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Application to some arithmetic questions

Let f: X — B be a morphism of complex projective varieties, where B is a curve

X

B

Graber—Harris—Starr theorem: If the general fiber of f is rationally connected,
then f has a section.



“71

V

A variety V' is rationally connected if any two general points x,y € V' can be joined by a
rational curve:

XT3 plyomids 7l e () ok % =), L xy= Rl

Solves

3 9 g v
X:+£x‘1+£2x;{+£7<3+txy =o [?V

| W)



J.P. Serve

Serre (1958) (in a letter to Grothendieck):
Is the same conclusion true for varieties X/K with H*(X,Ox) = 0 for i > 0?

Serre adds that it is “sans doute trop optimiste”. N

wdyey
50\)&%3 Ylnis



Graber—Harris—Mazur—Starr, Lafon, Starr (~ 2002)
No: There exist Enriques surface fibrations over curves with no section.

4. La-fon



A question of Esnault:

If X/K satisfies |
H(X,0x)=0 fori>0,

does X/K admit a 0-cycle of degree 17

More geometrically: If f : X — B is a fibration with general fiber X} satisfying
H'(X,0p,) = 0 for i > 0: Do we have

ged ( deg(C/B) | C C X a curve) =17

H,Es






Main result of today:
Theorem (O.-Suzuki)

There exists an Enriques surface fibration
X —» P!

such that every curve C C X has even degree over PL.

F. Suzwk|



Relation to the Integral Hodge Conjecture

Colliot-Thélene—Voisin: For f : X — B with O-acyclic fibers:
f«: Ho(X,Z) — Ho(B,Z)
is surjective.

Thus there is a homology class o € Ha(X,7Z) which has degree 1 on a fiber.
.. “there is no topological obstruction to the existence of sections”

-

\ i |
J‘—L Co”il)l'—-n@le\m




The class o is automatically Hodge, so we obtain a new counterexample to the Integral
Hodge conjecture.

In the example, 40 is algebraic, but o is not.



Enriques surfaces

Surfaces S with
e m(S)=7Z/2
e 2Kg=0

There is a universal cover 7 : Z — S where Z is a K3 surface

Example
Let S C P2 x P? be the surface defined by the 2 x 2 minors of a generic matrix

<p0 P1 pz) pi = pi(x0,$17372)
@0 O 9 % = ¢i(yo,y1,Y2)

where degp; = (2,0) and degq; = (0,2). Then S is an Enriques surface.



Here is the K3 cover:
On P° = Proj k[xo, 21, 22, Yo, Y1, Y2, there is an involution P, P,

L PP s PP

defined by o*(z;) = z;, 1(yi) = —vi-
Consider the quadrics

pi = Dpi(xo,x1,22)
Fi=pi+q
b % = ¢(Yo,y1,Y2)
S Uzt
These define a K3 surface e wid L
Z={Fh=F=F=0CcP
. acts freely on Z, as Z is disjoint from
. P1 = V(ZEO I ZCQ) ZPQ
Fix(t) = P U P TR
( ) ! 2 P2 — V(y()?ylayQ) = PQ

Hence S = Z/¢ is a smooth Enriques surface.



An Enriques surface fibration

Let Y C P! x P2 x P? be the threefold defined by the 2 x 2 minors of a generic matrix

(po D1 pz) pi = SA;+1tB;
go G g2 g = sC;+1tD;

where degp; = (1,2,0) and degq; = (1,0, 2).

Then Y is a smooth threefold, and the first projection defines an Enriques surface
fibration
p: Y — PL



Properties of Y

® Y has Kodaira dimension 1
* Y is simply connected and H*(X,Z) has no torsion.
® Hodge diamond



The geometry of Y
Let F; = p; + ¢;, considered as a (1,2) form on P! x P°,

oA
Z = Blpiy(p,upy)Z0

™ p
L
Zo={Fy=F =F,=0} CP' xP° Y C P! x P? x P?
~ K2 fhedvoa
7 is the blow-up of the fixed points of ¢:

e (P! x P)NZy (= 12 points p1 1, .. .,p112); and ¢ P,
° (Pl X PQ) N Zo (: 12 pOiIltS D215 - - ,p2,12) : -

~~> 24 exceptional divisors

E1,1, E1,12
Egjl, E2,12

p is a double cover, ramified along the Ej ;.



Out of the 24 E; ;’s, we single out Ej 1,..., Ej 12 (from the fixed points on P;).
If Y is defined by (2; 0 ]C; ! ]; 2), the F4 ; are the components of
0 91 42

Ei={pp=p=p2=0}CY.

