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’NTRODUCTION

This paper deals with the classification of smooth surfaces in
p". -
The first topic we study is the surfaces on cubic hypersur-
faces, and the main result is the classification of the smooth
surfaces on cubic hypersurfaces with isolated singularities
(Theorem 2.1.1). The second topic is the smooth surfaces in P%
without apparent triple points. We show that such a surface is
either an elliptic quintic scroll or it is contained in a quadric
hypersurface (Theorem 3.0.2). This result was conjectured by C.
Peskine. For not necessarily smooth surfaces in general, this
question has been studied by Severi ([sel).

Chapter 1 consists mainly of a listing of known results about
surfaces (in P%) that will be used in the rest of this paper.
However, Proposition 1.2.4 should be emphasized. It gives a bound
for the sectional genus of a surface not contained in a hypersur-
face of given degree.

Chaptet 2 is a treatment of the question about the smooth
surfaces on the cubic hypersurfaces. In §1 we give a complete
classification when the cubic hypersurfaces have isolated
singularié&es. I have not succeeded with the classification when
the cubic hypersurfaces have non-isolated singularities; §2 of
Chapter 2 is a discussion of some approaches to this problem.

Chapte;;3 gives the classification of smooth surfaces without
apparent tfiple points.

Appendix A deals with the classification of the curves of
"nearly maximal" genus on a cubic Del Pezzo surface in 3. The
results are needed in Chapter 2. I have chosen to do this
separately in an Appendix becauée of the "technical nature".

Appendix B consists of a proof of the fact that the only
smooth non-degenerate scrolls in p% are those of degree 3 or 5.
The proof is a revised version of one given by Lanteri ([L]).

Most of this paper has developed from various attempts toO
prove the Theorem concerning non—-apparent triple points. The proof
we present in Chapter 3 uses a formula about foursecant-lines that
was seen to apply first at a late stage. However, considering the
other approaches there are interesting open questions:




(1) Does there exist any smooth surface in P" with x<O

(necessarily ruled)?

Or more dgenerally:
(2) What are the irregular smooth surfaces in pP"?

An answer to the difficult question (2) would have many
implications to the classification problem (see for instance

Theorem 2.1.15).

(3) What are the smooth surfaces in P”_‘that contain a
1-dimensional family of plane curves (besides Veronese
surfaces, elliptic gquintic scrolls, and surfaces on quadric

hypersurfaces)?

An answer to question (3) when the plane curves have degree 3 or
more, would yield another proof of Theorem 3.0.2,_ by Severi's own
method. It is alst related to question (1); since the scrolls in

P% are known, what are the surfaces ruled in conic sections?
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CHAPTER 1

Preliminaries

The ground field X%, is assumed to be algebraically closed of

characteristic zero.
For a scheme X, let (Q& denote its structure sheaf. If Y=X

is a subscheme, then is the ideal sheaf of Y in X. If X

I
Y|X
is a projective space, then we simply write IY when the meaning
is clear.

. i i
If F 1is a sheaf on X, then we let H (F)=H (X;F) and

. . N
hl(F)=dimkHl(F). If X< P , then F(n)=F®(9N(n). The
- P

s . . . i i
Fuler-Poincaré characteristic of F 1s x(F)=2i>o(—1) h (F)
(whenever meaningful).

-

Sing(X) denotes the singular locus of X.

If J 1is an ideak in a polynomial ring, then v(J) denotes the
set of zeros (set-theoretically).

A surfac; S, is a projective variety of dimension 2 and
ﬁnless othigwise stated, assumed to be smooth.

If S‘ is a divisor on S, then ég(D) is the corresponding

linebundle.

P(D) = the arithmetic genus of D.

K denotes a canonical divisor on S and
| wg = §E(K).
I q= hl(dg); the irregularity of S
P =hn?(®).
g S

§0. Notation and conventions ’ [+ )




S is embedded in a projective space EN, then we let

o
1

hyperplane section of 8; é%(H)=C%(1).
% = p(H); the geometric genus of a general hyperplane sectioqnm.
(the sectional genus).

d deg(s) = H?; the degree of 5.

; Furthermore, S 1is said to be non-degenerate if it is not

. . ; N
| contained in a proper subspace of P .

§1.
é First of all we give a list of well known results that will be

used frequently in this paper.

-

Let C be a divisor on a smooth surface S.

The Riemann-Roch T%eorem:

4e)) = x £ %C-(C—K)

The adjuncti%h formula:

ii 2p(C) - 2 = C.(C+K)

Then we have the Theorem par excellence to be used on surfaces in

P

Severi's Theorem:

The only non-degenerate surfaces in P> with isolated singular-
ities that may be projected isomorphically to P4 are cones and

Veronese surfaces.




This is the version proven in [M, p.72], the original proof
can be found in [Se, p.42].

In this paper we will mostly be concerned about surfaces in Hﬁﬂ

P* +that are not contained in a quadric hypersurface. ToO
Qgillustrate the usefulness of Severi's Theorem, we give an obvious

§ consequence:

’§Corollary T.1.1:

L%Let S be a smooth non-degenerate surface in p*, and suppose S
Liis not a Veronese surface. If a hyperplane section of S is cén—
¥§tained in a quadric surface, then this surface is the hyperplane

g section of a quadric hypersurface that contains S.

éProof: ~

é Severi's Theorem says that ho(6%(1))=ho(égk(1))=5' hence

; Hl(IS(1))=0. Let 'C denote the hyperplane section of S. From the
E induced exact_sequence

0 :’IS(]) > IS(2) > IC(2)~+ o ,

y

‘ e
f we find HO(IS(Z))=H°(IC(2)), and we are done.

The next two results are also classical. They can be found in
[S.R, Ch IX], where they are given in terms of another set of

projective characters than ours.

The c2—formula:

The characters of a smooth surface in P* satisfy

a2 - 104 -5H.K - 2k2 + 12y = O




 e have chosen to name it the c2—formula because it is based on
he fact that the second Chern class of the normal bundle of a

urface in PY is d?. For a proof see [H, p.434].

The Jacobi formula:

Suppose a smooth surface S is contained in a hypersurface V

§ of degree s in P". If Sing(V)ns is finite, then .

d,d
‘IE—T+"2"-S-—4+S)—ZS,

féwhere b is the degree of the finite scheme defined by the

?restriction of the Jacobi ideal of V to S.

jéProof:
ELet :5=IS/P“' and let F be a homogeneous polynomial of degree

j‘~‘~'defining V. Then F defines a global section of the conormal

 bundle of- S in° P%* twisted by s;‘j/sz(s). If Tpu is the
| tangentbundle of P", then the natural surjection Tpu®d%*N (N

i the normal bundle of ScP"), shows that the vanishing ideal of

i this sect%pﬁ is the restriction of the Jacobi ideal. It implies
; clearly
b= e (3/&(s)) = ¢ (N(=s)) ,
2 2
where c¢ denotes (the degree of) the second Chern class.

Using standard formulas for Chern numbers, we have

po= c2(N) - c1(N).sH + (sH)? .

If we combine the tangent bundle sequence

0->TS->T94®GS'—>N—>O,

&



nd the Euler sequence for P

0> &> 1)5 > T, > 0,

fwe get c, (N)=5H-c (T )=SH*K.
If we use cz(N)=d2 (see the c2—formula), H2=d, and the

djunction formula on H; H.K=21-2-d, we get

po= d2 - 5s@ - s{2n-2-4) + s24d

iwhich yields the formula stated.

