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CONVERGENCE OF A FULLY DISCRETE FINITE
DIFFERENCE SCHEME FOR THE KORTEWEG-DE VRIES
EQUATION

HELGE HOLDEN, UJJWAL KOLEY, AND NILS HENRIK RISEBRO

ABSTRACT. We prove convergence of a fully discrete finite difference scheme
for the Korteweg—de Vries equation. Both the decaying case on the full line
and the periodic case are considered. If the initial data is of high regularity,
u(x,0) € H(R) the scheme is shown to converge to a classical solution on the
whole line, and if the regularity of the initial data is smaller, u(z,0) € L?(R),

then the scheme converges in L?(0,T, L (R)) to a weak solution.

1. INTRODUCTION
The Korteweg—de Vries (KdV among friends and foes) equation, which reads
(11) Up + Uy + Ugzz = 0,

has been studied extensively since its first analysis in 1895 by Korteweg and de Vries.
Apart from applications as a model for shallow water waves, the KdV equation
has maintained a pivotal role in several branches of mathematics. We here focus
on the derivation of convergent numerical methods for the initial value problem
where the equation is augmented by initial data u|t—g = ug. The problem
of analyzing convergent numerical schemes is of course intimately connected with
the mathematical properties of the Cauchy problem for the KdV equation, which
has undergone a tremendous development the last two decades, see [32], 22]. We
will not be able to discuss that literature here, but only refer to the parts that are
pertinent to the current paper.

An interesting fact, and rarely referred to in the current literature, is that the first
mathematical proof of existence and uniqueness of solutions of the KdV equation,
was accomplished by Sjoberg [30] in 1970, using a finite difference approximation
very much in the spirit considered here. His proof is valid for initial data that are
periodic and with square integrable third derivative, that is, ug(z + 1) = ug(x) for
x € [0,1] and uf’ € L?([0,1]). Sjoberg’s uniqueness proof still is the standard one,
using the Gronwall inequality. His approach is based on a semi-discrete approx-
imation where one discretizes the spatial variable, thereby reducing the equation
to a system of ordinary differential equations. However, we stress that for numer-
ical computations also this set of ordinary differential equations will have to be
discretized in order to be solved. Thus in order to have a completely satisfactory
numerical method, one seeks a fully discrete scheme that reduces the actual com-
putation to a solution of a finite set of algebraic equations. This is accomplished
in the present paper, both in the periodic case and on the full line.

There has been a number of papers involving the numerical computation of
solutions of the Cauchy problem, starting with the landmark paper by Zabusky and
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Kruskal [38], where they discovered the permanence of solitons (the term “solitons”
being coined in the same paper) for the KdV equation using numerical techniques.
However, we will here focus on papers that discuss numerical methods per se.

A popular numerical approach has been the application of various spectral meth-
ods. Little is known rigorously about the convergence of these methods. For a sur-
vey and a comparison, see [25]. See also [20]. Multisymplectic schemes have been
studied in [4] (see also references therein). There exist convergence proofs for finite
element methods for the KdV equation, see [37, B, Bl [6]. However, the resulting
schemes tend to be quite different from finite difference schemes derived ab initio.

The numerical computation of solutions of the KdV equation is rather capricious.
Two competing effects are involved, namely the nonlinear convective term wuu,,
which in the context of the Burgers equation u; + uu, = 0 yields infinite gradients
in finite time even for smooth data, and the linear dispersive term u,,,, which in
the Airy equation u; + Uz, = 0 produces hard-to-compute dispersive waves, and
these two effects combined makes it difficult to obtain accurate and fast numerical
methods. Indeed, any initial data for the Burgers equation that is decreasing in
a small neighborhood, will develop infinite gradients in finite time, while the Airy
equation preserves all Sobolov norms while creating many oscillatory waves. Most
finite difference schemes will consist of a sum of two terms, one discretizing the
convective term and one discretizing the dispersive term. These two effects will
have to balance each other, as it is known that the KdV equation itself keeps the
Sobolov norm H*® bounded; from [7] we know that if ug € H*(R), with s > 3, then
the solution satisfies |[u(t)|| g« ) < Crou, for t € [0,T]. This dichotomy between
these two effects is brought to the forefront in the method of operator splitting.
Here the two equations, the Burgers equations and the Airy equation, are solved
sequentially for a small time step. This procedure is iterated, and as the time step
converges to zero, the approximation converges to the actual solution. In the KdV
context operator splitting was introduced by Tappert [33], a Lax—Wendroff theorem
was proved in [13], and convergence of the operator splitting technique proved in
[14, 17, 15, [16]. Our approach here is a finite difference method which can also be
viewed as an operator splitting method.

Recently, a semi-discrete scheme for the generalized KdV equation was shown
to converge in L2 _ for initial data in L? [2]. We also analyze the scheme presented
here, which in contrast to the scheme in [2], does not involve an explicit fourth
order stabilizing term, and show similar convergence properties for non-smooth
initial data.

The rest of this paper is organized as follows: In Section [2| we present the nec-
essary notation and define the numerical scheme. In Section [3| we show the con-
vergence of the scheme for initial data in H3(R), while in Section [4| we show the
convergence to a weak solution if the initial data is in L?(R). In Section [5| we
exhibit some numerical experiments showing the convergence.

2. THE SCHEME

We start by introducing the necessary notation. Derivatives will be approximated
by finite differences, and the basic quantities are as follows. For any function
p: R — R we set

1 1
Dyp(x) = :I:A—x(p(:r + Az) — p(z)), and D = 3 (Dy++D_)
for some (small) positive number Az. If we introduce the average

1

p(z) = 5 (p(z + Az) +p(z — Az)),
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we find the Leibniz rule as

D(pq) = pDq + qDp.