Claim

For a curve C C Y we have

deg(C/P1) = ZEU mod 2.

. If C C Y is asection of Y — P!, then C has to intersect at least one of the F ;’s (!).



This is enough to show that Y fails the THC:

Z = Blpix(p,upy) 2

N

ZQ:{F():FIZFQ:O}CP1XP5 YCP]XPQXP2

Lefschetz hyperplane theorem ~~~> Hy(Zy,Z) =7Zf1 ® Zf>
~—>= Hy(Zy,7) — Hy(P,Z) surjective
~—>= Hy(Z,7) — Hy(P!,Z) surjective
~~—> Y admits a class v € Hs(Y,Z) such that

deg(y/P')=1 v -Ei; =0 Vi

~~> v is Hodge, but not algebraic.



We consider a degeneration Y — T with special fiber ).

If Y = )} is a very general fiber, then there is a specialization map
CHl(Y) — CHl(yo)

compatible with intersection products.

So it suffices to prove the congruence

deg(C/P!) = ZEH mod 2.

on yo.



The degeneration: Y C P! x P? x P? — Spec k[e] defined by the minors of

M. — Do p1 D2
€ — 2 2 2
SYy +€ro syy +ery Sy; +€rg

Special fiber over € = 0: Yy = Yo U Y]

* Yo NY] = {s = 0}= an Enriques surface
® V(po,p1,p2) = E11U---U Ej 12 does not intersect Yy (hence lies in (Jp)reg)-



deg(C/PY) = C - (Z;il El,j) mod 2

Yy is defined by the matrix

(po P1 p2)
v v y3

Let D1 = {po = 0}; this is a divisor of type (1,2,0).

For C' C Yy a curve, Q (W0 O') C rr m.)

deg(C/IPl) =D;-C mod 2
On the other hand,

D1 =2- V yo ZELJ

This gives the desired congruence.

Main point: some Cartier divisor becomes double on the degeneration Y.



The threefold X and proof of the main theorem

Let X C P! x P2 x P? be the threefold defined by the 2 x 2 minors of a generic matrix

(Po p1 pz) pi
do g1 Q2 qi
where degp; = (2,2,0) and degq; = (2,0, 2).

Theorem

Any curve C C X — P! has even degree over P!,

S2Ai + stB; + t2Ci
SQDZ‘ + stE; + t2F¢



Properties of X

® X has Kodaira dimension 1
® X is simply connected and H*(X,Z) has no torsion.
® Hodge diamond



On X C P! x P? x P? there are now 24 + 24 = 48 exceptional divisors

Evg, oo B P, P,
Eo1, ... E224 - 2
We focus on Ej 1,. .., Ej 24; the components of

Ey = {po =p1 =p2 = 0}.

Basic strategy: Prove the following key congruence:

deg(C/PY) = C (ZEljk> mod 2 (1)

for any 12-tuple 1 < j; < ... < j12 < 24.
This will imply the theorem: We would get that
C-Eyg=--=C-FEjp mod 2,

and hence that deg(C/P!) is even.



We want to prove that

deg(C/P') = Z Ey ;. mod 2 (2)

1. Monodromy argument: Reduce to proving (2) for some 12-tuple j; < ... < jio.

2. Specialization argument: Prove (2) for some (ji,...,j12) by analyzing a certain
degeneration of X.



Here is the degeneration:

A — [ 5P +erg (s—t)pr+err (s+1t)py+erg
stqo + €sg t(s—t)q +es1 t(s+t)ga + €so

The special fiber over € = 0 is a union

Y UR;URyU Rj3



e Y is the previous Enriques surface fibration with 12 planes Ej j, ..

e On Y, we know that

12
deg(C/PY) = C - (Z El,jk> mod 2
k=1

The main congruence (2) follows from this.

.y EW]_,]'12
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Theorem 2.1. [CK, Thm 0.1] Let (S, H) be a very general primitively polarized K3

of genus p := po(H) > 2. Let § and n be integers satisfying 0 < 6 < p and n > 2. Then
the following statements hold: )
pdowakic § o8 e E

(i) VI?IIJS is non-empty if and only if e
p—20
> A — — = .
0> cy(p 0—(n—1)(a+ 1)), where o {271 - 2J (6)

(1) Whenever non-empty, V|'1‘1,| 5 s equidimensional of the expected dimension min{2n—
2,p— 4}, and a general point on each component corresponds to an wrreducible

curve with normalization C of genus g = p — 6, such that the set of gl ’s on C is
of dimension max{0,2n — 2 — g}.
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