
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The Integral Hodge conjecture
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Main goals

Explain the IHC and why it is interesting important

Hodge conjecture How do we detect whether or not
a cohomology class is algebraic

Rationality problem Birational invariants

Arithmetic questions Existence of K rated points

Survey the various techniques of producing counterexamples

Construction problems in algebraic geometry

topological arguments Atiyah Hirzebruch Totaro

Degeneration techniques Kollar

Explain some of the positive results 3 folds cubic4folds



Introduction

X a smooth projective variety 16 of dim n

HMX Z pth swigular cohomology group

Derham classes of complex

Hodge decomposition Gin forms

HYX 1 HR9 x
ptg k

properties

H 9 X HotCx

HAP X APHEX Hodge symmetry

Hn Pin 9 x a HR9 X Seneduality

WVDHodge 19031975



ex X CIP smooth cubic 4 fold

H x El HEX07 HEXE HEX e Q

H X E HEYE HSA 7 0

H x G H x to H x O H x Go 62 of

us Hodge diamond

ha
o o



Chow groups

CHEX nth Chow group

free abelian group generatedby
codim r sulsiuneties Z C X

rational equivalence

Hr X can Tx

ex CHOIX 2 A
CH X Pic x

Wei LiangChow 19111995

ex X c IP surface of degree 4

CH X Z P p Picardnumber of X

c x is enormous

Mumford



Cycle class map
Y X a subvariety of codim r

us fundamental class Y E HMX2e
11

j 9 where j is the composition

I j
doing
ly

X

d CHEX HMX 2

Easy fact The image of cl lies in

H rCx z Hated n HMX G

classes in H IX 2thesubgroupof
integral Hodge classes which map to H rCX

via themap Hara Haha



ex XCP cubic 4 fold

CHOIX Z

CH X Z Lefschetz hyperplanetheorem

CHEX HUR Voisin

I 2h for some 114 21

CH x non f g abelian group non trivial

CH X Z X is rationally connected



The Integral Hodge conjectureate

Canal Is H rCX z is surjective

Hodge conjecture Hd

early Q i HTX is surjective

The IHC is not really a conjecture

Theorenfatigah Hirzebruch 19627
F smooth projective 7 fold X with a non algebraic
torsion class