We discretize the real axis using Az and set x; = jAx for j € Z. For a given
function p we define p; = p(x;). We will consider functions in ¢? with the usual
inner product and norm

(p.q) = Az > pias, ol = @.p)"?  pgel’
JEZ
In the periodic case the sum over Z is replaced by a finite sum 5 = 0,..., N.
Observe that )
= < =
72 I?g%lpjl S [pll -
The various difference operators enjoy the following properties:

(p,D1q) = —(Dxp,q), (p,Dq) = —(Dp,q),  p,q€ (>

Further useful properties include

1 1
(u, D3 D_u) = §(U7D—D—2-u) - Q(U,D_,_DQ_U)
1
=5 (D_D3 — Dy D?)u)
(2.1) 1
= 5 (U, D7D+(D, — D+)U)
Ax 2
=~ ID+D-v|
since (u, Dy D2u) = —(u, D_D3Fu) (because (u,v) = (v,u)) in the first line, and
D_.-D,=-AsD,D_=-AzD_D,.
Similarly we find that
Az

(u, Dy D*u) = | DL D_ul” ’ bruker vi denne? ‘

2
We also need to discretize in the time direction. Introduce (a small) time step
At > 0, and use the notation

DLp(t) = 5 (ot + A1)~ p(1).

for any function p: [0,7] — R. Write t" = nAt for n € Ng = NU {0}. A fully
discrete grid function is a function ua,: AtNy — R%, and we write uaz(z;,t") =
u?. (A CFL condition will enforce a relationship between Az and At, and hence
we only use Az in the notation.)

The KdV partial differential equation reads

We will study the initial value problem for (2.2)), that is, we are given a function wug
such that u|;—¢9 = up. Both the periodic case and the full line will be treated, and
we will focus on the full line. The main idea is that u(z;,t") ~ uas(x;,t") = u}
for Az, At =~ 0.

We propose the following implicit scheme
(2.3) it =uf — AtufDu} — AtDID_uj*', neN,jeZ.
For the initial data we have

u? =wuo(x;), JjEZ.
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Remark 2.1. This scheme can be reformulated as an operator splitting scheme as
follows. Set

1, ., . At (1, 2 1, .2
U?H/Z =3 (ufpy +ufy) - AL (2 (ufr)” = 5 (uj_1) ) ;

i.e., u" /2 is solution operator of the Laz-Friedrichs scheme for Burgers’ equation,
applied to u™. Then
un L nt1/2
At
i.e., " is the approzimate solution operator of a first order implicit scheme for

Airy’s equation u; + Uz, = 0. If we write these two approximate solution operators
as Sgt and Sﬁt respectively, the update formula (2.3|) reads

u"tt = (Sﬁt o Sft) u”.

The convergence of this type of operator splitting using exact solution operators have
been shown in [14,[17], with severe restrictions on the initial data. The results in this
paper can be viewed as a convergence result for operator splitting using approximate
operators with less restrictions on the initial data, but with specified ratios between
the temporal and spatial discretizations (CFL-like conditions).

2 1
= -DiD_u"",

3. CONVERGENCE FOR SMOOTH INITIAL DATA

n+1

To show that the implicit scheme can be solved with respect to u;

as follows: Write the scheme as

(1+ AtD3D_)ul™' =uf — At} Du}

, we proceed

and hence
(14 AtD2D_)u um ) = [[u* | + Al(D2 D_u+ unth)
= | + SAtAw DD
> [,
thus
| < | (1 + AtD2 D Y| = @ — At Du| .
The fundamental stability lemma reads as follows.

Lemma 3.1. Let u} be a solution of the difference scheme (2.3). Then the follow-
ing estimate holds

(3.1)
a2 |*+ Ataa! 2 (Aax || D2 D_w [P+ Awt 2 HD+D,u"+1H2+% |Dur*)
<

provided the CFL condition

S R T 1-46
(32 Ml (5433 l) < 252, s,

holds where A\ = At/Az®/?.

Proof. For the moment we drop the indices j and n from our notation, and use
the notation u for u} where j and n are fixed. We first study the “Burgers” term
AtwDu. Let u be a gridfunction and set

w=u— AtuDu.
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If the timestep At satisfies (3.2]) then we have the following “cell entropy” inequality

1 1— At Az®
- 22 203 g2t 2

5 5 U 3 Du® -6 3 (Du)”, d€(0,1).
To prove this we multiply (3) by @ to find

1, 1, 1, 1 _

SW =5 AtzuDu + 2(w w)
1— 1 1 1 _

= u? — AtiﬂDtﬂ + §At262 (Du)? + 3 (EQ - u2) .

w? <

2

Now we have that

1 1 1
i(a—i-b) (a® — %) = 3 (a® —b%) — E(a— b)3,

and

1 1 1
Z(CL“F b)2 — 5 (G/Q + b2) = —Z(a — b)2

For a gridfunction, this implies

2 2Ax?

aDu? = - Du® — Du)®
W —u? = —Az? (Du)?.
Therefore
1 1— 1 2 2
—w? = Zu? — gDu?’ + ZALT? (Du)? + AtAz (Du)® - Az (Du)?
2 2 3 2 2
1— At Az’
= w2 — —Dud - §—— 2
5 3 Du® -4 5 (Du)
+ Az? (Du)? <;\Ax3/2Du + %Am)\QEQ - 1;5>
2
< 1? - gDu?’ - 5A—x (Du)?
2 3 2
A 1 1-90
+ Az? (Du)? <A:c1/2 lull, + =AzA?T? — )
3 <2 2
2
< lﬁ - gDu3 - §A—x (Du)?
3 2
A 1 1-9
Az? (Du)? [ = N2 |ulf? = ——
+ 8 (D0 (Gl + 52l - -5
A
2
< %E— %D’UJS - 5% (Du)*, &€ (0,1),

where we have employed that A < 0 since A satisfies the CFL condition (3.2)).
Estimate follows.
Summing over j we get

Az?
(33) ol + 655 1Dl < [l

Next we study the full difference scheme by adding the “Airy term” At DiD,uyﬂ.
Thus the full difference scheme ({2.3]) can be written

v=w— At DiD,v.
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Writing this as w = v + At DiD,v, we square it and sum over j to get
2
[w]|® = [|v]|* + 2At(v, D2 D_v) + At? || D D_u||
(3.4) 2 2 2 || H2 2
= |lv||* + AtAz ||[D_Dv||” + At? | D3 D_v||",

using the identity (2.1)).
For the function u™ this means that

o] = flur |
(3.5) + AtAz? (AsA || D3 D_w P 4+ Azt [ Dy D_u )
A 2
< Jlu | = 6= [ Dull?,

using (3.3). This implies
eq:unl2| (3.6)
[um+|* + AtA 2 (AwA || D2 D_um P + Az/? ||D+D_u”+1||2+% 1Du" )
< [lum]?.
O

Next, we consider what corresponds to the finite difference scheme satisfied by
the time derivative of the original scheme.

