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Definition
An A-module E is called Schur if Enda(E) ~ k.

Notice that a Schur-module is necessarily indecomposable, but
may be non-simple.
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Definition
An A-module E is called Schur if Enda(E) ~ k.

Definition

Let k be an algebraically closed field. A Schur A-module E is
simplifyable if there exists a flat family £ — T of A-modules
with T an non-singular curve, together with a point 0 in T
such that the fiber & ~ E, and such that fort € T, t # 0, the
fiber E; is simple.
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Definition
An A-module E is called Schur if Enda(E) ~ k.

Definition

Let k be an algebraically closed field. A Schur A-module E is
simplifyable if there exists a flat family £ — T of A-modules
with T an non-singular curve, together with a point 0 in T
such that the fiber & ~ E, and such that fort € T, t # 0, the
fiber E; is simple.

The A-module E is infinitesimally simplifyable if there exists a
lifting E' of E to kle] such that E' is a simple A ® k[e]-module.
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Theorem (1)
Let E be an infinitesimally simplifyable A-module and let

0-M-SEE N=D0

be a non-split short exact presentation of E (Exti(N, M) #0) .
Then Ext}(M, N) # 0.
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Example 1.

Let A= k(x,y)/(x> =1+ y? + B[x,y]). Let

P :(x,y)+— (a,b) be a 1-dimensional module. Then

Exti(P, Q) # 0 if and only if Q : (x,y) — —t(a, b) + s(—b, a),

1-p5° 28
irgz and s = 75

where t =
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Example 1.

Let A= k(x,y)/(x> =1+ y? + B[x,y]). Let

P :(x,y)+— (a,b) be a 1-dimensional module. Then

Exti(P, Q) # 0 if and only if Q : (x,y) — —t(a, b) + s(—b, a),
where t = i;gi and s = 11%2.

Thus, for M(a, b) # N(c,d), Exts(N, M) # 0 (existence of an
non-trivial extension) and Ext}(M, N) # 0 (simplifyability) if
and only if (¢,d) = —(a, b), i.e. 5=0.
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Example 1.

Let A= k(x,y)/(x> =1+ y? + B[x,y]). Let

P :(x,y)+— (a,b) be a 1-dimensional module. Then

Exti(P, Q) # 0 if and only if Q : (x,y) — —t(a, b) + s(—b, a),
where t = i;gi and s = 11%2.

Thus, for M(a, b) # N(c,d), Exts(N, M) # 0 (existence of an
non-trivial extension) and Ext}(M, N) # 0 (simplifyability) if
and only if (¢,d) = —(a, b), i.e. 5=0.

Notice also that there exists a two-dimensional simple
A-module if and only if 3 = 0.
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Example 2.
Non-vanishing of the ext-group Ext}‘(l\/l, N) is not a sufficient
condition for the existence of simple modules of the given

dimension.
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Example 2.

Non-vanishing of the ext-group Ext}‘(l\/l, N) is not a sufficient
condition for the existence of simple modules of the given
dimension.

Let A= k(x,y)/(x> — 1+ [x,y]?y). Then A has no simple
2-dimensional modules, but for any P : (x, y) — (£1, b) and
Q: (x,y) — (F1,c) we have Ext}(P, Q) # 0 and

Exti(P, Q) # 0.
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Let E be a non-simple, indecomposable A-module with a finite
composition series.

Main Results

E=E —E_1— ... E —E=0
Define support of E:
SUPP(E) = {V17 ) Vr}

where
\/,-:ker{E,-—>E,-,1} i:1,2,...,r

The A-module E is an iterated extension of Supp(E)
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Definition

Let A be a k-algebra and V = {V4,..., V,} a finite set of
simple A-modules. The directed extension graph QY of V has
the modules V; as its vertices and there is an arrow from V; to
V; if and only if Ext;(V;, V;) # 0.