More on this later

MFAtiyah FHirzebruch

I



Known results
The LHC holds for r o and r n trivial

For r L

Lefschetz 1,11 theorem

H XR is generated by Chem
classes of algebraic linebundles

SolomonLefschetz



The usual proof
PicX I H XOY

Exponential sequence
sheaves in

2
i

Ox Of o theanalytic
topology

I H'Cox H op HEX2 H xox
t

HEX 4 Fwjectiononto
H92x factor

H X Z beer pr
image a

i Any integral lil class is theChemclass of a complex analytic

line bundle on X

By GAGA any complex analytic linebundle is algebraic

m done



n addition the HC holds for rent cane classes

Hard Lefschetz theorem

he ampledivisor e H4,2

HEX Q To H Tx A
is an isomorphism

This map respects the Hodge decomposition

any class in Han 2 x Q n Ariya is

the product of n 1 divisors algebraic

He holds in degree 2n 2

Vote This result is strictly for Q coefficients

here are 3 folds X where HC holds in degree 4

at IHC does not



Theorem Kollar 92

Let XCP be a very general hypenuface of degree p
where p 5 is a prime number

l h l
then

H x 21 21 l

andany curve on X has degree E o mod p

pl is algebraic but l is not

Janos Kollar

very general
outside a countable union of
Mi

Y É



Defn We define the Voisin group of degree ar as

ex Eighties Etc

Note HC Z x is a finite group

ex In Kollar's example ClaireVoisin

ZYX 3 24 o m 2 x o

but we don'tknowwhether

it is Xp Fp orMp3



The two cases

24 X codimension 2

22 2 X dimension 1

are the most interesting

prop The groups ZYX and 77747 are

birational invariants for smooth projective varieties

By Weak Factorization we may factor any birational
map f X I X as

W

I Y
X t X

where pig are compositions of blowups in smooth centers



Fr W X the blow up of
a smooth ZCX

H 4,21 444,2 to 4212,2 ÉI
U

H w 27 H X Z to H z Z E

7
and everythinghere is algebraic

Similar argument for H2 X Z



There are in fact deeper connections between IHC
and rationality

X smooth rationally connected 3 fold
j3 X intermediate jacobian of X

ÉfÉ A'kid
331 7,0 is a principally polarized abelianvariety of dim g

Clemens Griffiths Let XCP be a cubic 3 fold

X rational 534 is a jacobian of caves

og I

E 1 G t Er
Ci curves on JEX

HClemens and P Griffiths



11 is called the minimal class it lies ni H't263,2

ex
If I x JC is a jacobian then GTX
with

c É e poincaré fomita

Voisin 2015

X stably rational g is algebraic

C Gabreski

zig2 a so for all abelian is algebraic

g folds A É for all A o

The proof uses the Fourier Mukai transform



Results for 3 folds

For 3 folds X the question is whether 241 7 0

Q Kollar's examples are very of general type
Is this a coincidence k dimX

k X unimled

Voisin IHC holds for minded 3 folds

K O

Voisin IHC holds for 3 folds with
Kx Ox and H XOx 0

all abelian

Totaro IHC holds for 3 folds with 17
3 folds

K o and HEX Ky 0

BurtTotaro



Q Does the IHC hold for all 3 folds
with K o

Kodama dim 0 forsurfaces

A No k3
n abelian

Enriques

Prop Benoist O The LHC can fail on products

X Sx E

where S is an Enriques surface and E is an ellipticcure

These have k o and H Kx o

7 The aboveresults are
essentially optimal

Olivier Benoist



Which classes are non algebraic on X SXE

By Kinneth

444,2 445,2 HYE Z pt x E

HIS 2 O H E Z 420212

H 5,270 HYE Z Dx pt

Let de 5,22 2112 be the class associated

to the K3 cover

T s

Topological computation

TheIHC holds
on X SE

F
PEH't 42 FZECHY.es
such that 2 2 p A

i every class in HYE212
is obtained from a via some

correspondence



One then argues by contradiction

Assume A holds for every genes I curve E

One considers a degeneration

p E

If
I Al I

i Reach a contradiction on the special fiber



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Specialization method

The following situation is typical

Given a family

It

v

i want to disprove theIHC on the very general fiber It

key point Subvarielies in Hit extend to all other fibers

K Z

genial at T

I can try to get a contradiction by analyzing
the special fiber 70 X Ho may be

verysingular



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Extending cycles from an open set

11111111111 EY HIIIIIHI
t d

u T

UET open set Z E CHP x extending Z

Z E CHP Iu Take Zariski closure of
the components of Z

Runk this may look trivial but it is a keydifference
between algebraic geometry and topology

CHP X CHP u o always
surjective

HP X H u H x u



Extending cycles from a very general fiber

set up E
f

Projective family

Zlative Hilbert scheme H Hilb 74T parametrizes closed subsclemes Z

in the fibers It

Funiversal family

E
Ix

H
onlycountablymanyt has countably many components Hilbert polynomials

t union of components such that foe is nfo surjective

T Goi Zyl E T

is a countable union of closed subsets



If t t T T then any subscheme in It
deforms out of It

H

88 K Z
Zo

genteel at T
at

precisely For T C At Z
F component Ho CH t universal family I

Ho
such that foi Z T is dominant and

Z If T base changeof Z
equals T

The specialization map

CHPCE CH Ho

is compatible with intersection products



Remark

If It
is a smooth family of pug varieties

we may identify

H Hs 2 HUH 2 A set

If age Hk Is Z is algebraic then so is

do E Hk Ho 2



Kollar's counterexample

X CIP a smooth hypersurface of degree 125 351 48
efschetz hyperplane theorem gives

h hyperplane
divisorH x2 Zh

H x2 Ze
h l l

Suppose now X is very general Janos Kollar

M X contains no line

n fact

Claim If Cox is a curve then

h e o mod 5 X

Specialization method If there exists some hypersurface X CPY
such that 1 7 holds then it holds also
on X

