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A NOTE
ON HIGHER ORDER DUAL VARIETIES,
WITH AN APPLICATION TO SCROLLS

RAGNI PIENE!

1. Introduction. The dual variety X C P” of a variety X C P” is the closure of
the set of hyperplanes containing the tangent space to X at some smooth point.
We define the m-dual variety X, CP” of X as the closure of the set of
hyperplanes containing an mth osculating space to X, in particular, X; =X
More generally, if G = Grass,, (¥") denotes the Grassmann variety of a-spaces
in P(V') = P", we can define mth osculating spaces of a variety X C G, using the
sheaves of principal parts, and hence its m-dual variety X, C Grass, (V) as the
closure of the set of (n — a — 1)-spaces containing an mth osculating space to X.
This is of course closely related to Pohl’s associated varieties [Pohl].

We show, in Proposition 1, a weak biduality result for m-duals: one always has
X C(X,),,, and equality holds under a dimension hypothesis, which is always
satisfied in the classical case.

It is natural to ask for the degree of X, in terms of characters of X. Since we
are working with “modified” bundles of principal parts, this can be done—at
least in principle!—as in the classical case (see e.g. [P2, U]).

Here we only deal explicitly with the case of a scroll (i.e., a ruled, nondevelopa-
ble surface) X C P(¥), or, equivalently, a curve C C Grass,(V). In general, a
scroll has 2nd osculating spaces of dimension 4. We give a formula for deg X; .In
the case P(V) = P°, we call X* = X, the strict dual of X. If diim X* = 2, then X*
is also a scroll and X** = X holds. Moreover, the dual variety X (the normal
bundle of X) is equal to the osculating developable of X™*, and the dual plane of a
tangent plane to X is the tangent plane to X* at the corresponding point. Hence
we get, for scrolls in P°, a complete parallel to the duality existing between a
curve C C P3, its strict dual curve C* C P?, and their developables (see e.g. [P1,
§5; P3, Remark 1 on p. 111]).
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Scrolls are examples of surfaces with “too small” osculating spaces of higher
order, hence are “of type @” in the terminology of Corrado Segre [S]. I am
grateful to Gianni Sacchiero for bringing these varieties—in particular the scrolls
and their strict duals—to my attention.

2. Higher order dual varieties. Fix the following notations: V is an (n + 1)-
dimensional vector space over an algebraically closed field k of characteristic 0, G
is the Grassmann variety Grass,, (V') consisting of (a + 1)-quotients of V
(identified with a-dimensional linear subspaces of P(V')), and FV, — Q is the
universal (g + 1)-quotient on G.

For each integer m there is a natural homomorphism

=H%(G,Q)c — PF(0Q),

where P'(Q) denotes the bundle of principal parts of order m of Q (see [P1, §6]).
Let X C G be a subvariety, of dimension r, and set E = Q |x- The restriction of
a™, composed with the natural map P7(Q) |X — PY(E), gives a homomorphism

a”™. Vy— PP(E).
A point x € X is called m-regular if x is smooth and if a™(x) is surjective; if these
points are dense in X, we say that X is generically m-regular. At each m-regular
point x € X there is a well-defined mth osculating space, of dimension

(a+D)("7™) -1,

defined by a™(x). Hence a generically m-regular X has an mth associated variety
X C Grass .y m( V), defined as the closure of the set of the mth osculating
spaces (see [Pohl, §IV]). We define the m-dual wvariety X,:, C G
= Grassﬁ,(Vv) = Grass,,_ (V) to be the closure of the set of (n — a — 1)-spaces
containing an mth osculating space.

Even if X is nowhere m-regular, we can define mth osculating spaces: let
U C X be an open dense smooth subscheme such that K, = Ker(a™) IU is a
sub-bundle of ¥, or, equivalently, such that Im(a™) |, is a bundle. If

tkIm(a™) |, =s+1,

then each point x € U has an mth osculating space, of dimension s, defined
by a™(x). The m-dual variety X,; C G of X is the closure of the set of
(n — a — 1)-spaces containing the mth osculating spaces. Let XCGXG be
the closure of Grass, . ,(K,) C Grass,, (V) = U X G ; then X,, = pr,( X). Let
(X;,)” C GX G denote the corresponding variety constructed for X;,, so that
(X)) = pr(X,)7).

The following proposition gives a weak biduality for m-dual varieties, generaliz-
ing the classical biduality for projective varieties (see [K]).