We will end this section by mentioning a result that gives a

useful criterion for a smooth surface ([so], [vav]).

¥ Theorem 1.1.2 (Sommese-Van de Ven)

?For a smooth surface in a projective space the linear system
i

£1H+K] is generated by its global sections except- for scrolls,

1veronese surfaces and planes.

4

—

One knows™ that the only scrolls in P* are the cubic rational
%%scrolls and ;he elliptic quintig scrolls. (A proof can be found in
E%Appendix Bfﬁ
;% We will not be able to draw full advantage of this Theorem
:éin the sequel, but it will turn out to be natural to connect this

! result to the discussion in Chaper 2 about surfaces on cubic

hypersurfaces in P,




One method in the study of surfaces in P* is to examine a hyper-

plane section and use the rich theory about curves in p3. How- iﬁ!
ever, this method has clearly its limitations because we lose

! what is extraordinary when we pass from a surface in P*%* to a
curve in P3. Nevertheless, some properties might as well be
studied at the "hyperplane section level"”, as we shall see in

this paragraph.

Roth shows the following ([Ro, p-152]), by using Severi's

Theorem and a result of Bertini.

Proposition 1.2.1 (Roth):

Let S Dbe a smooth non—degeneraie surface of degree d in p4.

Suppose a general hyperplane section of S is contained in a

surface of degree s, where s?2<d. Then this surface is the

hyperplane“sectioﬁ of a hypersurface of degree s in P* that

contains S. _

Remark: ThgévProposition is only of interest when s»>3; for s=2

we have a more precise statement in Corollary 1.1.1, where we do

not restrict to a general hyperplane section.

We need this result only when s=3, in this case the

contribution of Bertini is simple and we give Roth's proof:

Let HO=V(XO) and H1=V(x1) be taken as general hyperplanes. For
i=0,1 let Ci=SnHi be contained in the degenerate surface Si

of degree s, where we can assume Si irreducible. Then the 4

points in ConC1 are in the intersection between the curves




and S1nHO' both of degree s and lying in the plane

But we can assume that one of these curves is irreducible,

\nd since s2<d, these curves have to be equal by Bezout's
heorem. Let F01=F0](x2,x3,x4) define this curve, and let

=F (x.,X_,%X_,%x,) and F =F1(x Sy X . X ,x4) define S and S1

0O 0172 3 4 1 0" 2 3 0

espectively. If we adjust FO and F1 (multiply with scalars),

;then we get a form of degree s

F=F  + F] - Fo1

Suppose s=3. We have the exact sequence

XOX1 B
0+ I (1) » Ig(3) > I (3) >0

CoUCy | HQUH,

By Severi's Theorem we know that Hl(IS(l))=O when S 1is not a

4

Veronese surface. Since 0+Feu’ (I (3)) and HO(IS(1))=O, we

COUC1

then get from"the sequence that HO(IS(B))#O, and we are done.

Recall, a @losed subscheme X & PN is said to be projectively
Cohen-Macaulay if the graded ring of the embedding is a Cohen-
Macaulay ring. If dim X3>1, then this is equivalent to the

statement

Hl(IX(n)) =0, n€zZ , 0<i<dim X

Lemma 1.2.2:

N
Let XcP be a closed subscheme of dimension 2 or more. If a
hyperplane section of X is projectively Cohen-Macaulay then so

is X.

ol




Y denote the hyperplane section of X and consider the

0 ~» IX(n) > Ix(n+1) > IY(n+1) > 0, ne€z

By assumption we have Hl(Iy(n))=O, n€z. If we use that

Hl(IX(—m))=O when m>>0, we then find by 'induction that

H!(I_(n))=0, néZ. Furthermore, for 2<j<dim X we have injections
N

HJ(IX(n))+H3(IX(n+1)). Since HJ(IX(n))=O when n>>0, the Lemma

is proved.

The result concerning curves in P3 that will be most helpful is

the following ([G.P.1])

Theorem 1.2.3 (Gruson-Peskine):

Let C Dbe a smooth curve of degree d and genus g in p3. If

C is not lying on a surface of degree <s, where s(s-1)<d, then

(x) g &1+ %(% + s - 4) - r(s-r)(s-1)/2s ,

Fa
where d+rz=0 (mod s), O<r<s. Furthermore, equality in (x) occurs

if and only if C is linked to a plane curve of degree r by

d+r .
surfaces of degree s and . respectively.

We are now able to combine the results given in this paragraph in
a form that will be most suitable for us. This Proposition will,

in the cases s<4, be the essential tool in Chapter 3.

jduced exact sequences iﬂ*



If a smooth surface S of degree d and sectional genus =T

in P% 1is not contained in a hypersurface of degree <s, where g

(x) <1 +3E+5s-2a) - r(s-r)(s-1)/2s

where d+r=0 (mod s), O<r<s. Furthermore, equality in (x) occurs
if and only if S is projectively Cohen-Macaulay and linked to a

degenerate surface of degree r by hypersurfaces of degree s

d+r )
and —g“ respectively.

Proof:
Since (s-1)2<s(s-1)<d, we get () froﬁ Proposition 1.2.1 and
Theorem 1.2.3. If we have equality in (x), then Theorem 1.2.3
itelle that a hyperplane section of S, say C, is linked to a
plane cur;e of degree r by surfaces of degree s and QEE'

respectively. From Lemma 1.2.2 we get S is projectively

Cchen-Macaulay. The surjection
s
-

er’(Ig(n)) > ©H’ (I(n))
n n

. +
shows that there exist hypersurfaces of degree s and QEE

respectively, both containing S, whose hyperplane sections are

‘the surfaces considered contalnlng C. The residual 1ntersectlon
of these hypersurfaces is a scheme whose hyperplane sect;onvls:a

plane curve of degree r, hence degenerate.

The converse implication follows immediately frol T



emark 1.2.5:

We have chosen to mention the projectively Cohen-Maccaulay

interested in the irregularity of surfaces, q, in the next

Chapters. Clearly a projectively Cohen-Macaulay surface is

regular; g=0 and ¥x>0.

§3.
We end this chapter by giving some of the known classification of

surfaces in P".

Proposition 1.3.1:

-

Let S E_P“ bé a smooth non-degenerate surface with characters =
and d, thén the'f;llowing 2 conditions are equivalent:

1) S 1is contained in a quadric hypersurface.

2) mo=1 + ti-(d-a,j
When this iﬁféo, then S is projectively Cohen-Macaulay and
either k

a) d is even, and S is a complete intersection of the

quadric and another hypersurface

or

b) d is odd, and S 1is linked to a plane by the quadric

and another hypersurface.

This result is well known (see for instance [Ro, p.151]): If

the hyperquadric has only isolated singularities, then it can

‘property in Proposition 1.2.4. The reason is that we will be iﬁﬁ
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sasily deduced from the Jacobi formula and Proposition 1.2.4
p=0 or 1). If the quadric has a double line, then a general
erplane section of S is a smooth curve on a quadric cone, anqﬁm\

st have maximal genus.

following table gives the smooth non-degenerate surfaces of
;deéree 6 or less in P"* not on a quadric hypersurface, together

with their characters (see [S.R, p.218]).

