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DEGENERATIONS OF COMPLETE TWISTED CUBICS
RAGNI PIENE

1. Introduction

Let Cc P3 be a twisted cubic curve. Denote by
I' © Grass(1,3) its tangent curve (curve of tangent lines)
and by C*c P3  its dual curve (curve of osculating planes).
The curve I 1is rational normal, of degree 4, while C+* is
again a twisted cubic. The triple (C,I',C*) is called a
{non degenerate) complete twisted cubic. By a degeneration

of it we mean a triple (C,T,C*), where C, T, C* are
simultaneous flat specializations of C, I', C*.
Thus we work with Hilbert schemes rather than Chow schemes:
let H denote the irreducible component of mwuvw§+davwv
containing the twisted cubics, % the corresponding

, component of mwwdu5+dnmwv. and G the component of
muka3+~

twisted cubics. The space of complete twisted cubics is

(Grass(1,3)) containing the tangent curxves of

the closure T c H x G x m of the set of non degenerate
complete twisted cubics.

In this paper we show how to obtain Schubert's 11 first
order degenerations ([S],pp.164-166) of complete twisted
cubics, viewed as elements of H x G x m. "via projections",
i.e., by constructing 1-dimensional families of curves on
various kinds of cones. In particular, we describe the
ideals of the degenerated curves. A similar study was done
by Alguneid [A], who viewed the degenerations as cycles
(rather than flat specializations), and who gave equations
for the complexes of lines associated to the degenerated
cycles by using the theory of complete collineations.

An ultimate goal in the study of degenerations of
complete twisted cubics, is of course to verify Schubert's

37
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the (three standard) quadratic ones.)
The parameter form of nmh a # 0, gives a parameter

form of T, its tangent curve. As above we find

generators for the ideal I, of ﬁm that specialize to
generators for uo.

Similarly, one could work out the ideal of nm.
However, by a duality argument it is clear that nm will
have the degeneration type obtained (from C) by inter-—
changing the roles of A and B. That is, om will be of
the same type as C_, or, the degeneration type of c* is
equal to the dual degeneration type of C. For example,
consider the degeneration type A: A 1is a (general) point,
B a (general) plane. When C degenerates along the cone
over it, with vertex A , onto the plane B , its osculating
planes degenerate towards the plane B . 1In Wuh this means
that ﬁm degenerates on the cone with vertex the plane
Ac P3 towards the point Be P3. This degeneration type
we call A'; in general, we shall denote the dual

degeneration by a "prime" in this way.

3. Schubert's 11 degenerations

We now give a list of Schubert's 11 types of
degenerations, in his order and using his names for them.

X A

general point (not on € , not on any tangent)

[}

B general plane (not osculating, not containing

any tangent)

Take A = (0,1,0,1), B: X +x_ =0,

3

and new coordinates:

L ¥ 1= o~ 1 = &=
xo X +xoh xA xw+x1 xw xM xo- Mw xu M#.
Then om, a £ 0, is given by
i 2 3 b 3 2 [ b | Yo o Py
xo av<+u?, x_ avi+au“v, xu uv<-uz, xw vi-ufv,
I, = (a2(Xg-X5) (Xg+X3) = (X]-axi)?,

12 n 2t 2 D m o 1
w_ a xm a Hx +x ) xaxm+mxo u.

1yt ] iy 2 oD ' 1y3
Axo xMUAx“+mxwv a Axo+xuu )

1

ﬁx_u.x X!

[
I

12 ¥ = i ' '
1 u- 1 w.x Ax M ) Nw ﬁxQ+xuuu

2 o, -
Aaxw+xgv .Axu+deAxu xdv.nxu+x~VAxm LI

= 2 = i 2
Xo(X37%y) Xy (Xy)=Xp) )

Hence: oo is a plane nodal cubic with a nonplanar

embedded point at the node.

A A
B

general plane

general point

Take A: xu+x_ =0, B= (0,1,0,1) and coordinates as

for A,
Ty *® HAxm:xwuAxm+xmu|ﬁmxﬂ|xwuu. mmxmmuxwmuﬂxm+xmvm.
xmxw - mxhxwv
Ly = {EyF-2- 32, X424 (Xg+X5) 2 XpXY)

= - 2 1 +
Abxoxm qu xgu i xmAxu+xo~.ﬂxu xJquu xo_v
Hence: no js the union of three skew lines through

the point (0,1,0,1).