Lemma 3.2. Let u} be a solution of the difference scheme (2.3)). Then the following
estimate holds

[

~Ax? _
cqvmest tema| (37) +AF[DED-DL P+ Ataw||D DDy [P+ 55 | DD

1 17
< 5 HDiu"‘lﬂ2 (1 + §At ||Du”||oo> .
provided At is chosen such that
1-9

55) ol ¥ + 2ol A < L0 e o),

Proof. Introduce

1
n t, n—1
ot =Dt =

Using ([2.3]) we see that this gridfunction satisfies
™ =a" — At(@"Du" +a"D o) + At’&"Da" — AtD? D_a" !

(3.9) =a" — AtD(u"a") + At*a@"Da™ — AtD2 D_a™™', neN.

Initial data are given as follows

(u" —u™Y), n €N

a’ = —a’°Du’ — D%rD,uO7
10 A
al = ; D D_u® —7Du’ — D2D_u!,
where u! = u° — Atu’Du® — At D2 D_u' from the definition (2.3) of the finite
difference scheme, and we set = ! = 0. Introduce
_ At?
11 - () + Dt
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which means that (3.9)) can be written as

(3.12) ™t = B — AtD3 D_a™t!

We proceed as before and square (3.11)) to find

15 A A ?
762 a? + —t (D(ua) — tDoz2>
2 2
_ _2 At272 Al‘Q 2
— At (waDo + @ Du) + — Do — = (Da)”.

We have that

% (D(ua) - AztDoF) < (D(ua))® + At*a? (Da)?

< 2u? (Da)? + 262 (Du)* + A?a? (Da)?,

1 Az?
@’Da = -Da® — —— (D
a=g3 5 ( )’
1 1 A
uaDa +a°Du= 3D (ua )—|—2a2Du—Tx(Da) Du.
Using this
1— A A A AtAz?
752 12 2 (we? - 2103} — 2@ pu+ 227 (pa)? Du
2 2 3
: 2 (o2 2 o2 2 2_2 s Az 3
(3.13) + At* | 2u® (Da)” + 2a° (Du)” + At“a” (Da) —Y(Da)
A 2
—Tx(Da) .

Now we must balance the positive terms with Az?(Da)?. To this end we compute
Az?(Da)? < a2,
AT (Du)? < AAzY? At ||u™|| o2 | Du™|,
AfPa? < 2|u”|, + 2|jum 2,

1
Aa? Dol € ——7z (Il + "]

172
Using these in we find '
%52 < %ﬁ_ %D (ua2 - % 3) + (% + %)@Du\ +2A2 @2 (Du)?
+A2A2% (Da)? <2u2 + 2+ 2]lun 2+ m (Jlu™lo + IIU"1IIW)>
A7 (pay:
< %?— %D (ua2 - A;oz3> + At (1 + AAz/? ||u”|\oo) a? | Du"|

#2280 (Do’ (4m(un|io+2||unluio)+“ (et 1)

IN
|
Q

[\v]

I
b
/\
|
Q
N—
+
>
~+
_
+
>~
=
=
T

[\v]
-l
:w
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— At At 17— § —
a?——D (ua2 - 3a3> + At 716 a? | Du"|

1-9 A .
+ Az? (Da)? (6 l[uol|® A% + 4 [|uol| X — 46> - 6—36 (Da)?, b§€(0,1).

Now we choose At according to (3.8)), multiply with Az and sum over j to obtain
~Az? 17—6

(3.14) % 181" + 6=~ | Da® < || "+ =g AtIDu" | llall”
Writing equation (3.12) as
B2 = (o™ + AtD2 D_a"t)?,
we find
18112 = [[a" || + 2At(a™ ", D2 D_a™) + A | D2 D_am Y|
— |a™*|* + AtAz || Dy D_a™Y||* + A8 | D2 D_a™ .
Combining this with we find

@315) [l + At Dy Do + AR D2 D_ar

~Ax? " 1 17 " n
+52 Do < (1+ 7 At | Dur )na 2.

At this point we recall the inequality (cf. Lemma [A.2)):

(3.16) | Dul|, < €||DED_ul| + c(e) ull,

where € is any constant, and ¢(e) is another constant depending on e.
The definition of u™, (2.3)) can be rewritten

1
|eq:sjobergexp2 | (3.17) a"tt = Dﬁ_u" = 2—D+D_u" —a"Du™ — D_2._D_u"+1
I

where 1 = At/Az? = A\/Az'/?. Therefore (using Lemma in the second esti-
mate)

D20 < | 4 D + 5, 1D Do
1
< Jla™ M+ 1Du" g lluoll + 57 (e | D3 D[] + () luoll)
< o + o (e D4 + el
1 n 1
+ 5,¢ DD + 5 ele) ol

A 1/2
< o+ (et + 255 020

Aml/Q
Fele) ol + 25 el o

Ale,e)

= Ha”+1H + = ||D2 D_ u"” + A (choosing € and ¢ such that this holds)
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= am 1] + 5 P20~ (@t - At + 4

<||a"+1H+ |D3 D™+ 5 AtHD2Df " A
17 1/2
<Ha"+1H+fHD2D, "“H+fll o (1+ At||Du”> A

< o1+ 5 102 Do s ol (14 Aol )+
where we have used to estimate At HDiDJ)z"‘H H Hence

(3.18) HDiD_u”HH <c+c Hoz”“” + e |l

for some constants cg, ¢; and ¢y that are independent of Axz. Exploiting this and
the inequality (cf. Lemma|A.2)) in (3.15]), we get

™" < a1 + At (e[ PED—w" || + c(e) ") 1"
< o™ + CAt (e (co +er [l + ez [l H]) + e(e) lJuoll) ™ *
Since ||u™|| is bounded by ||uo||,
(3819) [ < o™ + At (dy o |* + da (o™ I* + o™ ")) .
for constants d; and dy which only depend on |Jug|| and A. Set a,, = [Ja™||*, so that
nt1 < an + At (dlan +do (af/Q + ana;/fl)) .
Now let A = A(t) be the solution of the differential equation

dA
- =diA+ 2d, A%, A(0) =ag > 0.
This solution has blow-up time
d;
T =T =1 1
ot ( dz\/ag )