Table 1.3.2:

d
Veronese 4 0 1 9 -6 -
Elliptic scroll 5 1 0 1 0 -5
Bordiga 613 o] -1 | -2

At

Remark 1.3.3:"
J;E‘EA
The Table 1.3.2 still gives all possibilities if we replace the

condition "smooth" with "normal and not a cone". By lack of

references, we will give some partial results in this direction

when needed.

The surfaces in P* of degree 7 and 8 are classified by Okonek

([o1],[02]).




HAPTER 2

x the surfaces on gquadric hypersurfaces in P* we have a com-
plete classification in frop. 1.3.1, and a natural question is if
_similar result is true in the case of cubic hypersurfaces.

In §1 we will see that this is so when the cubic hypersurface
ﬁﬁas isolated singularities; a surface on such a hypersurface is
linked to a surface of degree 5 or less (Theorem 2.1.1). The
:‘method of the proof will be to utilize the genus of a general
_hyperplane section of the surface; this curve lies on a smooth
cubic Del Pezzo surface in P3 and because of the "nearly maximal"
genus we find, we can link the curve to a curve of degree 5 or
less on the Del Pezzo surface. Finally we will be able to 1ift
‘this linkage to a linkage between the surface and another surface.
In the end ofT§1 we qive a brief discussion of the result.

We have nbt succeeded in the classification of surfaces on
cubic hype€§uffaces with non-isolated singularities. However, from
the speciai_cases we do know, we believe that the list in Theorem
2.1.1 essentially is complete for any cubic hypersurface. Rather
than to present a number of partial results, not too interesting
in themselves, we have chosen only to discuss two approaches to
ﬁhis problem in‘§2. The first one is a prolongation of the method

used in §1, the second is a geometric method that can be used for

any non-conical cubic hypersurface.



e surfaces on a cubic hypersurface with isolated singularities.

Heorem 2.71.1:

et S Dbe a smooth surface with characters = and d, contained
in a cubic hypersurface in P4 with only isolated singularities.

Then we have
ro=1 ++d(d-3) - &
6 6 '

with the following possibilities:

0) p = O:
S complete intersection, .
=4, d = 2 (mod 3):

linked to a plane,

1)

ne

2) p=4,d=z1 (mod 3):
S 1linked to a quadric surface (being a~cone if the
cubic hypersurface is a cone)

3) g = 6: a -
S 1linked to a rational cubic scroll,

=10, 4 = 2 (mod 3):

4) p
S 1linked to a Veronese surface,

5) p/A& 10, d =1 (mod 3):
S 1linked to an elliptic quintic scroll.

In all éases, the cubic hypersurface is used in the linkage.

Remark 2.1.2:

The surfaces involved in the linkage in 1)-5) are precisely the
surfaces in P" Thaving |H+K|=p (see the comments after Theorem
1.1.2 and use K=(s-4)H for a surface of degree s in P3). We

have not succeeded in finding a proof of the Theorem, utilizing

this property.



‘g@ark 2.1.3:

Segre cubic primal is a cubic hypersurface in P% with 10

solated singular points (see [S.R, p-169]). We can find examples -

1

all of the surfaces listed in the Theorem 2.1.1 on such a

ypersurface.

¥oof of the Theorem:

Let V denote the cubic hypersurface, and let F=0 Dbe the

equation defining it. By the Jacobi formula, we have

r

2.1.4) = =1 + %d(d—3) -

[ ¥k =

where p is the degree of the finite scheme defined by the
restriction of the Jacobi ideal of V to 8.
Since V Thas only isolated singularities, Bezout's Theorem

implies u<2%=16. If we consider (2.7.4), then we easily find the

following possibilities:

(2.1.5) d =0 (mod 3) and p€{0,6,12}

d £ 0 (mod 3) and ne{4,10,16}
&
&

First of all we will exclude the trivial case p=16. This can be

done in several ways, but we choose one that allows us to make use

of the definition of u.

The case P=16:

. : F
Let L < H0(6E4(2)) be the linear system generated by %E—'
i

i=0,1,...,4. Since p=16, it follows from Bezout's Theorem that 4
'general elements of L define the Jacobi scheme of V. Let I

denote the ideal sheaf of this complete intersection scheme.



arly h°(1(2))=4, and since L E_HO(I(Z)), the set
23 }i—O 4 1s linearly dependent.
: bt 2 e & o ’ R

oF
We can then assume . 0 (by a suitable change of
0

soordinates in P4%), hence V 1is a cone with vertex
P=(1,0,...,0) and smooth outside P. Let (R,m) denote the local

. OF .
of P% in p. The ggj‘s are homogeneous of degree 2 in the
i

fvariables x1,...,x4, so they can be considered as elements in R.

Let J=R Dbe the ideal they generate. Furthermore, let £=g=0 Dbe

local equations for S in p. We find

16 = p = dimk[R/J+(f}g)] < aim_R/J = 16.

Hence (£f,g)cJd, but this implies S is singular in p Dbecause
7 .
It might seem natural to try a similar approach for the

remaining p's, for instance we also want to exclude the case

—

p=12. But to .do so we would have to find all cubic forms with a

Jacobi scheme of degree 12 or more (one example is xox]x2+xg+x2);

a task we have not found too attractive. Instead, we will choose a

F

method where we avoid to have to treat all different types of

singular loci separately.

Let us first give an outline of this method:

A general hyperplane section of V is a smooth cubic Del Pezzo

'

surface. Since =© 1is "nearly maximal", we are able to link the

—

induced hyperplane section of S to a curve of "expected"

(according to the Theorem if u<10) type on the Del Pezzo surface.



proved separately in Appendix A. We will show that this
is a restriction to @3 of a linkage between S and a

S'. After some effort we also show that we can choose S' iﬂ*

1t should, however, be pointed out that this is really a
minor problem; the surfaces of low degree in P4, including singu-
lar ones, are easily classified (see Remark 1.3.3). The case p=12
will be excluded because the smooth S' we find does not exist.
We need two Lemmas before we go on (In the first of these
Lemmas we also consider ‘dim(SingV)=1 because it is needed in

Chapter 3).

Lemma 2.1.6:

Let S Dbe a smooth surface on a cubic conic hypersurface V in

-

P* and suppose dim(SingV)<1. Then either

A) d =0 (mod 3); =

1
1+ Ed(d_3) and S 1is a complete
intersection on V,

er -

and S 1is linked

wir

]
B) d =1 (mod 3); = =1 + gd(d-3) -

to”a quadric cone on V.

Proof:

Vv has as vertex either a line or a point. In both cases a general
hyperplane section of V intersecting the vertex, is a cone over
a smooth plane cubic curve. The induced hyperplane section of S
is a smooth curve (choose the hyperplane transversal to S in the
intersection with the vertex and use Bertini's Theorem), lying on
this cone. Let C denote the curve. It is an easy exercise to

show that there are two possibilities depending on whether C



A') C is a complete intersection on the cone

B') C is linked to two generatrices on the cone.
arthermore, the genus equals the = written in A) and B) respec-
tively. The Lemma follows from Prop. 1.2.4 (the gquadric surface is

necessarily a cone).