By a cycle in the extension graph QV we shall mean a path,
starting and ending at the same vertex. A cycle is said to be
complete if it contains all the vertices of QV.
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Theorem (2)

Let A be an associative k-algebra and E a Schur-module. Let
V = Supp(E) ={V1,..., V;} and let QV be the extension
graph. Suppose E is infinitesimally simplifyable. Then there
exists a complete cycle in QV .
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ordered sets

Let A be a poset, considered as a category with the inclusion
relations as the only morphisms.

Let A be a k-algebra over a field k, and let 7,G : A — A-mod
be presheaves of left A-modules on A, i.e. contravariant
functors on A with values in the category of left A-modules.

The morphism category Mor(A) is a poset with relations X' < A
as its objects and a relation (N < \) < (7' <) if and only if

Y <N<ALy
Define a covariant functor

Homy(F,G) : Mor(N) — A-bimod

Hom (F,G)(X < A) = Homi(F(N), G(X))
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Introduce a double complex

KP9= [ CUA Homi(F,G)(ho<X) p.g=0

<. <Ay

where C9(A, H) is the Hochschild cochain complex of A with
values in an A-bimodule H.
Differentials

d: KP9 — KP9%1  (Hochschild differential)
5 KP9 Kp+1,q
(5¢)Ao< i = G(Mo S A)Yn <<

+ Z %os A< T (_1)p+1¢/\o§~-~9p]:()‘p < Apti)
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Let Tot*(F,G) := Tot(K*®) be the total complex of the
double complex K*®, with total differential 0 = d + (—1)P¢.

There is a one-to-one correspondance between isomorphism
classes of presheaf extensions of F by G and elements of
HY(Tot*(F,G)).

Define
Exty(F,G) :== H"(Tot(F,G)) n>0

There exists a spectral sequence

DT = lim(P) Extd(F (1), d(s)) = Extf™*(F,G)
Mor(A)

where s, t : Mor(A) — A are the source and target functors.
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e A lifting of the presheaf 7 : A — A-mod to a pointed
local artinian k-algebra (R, 7) in a is a presheaf Fr on A
of left, R-flat A ®,x R°P-modules, together with a
of preaheaves morphism of A ® R°’-presheaves 1) : Fg — F inducing
an isomorphism n ®r k : Fr ®g k — F. The right
R-structure of F is given by m. By flatness we have
Fr ~ F ®k R as presheaves of right R-modules.
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e A lifting of the presheaf 7 : A — A-mod to a pointed
local artinian k-algebra (R, 7) in a is a presheaf Fr on A
of left, R-flat A ®,x R°P-modules, together with a

of preaheaves morphism of A ® R°’-presheaves 1) : Fg — F inducing

an isomorphism n ®r k : Fr ®g k — F. The right
R-structure of F is given by m. By flatness we have
Fr ~ F ®k R as presheaves of right R-modules.

e Two liftings Ff, and F} are said to be equivalent if there
exists an isomorphism

¢:Fp— Fg

of presheaves such that " o ¢ = 7y'.



Simplifyable
Modules

Arne B.
Sletsjge

Define deformation functor

Deformations
of presheaves

Defr : a — sets.

by
Defr(R) = {liftings of F to R}/ «~
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Let m: R — k be an object in a and Fr € Defr(R) a class of
Deformations liftings of F to R. Let u: S — R be a surjective morphism in
S a, such that ms - ker u = 0. There exists an obstruction
[¢] € Exti(F,F @ ker u) such that [1)] = 0 in
Ext3(F,F ® ker u) is equivalent to the existence of a lifting of
Fr to S. If [{)] =0, then the set of deformations of Fr to S is
given as a principal homogenous space over Ext,l\(]-', F & ker u).
Applying Defr to u: R = k[x]/(x?) — k, with ker u ~ k, we
see that the tangent space of the deformation functor is given
by Exty(F,F).



A sketch of proof for Theorem (1):

«O>r «Fr «=>»

«E)»

DA



Simplifyable
Modules

Arne B.
Sletsjge

Sketch of
proof

A sketch of proof for Theorem (1):
A short exact sequence

¢ 0-M-“SEE N0

of left A-modules can be considered as a presheaf on the poset
A ={0<1<2} with £(2) = M, £(1) = E, £(0) = N,
€(0<1)=gand &(1 <2)=f, with the additional exactness
data, f injective, g surjective and im(f) = ker(g).
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Definition

Let £ be an exact sequence of A-modules, considered as a
presheaf on the ordered set \,. Let (R, w) be a local artinian
k-algebra. An exact lifting {g of € to R is a lifting which
again is an exact sequence. Put,

Def; (R) = {exact liftings of £ to R}/« .