Xo will be a very singular hypersurface



Construction Pick for n fy e kXox XzXz general ofdegree 5

morphism 173 9 p4

Xo q IP is a hypersurface of degree 53 125

Yay view Xo as the image of veronese t generic projections

veronese
embedding V e p 55

p c

generic projection

9

X C PY



The morphism q 173 Xo is finite and

2 I on a surface S C 1ps
bythetheoryofgeneric projections

3 I on a curve T C 1103

4 I on a finite setofpoints

9

a t
If C CXo is a curve then there is a ane Delp
such that

9 D 6 C

mi deg D h g D

h D projection formula

015 D
1173

O mod 5

But then also deg C E 0 mod 5



Conjecture Griffiths Harris
For a very general hypersurface X CRYof degree d 6

we have
deg C 0 mod d

for every curve cc X

Rink Degree 5 hypersurface XCP contain lines Itself't



The example of Hassett Tschinked and Totaro

Thin Let X c P'xp be a very general 13,4 divisor

Then every wave C C X has even degree over I

X is a k3 fibration
over P D X

Ip
IP

Lefschetz ATX 2 ZF to ZH F f o

F o IH4 X Z 21ft Zo H f I

m the class o is not algebraic H o o

BrendanHassett Yuri Tschinkel Burt Totaro
OntheintegralHodge
andTateconjectures
over a numberfield



Specialization Specialize to X C P'xp given by
x y x X y xox y xpy 0

Claim Every cure on Xo has even degree Ip

Specialization map

CH XE CH
XE

Enough to show every curve in X
has even degree pl

Just need the degree of

3 X
C ME

restricted to thegeneric point of It t
p



Restrict farther to Ipa Lament series

and GD
Enough to show

44 tx Ex E3 so

has no value point over
any

odd degree
extension Fpks over Ip Itll

oppose such a point exists

I Lament series in Fpks

test Xo s Xo s satisfying

St r ord
s t is odd

Xo t t x 5 24 Ex o

1 valuation mod 4
O V Zr 3r



r odd 0 r Zr 3r all different

7 implies that

Xo txt stg t 134 0

Xo Xzes o

not a
point in Mpeg

Rink This gives examples defined over Q

x y x X y t xoxfyktxpy.tt p Glan go 3 0



 

Topological obstructions

Q Given a cohomology class de HMX Z

n how do we prove that a is not algebraic

Hodge theoretic obstruction d must be of type pp

Atiyah Hirzebruch discovered a much more subtle obstruction

prop Atiyah Hirzebruch
If a C H'PA2 is algebraic then all the odd
Sheenwd operations vanish

Sgi I o for all i 35,7
Tmod 2 reductionof a



Steenrod operations
m

Sgi is a cohomology operation on A l i242 of degree i

Sofi HMH Hz Hm x Zz

properties

41 Sof id

2 Sqm a au x if ac HMCX.kz

SgmK o

3 Sq Sq Sg t Sgt satisfies

Sql au p Sqlal u Sqlp
Cartan's formula Sofi au p 4 Sofia v SofiJp

147 f X Y
n HMH21121 H XHz

G I'f
time Is Amin



Relative Wu formula

f f Y X is a C map of compact manifolds

Sq 7 2 Fx Sala u w Nfl

Nf f Tx Ty virtual normal bundle

w Ny w f Tx w Ty we StiefelWhitney
class

If Yc X is a closed complex subvariety then

Y f T where le HEY Z

desi.FI X
and

war Ny Ck Ng

Wak I Ny o

mod 2

mod 2

us no terms in odd degree



Sq TY mod 2 59 txt leHo

f tu w Ny

Sq Cy mod 27 o for all odd i

i If a is algebraic then

593121 595 a Sgt t o

Now we just need to find examples where this
obstruction actually takes place



Examples via classifying spaces

G a finite group

BG classifying space of principal G bundles

EG
G

EG any contractible space

on which G acts freely

HA BG 2 9 G Z Groupcohomly

ex BE S EZ IR

By Six XS EZ IN

BY RIP LEX 5

BE 61pA

Main example 6 21 2 42 412

Note H 212,42 H RIP 427 7263 degxe



By Kinneth
H G 2127 2128 1 2 degxial

Consider the element x xzxzEH3G 42

sq Sq x taxi

593 Sg xxz Sa x Sq xx Sg x

Sg Xixz If Xi Xi t I Xz Xz

Sq xxx Sq x Sq x xzxz

Sg xz Sg2 xXzXz

xsxixixztx.gl ixixztsgXixzlx3
xixix3txixEx x xix at Xxi
xixzX3 t Xxix sum 0

o 721 321 7412 3

d f xxx E HY G Z

is an element satisfying

531.2 Sq Sg x xzx 0



Problem BG is not a smooth projective
variety an infinite dimensional stack



Godeaux Serre varieties

G a finite group

Serve Given any v31 one can fid
a representation of G on IP
smooth G invariant complete intersection Y CIP

such that

C G acts freely on Y

2 dim Y r

and X YG is a smooth projective variety

and Hm 6,21 Hm X2 Mer

We have a torsion class he 446,2 St

59312 to in 4719,2

Pick r 7 and an X as above

HE 6,2 C A X Z

X admits a non algebraic class in HYX2



Rink X is a smooth complex 7 fold

Pushing the proof a little bit n
can take X
to have Kx torsion
so K 0



Application to some arithmetic questions

Let f : X ! B be a morphism of complex projective varieties, where B is a curve

Graber–Harris–Starr theorem: If the general fiber of f is rationally connected,
then f has a section.