Remark 2.1.7¢

If we consider the Theorem, then A) and B) belong to the cases 0)
and 2) respectively. Henceforth we can assume that our cubic
hypersurface with isolated singularities is not conical.

-~

Lemma 2.1.8:

-

Let V be a cubic hypersurface in p* with isolated singular-

ities and suppose V is not a cone. Then V contains only a

finite number of quadric cones Or cones OVer space: curves.

Proof: ;ﬂ§ 
First of all we will show that the cones we consider, with the
exception of a finite number of gquadric cones, have vertex in a
singular point on V:

A cone overazsgacé;curve has deg:ée 3 or more, thus a general
hyperplane section of V throudh the vertex contains 3 or more
lines through the vertex, not lying in a plane. Hence such a

hyperplane section of V is singular in the vertex and conse-

quently V is also singular in that point.



A quadric cone is linked to a plane. Let P denote the plane

nd say P=V(x0,x1). We can then express V as the zero locus of
where Q1 and Q2 are quadratic forms. There is a Pliﬁ}

of quadric surfaces linked to P and a generic one is smooth out-

ide V(xo,x1,Q0,Q]) by Bertini's Theorem. One easily checks that
this locus is contained in the singular locus of V. Furthermore,

there is only a finite number of planes in V (for instance less

than the number of lines on a cubic Del Pezzo surface; 27), so

there is only a finite number of guadric cones with vertex outside

the singular points of V.

Now we can assume that the vertex of the cone is
p=(0,0,0,0,1) and V 1is singular in p. Since V 1is not a cone,
we have

vV = V(x4Q+G) where Q,GEk[xo,x1,x2,x3] .

4

By parametrizing a line in V through p, we find that the line

mist be contained in the sextic cone v(Q,G). Hence a cone with

vertex p must be a component of this sextic cone.

. 2 . . s . .
Since.#Ae have assumed isolated singularities we find a finite

number of these cones.

Notation:

Let L be a general hyperplane in p4. S3=LﬂV is a smooth cubic

Del Pezzo surface. In each of the following cases we have chosen a

basis {%1,E,,...,Eg}l for Pic S3, where the linear system |2]|

defines a morphism S3 > P2 and E1""'E6 are the six lines

contracted (see Appendix A). Let H3 denote a hyperplane section

of S

3* Furthermore, let C=LQS, C=IClS3' and ‘jS=IS|V'




Multiplication with the linear form defining L 1induces the

xact sequence

(2.1.9) 0 ~» js(n—T) ->‘2(n) > jc(n) > 0, nez .

The case p=10, d=2 (mod 3):

From Appendix A we have that C is linked to a smooth rational

quartic curve, say C4, on S3. In PicS3 we have that C+C4=tH3,

where d+4=3t. Furthermore,

i

hl(:é(n)) (6 = The Kronecker-symbol),

Q
H (J,(¢))

o)

n,t-2

Ho(& (c,)), and the rank is 4,
Sj 4

13

o] o .
1 (J,(e-1)) = B (623(c4fng) = 0.

By induction, using hl(:é(m))=0 when m<0 and hr(:%(n))=6n Y
we get from (2.1m9) that hl(:é(n))=0 when n<t-2. Furthermore,

for n=t-2, t-1, and t in_(2.1.9) we get the exact sequences

0 » ml((£-2)) ~ ml(f(£-2)) = x ,
0% HH(L(t-2)) > BN (e=1)) > 0,

1 (L(e)) » 57 ((e)) » v (Fe-1))

We will show that Hl(Jé(t—1))=O. Assume the contrary, we then

get

1 - = gl - =
mh(J(£-1)) = BN (T (£-2)) = k .

This implies that there is a linear form L. such that the multi-

plication

.L
Bl (G (e-2)) > BH((e-1))

éﬁy




we have Ho(fé (t-1)$#0. But this gives CL is linked to a
L

ine on VN(V(L)); by the "Théordme de liaison globale" ([P.S]), B
e find that CL is projectively Cohen-Macaulay and we have a

.2.2 since C4 and then S 1is not
pfojectively Cohen-Macaulay.

Consequently Hl(:g(t-1))=0, and we have a surjection
B2 (S (e)) » B (G(e)) = HO(G'S3(C4)) :

 We can therefore find forms Ftéﬂo(CQH(t)) such that

;V(Ft)ﬂV=SUS where S (being dependent on Ft) is a quartic

4’ 4
surface having a smooth rational quartic curve as general hyper-
plane section. If S, is smooth, then we are done, because a

surface with this property is a Veronese surface. |

Suppose a general»éudh S4 is singular: Since

y o]
ho(Cé(t))>h (Qé(t))=4, we can avoid the finite number of quartic
cones (Lemma 2.1.8). Furthermore, a general hyperplane section

is irreduci?;e and smooth so S4 is irreducible and has only

o

isolated singularities. By Serre's criterion ("R1 and 82")' S4 is
normal (the 82 property comes from S by linkage, [P.S, Prop.
1.3]), and by Severi's Theorem S4 is not a projection from P3.
Let S be a desingularization of Sy and let |L| be the
linear system giving S » S <« P%. A general member of |L] is a
rational curve, and we have L2=4. By the adjunction formula on

S, we find L.K=-6<0 so S is ruled ([B, p.112]). s is a

rational surface since L 1is rational, so

@) =1 and n2(B(1) =n’(w_(-L)) =0 .
S S S




2@ (1)) - n1(BL)) = ¢ + FLIL-K) = 6 .
S S 2

The case up=10, d=1 (mod 3):

From Appendix A we have that C is linked to a smooth elliptic

quintic curve, say Cg, On Sy In PicS3 we have that C+C5=tH3,

+5= =34-E_-E_-E_-E, . Furthe
d+5=3t and C5 3 E1 E2 E3 E4 urthermore,

i

5 '
n' t"2

HO(C9 (¢.)), and the rank is 6,

nl(d(n))
B (F,(t))

[

R

H°(5C(t-1)) H°(C% (Cg-H)) , and the rank is 1,
3

where E§+E6 is the global section.

As in the previous case, we consider the exact seguence (2.1.9).

we find hl(f%(t—Z))<1 in a similar way, and for n=t-1 we get

£
7

0 » mO(L(e-1)) » BO(Le-1)) » mH (Fle-2)) » B (Jg(e=1)) > O

If ‘Ho(:é(t-1))#0, then we can link S to the union of two planes
having thé skew lines E5 and E6 as hyperplane section. But the
union of‘two planes intersecting in a point is not locally Cohen-
Macaulay. This contradicts the fact that S 1is locally Cohen-

Macaulay since this property is preserved by linkage ([P.S, Prop-.

1.37).



From the exact sequence above, we then find Ho(Cé(t-1))=

Hl(Cé(t—2)) and Hl(éé(t—1))=0, leading to a surjection

0 [¢) Q
1 (J(e)) » 8°(Jy(¢)) = H (&53(c5)) :

As in the previous case, we can link S to an irreducible normal
surface, say 55, this time of degree 5, not being a cone or a

projection from pS. If 85 is smooth, then we are done because

w(85)=1 implies 85 is an elliptic quintic scroll.
Suppose Sg is ‘singular and let S be a minimal desingular-
ization (i.e. no -1 curves are contracted by §+SS). Let |n|

denote the linear system on S defining this morphism.