To find the degenerated tangent curve do .Om A (or of
At
r_ is given (in coordinates Yg,...,¥s on PS> corres-

a
ponding to Xj,...,X3 on P?) on parameter form

Mm = yv4=2ulv2+ut, mm = 4auv?, Mm = —avt+dau?v?+au®
Mw = yh+dap2y2-nt, mw = 4uiv, Mw = av*+2au?v?+au"
Jg = Am_uwmm.mmn.md m~m.m 1293¥L-T¥ Y} . 793 Yi+11Y3Ye,

! _. .l.m . ‘I.I _MM
o d MMpMm MAK Apnﬁo Kuv +~wMuAKo muv uMb v
== 1 2 ¥ 2 12

ano+nMWu AAMQ MWV +uMp 1) .

Hence: ﬂo is a plane tricuspidal quartic, with embedded

points at the cusps.

K A = point on a tangent, not on C
B = plane containing a tangent, not osculating.

Take A = (0,1,0,0), B: x4 = 0., Then om\ a % 0, is given by
Xy ® ud, . au?v, X, = uv?, Xy ® v3,
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Ly

Hence: C, is the union of a conic, in the plane X, +¥5= 0,
with its tangent line at (0,0,1,0), and with that peint as

a nonplanar embedded point.

0" A = "point-line"

o)
]

"line-plane".

-
]

o [ ty 2 2 -
Huvxoxw mﬁvxu+x_v ,a nuxw+xmvavxw xﬂv
Ay 2 - =
axm.mcxoﬁuxw xﬂy Auxw+x*gxmv.

Taking a = b and a = 0 gives

-
]

R 12 2
0 = (4XgXpm(Xy=X3) % (X =X3)X, ,X3)

Hence: no is the line xﬂrxu =X, = 0 tripled on a

quadratic cone with vertex (1,0,1,0).
The tangent curve Ty of 8 (or 8') (for a = b) is given
by

¥y = avi-au?v?, ¥ =& 4a2uvid, T = vi+u2y2,

Mw = 3a3u?v2+aldyut, Mm = 2audv, YL = -3a2ulv2+a2yt,
= (V! . V'V v12 viuvl yiyvl yiytl Aviygi_yvi 2 _x12

Jg = (Y3, MAVE V2, Y090 WIVE, VAVY 4V Ivi-yi2-yi2],

Hence: ﬂc is the union of a conic, in the plane

&m = wm = xw = 0, with the two lines &* = MW = mw =

= wmm+4mm = 0, with the common point of intersection,
(0,0,1,0,0,0), as an embedded point (this point corresponds

to the line - tangent to the conic - of nov.

8 A = a line, not contained in any osculating plane,

and intersecting C in exactly one point,

B = a line, not intersecting C, contained in

exactly one osculating plane.

Take A: Xog~%X, = Xy = 0, B: XgtX, = X3 = 0 and change
coordinates: xm = xorxw.xdﬁxm = xo+xw~xw. Then nm is
given by

X4 = vi-uv?, X, = ulv, Xy = au’+auv?, Xy = avi,

T Axmm1mmxmm:»mmxw~»mxu X3-(Xj-ax}) 2,

1 1 — P,
nxw+mxcvxw mxdhxm mxmv“.

45
By changing the generators, we see

- 2 ; 2_vwv2_9v
Iy = Aaxo+xwv ~Hwo+xmvxu.xo X5 mwﬁxuv.

Hence: C is the union of the line xo+xu = xa = (0 with

0
the double line KptX, = xu = 0, and is contained in a

smooth quadric.

5! I, = ﬁmmwalxmmlﬁxw~pmx#xw-ﬁmxm-xovmﬁ
< Tyl
a(axj+xj)ky=X, (aX; xouu
. i o ;o 2 = 3 2
I, = ({Xg=X,) %, (%p=X,)%, ,X]) (Xg=X,Xq)

Hence: C, is the triple line Rgty = X = ¢ (tripled by

taking its 1st order neighbourhood in P3).