Furthermore, for t < T, A is a convex function of ¢ (since the second derivative
clearly is non-negative). We now claim that for nAt < T°°, we have

an, < A(nAt), n € No.
This holds for n =0 and n =1 (recall (3.10)):
l®]| < [[u°[[[[P’]| , + [[P3D-u"]| < €

ol < 222 1Dy D + [5°Du| + || D D]

Concerning the term ||D_2‘_D_u1 H we find that
(I+ AtD3D_)DiD_u' = D3 D_(u" — Atu’Du®)
which implies
D2 D_u!| < |03 D_ (= — AtzDu?)|
< |2 0 + At | D2 D_@Du))| < ©
by assumptions on ug. Thus
le’lf< ¢, flo*l<C

for a redefined constant C.
Assuming that the claim holds for integers up to n, we get

an+1 < A (nAt)



10 HOLDEN, KOLEY, AND RISEBRO

+ At (d1A (nAt)
+dz (A(AOY? + A (At A((n - 1)A8)?) )

< A(nAt) + At (dlA (nAt) + 2ds A (nAt) 2)
< A((n+ 1)At).

Hence, for t <T =T/2, ||a™|| < C for some constant independent of Ax.
Therefore, we can follow Sjoberg [30] to prove convergence of the scheme for
t < T. We reason as follows: Let ua.(x,t) be the piecewise bilinear continuous
interpolation such that
Uag (), tn) = uf.

We have shown that the function ua, satisfies the bounds

(3.20) e (5t L2y < lluoll L2y »
(3.21) [0sunz(, )l L2y < C,

(3.22) [0vuns (-, )l 2y < C,
(3.23) 0z2zvune (-, )l L2r) < C

for t < T and for a constant C which is independent of Az. The first three bounds
have already been shown, to show the last bound notice that

020w < Dk | + . | 0w < C.

The inequality follows readily from this.

The bound on d;ua, also implies that ua, € Lip([0,T], L*(R)). Then an appli-
cation of the Arzela-Ascoli theorem using shows that the set {uaz} - is se-
quentially compact in C([0,T], L?(R)), such that there exist a sequence {uAm]. }jeN
which converges uniformly in C([0,T]; L2(R)) to some function u. Then we can
apply the Lax-Wendroff like result from [13] to conclude that u is a weak solution.

The bounds , and means that u is actually a strong solution
such that holds as an L? identity. Thus the limit u is the unique solution to
the KdV equation taking the initial data ug.

Summing up, we have proved the following theorem:

thm:H3convergence | Theorem 3.3. Assume that ug € H*(R), then there exist a finite time T, depend-

ing only on |[uol| s gy, such that for t < T, the difference approzimations defined
by (2.3) converges uniformly in C(R x [0,T]) to the unique solution of the KdV
equation (1.1]).

Remark 3.1. Helge: Describe how the periodic case subsumes the full line (with
small modifications).

4. CONVERGENCE WITH L2 INITIAL DATA

sec:L2
Let the function p be defined as p = p * w, where

p(z) = max {1,min {(1 + 2+ R,1+2R)}},
and w is a symmetric positive function with integral one and support in [—1,1]. We
have that all the derivatives of p are bounded, to be concrete we assume that
dk

dxikp(x) < 2kL k=1,2,3,... and for all x.

We shall also use that
0< — <1.
S p((IJ) =~
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Since p is positive we can define the weighted inner product and corresponding
norms by

(u,v)p = (u, pv) = Az Zpluzvz, Hu||z2) = (u,u)p,

where p; = p(z;). Note that Hu|| < (14 2R) ||lul”.
Using summation by parts, and writing u41 for the sequence such that (u41); =
Uj11, we have

(D_Diu,u)p = (D_Diu, up)
— (D}u,pDyu+uy1Dyp)
— (D4 (Dyu) Dyu,p) — (D3u, up1 Dip)

22 ((D%) ) — (D3, ua Do)

I
|
|
—~
!
+
!
+
&
S
N
+

-5 ((D+U)27D+D—P)
— ((D+u)2 ,D_p+ D+p) + Ax ((Diu)2 ,p) — % (u®>,D4D%p) .
So we have

(D-Diu,u), = ((D+U)2 »D7p> +1 ((D+U)2 »D+p)

S D3l - § (2 D2 D%).

(4.1)

Lemma 4.1. Let u} be a solution of the difference scheme | @ Let N be such
that NAt =T, and assume that the CFL-condition (3.2)) holds. Then

N-1
HuNHi—l—AtAxZ Z (D+u;-’+1)2
(4.2) n=0jAz|<R—1
2At
<l + Koz (I + ) + ¢

where the constant C' depends only on T and ug. In particular, for any finite number
R, we have that

(4.3) AtAxZ S (Dyu?)? < Ch,

n=0 [{Az|<R
where Cr = C(R, ||uol| ,T).

Remark 4.1. We shall see that this CFL condition is not sufficient to conclude
convergence of the scheme. For that we need At = O (A:Ez).

Proof. As before we set
w=1u— AtuDu.
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Set A = At/ Az/2. If the timestep At satisfies the following CFL condition (3.2)
then we can multiply by p to get the “cell entropy” inequality
2

1 1 At A
(4.4) —pw? < Zpu? — —pDu® — (5—xp (Du)*, &€ (0,1).
2 2 3 2
Summing (4.4) over j we get
Az? Az?
(4.5) *|| I3 +0—— | Du ully <5 5 || I2 - ( Du3)+7 (u*,DyD_p).
By (A.30) we have

[uDipll,, < ellD- (uDyp)| + c(e) [[uDp||
< e (|DsuDxpl| + [uD_Dp|) + (&) lluD-p .
and similarly
luD_pll.. < = (IDsuD_pll + l[us:1 D-Dipll) + c(e) [uD_p] .
We use this to estimate
|(p, Du®)| = |(Dp,u?)|
2
HquH ([l

IN

| /\

2
5 (luD1pll o + [leD-plloo) lull

IA
-

()
£ (IDsuD-p| + | DsuDspll) + <> (JuDypl] + ||uD_p||>) Jal®
<& (IDsuDspl + IDsuD-p|*) + Az, |lul)

< e (((Dsw?, Dip) + (D1, D_p) ) + A, Juol)

where the locally bounded function A now depends on the first and second deriva-
tives of p. Hence,

Az?
2 2 2
lwll + 06—~ IDull, < llull, + Ale, [[uol) At

et (0 2) + (020701)

where A is a locally bounded function. Next we study the full difference scheme by
adding the “Airy term” At DiD,u?H. Thus the full difference scheme ([2.3) can
be written

(4.6)

v=w— At DiD,v.