We have L2=5, L.K=-5, and s is ruled, say of genus g.
We will show that 5S¢ is a cone: Since a gemeral section of
|L| is an elliptic curve, we have g=0 or 1, hence x=1-g=1 or 0.

Let ¢ =C."We have 1°(&(L)=5 and h2(&L))=h°(w_(-L))=0. By the
S S

Riemann—-Roch Theorem we find
";Ll(&(L)) =%

so we must have x=0 and S ‘is ruled over an elliptic curve.
This implies S5 is ruled in lines and L 1is a section of
S: Otherwise, by Hurwitz' Theorem, we have an unramified covering
between a general element of |L| and the elliptic curve that
defines the ruling. But this is impossible, because if 85 is not
ruled in lines we can find a smooth connected elliptic éection of
|L| that touches a curve in the ruling (consider a general hyper-

plane in P4 containing a tangent), hence we must have some rami-

fication.



A singular fiber in the ruling of a ruled surface contains at
least two -1 curves (as one easily proves by induction on the
number of components). Since L intersects a fiber in the ruling ﬁ@‘
of S once, and the morphism defined by |L| does not contract any. “
-1 curve, we find that S is a minimal ruled surface. But this

leaves us with the possibility that only a section of S is

contracted by S+Ss, hence 85 is a cone.

The case p=12, 430 (mod 3):

We want to show that this case is impossible. The method will be
to link S to a normal surface of degree 6, not a cone, with
n=2, and then show that such a surface does not exist.

From Appendix A we have that C is linked to a smooth sextic
curve of genus 2, say C6, on Sé; In PicS3 we have C+C6=tH3,
where d+6=3t and C6=4l—2E]-E2—E3—E4—E5. FurtheEmore,

1, n=t-3,t-2

nl(J,(n)) =
0 , otherwise
Ho(sg(t)) = H°(C§ (06)), and the rank is 8,
. 3

Hgﬁ:f(t_1)) « 5°(% (c_-H.)), and the rank is 2,
c S3 6 3

and all sections have the form C2+E6, where C2 is a

conic section in |2-E, |-

Using the sequence (2.1.9) as in the previous cases, we find

nt(d (£-3)) < n}(J (e-3)) =1
and

- > - > 1 -
a! (T (£-3)) » B (S (e-2)) » B (T (x-2))

Since hl(:é(t-Z))=1, we get hl(éé(t-z))<2.




Let us show as before that Ho(:é(t—1))=0. If not, the cor-
responding hypersurface links S to a scheme with C2+E6 as |
‘hyperplane section. Since CZ'E6=O' this scheme is the union of

a plane and a quadric surface intersecting in 2 points. Such a
scheme is not locally Cohen-Macaulay, and once more this is impos-
sible because S is locally Cohen-Macaulay; a property which is
preserved by linkage.

We then get the exact sequence
°(J 18 1(g
0 > 8 (L(t-1)) » B (G (£-2)) » B (T(e-1)) » O,

which proves hl(:é(t—1))=0 because ho(Sé(t—l))=2>h1(6é(t—2)).
The surjection Ho(:%(t))+H°(8E(t)) shows as in the previous
cases, ﬁhat we can link S to a sgxtic surface 56 that is
irreducible, normal, not a cone, and with sectional genus 2.
‘Let §+86 be a minimal desingularization anq L. the induced

~ o ,
linebundle on S. Leth =CZ. We have h (dRL))=5, L2=6, L.K=-4,
S

and S is-ruled say of genus g; xX=1-g.

Remark: Theorem 1.1.2 does not apply directly on the linear system

| L+K| . sinc%J‘L is not ample. However, one should bear the idea

of that Theorem in mind in the sequel.

Lemma 2.1.10:

n
Let X be a smooth surface and ¢:X>P a morphism defined by a
linear system |L|. Suppose that ¢ does not contract any =1 curve

and that |L+K|#@. Then we have (L+K)250.



kSuppose (L+K)2<0, and let C¢&|L+K|. Since c2<0, there exists an
effective irreducible divisor C] = C with C1.C<O and C%<O.

n .
Since C;.L>0 (L comes from P ) and C1.(L+K)<O, we find

o

C1.K<O. By the adjunction formula we have C%+C1.K>—2. If we

combine these inequalities, we get C%=—1, C1.K=-1, and C].L=O
as the §nly possibility. But this implies C is a =1 curve con-
tracted by ¢.

By the Riemann-Roch Theorem, we find x(G(L))=5—hl(0KL))=
1-g+5 and x((L+K))=h° ({L+K) )-h! (O{L+K) ) =2-g.

The first equality shows g»1. If g=1, then the second
equality shows |L+K|+#@, but this contradicts Lemma 2.1.10 because
(L+K)2=—2+K2<0. Furthermore, since p(L)=2, the only possibility
left is g=2 and L 1is a sectidﬁ of S by Hurwitz' Theorem.
Hence S6 is ruled in lines. Finally, by the same argument as in
the previous case, we find that a section of g has to be con-

tracted, but this 4is impossible since S is not a cone.

Aot

The cases u<b6:

From Append%§7A we know that if p=6, then C is linked to a
twisted cugic. By linkage and Lemma 1.2.2, C and S are projec-
tively Cohen-Macaulay. By Lemma 2.1.8 we can link S5 to a normal
cubic surface that is not a cone; obviously, such a surface is
smooth.
The cases p€{0,4} can also be dealt with in the same way,

but since 7 is maximal Prop. 1.2.4 applies. When the linked
surface is a quadric, we can choose it smooth by Lemma 2.1.8, and

the Theorem is finally proved.



Corollary 2.1.11:

The only irregular smooth surfaces on a cubic hypersurface in rh

with isolated singularities are the elliptic quintic scrolls. iﬁ*

Let S denote such a surface of degree d. The surfaces in 0)-3)
in the Theorem are all projectively Cohen-Macaulay by linkage,
hence regular.

ITf S is linked to a Veronese surface V, d+4=3t, then
wszﬁb(t-2) by the exact sequence of linkage. For the Veronese
surface it is well known that the only incomplete series is
HO(6%(1)), hence hl(é%)=h1(ws)#0 if and only if +t=3; that is,
S is an elliptic quintic scrolli

If S is linked to an elliptic quintic scroll E, then’we

o
see that S is regular because all the series H (@%(n)) are

4

complete. —

Remark: In [Ro, p.153] there is a result saying that an irregular
normal sur@gée on a cubic hypersurface veryfying certain condi-

tions (for instance with isolated singularities) has pg=0.

Definition 2.1.12:

When one can obtain a surface from another by a sequence of

linkages, we say that the surfaces are in the same linkage class.

If we use a fixed hypersurface V in all of these linkages we

say we have a linkage class on V.

Our Theorem can then be reformulated in the following way




Theorem 2.1.13:

Let V< P%{;bé a cubic hypersurface with isolated singularities.
Then a sm§§th surface on V is in the linkage class on V of oneiﬁg
of the following types: The linkage class of

a) the empty surface, b) a plane,

¢) a cubic scroll or d) a Veronese surface.

The linkage class a), consists of all complete intersections (of

V and other hypersurfaces). A quadric surface on V is linked to
a plane, and an elliptic quintic scroll is linked to a Veronese

surface.