Pkoposmow lLIfX, + @, then X C (X))~ and X c (X Vo In particular, if
*(X )™ (i.e., if dim X = dlm(X) ), thenX—(X ) holds.
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REMARK. In the classical case (a =0, m=1), dim X = dim(X )" =n — 1
always. An example where the equality does not hold: X C P® a generically
2- regu]ar surfa(.e contained in a hyperplane H. Then X ={H} € P® and
(X )‘, o ~ v =

ProoF. It suffices to show the inclusion X C (X,),, on an open dense of X. Let
p: X - X and ¢: X — X,, denote the projections. Consider a point (x, y) € X C
G X G such that x € U, y is in the corresponding ¥ C X, and g is smooth at
(x, y). Let F denote the restriction of the universal (a + 1)-quotient of V(} to X,:,,
and consider the following diagram (restricted to p~'U):

@, = P*Ky - Vi - p*PY(E)
A [ L TSpE
¢*F Vi PE(pE)—

\ I
q*P7(F) Vi

—

To show that (x, y) € (X, ) amounts to showing that the composition

*P”’{F) —»p*E is zero (locally at (x, y)). The map ¢g*F —ap*P’”(E) and
hence also q*F — PF( p*E), is zero; since the composition g*F — Vg— p*E is
zero, we obtain, by “differentiating” (i.e. applying the differential operators of
order < m, corresponding to PF, to this composition), that PF(g*F) — p*E is
zero. Since q*Py(F) — P§(q*F) is locally split at (x, y), we obtain that

q*Pe(F Y s P*E is zero at (x, y). (This is the same as the argument used for
curves in P”, as in [P1, §5].)

Suppose X is generically m-regular. Then tk K, =n + 1 — (a + 1)("}™). If
rk K, = a + 1, then X is defined and has dimension

r+(a+)(n—a—(a+1)("7")).
Set r = dim X,,. If X, is also  generically m-regular, then biduality holds if and
only if r —(a+ D¥)("S™)=r — (a+ 1)? (’ ™). This is possible only if a = 0
and m = 1 (the classical case), or if r = r . In fact, when 1k K, > a + I, Xm is
ruled, and hence should not be generically m-regular. Note that the surjections

Py(E) — P \(E) give a sequence of inclusions
X=X20X%23=2X,
and that one could, instead of X, construct an Xl.z ~ 10 the product of all the
Grassmannians.
As in the case of classical duality, there is an invariance of m-duals under
sections and projections: Suppose W C V is a subspace, dimW = a + 1. For
X C G = Grass, . (V), consider the projection

X- - ~— Grass, (W) corresponding to We - E.

If the center of projection P(V /W) is reasonable (i.e., if most of the a-spaces
corresponding to points of X are projected to a-spaces in P(W)), this map is
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rational, and we denote by X the closure of its image. From the functorial
properties of the sheaves of principal parts, we get

PROPOSITION 2. The m-dual of a projection is the corresponding section of the
m-dual, i.e.,

— .

X, = X, N Grass,, (W)
holds.

(The proof is similar to the one in the classical (@ = 0, m = 1) case; see [P2,
p. 269], and observe that the genericity assumption made there is unnecessary.)

The degree of X C G is its degree in P(A®"'V') via the Pliicker embedding.
Thus we have deg X = ¢,(E)’ N [X], and deg X, = ¢,(F)" N [X,,). Whenever
we can express F (or ¢*F) in terms of known bundles, we get an expression for
deg X;. When X is generically m-regular, F is determined by Py'(E) and the
singularities of a™; hence we get, at least in principle, an expression for deg X in
terms of the degree of X and its Chern classes (or rather, the Chern classes of a
desingularization of X) and the various singularities of X and a™. The very
simplest case occurs when X is smooth and m-regular, n — a = (a + 1)(",;™) and
r'=r. Then deg X, = ¢ (g*F) = ¢,(K ) = ¢,(P#(E))". (For formulas in the
classical case, see [P2, U]; see also [Pohl] for assoclated varieties.)

In the case of curves, formulas exist: Let X C P(V) be a curve spanning P(V).
Then X is generically m-regular, for m <n, and we have associated curves
Xt C Grass,,, (V) and corresponding osculating developables Y,, C P(V'). We
also have m-dual varieties X;, C P(V )—these are nothing but the osculating
developables Y*_, _, of the strict dual curve X* = X"V C P(V'"), and they are
also equal to the dual of the osculating developables of X. More precisely, for
each m we have

Xr:l = Y:—-m—l = (Ym—l)“'

The first equality follows from the duality of certain exact sequences on X and X*
(see [P1, 5.2]), the second holds because the tangent spaces to Y, _, are the mth
osculating spaces to X. Thus we have formulas
. m—1
deg X, = (m+ D(d+m(g— 1)~ 3 (m— i)k,
i=0 :

where d = deg X, g = (geometric) genus of X, and k, is the ith stationary index
of X [P1, 3.2].