Writing this as w = v + At D_Q%D_v7 we square it, multiply by p and sum over j to
get

el = Iloll} +2A¢ (v, D2 D_v), + A || D} Do}
= |[vll? + A8 [ D2D_v]|?
+ 2At ((D+v)2 , D_p) + At ((D+U)2 , D+p)
+ AtAzx ||D3_v”i — At (02,D+D3p) .
Combining this with we get
loll} +2a¢ ((Dy0)*, Dyp) + At ((Dyv)*, D-p)

2
+ A |D2 0|2+ 655 | Dul? + At | D3|
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< |jull} + et (D), D-p) + et ((Dyw)*, Dyp)
+ AtA(e, ||lugl]) + At (v, D+D2_p) .
Rearranging and dropping some terms “with the right sign” we obtain
loll? + At2 — &) ((D4v)*, D-p) + At(1 - £) (D1v)*, Dsp)

< |jull} + 24t ((Dyw)* — (Dyv)*, Dp)
1 2 1 2 2
+ At A(e, |Juol) + 3 luoll” + 5 | D+ D p|
Next, observe that

(04w, Dap) = A2 S (Dywy)” 0.
ljAz|<R-1

Let the locally bounded function B(e, z) = A(e, 2) +22/2+ ||D+D%p||2. We choose
€ = 1/2 and recall that v = "' and v = u™. Then we get

Hu"HHi +AtAz Z (D+u;‘+1)2
ljAz|<R—1

n n n 2
< Jju I} + At (D4um)? = (D), Dp) + AtB(e, Juol))-

eq:telescopel | (4.7)

This is a telescoping sum, and we choose N such that NAt = T to find

N—1
||uN||i +AtAx Z Z (D+u;7’+1)2

eq:ubound1l | (4.8) n=0 el

2 2 2
< ||uOHp+At((D+uO) — (Dyu®) ,Dp) + TB(e, |Juol])-
From this we can easily conclude the proof of the lemma. O

Now we define the bilinear interpolation of u" by

unaz(z,t) =ul + (x — x;) Dyul + (t —t,) Atul

eq:bilinearinterp | (4.9) b (o—2) (= b) DiD+u;L

for (z,t) € [, @it1 X [tn,tns1). Note that ua, is continuous everywhere and
differentiable almost everywhere.

Theorem 4.2. Let {ul'} be a sequence defined by the numerical scheme (2.3)), and
assume that there is a constant K such that At = KAx?. Assume furthermore that
||u0HL2(R) is finite, then there exist constants C;, i =1 ,2, 3, such that

‘ theo:main_fully

eq:uboundl | (4.10) ||UAIHL00(01T;L2(,Q7Q)) <y,
eq:ubound2| (4.11) ”UAJC“L?(O,T;Hl(—Q,Q)) < Oy,
eq:ubound3| (4.12) ||8tqu||L4/3(O,T;H*2(7Q,Q)) < Cs,

where Q@ = R — 1 and ua, is defined by bilinear interpolation from {ul'}, cf.,
. Moreover, there exists a sequence of {Ax; };il, lim; Az; =0, and a function
u € L*0,T; L*(—Q,Q)) such that

(4.13) Ung; — u strongly inL*(0,T; L*(—Q,Q)),

as j goes to infinity. The function u is a weak solution of .
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Proof. First recall that [|uaz| < [luo| so that (4.10) holds.
To show (4.11)) we calculate that for (x,t) € [z;, Zir1) X [tn, tnt1)

= O{n(t)D+Uz + (1 — Oén(t)) D+U?+1,
where a, (t) = (t — t,)/At € [0,1) Using this, we find

T
||6$UA93HQLZ(O’T;Lz(,Q’Q)) :/0 ||8acuAa:( ) )”L2 -Q,Q) dt

<23 Y (Diwy)’ 1/tn+1t—t dt

n |jAz|<Q AE i
+ (D)L " s — 02t
A P} . n+1
< SAtZ Z D+U 2 (D+u"+l)

n |jAz|<Q
<CT,

by Lemma This, and the fact that [[uaqs(-,t)|l12_q.0) < lluoll, proves (4.11)).
Next, observe that in each cell [z, zj11) X [tn, tnt1)

(4.14) " = Dfu? + (x — x;) Dy D ul,

and from the scheme we have

A
(4.15) Difu = xtD+D ul' — @ Dyul — D_D2 "+,

A

We claim that for all sufficiently small Az (actually for Az < 1/3):
a) For all n > 0,

2
1D-D20 2 < 3IPs" -
b) For all n > 0,

||D+D_UnHH—2(_Q7Q) <3 HD+unHL2(—Q7Q) '
c) The piecewise constant function @ Dul* satisfies
laDull pas0,1,12(-q.q)) < C;

for some constant which only depends on @, T" and wy.

To prove the first part of the claim, let ¢ € H3(—Q, Q) be any test function

‘/_Z(Dpiu) ydz| =| > p-p2 /T+1¢(x)dx‘

liAz|<Q
Tj41
S D+u/ D+D,¢(:p)dm’
liAz|<Q
< Y |paur] / o)) de
liAz|<Q

S |D+u"y / Dy D_(x) — ¢" ()] da.