 



A variety V is rationally connected if any two general points x, y 2 V can be joined by a
rational curve:

pl s fr
v

ex F polynomials pottle pylt set Xo p t Xy Putt
solves

Xo txt Exit t x t xy o
p
Kt



Serre (1958) (in a letter to Grothendieck):
Is the same conclusion true for varieties X/K with H

i(X,OX) = 0 for i > 0?

Serre adds that it is “sans doute trop optimiste”.

K K B
J.PSerre A Grothendieck

t
rationally
connected
vanelies
Satisfythis



Graber–Harris–Mazur–Starr, Lafon, Starr (⇠ 2002)
No: There exist Enriques surface fibrations over curves with no section.

TGraber JHarris BMazur 3Starr GLafon



A question of Esnault:

If X/K satisfies
H

i(X,OX) = 0 for i > 0,

does X/K admit a 0-cycle of degree 1?

More geometrically: If f : X ! B is a fibration with general fiber Xb satisfying
H

i(Xb,OBb) = 0 for i > 0: Do we have

gcd
⇣
deg(C/B) | C ⇢ X a curve

⌘
= 1?

HEsnault





Main result of today:

Theorem (O.-Suzuki)

There exists an Enriques surface fibration

X ! P1

such that every curve C ⇢ X has even degree over P1.

F Suzuki



Relation to the Integral Hodge Conjecture

Colliot-Thélène–Voisin: For f : X ! B with O-acyclic fibers:

f⇤ : H2(X,Z) ! H2(B,Z)

is surjective.

Thus there is a homology class � 2 H2(X,Z) which has degree 1 on a fiber.
) “there is no topological obstruction to the existence of sections”

j LColliotThetene CVoisin



The class � is automatically Hodge, so we obtain a new counterexample to the Integral
Hodge conjecture.

In the example, 4� is algebraic, but � is not.



Enriques surfaces

Surfaces S with

• ⇡1(S) = Z/2
• 2KS = 0

There is a universal cover ⇡ : Z ! S where Z is a K3 surface

Example

Let S ⇢ P2
⇥ P2 be the surface defined by the 2⇥ 2 minors of a generic matrix

✓
p0 p1 p2

q0 q1 q2

◆
pi = pi(x0, x1, x2)
qi = qi(y0, y1, y2)

where deg pi = (2, 0) and deg qi = (0, 2). Then S is an Enriques surface.



Here is the K3 cover:
On P5 = Proj k[x0, x1, x2, y0, y1, y2], there is an involution

◆ : P5
! P5

defined by ◆
⇤(xi) = xi, ◆(yi) = �yi.

Consider the quadrics

Fi = pi + qi
pi = pi(x0, x1, x2)
qi = qi(y0, y1, y2)

These define a K3 surface

Z = {F0 = F1 = F2 = 0} ⇢ P5

◆ acts freely on Z, as Z is disjoint from

Fix(◆) = P1 [ P2
P1 = V (x0, x1, x2) ' P2

P2 = V (y0, y1, y2) ' P2

Hence S = Z/◆ is a smooth Enriques surface.

P Pz

Z

invariantunder l



An Enriques surface fibration

Let Y ⇢ P1
⇥ P2

⇥ P2 be the threefold defined by the 2⇥ 2 minors of a generic matrix
✓
p0 p1 p2

q0 q1 q2

◆
pi = sAi + tBi

qi = sCi + tDi

where deg pi = (1,2,0) and deg qi = (1,0,2).

Then Y is a smooth threefold, and the first projection defines an Enriques surface
fibration

p : X ! P1
.t



Properties of Y

• Y has Kodaira dimension 1

• Y is simply connected and H
⇤(X,Z) has no torsion.

• Hodge diamond
1

0 0

0 26 0

0 45 45 0

Y



The geometry of Y
Let Fi = pi + qi, considered as a (1, 2) form on P1

⇥ P5.