Remark 2.1.14:

If we merely demand “linkage“ and not "linkage on V", then the

linkage classes of type a), b), and c) coincide; they all repre-

sent the linkage class of pfojectively Cohen-Macaulay surfaces.
Before we end this section we should also remark that the

following Tgébrem is easy to prove. It is the subtle subject of

irregular surfaces in @" that is the barrier.

Theorem 2.1.15: .

If a linkage class contains a smooth surface on a cubic hyper-
surface in P% (no restrictions on the singularities), then
it contains a smooth surface on a quadric hypersurface or an

irregular surface.




Proof:
Let S be a smooth surface on a cubic hypersurface V < p*, and

ljet J Dbe the ideal of § in V. Clearly we can assume S is
not a Veronese surface. The dualizing sheaf of V is 6%(—2). By

duality we find

hi(a” (-2)) = n2(J) = hl(ég)
h2(J¥(-3)) = h1(J(1)) = 0, by Severi's Theorem
n3 (37 (-4)) = n°(3(2))

If 8§ iéiregular and not on a quadric hypersurface, this proves
JY is -1 regular, therefom JY(-1) is generated by its global
sections. Hence it has a smooth section since JY had a smooth
section (defining S). The vanishing variety of this section is a
smooth surface of degree degS-3 1lying on the cubic hypersurface

and in the same linkage class as S (it is bilinked to S). We

are done tw>induction on the degree of S.

v

s
§2
Remarks on smooth surfaces on cubic hypersurfaces in P* with

non-isolated singularities.

We have not managed to solve the classification question about
surfaces on a cubic hypersurface with non-isolated singularities.
However, we conjecture that Theorem 2.1.13 is valid for any cubic
hypersurface. We refer to this Theorem rather than Theorem 2.1.1

to avoid difficulties like the fact that a Veronese surface is

L




contained in a cubic hypersurface with a double plane (the cone

over a cubic scroll with a double line obtained by projection of

the Veronese surface from a point on itself). On this cubic hyper- A
surface the Veronese surface is not linked to a smooth quintic

scroll but only to a degenerate such séroll, but it is in the same

linkage class as itself (!).

In this paragraph we will sketch two approaches to this
problem to show the difficulties that arise.

In the proof of Theorem 2.1.1, we could ignore the specific
nature of the singular loci (we only used u<12); this is clearly

no longer possible.

List 2.2.1:

If the singular locus of an irreducible cubic hypersurface has oo
dimension one or moré, then the possibilities for the reduced
structure of the noﬁ—isolated part ‘are

1) Line. - -

2) Conic section (possibly reducible).

3) Thrggfiines through a point, spanning a p3.

4) Normal rational quartic curve.

5) Two irreducible conic sections, intersecting in one point,
spanning a P*.

6) Four lines through a point, spanning a P"*.

7) Plane.

This list is readily verified, and we omit the details:

Let V denote the cubic hypersurface. A general hyperplane

section of V is a cubic surface in #®3, and we know that such a




surface has a double line or at most 4 nodes. This explains why 7)
is the only possibility with dimension 2 and why the degree is 4
or less in 1)—6).'By Bezout's Theorem, a line joining 2 singular
points on V is contained in V, hence the chord variety of the
singular curve is contained in V. Since V is irreducible, most
curves of degree 4 or less are then excluded. Finally, one shows
that a plane curve in Sing(V) has degree 2 or less by consider-

ing an equation for V.

Remark 2.2.2:

In the cases 6) and 7) one can easily classify the smooth surfaces
on the cubic hypersurface.

In case 6) one can show that the cubic hypersurface is a
cone over a Cayley surface in P? (4 nodes), and for cones over
a nérmal cubic sur%ace Lemma 2.1.6 applieé. In case 7) the cubic
hypersurfaéé is a\projection of a cubic threefold in P°, and by
Severi's Theérem one shows that a smooth surface on this hyper-
surface has dggree 4 or less (see Lemma 3.1.19 for details).

In theﬁ%gllowing let. S denote a smooth surface on the cubic
hypersurface V.

The first method we would like to illustrate is in the spirit

of §1: *

Method A:

If the singular locus of V contains a curve on 8, then we
define D as the largest positive divisor on § contained in
the scheme defined by the Jacobi ideal of V. We can then easily

adjust the Jacobi formula to this case; we get a section of

)




2 -
IS/IS(3)®§é( D)

vanishing in codimension 2, say of degree p'. As in Chapter 1 we

find
] B
(2.2.3) . T = + 6d(d-3) 6 ¢

where p=p'=-(2p(D)-2)+D.H. The essential tool in proving Theorem
2.1.1 was the fact u<16; obviously we do not get it for free
anymore.

Let D' denote the one-dimensional part of Sing(V) and
assume V is not of the type 7):
In some cases we can bound the p (p<12), such that we get a =
in the same range as we had in §T; For instance this is the case
if D=D' (one has to examine each kind of singulﬁr locus care-
fully, the divisors may Be nonreduced). A hyperplane section of
V is a cubic surfice in P3 having a Del Pezzo surface as
desingularizag}on, and the calculation in Appendix A goes through
- as before.‘Hénee the method of §1 can be copied (there are some
problems iqﬁﬁétting linkage with a smooth surface, but these
difficulties seem possible to overcome).

However if D#D', then two severe problems may occur:

i) A component of D' is not contained in S; then p'
includes the number of intersections between this component
and S, and we cannot give a bound.

ii) A common component of D and D' occurs with different
mul tiplicities; then p' may include an unknown number of
embedded points with support on this component.

Besidessome partial results we have not resolved these problems.



Another approach is to use the monoidal structure of a singular
cubic hypersurface (not necessarily with non-isolated singular-
ities): m
Method B:

Suppose V is singular in the point p=(0,0,0,0,1) and that V

is not a cone. The equation defining V is then

x4Q=Gl

where Q and G are homogeneous polynomials in k[xo,x1,x2,x3]
of degree 2 and 3 respectively. The projection from p defines a

birational map V--=—> p3. The inverse map, say ¢, 1s given by

(xo.x].xz.x3) *> (xOQ.x]Q.sz,x3Q,G) '

and it is defined outside the sextic complete intersection curve

4

c, = v(Q,6) < P3 .

Alternatively, ¢ is given by the linear system of cubic surfaces
that containgC_.

! ;j;,, 6
1f P2 < P?, then ¢(P?) is a hyperplane section of V
through p, and for a generai P2 this cubic surface is obtained

from the blowing up of P2 in the six points P2ﬂc6.

If S is a surface on V, then 8 can be represented by a

surface S in P3 via ¢.

Let S, denote the gquadric surface v(Q) <13, If 8ns,
contains a curve C outside C6' then S contains p Dbecause
S \C6 is contracted to this point. If S is smooth in p, then

2
a hyperplane through p transversal to S in this point, inter-




sects S in a curve that is smooth in p. This curve corresponds
to a plane curve in P3 and since the intersection of the plane

and S is contracted, we get that C is a line (in fact, C is ﬂmﬁ

2
the projection of the tangent plane of S in p).