[jAz|<Q

b
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We start by estimating b, to that end

Tjt1 1 Tjt1 T+Azx z T
+D_¢(x) — z)| de < —5 Tdzdx
D.D_(x) = ¢ (x)| dr < < & ()| d drdz d

T X T, T z—Azx Jx

1 Tj+1 z+Ax &
< 72/ / / VT =2 16" 12 (p,ry d7dzda
Ax z; z z—Ax
/11
< AzV3Az | ||L2(zruj+2)

Thus
w2\ /2 9 1/2
bSAz( Z 3A1‘|D+uj| ) ( Z ||(;5/”HL2(%'7179”J'+2))
[jAz|<Q l7Az|<Q

<3A2 | Dyu"|l 2 —g.) 19" 12— q.q) -

As to a, we calculate

a= |D+u]|/ x)| dx

l7Az|<Q

< Z |D+U?|\/E”¢H”L2(mj,

liAz|<@Q

1/2 1/2
< (X arlp) (X 1)

l71<@Q liAz|<Q

Tjt1)

= ID1" [l 2.0 19"l 2. -

Therefore a) follows. Claim b) is proved similarly.
To prove c) we first define the cut off function n(x) as

1 lz| < Q,

0 lz] > Q +1,
r+Q+1 ze[—(Q+1),—-Q),
Q+l-z 2€[Q,Q+1]

n(z) =

and set n; = n(x;). Then we have that

N—-1
8 Y (S g o) <Atznnunn“/3( > <Du7>2)”‘°’
n=0 j n=0 |iAz|<R
g(AtZHnunn‘;)l (aay" 3 )2/3
n n |jAz|<R

g(AtZHnunu‘;)l (aa2Y S (Dyu) )2/3

n |jAz|<R
(AtZHnu e,

by Lemma To proceed we use the inequality

1/4

Wlo<o(ar 3 ) (e 3 )"

liAz|<R liAz|<R
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which holds for any grid function v such that v; = 0 for [jAz| > R. We shall use
this for v = nu'™, to that end observe

Ar S ()’ < un?,

jAZI<R
Ax Z (Dymju ) < 2Ax Z (u;-lDJrnj)Q—i— (nj+1D+u;-‘)2
liAz|<R liAz|<R
<2|[u™|? + 24z Z (D+u?)2.
jAzI<R
Hence 9
Il < € (P + A2 3 (Dyug)?).
ljAZI<R
Thus

N-1 . 12 2/3 n 2/3
Aty (Y fmouf) SAtZ(Z\m pu|*)
n=0 |jAz|<Q J
1/3
scR<AtZ|u"|2 (lla* + a2 Y (D+u?)2)>

ljAz|<R
S 07

for a constant C' depending only on ||ugl||, R and T. This proves c).
Now a), b) and Lemma [£.1| means that

9 nnd/3 n 4/3
HD—D+“ HL4/3(O,T,H*3( Q.Q)) _AtZHD Diu ” -Q,Q)
1/3 = n||2 2/3
S cT (Atz ||D+U ||L2(7Q,Q))
n=0
<C,
and that
ID_Dyu [} <c.

LA/3(0,T,H=3(-Q,Q)) =
Similarly, " Du™ € L*3(0,T,L*(—Q,Q)) C L*?(0,T, H3(—Q,Q)). Therefore,
by [E15), D\ u? € L*3(0,7, H*(—Q,Q)). Next, let

T —
afz) = Az X{[%JHI)}( z).
Then (4.14) reads
puns = aDiu" + (1 —a)Diul},.
Therefore

t
0vwazll parso,rm-s(-q.a < ol @ D24 | Lo o,z,m-2— 0.0

+ 111 = all e gy ||Diui1HL4/3(0,T,H*3(—Q7Q))

<2 HDj-unHL4/3(0,T,H*3(7Q,Q)) =G,

which is (4.12)).

Using ({4.10)), and we can apply the Aubin—Simon compactness
lemma to conclude that ua, has a subsequence which convergences strongly in
L?(0,T; L*(—Q,Q)), i.e., holds.

Note that this is enough to pass to the limit in the nonlinearity. This means we
can apply the Lax—Wendroff like result of [I3] to conclude that the limit is a weak
solution. O



lemma:simon

sSec:numex

eq:onesol
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Lemma 4.3 (Aubin-Simon). Let X, B,Y are three Banach spaces such that X C
B with compact embedding and B C'Y with continuous embedding. Let T > 0 and
(un)nen be a sequence such that (un)nen s bounded in LP(0,T,X) and (Opun)nen
is bounded in L1(0,T,Y), for any 1 < p, ¢ < co. Then there exists u € LP(0,T, B)
such that, up to a subsequence,

in LP(0,T,B).

Uy —> U

5. NUMERICAL EXAMPLES

We have tested the scheme for two examples where the solution is known, and for
one example where the solution is not known, but the initial data has a singularity,
and is in L2

5.0.1. A one-soliton solution. The KdV equation (|1.1]) has an exact solution given
by

(5.1)

wy(z,t) =9 (1 — tanh? (mw - 3t))) .

This represent a single bump moving to the right with speed 3. We have tested
our scheme with initial data ug(z) = wi(xz,—1) in order to check how fast this
scheme converges. In Figure (1| we show the exact solution at ¢ = 2 as well as the
numerical solution computed using 1000 grid points in the interval [—10,10], i.e.,
Az = 20/1000. We have also computed numerical the error for a range of A,

— — Initial data
Numerical solution
— — — Exact solution

FIGURE 1. Initial data, and the exact and numerical solutions at
t = 2 with initial data ws(z, —1) with N = 1000 grid points.

where the relative error is defined by
N
2=t lwi(@), 1) — uas (2, 2)]|
N
> = wi(zy,1)

Recall that we are using wq(x, —1) as initial data, so that wj(z,1) represents the
solution at t = 2. In Table [l we show the relative errors as well as the numerical
convergence rates for this example. The numerical convergence rate indicates that,
as expected, the scheme is of first order. Note also that we have to use a rather
small Az in order to get a reasonably small error. Computing soliton solutions
is quite hard, since these solutions are close to zero outside a bounded interval,
and the speed of the soliton is proportional to its height. Therefore, if a numerical
method (due to e.g. numerical diffusion) does not have the correct height, it will

E =100




subsub:twosol
eq:twosoliton
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N E  rate
500 | 51.2
1000 | 31.4 8;3
2000 | 17.6 0.91
4000 9.4 0.95
8000 4.9 0.96
16000 | 2.5

TABLE 1. Relative errors for the one-soliton solution.

also have a wrong speed. Thus after some time, it will be in the wrong place and
the error is close to 100%.