⇡ is the blow-up of the fixed points of ◆:

• (P1
⇥ P1) \ Z0 (= 12 points p1,1, . . . , p1,12); and

• (P1
⇥ P2) \ Z0 (= 12 points p2,1, . . . , p2,12)

// 24 exceptional divisors

E1,1, . . . E1,12

E2,1, . . . E2,12

p is a double cover, ramified along the Ei,j .

9

I

K fibration

P Pz



Out of the 24 Ei,j ’s, we single out E1,1, . . . , E1,12 (from the fixed points on P1).

If Y is defined by

✓
p0 p1 p2

q0 q1 q2

◆
, the E1,i are the components of

E1 = {p0 = p1 = p2 = 0} ⇢ Y.

Claim

For a curve C ⇢ Y we have

deg(C/P1) ⌘ C ·

0

@
12X

j=1

E1,j

1

A mod 2.

) If C ⇢ Y is a section of Y ! P1, then C has to intersect at least one of the E1,j ’s (!).



This is enough to show that Y fails the IHC:

Lefschetz hyperplane theorem // H2(Z0,Z) = Zf1 � Zf2
// H2(Z0,Z) ! H2(P1

,Z) surjective
// H2(Z,Z) ! H2(P1

,Z) surjective
// Y admits a class � 2 H2(Y,Z) such that

deg(�/P1) = 1 � · Ei,j = 08i, j

// � is Hodge, but not algebraic.

Mutti



We consider a degeneration Y ! T with special fiber Y0.

If Y = Yt is a very general fiber, then there is a specialization map

CH1(Y ) ! CH1(Y0)

compatible with intersection products.

So it su�ces to prove the congruence

deg(C/P1) ⌘ C ·

0

@
12X

j=1

E1,j

1

A mod 2.

on Y0.



The degeneration: Y ⇢ P1
⇥ P2

⇥ P2
! Spec k[✏] defined by the minors of

M✏ =

✓
p0 p1 p2

sy
2
0 + ✏r0 sy

2
1 + ✏r1 sy

2
2 + ✏r2

◆

Special fiber over ✏ = 0: Y0 = Y0 [ Y
0
0

• Y0 \ Y
0
0 = {s = 0}= an Enriques surface

• V (p0, p1, p2) = E1,1 [ · · · [ E1,12 does not intersect Y 0
0 (hence lies in (Y0)reg).



deg(C/P1) ⌘ C ·

⇣P12
j=1E1,j

⌘
mod 2

Y0 is defined by the matrix ✓
p0 p1 p2

y
2
0 y

2
1 y

2
2

◆

Let D1 = {p0 = 0}; this is a divisor of type (1, 2, 0).

For C ⇢ Y0 a curve,

deg(C/P1) ⌘ D1 · C mod 2

On the other hand,

D1 = 2 · V (y0) +
12X

j=1

E1,j

This gives the desired congruence.

Main point: some Cartier divisor becomes double on the degeneration Y0.

c 110,07 C pr OG



The threefold X and proof of the main theorem

Let X ⇢ P1
⇥ P2

⇥ P2 be the threefold defined by the 2⇥ 2 minors of a generic matrix
✓
p0 p1 p2

q0 q1 q2

◆
pi = s

2
Ai + stBi + t

2
Ci

qi = s
2
Di + stEi + t

2
Fi

where deg pi = (2,2,0) and deg qi = (2,0,2).

Theorem

Any curve C ⇢ X ! P1 has even degree over P1.



Properties of X

• X has Kodaira dimension 1

• X is simply connected and H
⇤(X,Z) has no torsion.

• Hodge diamond
1

0 0

0 50 0

0 99 99 0



On X ⇢ P1
⇥ P2

⇥ P2 there are now 24 + 24 = 48 exceptional divisors

E1,1, . . . E1,24

E2,1, . . . E2,24

We focus on E1,1, . . . , E1,24; the components of

E1 = {p0 = p1 = p2 = 0}.

Basic strategy: Prove the following key congruence:

deg(C/P1) ⌘ C ·

 
12X

k=1

E1,jk

!
mod 2 (1)

for any 12-tuple 1  j1 < . . . < j12  24.

This will imply the theorem: We would get that

C · E1,1 ⌘ · · · ⌘ C · E1,24 mod 2,

and hence that deg(C/P1) is even.

