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Stokes waves are unstable — modulational instability
—Benjamin & Feir (1967)
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The Fermi–Pasta–Ulam (FPU) recurrence — 1955

A long chain of masses linked by springs that obey Hooke’s law (a
linear interaction), but with a weak nonlinear term.

One day the computer wasn’t stopped as intended, and the
calculation was left running. They found, to their great surprise,
that nearly all of the energy returned to the initial mode, and the
original state was almost perfectly recovered.

The energy did not drift toward the equipartition predicted by
statistical physics but periodically returned to the original mode.

The first page of the report states the following:

Report written by Fermi, Pasta, and Ulam.
Work done by Fermi, Pasta, Ulam, and Tsingou.

Story told according to Thierry Dauxois, Physics Today (2008)
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Now called the Fermi–Pasta–Ulam–Tsingou recurrence
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Example of Fermi–Pasta–Ulam–Tsingou recurrence (1965)
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Look for Fermi–Pasta–Ulam–Tsingou recurrence in water
waves — Lake, Yuen, Rungaldier & Ferguson (1977) —
they found recurrence with downshift, different from the
Fermi–Pasta–Ulam–Tsingou recurrence
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One-dimensional conservative nonlinear models predict
perfect Fermi–Pasta–Ulam–Tsingou recurrence

For example:

NLS = Nonlinear Schrödinger equation

MNLS = Modified Nonlinear Schrödinger equation
= Dysthe equation

etc.
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Master thesis of Karsten Trulsen 1987–1989
supervised by Kristian B. Dysthe

With the wave modulations described by the Dysthe equation,

can dissipation, induced by wave breaking, as a consequence of
wave modulation, produce a permanent downshift?

Yes, it can!
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Trulsen & Dysthe (1990)
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Trulsen & Dysthe (1990)
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Very many publications follow this up . . .

The one-dimensional downshift is not sensitive to the fine details
of the heuristic damping / non-conservative mechanism.

(Here I should have included a long list of references. . . )
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How to make a wave tank long :
Employ high-frequencies / short-wavelengths
but then the modulation is not long-crested
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Hierarchy of modulational instabilities — collinear and
transversal — type-I and type-II — McLean et al. (1981)
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We can easily distinguish type-I and type-II transversal
instability in experiments by visual inspection
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Have all the “one-dimensional” experiments fooled us to
believe that the downshift is a dissipative process?

Maybe the “one-dimensional” experiments were actually
“two-dimensional”, employing short wavelengths in order to make
the wave tanks long?

Is dissipation less important than previously believed due to energy
“hiding” in transversal modes?

We need new experiments with better resolution of transversal
modes!
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Design of new experiments at MARINTEK
(now renamed SINTEF Ocean)
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Frequency power spectrum Jn(x , ω) for each transversal mode
number n at each station x , normalized peak value 1 at each
station x .
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Mean power along the tank for each transversal mode Gn(x), the
total mean power I (x), and the mean power along the centerline of
the tank C (x).
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Peak and mean frequencies along the tank, ωpeak,n(x) and
ωmean,n(x) for each transversal mode Jn(x , ω), ωpeak(x) and
ωmean(x) for the combined measurements across the tank F (x , ω),
ωpeak,c(x) and ωmean,c(x) for the centerline of the tank D(x , ω).
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Parametric plot for peak frequency downshift. Runs without, ×,
and with, ⊗, clear visual observation of type II horseshoe patterns.
Run numbers reduced by 8000. Colors: black, no downshift
∆ωpeak/ωc > 0.9; red, small downshift 0.9 ≥ ∆ωpeak/ωc > 0.76;
blue, clear downshift ∆ωpeak/ωc ≤ 0.76.
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Parametric plot for mean frequency downshift. Runs without, ×,
and with, ⊗, clear visual observation of type II horseshoe patterns.
Run numbers reduced by 8000. Colors: black, no downshift
∆ωmean/ωc > 0.95; red, small downshift
0.95 ≥ ∆ωmean/ωc > 0.89; blue, clear downshift
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Downshift occurs when transversal type-I instabilities are
enabled — McLean et al. (1981)
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Conclusion

Recurrence with downshift only when transversal type-I
instabilities are enabled

Type-II instabilities do not correlate with downshift

Insufficient measurement resolution across the tank can result
in overestimating dissipation and incorrect estimation of the
amount of downshifting, because energy and frequency
content can be “hidden” in transversal modes.

Downshift due to dissipation is possible, but may pertain to
an idealized world that does not exist?

Downshift without dissipation has not been observed in
physical experiments?

A criterion for downshift appears to be that the wave tank
should accomodate crest lengths of at least 10 wavelengths.
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