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1 Theorems

1.1 Inverse Function Theorem

The Inverse Function Theorem gives conditions under which a function has a dif-
ferentiable local inverse. If f : R™ — R"™ is continuously differentiable and its
Jacobian at a point is invertible, then f is locally invertible, and the inverse is also
differentiable with derivative given by the inverse of the Jacobian.

Theorem 1 (Inverse Function Theorem). Let U C R™ be an open set and
f:U—-R"
a continuously differentiable function. Suppose that
a€U and det(Df(a)) #0.

Then there exist open neighborhoods V.C U of a and W C R™ of f(a) such that the
restricted function
VoW

is bijective (one-to-one and onto), and its inverse

ffLwov
is continuously differentiable. Moreover, for every y € W, the derivative of f~! is
given by

-1

() W =[P )]
Here:

e Domain of f: the open set U C R";



e Range of f: a subset of R";
e Locally, f is invertible with a continuously differentiable inverse.

Remark 1. Theorem 6.7.1 in the book presents the Inverse Function Theorem
in a general setting, where X and Y are complete normed vector spaces (Banach
spaces), and F : U — 'Y s a differentiable map defined on an open subset U C X.
The theorem states that if the derivative F'(a) is invertible at a point a € U and
F’ is continuous at a, then F has a local inverse G near a, and this inverse is
differentiable at F(a) with derivative

G'(b) =F'(a)"t, whereb=F(a).

This simplifies nicely when X =Y =R" (as in the theorem above). In that case, F
becomes a function f : R™ — R™, and F'(a) is just the Jacobian matriz D f(a). The
condition that F'(a) is invertible means this Jacobian has non-zero determinant.
The conclusion is familiar: f is locally invertible around a, and its inverse f=1 is
differentiable with

(f~1'(f(a)) = (Df(a))~".

1.2 Implicit Function Theorem
The Implicit Function Theorem gives conditions under which an equation
F(z,y)=0

can be solved for y as a function of x. If F' is continuously differentiable and the
derivative with respect to y is invertible at a point where F(z,y) = 0, then locally
we can write y = g(x), where g is differentiable.

Theorem 2 (Implicit Function Theorem). Let U C R™ x R™ be an open set and
F:U—R™, F=F(z,y), x e R", y e R™,
a continuously differentiable function. Suppose that
F(a,b) =0 for some (a,b) € U,
and that the partial derivative with respect to the last m variables,

DyF(a,b) = aa—l;‘(a, b),

is invertible. Then there exist open neighborhoods A C R™ of a and B C R™ of b,
and a unique continuously differentiable function

g:A— B

such that
gla)=b and F(z,g9(x))=0 forallze A.

In this context:
e Domain of F: an open subset U C R"*™;
e Range of F': a subset of R™;

o The function g defines locally the solution in the y-coordinates as a function
of the x-coordinates.



Remark 2. In Theorem 6.8.1 from the book, the Implicit Function Theorem is
stated in the more general setting of normed vector spaces. Here, X, Y, and Z are
complete normed spaces, and ¥ : U — Z is a continuously differentiable function
defined on an open subset U C X x Y. The notation g—g(x, y) represents the partial
deriwative of F with respect to the second wvariable y, which is a bounded linear
operator from Y to Z. The condition that this derivative is a bijection ensures we
can locally solve F(x,y) =0 for y in terms of x.

Working on R™ (as in the theorem above), this abstract formulation simplifies.
We take

X:Rn, Y:R"n) Z:R'"L7

so that F becomes a function F(x,y) from R™ x R™ to R™. The condition that %—5

is a bijection just means that the Jacobian matriz %—F with respect to y is invertible.
The conclusion is the same: there exists a differentiable function

y=g(x), zeR" ycR"

such that
F(z,9(x)) =0,
and its derivative is given by the familiar formula:
OF -l oF
g0) == (o) Gt
N—— Y @

m X n matric

m X m matric m X n matric

2 Examples

2.1 Example using the Inverse Function Theorem

Example 1. Let
[ R=R, f(z)=2®+uz,
be defined on the domain U = R with range contained in R. We want to show that
there exists a local inverse function
f—l
in a neighborhood of z = 0. In other words, the function f is locally invertible
around x = 0.

Solution.
First, compute the derivative of f(x):

f(z) =32 + 1.
At x = 0, we obtain
f0)=3-0>+1=1#0.

Since f is continuously differentiable on R and f’(0) # 0, Theorem 1 implies that
there exist open intervals V- C R (around z = 0) and W C R (around f(0) = 0)
such that f:V — W is a bijection and its inverse

W=V
is continuously differentiable. Moreover,
1 1
—1\/
0)) = —



Function and Its Inverse
y

2

1

f(x) = x"3 + x
=13

Figure 1: Example 1. Plot of f(z) = 23 + z and its local inverse near z = 0.