PzPi



We want to prove that

deg(C/P1) ⌘ C ·

0

@
12X

j=1

E1,jk

1

A mod 2 (2)

1. Monodromy argument: Reduce to proving (2) for some 12-tuple j1 < . . . < j12.

2. Specialization argument: Prove (2) for some (j1, . . . , j12) by analyzing a certain
degeneration of X.



Here is the degeneration:

M =

✓
sp0 + ✏r0 (s� t)p1 + ✏r1 (s+ t)p2 + ✏r2

stq0 + ✏s0 t(s� t)q1 + ✏s1 t(s+ t)q2 + ✏s2

◆

The special fiber over ✏ = 0 is a union

Y [R1 [R2 [R3



• Y is the previous Enriques surface fibration with 12 planes E1,j1 , . . . , E1,j12

• On Y , we know that

deg(C/P1) ⌘ C ·

 
12X

k=1

E1,jk

!
mod 2 (3)

The main congruence (2) follows from this.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Some positive results

Recall

24 x 174,21Caly
X Hmm x alg

are birational invariants
and 0 for rationalvarieties

ThenVoisin Totaro The IHC holds for
unimled 3 folds

3 folds satisfying either

Kx Ox and 4407 0

K o and HoKy 0

Basic idea Let s e 1mAI be smooth generic
H ample
m so

Lefschetzhyperplane theorem

i Hz 521 Hz X E is surjective

Variationof HS argument Fenough deformations of S
such that every class in Hix2d
is it of a 11,11 class on St
which is algebraic



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Q What about 4 folds

The IHC already fails on

X ply
whirled 4 folds

where Y is Kollar's example

Schreieder F univational 4 fold X s t 2 x 0

no knownexplicit
descriptionof at is not known whether Z6X can be 0 nonalgebraic class

for unirational rationally connected 4 folds

S Schnieder



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Main result of today

TheoremThe IHC holds for cubic 4 folds

33 known proofs

i Via Normal functions Voisin

2 Via the variety of lines Mongardi O

3 Via derived categories BLMNP Perry



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

he IHC holds for Calabi Yan 3 folds

Q Does the IHC hold on Calabi Yau varieties
in dimension n 4 22h 2 x

the answer is probably No for Ky 0 in general

he cubic 3 fold is stably irrational It not algebraic

on TX which
is an abelian 5 fold



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Theorem Shanti
Y smooth toric variety
XC Y smooth complete intersection of ample divisors

X H n n Hr
of dimension 73 such that Kx is nef

Then the IHC holds on X in degree 2n 2

In fact HIX 2 is generated by rational canes

this is the main sourceof examples of Calabi Yauvarieties

500,000,000 examples in dimension 3

Here Hz X Z I Hz Y 21 by Lefschetz HT

Casagrande Hz4,217 is generated by classes of
contractible classes

ztoricmorphism T Z with comected fibersJEHAN
at c apt C E Q itis contractible



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

da One shows that for each contraction it Y Z

there is a curve C C X pushingforward to the contractible class on

his uses very geometric arguments

ex l CPY b xox xz o tons invariant
line in 1104

Y Beep4 toric 4 fold of Picard number 2

HEY 2 21 H A Z E H h I H e o

E h o E e I
Hzly 2 21 h Z e

Ky 54 ZE

y g p Ky

base point free ample y isfan

smooth X stricttransformof
a quintic hypersurfaceCalabiYau3 fold
combing e withmullplichy 2



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Cones on Y
E T

XC
yEffy blow
H E
B bundle

H
Nety IP

gigging
p

H E

claim I X contains a curve with class e

E exc divisor I IP xp
Restriction X

E
2,3 divisor on P'xp

me

if

comic bundle over p

l and le give a cave of class e



 
 
 
 
 
 
 
 
 
 
 
 
 

Claim 2 X contains a cure of class h e

The P bundle p Y P restricts to
an elliptic fibration

ply X p2

Ampleness argument ply is non isotrivial

some fibers split as

comic

line

This line has class h e DONE

he general argument uses
ampleness positivity
existence of lines on hypersurface

toric geometry
B Skauli

see Shanti's paper for more details



Irreducible symplectic varieties

Theorem Let X be a projective irreducible holomorphic symplectic

IHS variety of k3 or generalized Kummer
type Then the integral Hodge conjecture for 1 cycles
holds on X i.e

Zz x 0

In fact The semigroup of effective curve classes is

generated lover 21 by classes of
rational curves

Corollary The IHC holds for a smooth cubic 4 fold

In fact the proof shows that CH xÉÉIÉx z
is generated by classes of rational surfaces