3. Dual varieties of a scroll. Let X C G be as in the preceding section. If m is
such that X — X is birational, i.e., if there is a uniquely determined mth
osculating (n — a — 1)-space to X at x for most points x € X, we shall call
X* = X the strict dual variety of X.

For example, if C C P" is a curve spanning P”, then C* = C,:,;. fXCPClisa

surface which is generically 2-regular, then X* = X; C PS is the strict dual.
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An example of surfaces that are nowhere 2-regular (C. Segre [S] called them “of
type @) are the ruled surfaces: scrolls, developables, and cones. The theory of
duals of developables and cones reduces to that of curves in projective space; let
us now look at the scrolls. By definition, a scroll X C P(V) is a ruled surface such
that the tangent planes to X along a (general) generator are nonconstant. Suppose
[ C X is a generator, x € /. The 2nd osculating space to X at x, defined by a*:
Vi = P3(1), is the space spanned by the tangent planes to X along / (this gives a
P?) and the 2nd osculating space to a curve on X at x. If X is not contained in a
P?, one expects this space to be of dimension 4; if X is not contained in a P*, one
expects these 4-spaces to vary along /, so that X* has dimension 2.

We shall now generalize to scrolls in P° the duality results for curves in P? [P1,
P3]: Let C C P? = P(V) be a (nonplanar) curve, and let C* C P? denote its strict
dual. The dual C" C P? is the normal bundle to C and the tangent developable of
C*, and similarly for (C*)". Moreover, the dual line of a tangent line to C is the
tangent line to C* at the corresponding point—in other words, the associated
curves C" C Grass,(V) and C*" C Grass,(V') = Grass,(V) are equal.

PROPOSITION 3. Ler X C P(V) =P be a scroll which admits a strict dual
X* = X;, and assume dim X* = 2. Then X* is a scroll. The dual X < P(VV), the
normal bundle of X, is equal to the tangent developable of X*, and vice versa.
Moreover, the dual plane of a tangent plane to X is the tangent plane to X* at the
corresponding point—in other words, the associated varieties X" C Grass;(V) and
X*() C Grassy(V') = Grass,(V) are equal.

PrOOF. Let X” be a modification of X and of X* such that, on X', Im(a') and
Im(al) admit quotient bundles P, and P} of rank 3. Then K = ker(Vy. — P,) and
K* = ker(Vy — P") are bundles of rank 3, and the sequences 0 — K — V. — P,
-0 and 0« P¥ « V; « K* < 0 are dual to each other: as in the proof of
Proposition 1, one shows that (generically on X*) the composition of (a*) : Pl
"= Vy. with @' ¥y — PL(1) is zero; since a., and @' both have rank 3, the result
follows. In particular the existence of the exact sequence

O"(Pl*)v"’VX'-’PI_’O

shows that the tangent planes to X* are the dual planes of the tangent planes to
X; hence if X is a scroll, so is X*. The other statements also follow directly from
that exact sequence.

There is still another parallel to the curve case, namely to the fact that the strict
dual curve C* C P? is a cuspidal edge of the dual variety €' C P? of a curve
ol

ProposiTION 4. IfXC P* is a scroll, then its strict dual X* is a “cuspidal edge”
of the dual variety X C P3.

PrROOF. Assume X is smooth, and X C P? a generic pro_jection. Scrolls with
ordinary singularities in P? are numerically selfdual, so X~ C P? has a finite
number of pinch points, corresponding to the pinch points of X. If L C P? is the
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centre of projection, a pinch point of X occurs when L intersects a tangent, i.e.,
when L intersects the P? spanned by the tangent planes along a generator. But
then L and this P? span a P* which is necessarily a point in X* and also in
P = L”c P5. Since X" = X N P?, it follows that the “ramified singularities” of
X' are precisely the points of X*. The same argument works if X is not assumed
smooth. Note that there might be other “cuspidal edges”, as in the case of curves,
where inflectionary tangents are cuspidal edges on the developable.

In order to compute the degree of X*, it is convenient to consider X as a curve
C C G = Grass,(V'). Consider a: V.- P(‘:(E ), where E is the restriction of the
universal 2-quotient of ¥ on G. The subspaces of ¥ defined by a' can be
interpreted by choosing, locally, a trivialization of E, corresponding to two curve
sections of X. Hence a' defines, at a generator / € C of X, the space spanned by /
and the tangent to the curves at the points of intersection with /; hence it is equal
to the space spanned by the tangent planes to X along /. Since X is a scroll, this
space has dimension 3, so C is generically l-regular. It follows that C* =
C, C Grass,(V) = Grass,(V") is the strict dual of C (and C* = C", the lst
associated curve of C). If X* is a scroll, then C* is generically l-regular, and
C** = C (by Proposition 1). Moreover, the 2nd osculating spaces to X along a
generator / are just the 4-spaces containing the 3-space spanned by the tangent
planes. In other words, C* is equal to X* considered as a curve in Grass,( V).
Thus we have proved

PROPOSITION 5. If X C P(V) =P’ is a scroll such that X* is a scroll, then
X** = X holds.