5.0.2. A two-soliton solution. Another exact solution of (1.1]) is the so-called two-
soliton,

(5.2)

besch? ( b/2(x — th)) + asech? ( a/2(x — 2at))

(ﬁtanh (mu - Qat)) —Vbcoth ( b/2(x — 2bt)))2,

for any real numbers a and b. We have used @ = 0.5 and b = 1. This solution
represents two waves which “collide” at ¢ = 0 and separate for ¢ > 0. For large [t|,
wa(+,t) is close to a sum of two one-solitons at different locations.
Computationally, this is a much harder problem than the one-soliton solution.
As initial data we have used ug(z) = ws(x, —10). If Figure 2] we show the exact and
numerical solutions at t = 20. Although we have used 4000 grid points, the error

wa(z,t) = 6(b—a)

i — -~ Initial data "
Numerical solution Nl
i — — — Exact solution P

|

_ L L L L
-30 -20 -10 0 10 20 30

FIGURE 2. Initial data, and the exact and numerical solutions at
t = 20 with initial data wq(x, —10) with N = 4000 grid points.

is a staggering 140%! We see that the qualitative features are “right”, in the sense
that the larger soliton has overtaken the slower one, but neither their heights nor
their positions are correct. For sufficiently small Ax, the numerical solution will
be close to the exact also in this case, but it is impractical to calculate numerical
convergence rates since the computations would take too much time.

5.0.3. Initial data in L?>. We have also tried our scheme on an example where the
initial data is in L2, but not in any Sobolev space with positive index. Furthermore,
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note that all the conclusions in Section l remain valid if we restrict ourselves to the
periodic case. Therefore we have chosen initial data

0 <0,
(5.3) up(z) =< 32713 0<a <1,
0 z > 1,

if z is in [-5, 5], and extended periodically outside this interval. In this case we have
no exact solution available. Therefore we can determine the convergence by viewing
solutions with different Az. In Figure [3] we have plotted the numerical solutions at
t = 0.5 using 3750, 7500, 15000 and 30000 grid cells in the interval [—5,5]. From

08l N=3750
-~ N=7500
— — —N=15000
—— N=30000

04 . . . . . . . .
s -4 -3 -2 -1 [ 1 2 3 4 5

FIGURE 3. The numerical solution uaz(z,0.5) with initial data

(5.3]) for various Ax.

this figure we can observe that the numerical solutions seems to converge nicely
to a (smooth) function. The coarser features are already resolved using 3750 grid
cells, and only the finer structures become more apparent for smaller Ax.

APPENDIX A. SOBOLEV INEQUALITIES
For functions of sufficient regularity we have the following estimates.

Lemma A.1. Let n,m € Ny with m < n. For each positive € we can a choose a
positive constant C(€) such that for any function such that either (i) for u € H™(R),
or (i) u € Hy, (R), the periodic functions with period 1, the following estimates
hold:

2
(A1) Hu(m)H <ellu™
2

2 2
0@ ull

2 2
(A.2) Hu<m>H <ef|u™| +c@ ull,.-

Here the norms are the usual L? and L norms on the whole line in case (i) and
on the interval [0,1] in case (ii).

Proof. The proofs are based on integration by parts in such a way that the boundary
terms disappear both in the periodic case and the case of the full line, thus we only
provide the details for the full line.

The proof of (A.1]) goes as follows. We first establish by induction
(A.3) Hu<">

2 1 2 9
<efu|| + cte Jul3, nen.
2 2
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For n =1 we find

A @l = [ W @u()ds < e} + 06 ful}.
R R
Assume that (A.3) holds for all n < N. Then we find
/ uNH) (2)2d = — / u N+ ()0 (2)da
R R

a2, + e ]
2 2

a9

IN

INA
™

u(N+2)Hz + C(e) (& [u¥ D HZ + 0@ [lully ),

which we rewrite as

~—

<e€

eq:malek9 (A.G) (1 - O(f)g) ’2

2
N2 4 C(OC (@) full3,

‘U(NJrl

2

which proves the induction step: Given e, we determine C(e), and then we choose
€ such that C(e)é < % The general case follows:

2 2
[l = e e

(m+2)||? 2 2
< (e [ut 2|+ ) Jully) + € (@) flul}

2 2 2
< €€y ‘u(er )H2 + (eC(er) + C(€)) [Jull5
a [ 4 Ol 2
qral g : < cafez [ut |+ Clea) [ull}) + (Cler) + C() full
2
< eerer ’U(M+3) H2 + (ee1C(e2) + €Cler) + C(€)) [lul 2

2
<eer-epy Hu<m+k>H
2

+ (€1 ep—2C(eg—1) + -+ €Cler) + Cle)) |Jull3 -
The proof of (A.2) goes as follows. We start by showing

2 1 2 9
eqisob3| (A.8) Hu<m>H geHu<m+>H2+0(e)\|u||2
o0

by induction. Consider first m = 0. We have

eq:sobda| (A.9) u(z)® = / %u(y)Qdy = 2/ u(y)ug (y)dy,
or
eqisobba] (A.10) lul)?, < 2/ () e (y)| dy < €||ug||2 + Cle) [Jull?.
R

Assume now that (A.8]) holds for all m < n. Next

x

*od
eq:sob4 | (A.11) u(”+1)(x)2 = / %u("“)(y)?dy = 2/ u(n+1)(y)u(n+2)(y)dya

— 00
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or
2
a0 <2 [ a2 ) ay
0 R
2 2
<e u(n+2)H +C(e) ’u(nH)H
2 2
2 2
(A12) < e[t t2| + @@ |t +2| + @ lul)

< (e+ C()¢) [[ulm+? Hz + (0@ |lul;

2 2 2
< efJu|| + oo Jull

proving the induction step. The general case follows as the general inequality
above. O

Remark A.1. (a) An alternative proof using Fourier transform goes as follows. It
has the advantage that it works in multidimensions. In the periodic case
one has to apply an argument based on Fourier series. For simplicity we set 2mi
equal to 1. We start by the elementary inequality (for x #0)

eq:holder| (A.13) |2)2™ < €|x|* + C(e) x| 1™

where % —&—% =1, pq€ (1,00), a € (2m,2n). Choose p = 2n/a, which implies
p € (1,n/m). Thus (for x #0)

(A.14) |2)*™ < e |z + Cle) o] 7™

For |z| > 1 we see that |z|"®™™* < 1. For |z| < 1 we note the elementary
inequality

(A.15) lz|”™ < e|z]?" + 1.

Combining the two we see

(A.16) z”™ < e|z]*™ 4 C(e).