2.2 Example using the Implicit Function Theorem

Example 2. Consider the function
F:R* %R, F(z,y)=a2>+y*—1,
defined on the domain U = R2. The range of F is R. Let us examine the point
(anyO) = (%7 @) )
which satisfies
9 2
F(39) =37+ () -1=i+i-1=0

We wish to use the Implicit Function Theorem (Theorem 2) to show that near
(z0,yo) the equation F(x,y) = 0 defines y as a function of z, say

y=g(z), F(x,g(z)) =0,

with g (%) = @

Solution.

First, compute the partial derivative of F(z,y) with respect to y:
OF
—(z,y) = 2y.
a9 (z,y) =2y

At (zo,y0) we have

%‘;(%, @):2.§:\/§¢0.

Since F is continuously differentiable on R?, by Theorem 2 there exist open intervals

A CR (around z = 1) and B C R (around y = ?) together with a unique
continuously differentiable function
g:A— B
such that
F(z,9(z)) =0 forallxz € A,
and
g(1) = V3

2 2

Additional: Differentiating (via the chain rule) the identity F(x,g(z)) = 0
with respect to x yields



so that the derivative of ¢ is given by

(z,g(x))  29(x) glx) B

g'(x) = -

172 : — y=9(x)
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X

Figure 2: Example 2. Plot of the circle 2% + y? = 1 and the branch y = g(z) near

(. 5)

3 Two exercises

3.1 Based on the resit-exam in August 2016, problem 3
Exercise 1. Let the function F : R3 — R be defined by

F(z,y,2) = xsin(zyz?) + 2.

(a) Show that there exists an open neighborhood U C R? of (1, §) and a function
Z : U — R such that

F(.’L‘,y, Z(l‘vy)) =2 and Z(l, %) =1.

07z
(b) Show that Z is differentiable at (1,5 ), and compute %(1, %)

Solution. B
(a) We want to solve F'(z,y,2) := F(z,y, 2) —2 = 0 near the point (1, 7, 1). First,

verify that F(1, 7, 1)=0:

Next, compute %—Ij = %—f:
oF

a—(@y, 2) = wcos(xyz?) - wy - 22 4+ 1
2z

= 2%y z cos(zyz?) + 1.



At the point (1,7, 1):

oF

a(1,;,1):2-12-g~1-<:os(g)+1

=7-0+1=1#0.

Since F'is continuously differentiable and %—i = 0 at the point, the Implicit Function
Theorem applies to F (z,y,z) = 0. Therefore, there exists an open neighborhood U
of (1, %) and a differentiable function Z : U — R such that

F(z,y,Z(z,y)) =2, with Z(1,%)=1.

(b) Differentiate the identity F(x,y, Z(z,y)) = 2 with respect to x:

d OF O0F0Z
—F Z =—+———=0.
. aZ.
Solving for 7 -
92 _ o
Oz or-
Now compute each partial derivative at (1, 5, 1). First,
OF
%(aj, y, z) = sin(zyz?) +  cos(xyz?)y2>.
At (1,3,1):
oF
%(1,;1) =sin(Z)+1-cos(3)-%2-1>=1+0=1

Previously, we found %—I:(l, %,1) = 1. Therefore

oZ = . _ 1 _
=15 =-1=-1

3.2 Based on the resit-exam in August 2021, problem 6
Exercise 2. Let F : R? — R? be defined by

3 2
F(z) = (xl(xél";l;g $2) ,  where r = <2> .

(a) Compute the Jacobian matrix DF(z).

() ()

Note that F'(b) = c¢. Show that there exists a neighborhood U of b and
a neighborhood V' of ¢ such that the restriction F' : U — V is bijective.
Compute the derivative (F~1) ().

(b) Let

Solution.
(a) Let
Fi(x) =23 (zo +1) — 23, Fy(z) =21 — 5.



Then the Jacobian matrix is

oFy ok
DF(x)= |38 58
6w1 8302
Compute the entries:
OFy OF,
87551 :3$%<$2+1), 87:172 :3:?—2@,
0F, 0F, 4
— =1, —= = —bxs.
8331 8.132 2

Thus,
_ (3a(za+1) ¥ — 2w,

b— G) c— (é) and F(b) = c.

We apply the Inverse Function Theorem. Compute the Jacobian matrix at b:

pr=pru = (U OTLA0) (4 )

(b) We are given

Since
det(DF (b)) =6-(—5)—(-1)-1=-30+1=—29 #£0,

the matrix is invertible.
By the Inverse Function Theorem, there exist neighborhoods U of b and V of ¢
such that F : U — V is bijective and differentiable, and F~! is differentiable.
We compute:
(F7Y)(c) = (DF (b))~

Using the formula for the inverse of a 2 X 2 matrix':

oro =5 (3 5)=x (1 5)

Therefore, (F~1)(c) = % <i) :(15> -

—1
(a1 a2 _ 1 azz  —ai2
as1  as9 aiiazz—aiza21 \ —aoq a1 )’