The next proposition gives a formula for the degree of X* (see also [Pohl,
Theorem 4.5]).

PROPOSITION 6. Let X C P(V') =P? be a scroll of degree d and genus g, and

suppose X* C P(VV) is a scroll. Then
deg X*=2(d+2¢—2)] — k,
where k is the stationary index of C C Grass,(V').

ReEMARK. Let »: C' — C denote the normalization, then, by definition, k& =
lg(Coker V., = PL(¥*E)). By trivializing E one sees that an ordinary cusp of C
counts twice in k (which checks with [Edge, §349]).

CoROLLARY. The stationary index k* of C* is given by

k* = 3(d + 2(2g — 2)) — 2k.
PROOE. On C’, PL(E) admits a 4-quotient, namely P, = Im(V,. — PL(»*E)).

Hence,

deg X* = deg C* = ¢;(P,) = ¢ (PL(»*E)) —k = 2(d +2g— 2) — k.

The corollary follows from the duality X** = X of Proposition 5, d = deg X =
2(d* +2g — 2) — k*.
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Note that if X has no singular generators (k = 0), then &* = 3(d + 2(2g — 2)),
and hence X* has no singular generators if and only if d = d* = 4, g = 0. (Such
scrolls are linearly normal in P°.)

We shall now look at some other approaches to the degree of X*.

Because of the following (classical) proposition, the degree of X* is equal to
deg(X*)", hence to the degree of the tangent developable of X (Proposition 3).

PROPOSITION 7. Let X C P(V) = P" be a scroll, X C P(V'") its dual. Then
deg X = deg X.
PRrOOF. The classical proof goes like this: project X to a scroll X C P(W) = P?

with d = deg X = deg X. Then X" = X N P(W ), so deg X" = deg X holds. If
L C P(W)is a general line,

deg X=#(HDL,Hig. toX} = #{H D L U I|1generator of X}
=#LNX=degX.
Note that X and X~ are in fact equal considered as curves in Grass,(W) =
Grassz(W').
For a “modern” proof, one reduces to the case that X C P(V) is smooth, say
X=P(E)— C. Then
deg X = ¢;( PY(1)) = c,(Q%(1)) + ¢,(2%(1))c,(04(1)),
which, by standard exact sequences, reduces to
deg X = 2¢,(E)e,(0x(1) — ¢,(04(1)) =2d — d = d.
From the exact sequence given in the proof of Proposition 3 we obtain (using
(P2, §2))
deg X* = deg(X*) = co(P}) = ¢,(P))" = x(Py)
=¢,(P,)’ — deg X = ¢,(P,)" — d.
Suppose X = P(E) — Cis smooth. Then X’ = X and P, = Py(1), so we get
deg X* = ¢,(Py(1)) —d=3d +2(2g—2) —d=2(d + 2g — 2).

In the general case, X is the image of a smooth Y =P(E) — C, and X’ is a
blow-up of Y. Then ¢,(P,) = ¢,(P}.(1)) — [R], where R is the ramification divisor
of X’ — X, and we obtain the earlier formula, but with & expressed “in terms of”
R.

Two other approaches have been communicated to me by I. Vainsencher and
F. Ronga, respectively.

1. (Vainsencher). Let X C P(V') = P? be a smooth scroll,

Y=P(N(-1)) = {(x, H) | Htg. to Xatx} CP(V) X P(V'),

and set Z = {(x, H) € Y| HN X =1[_U D with D singular at x}. Then X* =
pry(Z). One shows that Z is the zeros of a section of a certain rank 2 bundle on
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Y; since the class of ¥ in X X P(¥") is the 3rd Chern class of a rank 3 bundle,
this gives the class of Z in X X P(V') as a 5th Chern class, and allows us to
compute deg X* = 2(d + 2g — 2), provided dim X* = 2.

2. (Ronga). Assume X C P(}') as above. Now one interprets Z as a modified
2?2 (again by “forgetting” the generators of X) of the projection map
X X P(V') — P(V"). By computing all the normal bundles in sight, one gets an
expression for the class of Z in X X P(V'), which allows one to compute
deg X* = 2(d + 2g — 2).
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