Def¢ ¢ is obviously a subfunctor of Defy.
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Let &g represent an isomorphism class of exact liftings. Let
u:S — R be a surjective morphism in a, such that

ms - ker u = 0 and suppose s is a lifting of £g. The lifting &g
is represented by a cohomology class [(] € Ext,1\2(§,§ ® ker u),
defined by a cocycle B = (3%, 3%0) in the total complex

Tot* (£, ® ker u).

Lemma

The lifting £s of the exact lifting &g, represented by

B = (B0, 3%1) is exact if and only if 30 satisfies the
condition

ﬁo<1o§(1<2)—|—§(0<1)oﬁl<2—0
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For an exact presheaf £ on Ay we have

EP9 = lim(P) Ext(£(t),£(s)) =0, p>2
Mor(A2)

SLGERICH The spectral sequence degenerates and we have

proof
0 — lim® Extd(£(),£(s)) — ExtiFi(&,€)
Mor(/\z)

— lim Extf(€(0),€(s) — 0
Mor(Az)

for g > 0.
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Let the extension E be given by an exact sequence
f g
& 0O—-M—E—=-N-—0

of left A-modules, considered as a presheaf on the poset As as
described above. There is a natural forgetful morphism of
deformation functors

g : Defe — Defg
inducing a k-linear map of tangent spaces
g(kle]) : Ext}, (&,€) — ExtA(E,E)
The image of the map is denoted

Exti(E,E)e := im(g(kle])) C Exti(E, E)
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Main observation:
Let E be infinitesimally simplifyable. Then for every non-trivial
Sketch of presheaf &, presenting E as an extension module, the inclusion

Ext;(E,E)e C Exti(E,E)

is strict.
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Let E be a non-simple Schur-module and let
¢ 0-M-"“EZ& N-DO

be a non-split short exact sequence of A-modules, presenting
E. Then

Exti(E,E)e ~ ker{f* o g, : Ext4(E,E) — Ext;(M,N)}
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Sketch of
proof

Let E be a non-simple Schur-module and let
¢ 0-M-"“EZ& N-DO

be a non-split short exact sequence of A-modules, presenting
E. Then

Exti(E,E)e ~ ker{f* o g, : Ext4(E,E) — Ext;(M,N)}

Why?
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Exti(M, M) Exti(E,E) Exti(N, N)
lf* / X lg*
Exti(M, E) X Ext}(E,N)
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Exti(M, M) Exti(E,E) Exti(N, N)

e N

Extl(M, E) X ExtL(E, N)

Extl(M, N)

An element o € Def¢(k[e]) = Ext,1\2(§(t),£(s)) is given by a
triple a = (a, b, ¢), where

a€ Exti(E,E) bec Exti(M,M) cc Exti(N,N)

and such that f.(a) = f*(b) and g*(c) = g«(b).

Thus g.f*(b) = g.f*(a) = 0 € Ext;(M, N) and the image of
01, . .

E;’" lies in the given kernel.
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Exti(M, M) Exti(E,E) Exti(N, N)

R

Exti(M, E) X Extl(E, N)

Extl(M, N)

On the other hand, for b € ker{Exti(E, E) — Ext5(M, N)},
we have f*(b) € ker g and gi(b) € ker f*. By exactness there
exists a € Ext}(M, M) such that f.(a) = f*(b) and
c € Exti(N, N) such that g*(c) = gi(b). This proves that

0,1 o
E,’" maps surjectively onto the kernel.
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Infinitesimally simplifyability implies that
Ext;(E,E)e C Exti(E,E)

is a strict inclusion for all ¢ and it follows that Ext}(M, N) # 0
is a necessary condition.
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