Multiplying this inequality with |11(:U)|2 and integrating over R proves (A.1]).
(b) Alternatively, one can use Lemma 2.18 in Malek et al. [23], which states

k2 /k —(k2/k
k?f,/pl Hull;l) (ha/ 1)7 ki > ko >0,

where |ull, ,, is the usual Sobolev norm. Assuming (A.17) we find (with p = 2)

2(1—(k2/k1))
2

eq:malek | (A.17) ||qu2’p < c||ul

2 2kos /k
lully, 5 < ¢ llull%* Jlu]

2qko /k 2r(1— (ko /k
< eflul;2 5 4 Oe) Jull5r )

eq:malekl | (A.18)

with % + 1 =1. Let 2qky/k1 = 2 which implies that 2r(1 — (kz/k1)) = 2. Thus
2 2 2
[ully, 2 < €llully, o+ Cle) [lull;

eq:malek2| (A.19) _ ‘ (k)H2 2
= e 3 [u®] + o u.

k<k:
Consider first the case when k1 = ko + 1. The we find

2 2 2
eqmalek3| (A20)  (1—¢) ‘u(k’”’) <(l-9% Hu(k)H <e u<’€2+1>H + O [Jull?.

2 2 2

k<kso

We can rewrite this as

[0} [0] []
Q Q Q
=2 =2 =2
[e] [e] [e]
= = =
Qu Q Q
o [0] [0]
H 2 o}
w N -

k 2 ko+1 2 2
eq:malekd | (A.21) HU( DI < e flulkt )H +C(e) [Jull3 -
2 2
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Inductively, we find

2 2
eqimaleks| (A.22) Hu(kQ) i SeHu(kl) L+ C@lull.

which is what we want.

The discrete analog reads as follows.

[lem:SobolevDisc| Lemma A.2. Let m < n, and consider the two cases of functions in ("(R) or

{*(R). The following estimates hold
eq:sobiD| (A.23) 1D™ull3 < e[| D™ ul3 + C(e) [lull3
eq:sob2aD| (A.24) D™ ||, < €|l D™ull; + C(e) |lull, -

Proof. The proof follows that continuum case closely. We here treat the case of the
full line only. Consider first the case with n =m + 1. If n = 1 we have

eq:niD| (A.25) | Dull5 = (Du, Du) = —(u, D*u) < € HD2H§ +C(e) |lul2 .

Assume that (A.23]) holds for all n = m + 1 < N. Then we find
eq:niDN | (A.26)

DV a2 = (DN +lu, DNy = —(DNu, DN*2u) < €| DN 24| + C(e) | DNl
< || DY*2u|} + C(e) (¢ [ DVHull ) + C (@) lull3),

which can be rewritten as

eq:malek9D| (A.27) (1—=Cle)é) HDN'Huuz <e HDN+2uH§ + C(e)C(e) Hu||§ ,

which proves the induction step. The rest of the proof follows as in the continuum
case. The periodic case follows similarly.

As for the (A.24)) we note that

J J
eq:partialD| (A.28) u?Jrl = Az Z (Du?)y = 2Ax Z uyDuy,
k=—o00 k=—o0
which implies
eq:partialdl] (A.29)  [ul?, < 2|(@ Du)| < €| Dull; + C(e) [[al; < e[| Dul3 + C(e) [[ull3-

By analogous arguments we can calculate

(A.30) lullZ, < ellD<ul3 + C(e) [full; -

o
Q
¥
ot
[N
[
]
o
=
N

O

Remark A.2. According to [30] one can modify the left-hand side of (A.23) as
follows: One can replace D™u by any operator D["* D™2 D™ with m = mi +mg +
ms. The right-hand side can likewise be replaced by DY D™ with n = ni + no.

’ which is what we need/‘ However, the right-hand side cannot contain the operator
D.

To introduce the approach by Sjoberg, we first study the periodic case. For

simplicity we assume a unit period and that 1/Ax € N. In that case ug N = u?

j
for j € Z. Let ua, be a grid function, i.e., a function ua,: [0,7] — RY, where

uag(zj,t) = u;(t), such that up = un. Sj6berg proved that the following semi-
discrete scheme

d
eq:sjoberg| (A.31) = —tijDu; — DiD,uj, t>0, u;(0)=mug(z;),



eq:impsjoberg

eq:impsjoberglITE |

AbeInoue: 1980

’ AmorimFigueira ‘

’ ArnoldWinther

11982 |

’ AscherMcLachlan

:2005 |

ugalisKarakashian

:1983‘

ugalisKarakashian

:1986‘

BonaSmith

11975 |
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produces a sequence {ua, } Ao Which converges to the unique solution of ({2.2),
thus uaz(x;,t) = u;(t) = u(z;,t). Here

ﬂj = g (Uj_1 +u; + Uj_H) .

We shall now consider fully discrete versions of this scheme. We introduce (a

small) time step At > 0, and use the notation
1
Diple) = 5 (plt + Af) — p(0),

for any function p: [0,7] — R. Write t" = nAt for n € No = NU {0}. A
fully discrete grid function is a function uasz: {t"},cn, — RZ, and we write
upg(z5,t") = u}. (A CFL condition will enforce a relationship between Az and
At, and hence we only use Az in the notation.)

An implicit fully discrete version of Sjoberg’s scheme is

(A.32) Diul} = —11;-1+1Du;-l+1 — DiD_u?H, neNoy, u)=ug(z;).

Now we must prove the following: (a) that this has a unique solution (at least for
small At), (b) that we get the right estimates (should not be too difficult). Here
one can use [19], specifically, we introduce

(A.33)

1 n+17(m+1)*1 n ~n4+1—m~?! n+l—-m=1 2 ’I’L+17(m+1)71
E(uj —uj) = —u;] Duj; —DiD_u; , meN.

Consider {uf} given, and usei ) iteratively: For any u}‘“‘mfl, we apply
(A.33) to compute u?+17(m+1) . We prove that

lim wtti—m = gntl
m—oo 7 J

Provided the limit exists, it is clear that it satisfies (A.32)). The drawback with this
scheme is that it entails solving a non-linear equation at each timestep.

Lemma A.3. Let A = At/Dz and the function F be given by
F(a) = (I+AtD2D_)~" (u" — AtaDa).
If (lall o + 16l o0)2A = e < 1, then
1F(a) = Fb)|| < plla =0l
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