The tangent curve ﬂm for & (or &') is given by
¥ = alv443au?v?, mm = 2auv?, v = au?v2-aut,

2 i 252 s 3 L= il

Mw = —av '+3au‘v<, xb 4au’v, wm ucve+u
1 1
Jg = ﬂ<m.mmﬁww¢+<mv.wwamxm+<muhamam<#+<bw.
2 2 ' _ t 1 [ ¥
¥4 2 _Mwﬁmu umwu‘mwﬂmM wnmuu ;

Hence: ﬁo is the union of the two lines

s =~ e = wy2 2 Fem :
mm = um*+mm = wu mmm 4 A+.m 5 0, with the double
3 e - L - L [
line &m = mm = mm Ka 0.
n A = general line, i.e. A~ C = @,

A not contained in an osculating plane

B = general line (same conditions as for A,

since these are self-dual!)

Take A: Xg=X; = X +#X, = 0, B: ¥ X3 = X =X, = 0, and
change coordinates:
P s = - YA = 4 ... _ r +x ”
x& = xb xu. xﬂ xd xw~ Nw x_+WM- xw wo 3 Then
C, is given by
Xy = ud-v3, Xy = au?v-auv?, 2 = ulv+uv?,
X', = aud+avi.
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4. Some remarks on H and T

Let eyaex_... denote the closure of the set of
points in T corresponding to degenerations of type
ArkKseeo , and let :y.:xx... denote the similarly defined
sets in . That the degenerations Arkyeas  are of first
order, means that ew_ﬂxh... are of codimension 1 in T;
this is easily seen to be true by counting the parameters
of each of the corresponding figures. Only :7 and :E
are of codimension 1 in H, so the (birational)
projection map a: T + H blows up the other sets
7 For example, :x has codimension 2 (there

il 5 4 s
are =1 plane cuspidal cubics in P3), and for a given
c €H_, =1 (C) =
ﬁﬁm.msmwun T = a (uniquely determined) o:mﬁpampw

cubic union a line through the flex

Since "a line nrﬂo:ws the flex" corresponds to "a plane
containing the cusp tangent of ¢ ", we see that
dim == Leg) = 1.

asmmmn :.j ﬁu:m_v has the largest codimension,

namely 8; all degenerations without an embedded point
specialize to these. In this case, n~!(C) has dimension

7: the tangent curve is determined by choosing 4 point-
pPlanes through the line mmma » which satisfy one relation

between the cross-ratios (of the points and planes) (see
exge [A]/p.206, "of FecRIT that Fhe four rconcuvreint lines
T 3
ﬂﬂmg span only a P7), ~

Let N denote the normal sheaf of ¢ e B in P3.

One can prove, e.g. by taking a presentation of the ideal

of C, that dim HO(N,C) = 12. It follows that H is

smooth at €, since dim H = 12, and hence all points of
:nzw (i.e., those corresponding to Cohen-Macaulay curves,
i.e., curves without an embedded point) are smooth on H.

Now consider H Any point in it can be specialized

to one nOnnmmvo:QH:owno a plane triple line with a
nonplanar embedded point, e.g. given by the ideal
Axdxw.xwxw.xw~xwv. In the work with M. Schlessinger, cited
in the introduction, we prove that such a point is smooth

on H, and hence that H is smooth.

kg

Remark: The results dim HO(N,G) = 12 if © ¢ m:. and
dim HO(N,C) = 16 if & is a plane triple line with

embedded point, have also been obtained by Joe Harris; he

also gives a list of possible degeneration types of a curve
C € H (private communication).

As a final comment, let us mention an advantage of
working with Hilbert schemes rather than Chow schemes: the
existence of universal families of curves, which allows the
following way of expressing Schubert's various conditions

as cycles on T. Namely, let

C < pixr &' < Grass(1,3)xT c* < B3xp

vh R\\\ n h %\\\\\\\ H h R\\\
T T T
denote the universal families {(pulled back to T from H,
G, H respectively). The condition, denoted v by
Schubert, for a curve C +to intersect a given line L, is
then represented by the cycle T, = P (EALxT); the
condition, Schubert's p, that the curve touches a given
plane U, by en = Q*HG.JQA._xHu‘ where Qd.d» is the
2-plane in Grass(1,3) of lines in U, and so on. We plan
to return to the question of determining the relations
between these cycles and the cycles ewsaxs... - and to a

study of the Chow ring of T.
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