bessel process (Case H < 1)

Theorem 11

@ Forany H € (0, %) and any a € (0, %) with probability 1,

. XH
lim sup — = too.
t—00
@ Forany H € (0, %) with probability 1,
xXH
limsup =& > v2a.
t— 00 \/E

1 . . . H _
@ Forany H € (0, 3) with probability 1, tlrgo X{" = 4o0.
H
For any H € (0, %) and for any o > % with probability 1, limsup ):—; =0.
t—o0

Let H € (0, %) be fixed. Then for any € > 0 there exists ag > 0 such that for any a > ap

P{infxﬁzo} <e.
t>0
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Simulation

The graphs below contain sample paths of X¢, solution to SDE (left graph) and of the right-hand
side of SDE (20), where X is replaced with X¢, i.e.

F(X?) = X, ‘A5 g
(X)) =X +a o 75+U ¢

(right graph) for the following values of parameters:

H=025 Xo=1, a=1, o=1.

Figure: Case a = 1. The right-hand side of (20),

Figure: Case a = 1. A trajectory of X" i.e., a trajectory of X" — "
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Simulation

The difference between left-hand and right-hand sides of (20), i.e., the process LH is indeed
positive as can be seen from its graph (Figure 3).

In order to illustrate the behavior of the fractional diffusion Bessel process for large values of a,
let us take a = 10. A corresponding trajectory of X" is represented in Figure 4. We see that in
this case the process X" never hits zero. Moreover, its asymptotic growth is comparable with a
function v/2at (red curve) as stated in Theorem 11.

01k

0.2 04 08 08 0
. . Figure: Case a = 10. A trajectory of X" and a
Figure: C = 1. A trajectory of L" g Jectory
igure: Case a rajectory o graph of v/2at

Standard and fractional Bessel and CIR processes 17 January 2024 29 /44



Simulation

Finally, in order to illustrate the behaviour of LH = limyyo(a fo XH 5 + LH ) let us take a small

value of a, namely a = 0.01. We see that it is still non-negative and non- -decreasing, which
confirms our theoretical results. Moreover, we see that L/ has more points of growth, in
comparison to L" which testifies in favor of the fact that the reflecting function L is the limit of
two components: the prelimit integral and the prelimit reflecting function.
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Fractional Bessel process (Case H < %) Parameter estimation

Consider a fractional Bessel process
t1
Xi :X0+a/ —ds+ B + 1L
0 Xs

where a,0 >0, H € (0,1/2) and LH is the reflection function, i.e., it is nondecreasing,
continuous and increasing only at zeros of X.

Problem
We want to estimate parameters H € (0,1/2), o > 0 and a > 0. J
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Fractional Bessel process (Case H < %) Estimation of H

Notation

For a stochastic process £ = {&;, t € [0, T]} observed on a discrete uniform partition
O=ty<t;<..<tp=T,t, :=£L denote

n—1 n—2
V]ZZ(&) = Z(gth»l - gtk )27 V2n,2(£) = Z(gtk+z - 2§tk+1 + &’k )2'
k=0 k=0
v
Theorem 12
@ Let X be a rough Bessel process observed in points t, = % k =0,...,n. Then, with
probability 1, as n — oo,
—142H —142H
(%) VIo(X) = 0T, (;) V3,(X) = (4 —22M)o?T.
@ The estimator
V3 H(X)
P (+- %)
o 2log?2
is a (strongly) consistent estimator of the Hurst index H. )
17 January 2024 32 /44
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Fractional Bessel process (Case H < %) Estimation of o

Theorem 13

Let the Hurst index H be known. Then the estimator

~ 1 .
6= /n—1+2H V1,2(X)

is a (strongly) consistent estimator of the volatility coefficient o, i.e., with probability 1,

o — o0, n— oo.

Remark 14

H and G are consistent estimators for any H € (0,1), not only H < 1/2.
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Fractional Bessel process (Case H < %) Estimation of a

Recall that -
Xe :X0+a/ —ds+oBM+LH.
0 Xs

Denote X

~ T

a(T) =

I e

Theorem 15

With probability 1,
a(T) —a, T — oo,

i.e. a(T) is a strongly consistent estimator of a.
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Simulations

@ For each estimator, 1000 paths of XH are generated and, for each path, the values of
estimator for different n (for H and ) or T (for 3(T)) are computed.

o We simulate paths of X" by using a standard Euler scheme for XgH with € = 0.001 and
At = 0.000001.

@ Real values: H=03,0=1,a=2.
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~

Simulations I: H (H = 0.3)

Yu. Mishura (KNU, Malardalen Ur

Standard and fractional Bessel and CIR processes

n =100 n = 1000 n = 10000 n = 100000
Mean 0.3074612 0.3018724 0.299684 0.2999879
Variance | 0.007608759 0.0006979747 | 0.00007438351 0.000007596678
cv 0.2837047 0.08751781 0.02877894 0.009187727
Estimation of the Hurst index H

o | 1

<« | :

S} N

g a I : ) S-S

[ : T

e 3

T T I
n=100 n=1000 n=10000 n=100000
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Simulations Il: & (H is known)

n =100 n = 1000 n = 10000 n = 100000
Mean 0.9964649 0.9999765 0.9996666 0.9999794
Variance | 0.005895953 | 0.0006022594 | 0.00005529735 | 0.000005777412
cv 0.07705752 0.02454155 0.007438699 0.002403674
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Simulations Ill: & (H is unknown)

n =100 n = 1000 n = 10000 n = 100000
Mean 1.098972 1.021549 0.9991251 1.001703
Variance | 0.1783677 | 0.03501052 | 0.006181774 | 0.000860674
cv 0.3843009 0.183164 0.0786931 0.02928738
Estimation of the volatility coefficient, H is unknown
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-
Simulations 1V: a(T)

T=1 T=10 T =100 T = 1000

Mean 3.872642 2.409692 2.109389 2.029289
Variance 4.09064 0.5914294 | 0.1749705 | 0.06310528

cv 0.5222618 | 0.3191463 | 0.1983014 0.1237909

Estimation of the drift coefficient
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