Example 2.2.4:

Let 82 be a smooth quadric surface, and let C6 be the union of

six distinct lines; 3 from each of the 2 line-systems on 82. Let

S be a cubic seroll in P33  that contains 3 of these lines in the

ruling, and such that the double line of S 1is a fourth of these

lines. If the exceptional line on S is not one of the 2 remain-

ing lines of C then S 1is a Veronese surface, otherwise § is

6'
a cubic scroll in P*.

When C6 is a "complicated" curve (e.g. reducible and non-

reduced), then it is hard to examine which surfaces S represent

smooth surfaces S&V. However, to illustrate this method we can

solve the classification question in the case 4) of List 2.2.1:

e

Proposition 2.2.5:
i B

A smooth surface on a cubic hypersurface in P"* with a normal

rational gquartic curve in the singular locus, is linked to a cubic

scroll that contains the quartic curve.

Proof:
As usual, let S denote the surface and V the cubic
hypersurface. Furthermore, let C denote the normal rational

qguartic curve.



By Bezout's Theorem, V is the chord variety of C. For a

suitable choice of coordinates in P%, there is a matrix

such that C is defined by the 2x2 minors of M, and V is given

by det(M)=0.

We will stick to the notation of Method B in the following.

82 is then the cone V(xoxz—xf) c p3, and we get that C6 is a

double twisted cubic curve ZCj:Sé7 C3 is the projection of C.

If S .is represented by S, there are two possibilities

a) §nS2 = rC3 and r is even

b) Sns,

rC3UL and r 1is odd,
where L 1is a line on 82.

Recall tﬁ;t the map ¢:P3-——»P% is given by the cubic sur-
faces that ggﬁtain Cg- In case a) we have §052 = %C6; i.e. S

is a compléte intersection of V, clearly singular.

In case b), we have that a cubic scroll X that contains C
is represented by a quadric surface X, such that inSZ=C3UL',
where L' 1is a line. Since LUL' is a complete intersection of
82 and a plane, Pz, and 82UP2 is a cubic surface that containsw
Cgr We get that XUS represents a complete intersection of V,
and the Proposition follows. (One can also easily show that any .

(singular) surface on V 1is either a complete intersection or

linked to a cubic scroll.)




Remark 2.2.6:

A surface of the kind we have in Prop. 2.2.5 is of the type 3) in
Theorem 2.1.1 with p=6 (use for instance formula (2.2.3) for iﬂ@
n). We get examples of surfaces with up=6 when we consider sur- |
faces on "determinantal cubic hypersurfaces" (i.e. defined by

a 3x3 determinant); a general such hypersurface has 6 isolated
singular points by Porteous' formula. The hypersurface of Prop.

2.2.5 is defined by the determinant of a 3%3 symmetric matrix.

This may indicate that a study of deformations of surfaces can
resolve our classification problem. The representation of Method B
seems suitable for this purpose, because it makes it possible to
study families of pairs (S,V), where S is a surface contained in

a cubic hypersurface V < P*. -

o




CHAPTER 3
The surfaces in P" without apparent triple points.

§o.

o

Definition 3.0.1:

A surface in P%* is said to be without apparent triple points if
the union of its trisecant lines does not fill P*. (Equivalently:

A general projection of the surface to P3 has no triple points.)

We will use this chapter to prove the following

3

Theorem 3.0.2:

The only smooth surfaces in P* without apparent triple points
are elliptic quintic scrolls and ‘surfaces contained in a hyper-

quadric.

Severi has shown ([Se, p.45]) that a surface (not necessarily
smooth) in P" without apparent triple péints and not on a hyper-—
quadric, has a‘hypersurface ruled in planes as trisecant vériety.
Furthermoreégéuch a plane intersects the surface in a curve of
degree 3 og more.

We will not use Severi's method or result in this'paper. In
the case of elliptic quintic scrolls we can describe the family
of planes in the following way. Two lines in the ruling generate
a P3?. The residual intersection of this P3 and the surface is
an elliptic plane curve of degree 3. Any line in the plane is a
trisecant and conversely we get every trisecant this way.

%. Ran has shown ([Ra]) that a codimension 2 variety in Pn

defined by a section of a rank 2 vector bundle, is contained in a

hypersurface of degree n-2 if and only if it is without apparent




(n-1)-uple points. Moreover when this
complete intersection.
The method we will use to show the Theorem is £d'u£1 1ze'hOw

the lack of apparent triple points affects the sectional gehus; At

the end of the proof, the use of a formula concerning foursecants

.is crucial.

The number of apparent triple points for a surface in pt  is

([S.R, p.203])

1

= (0 -1 1

and the4u's'are the so called elementary projective

characters of a surface ([S.R, p-193]).

We will stick to the notation and the characters introduced

in Chapter 1, -§0. For a smooth surface in P% with Chern classes

Finally,

y
céf we have (see [LB])

= d
%o

- o2 - -
2p2 c] + <, 124 + 8p.] Vo

vz = 6d - 4H.c] + c1 - c2

if we use c1=—K,

H.K = 2n - 2 - 4 (adjunction formula),

(Noether's formula),
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nd the cz—formula of Chapter 1, then we get afte

‘ion

(3.1.2) t = (d;1) - n(d-3) + 2x - 2 .

for the Veronese and the Bordiga

From Table 1.3.2 we find t=1

surfaces, and t=0 for the elliptic gquintic scrolls as stated in

the Theorem.

By Bezout's Theorem it is clear that the trisecant variety

of a surface contained in a hyperquadric is the quadric itself,

so the Theorem is trivial in one direction.

Example 3.1.3:

Consider a surface defined by a section of a rank 2 bundle E;

K=(v—5)H where v=c](E). If we use .

21 = 2 =H.(H+K) ="d(v-4)

o

and eliminate =y by means of the cz—formula, then (3.1.2) reads

(3.1.4) £/ Salv=(@nN -G+ 2) -

d .
v= + 2. Applying

perplane section of the

Hence +t=0 if and only if v=d+1 or

Castelnuovo's bound to the genus of a hy

surface, we find v=4d+1 if and only if the surface is contained

d
in a P3, and v = 3 + 2 if and only if the surface is a complete

intersection of a gquadric and a hypersurface of degree %.

Example 3.1.5:
n) we have v=min k

For a complete intersection surface of type (m,

and d=mn. In this case (3.1.4) reads



£ = B(n-1) (m-2) (a=1)(

Now we can start the proof of the Theorem.

the following basic identity.

TL,ermma 3.1.6:

The characters of a surface in pY without apperent triple points

satisfy
_ .8 2, 20=1)
1t—-'|+6(d—3)-3+ a3

Proof:

Let t=0 in (3.1.2) and solve the equation with respect to 7.

T.emma 3.1.7:

If a surface S < P% is without apparent triple points and not on
a quadric hypersurface, then S 1is an elliptic quintic scroll or a
birationally ruled surface with x<0.

Al

Proof: "
-_— e
Table 1.3.2 shows that we can assume d>6. Furthermore, since S

is not on a hyperquadric Prop. 1.2.4 yields

r(3-r)

d
(3.1.8) <y =1+ (a-3) - =73

where d+r=0 (mod 3), 0<r<3.
We will use the following trivial observations to compare

(3.1.8) and Lemma 3.1.6:

d(a-3)ez <=> a0 (mod 3) ,

3- 2 :
513_51 =% <=> a0 (mod 3) .



