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Algebraic geometry is about the classification of algebraic varieties.

An algebraic variety is a space which is built out of solutions sets
of systems of polynomials.

y2 − xz = 0

xyz2 − xy3 − y2zw +
3

2
xyw2 = 0

x7 + x6y − xy5w − y2w5 +
√
−3zw6 = 0

A hypersurface is a variety defined by a single equation.



Definition

Two varieties X and Y are birational if there are open sets U ⊂ X
and V ⊂ Y such that

U ' V.

Definition

X is rational if it is birational to Cn.

Rational varieties are the varieties that admit a 1-1 parameterization

p : Cn 99K X



Birational = “Almost isomorphic”

The corresponding notion for manifolds is not interesting:
Any manifold has an open sets diffeomorphic to Rn.

Subtle point: Algebraic varieties are equipped with the Zariski
topology:

The closed sets are defined by polynomial equations.

With this topology, “birational” is very close to “isomorphic”.



Birational = “Almost isomorphic”
Closed subsets are unions of subvarieties of smaller dimension.



Birational = “Almost isomorphic”
The union of the three lines is closed in the Zariski topology:



Birational = “Almost isomorphic”
A more complicated closed set



Birational = “Almost isomorphic”
The red disk is not open in the Zariski topology:



Birational = “Almost isomorphic”
The red square is not closed in the Zariski topology:



Birational = “Almost isomorphic”

Closed sets are unions of subvarieties of lower dimension.

If X and Y are birational, they are isomorphic over a dense open set!

A variety is rational if and only if it can be obtained from Cn by
adding and removing smaller subvarieties.



Rationality and rational functions
In algebraic geometry, the basic functions are the polynomials
p(x1, . . . , xN ), and their ratios

p(x1, . . . , xN )

q(x1, . . . , xN )

called rational functions.
For a variety X, we let

k(X) = the field of rational functions on X

The elements of k(X) are functions defined on some open set, which
are (locally) expressible as ratios of polynomials.

Proposition

X is rational ⇐⇒ there is an isomorphism of fields

k(X) ' k(x1, . . . , xn).



The Rationality Problem
The Rationality problem is a fundamental problem in algebraic
geometry.

How does one decide if a given variety is rational?

More generally, we seek to

Develop tools (birational invariants) to distinguish non-birational
varieties.



Quadrics

(a) x2 + y2 + z2 = 1 (b) z = x2 + y2

(c) x2 + y2 − z2 = 1 (d) x2 + y2 − z2 = 0



Quadrics are rational



Quadrics are rational



Quadrics are rational



Quadrics are rational



Quadrics are rational



Quadrics are rational



Quadrics are rational

The map p : X → C2 is defined on an open set U ⊂ X, and is 1-1
there.
Hence X is rational.



Cubic curves

y2 = x3 − x

Real points of X Re w Im w



A cubic curve is not rational

Several ways to see this:

• It has non-trivial fundamental group

• It has too small automorphism group

• H1(X,OX) and H0(X,ΩX) are non-zero.

• X admits a non-trivial degree 0 line bundle

• X does not admit a decomposition of the diagonal ∆

• . . .

These are examples of birational invariants.

These arguments also show that all smooth curves of degree ≥ 4 are
irrational.



Smoothness is important

y2 = x3 − x2

X has degree 3, but it is rational: The map

C → X

t 7→ (t2 − 1, t3 − t)

is a 1-1 parameterization (for t 6= 0).



Cubic surfaces

(a) x3 + y3 + z3 = (1− x− y − z)3
(b)
xy + yz + zx+ xyz = 0

(c) x3 + xy2 + z2 = 0
(d)
(x+ y + z)3 − 3xyz = 0 (e) x3 + xy2 + z2 = 0



Cubic surfaces are rational

X contains two disjoint lines L,M .
For x ∈ L, y ∈M , the line [x, y] intersects X in one more point,
z ∈ X.
This gives a 1-1 map

L×M 99K X

(x, y) 7→ z

(Not defined for x, y such that [x, y] is contained in X).



Cubic surfaces are rational

// birational parameterization

C× C 99K X

Hence X is rational.



Cubic threefolds

Example. The Fermat cubic threefold is given by

x31 + x32 + x33 + x34 + 1 = 0

in complex 4-space.



Cubic threefolds

H. Clemens and P. Griffiths: The intermediate Jacobian of the cubic
threefold, Annals of Mathematics (1972).

Theorem

A cubic threefold X ⊂ P4 is irrational.

Birational invariant: the intermediate Jacobian

J(X) =
H1,2(X,C)

H3(X,Z)

is an abelian variety which is not the Jacobian of a curve.



Quartic threefolds

V. Iskovskikh and Y. Manin: Three-dimensional quartics and
counterexamples to the Lüroth problem (1971)

Theorem

For a quartic threefold X ⊂ P4, the group

Bir(X) = {birational automorphisms of X}

of X ⊂ P4 is finite. Hence X is not rational.

Note that the corresponding group for C3 is enormous!



Recent developments

J.-L. Colliot-Thélène and A. Pirutka: Hypersurfaces quartiques de
dimension 3: non rationalité stable. (2016).

Improved the result of Iskovskikh–Manin by showing

Theorem

A generic quartic threefold X ⊂ P4 is not stably rational

We say that X is stably rational if X × CN is rational for some
N > 0.



Recent developments

The proof used the so-called decomposition of the diagonal technique,
which was pioneered by Claire Voisin.



Quartic hypersurfaces in higher dimension

Tropical Degenerations and Stable Rationality (with J. Nicaise)(2020)

This paper gives a new method to prove that “generic”
hypersurfaces are (stably) irrational.

There are many new applications:

Theorem (Nicaise–O., 2020)

A generic quartic fourfold or fivefold is not (stably) rational.



Ingredients in the proof
• The Grothendieck ring of varieties K0(V ar/k)

K0(V ar/k) =
Z{varieties}

”scissor relations”

• Specialization of stable rationality (Nicaise-Shinder,
Kontsevich-Tschinkel, Nicaise-O.)

tH(x) + F (x)G(x) = 0



Ingredients in the proof (part 2)

• Tropical geometry, toric degenerations

• Irrationality of known smaller dimensional varieties; The
decomposition of the diagonal technique of Voisin.



Thanks for your attention!