G Mongardi



roof of corollary F is a 4 fold of
Xcp a cubic 4 fold k30 type

F F X Fano variety of lines on X

P C F x X the incidence correspondence

p'bundle

I g
X cps

P Ces x I xee

F C Gr46

Deauville Donagi 1985 The Abel Jacobi map

a 9 4 HELF 2 HY z
is an isomorphism

A Beanville R Donagi



any integral Hodge class E H X Z is of
the form

Gx t a sumof rational
curves

for some class Te 1133 2

h

m it is algebraic

Zuk If T is a rational curve on F then

p T C P is a P bundle over T

g p t is a rational surface on X



Varieties of K30 type

S k3 surface

X STD Hilbert scheme of n points on S

he Hilbert Chow morphism

HC SED ga
induces decompositions E

HUX 2 445,27 A 2B
T

Hz X Z Hals 2 of Z T

B I EJ E exc divisor of HC

T rational came in a fiber of HCle

q H X2 21 Beauville Bogomolov Fujiki form

us the decompositions above are orthogonal wrt g



Rink This show that the IHC holds for 1 cycles for
IHS varieties of the form S



Deforming rational curves

X 1 S variety of dim Zn

f p X non constant

R flip C X

Det X R C Def x deformation spaceofX
11 Hodge locus

deformations for which R stays Hodge type In in is

No X B Kontsevich moduli space of stablemaps
f p X

with f p p

X
f

1

K



Prop Z Ran

1 Every component MENEX ER RR

contamiy f has dimension 7 2n 2

2 If there is a component M of dui 2n z

then the curve R deforms in the
Hodge locus Def X ER

Z Ran



If F component H

E
p

of tox Bl
Rof dim 2n 2

ITt
Td

The curve R

4442 at
p

deforms in R
the fibers of it
where R stays

at
t

THodge



Constructing rational curves on 5cm

Want rational curves C C St deforming in

a family of dimension exactly 2n 2 I then deform

ex S H degree 2 K3 surface

I S P double cover

offs
IT

p2

Ce IHI is a genus 2 curve m admits a

glamrational curve R C SE
via the incidence correspondence

I RICH E Sxs Pe supp z

fr
ik
ga



The class is givenby CRI att b B
Re H bt bez

Re H aH2 za

it is primitive in HzXZ 2 subsumes in the
g's incident
to anotherH

Re moves in a family of dimension exactly 2
it gives a plane P C S contarig all of the
curves Re
P can be contracted by a birational map

Re defines in a family of dimension
exactly 2 24 2

i For any IHS XD deformation equivalent to
SPM the IHC holds



To get classes like these on any polarized K3
Sitt we need to consider suigular canes

on K3s

Set Up
S H k3 of degree 2p 2

CE IHI a curve with S nodes

Given a gin on E nonalization ofC

Mt rational came Re on SC

s

It
or ppl

If things are sufficiently generic we have

Rd H p Sth 1 T

mi Rd is primitive in Hz4,217



A result of Ciliberto Knutsen

V11 Seven variety of canes in IHI

Ce A
C has nodes

thenormalization C
admits a gin

automatic if p seZn z

Mhmhhhhmwoaomi

C Ciliberto A L Knutsen



Consequences

If p S In 2 VIIg has dim 2n 2

and the set of gin's on

a general curve is O dimensional

If p S E 2n 2
Vitig has dim p S
and the set of gin's have
dim 2n 2 pts

i In both cases the family of rational curves Rc
is exactly 2n 2 dimensional

One then shows that for any IHS variety X
of K type H x2 is generated by
classes c where c comes from a definition
S's H of X



Open problems

1 Rationally connected varieties

Q Let X be a smooth rationally connected variety 10
Is Azaz generated by classes of curves

rational canes

Schoen Yes if the Tate conjecture holds

for divisors on all sm proj surfaces

2 Abelian varieties

Let A 0 be an abelian g fold
primitive polarization

Q Is the minimal cohomology class
g i relates to

E Hz AZ rationality
problems

algebraic

Grabowski If yes then the IHC holds for
1 cycles on abelian varieties

theproof uses the
Fourier Mukai transform



3 A question of Diaz
Is there a simply connected 3 fold X
so that X admits a non algebraic
torsion class

4 Griffiths Harris conjecture
Does the IAC hold for very general hypersurface
X Elp of degree d 6