- We separate in three cases

x>l

If d30 (mod 3), then LI I

If d=0 (mod 3), then ﬁ>n3 or

2(x=1) _.2 _
3-3 ‘— 3 and n—n3.

But in the latter case Prop. 1.2.4 tells that S 1is a complete
intersection of a cubic hypersurface and a hypersurface of degree
d

3 hence +t+0 by Example 3.1.5, when d>6.

x=1:

\ d 2
Lemma 3.1.6 gives = = m, = 1 + g(d—B) -3 hence by Prop. 1.2.4
we get S is projectively Cohen-ﬂacaulay and consegquently
hl(Gg(h))=O for all né€Z. Since x=1 and hl(éélfo, we have
h2(§é)=ho(ms)=0. By Serre duality, we then get h2(é£(2))=

ho(ws(—2))£0, and’by'the Riemann—Roch'Theorem

0,4 1
n®(4(2)) = 1(05(2)) = x + F2H(2HK) .

e

If we substitute T=T o in H.K, we find

h°((9§(2)) = -13-(—d2+12d+7)<15 = h°(c9P4(2)) .

Hence S is on a gquadric hypersurface.

x=0:
_2 ] ]
If df0 (mod 3), then Y € Z implies d<5.
2 2
If 40 (mod 3), then 3 + 93 €72 gives d=9 as the only possi-

bility, and then we get ==9, H.K=7. From the cz—formula we find

K2=—22, hence




(H+K)2 = 1 .

But Theorem 1.1.2 applies, leading to S isrbirationail

lent to P? via the morphism defined by | E+K| . This is clear
impossible since x=0. |

This leaves us with surfaces having x<0. Such surfaces are
ruled according to the Enrique's classification, so the Lemma is

proved.

Remark 3.1.8:

It is an open question whether there exists any smooth surface
in PY with x<0. Such a surface belongs to the set of irregular
surfaces (g>0) in p%, and this set is not well understood; the

only known examples are the elliptic gquintic scrolls and surfaces

constructed from the Horrocks-Mumford bundle. -

i

<

-

To proceed in the proof of the Theorem we even need more informa-

o

tion

ra
Lemma 3.7, A

Let S — P% be a birationally ruled surface with y<0. If S is

without apparent triple points, then S is contained in a cubic

hypegéurface.

Proof:

S is not a rational surface since x<0. We refer to (B, Ch.III]

—

for the basic properties of (nonrational) ruled surfaces.

&




where C 1is a smooth curve of genus
(3.1.10) g =1 - % .

such that every fiber of ¢ is isomorphic to pl.
Let n denote the number of blowing downs in the morphism

S»S then

ol

(3.1.11) kK2 =8x - n .

If we substitute for x and K2 in the c2-formula, then we find

-

1 1
(3.1.12) = = Tﬁ(d*z)(d‘3) + g(n+29)
Furthermore, Lemma 3.1.6 now reads

£ 1ao1y(a-2) - 2L
(3.1.13) =& Z(a-1)(a-2) - 373

The scrolls in P* have x»0, hence Theorem 1.1.2 yields by

adjunction and (3.1.11)

(3.1.14) 0 < (H+K)? = 4% - 8g + 4 - n -d .

We can clearly assume d>6, hence by (3.1.14) we get

(3.1.15) g < Egl .

If we combine (3.1.13) and (3.1.15), then we have




(3.1.16) = > £(a-1)(a-3) + 33

The maximal sectional genus = for a surface n

4!
cubic hypersurface is, by Prop. 1.2.4 when d»>12

2

1 + g—j, when d=0 (mod 4)
(3.1.17) Ty = ‘d2 -
gil . otherwilise

When one compares (3.1.16) and (3.1.17) one easily finds =2m,
for d»12. Since ==, implies S is projectively Cohen-Macaulay
and >0, it suffices to show that there ére no surfaces with

6<d<12 and g>1 that satisfy 3.1.12-15, in order to prove the

Lemma; this is indeed straightforward:

2g-3
a=12: ==18-"2> by (3.1.13), hence g=6 and ==17
| (only possibility by (3.1.15)) leading to n=28 Dby

(3.1.12), contradicting (3.1.14). -~

For d=11 _one reathes a similar contradiction (the numbers are
r=14, g=4, n=26).

For d<10 we get a contradiction from (3.1.13) and (3.1.35); we

just set uplghe table we get from (3.1.13)

e

d T

10 12——3—El
_ 29

8 7 - %
_ g

7 5 - %

By Lemma 3.1.7 and Lemma 3.1.9, we have reduced the problem to
studying surfaces without apparent triple points on cubic hyper-

surfaces.



Since we know all éurfaées of d

proposition finishes the proof of the Theorem

Proposition 3.1.18:

Let S Dbe a smooth surface of degree 3>6 on an irreducible

cubic hypersurface V < p%. Then S has apparent triple points.

Proof:

The idea will be to consider the foursecant l;nes of S; by
Bezout's Theorem, they are contained in V. The lines in a cubic
hypersurface (with isolated singularities)are well studied, cf.
the Fano surface in the Grassmannian of lines in p* ([A.K]). We
only need to be sure that the diménsion of the set of foursecant
1ines does not exceed the "expected" dimension; 2.

First of all we consider "an exception", namely the nonnormal

cubic hypersurfacé.

T

LemmaV3.1.19:

A smooth sgfface on a cubic hypersurfaceiin p* with a double
plane is a Veronese surface or a surface of degree 3 or less.
Proof:

Let the plane be V(xo,x1), then the cubic hypersurface is given

by

]
o
-

27 - + x2
XOLO XQX_!L1 X1L2

where Li' i=0,1,2 are linear forms.'




One easily checks that this cubic is the projection from

(0,0,0,0,0,1) of the cubic threefold in P> given by the 2x2

minors of the matrix

L.-x b4 L

(This is tyﬁical for cubic hypersurfaces in any p" with a sin-
gular locus of codimension one.)

Our surface is then a projectionfrom P>, and by Severi's
Theorem the only possibility is a Veronese surface or a surface
contained in a hyperplane in pS. If the latter is the case, then
the surface is contained in a hyperplane section of the cubic
threefold, hence of degree 3 or less.

-

Henceforth, we gssume that V has not a double plane. Further-
more, we céﬁ assume that V is not a cone: Lemma 2.1.6 implies
that a surface“on a cubic cone is projectively Cohen-Macaulay and
x>0. By Lemmaﬂ3.1.7 such a surface without apparent £riple points

7
is also confained in a gquadric hypersurface, so the degree is 6 or

less.

Lemma 3.1.20:

There is only a finite number of lines in V through a general

point of V.

Proof:
If there were a one dimensional family of lines through a general

point, then a general hyperplane section of V contains an infi-




less lines, so the hyperplane section mu
ruled surface with a double line. But thi:

double plane, or V 1is a cone.

Remark: One can show that this number is 6 (If V 1is smooth it is

precisely 6, otherwise it may be with multiplicity, see [A.K]).

Since the foursecant lines of S are contained in V, Lemma
3.1.20 implies there is a finite number of foursecants intersect-
ing a general line in pY. Furthermore, we know that S 1is not a
P2 or a scroll, hence S contains only a finite number of lines.

Under these conditions, the ﬁumber of foursecants intersect-

ing a general line in p% is (counted with multiplicity) by [LB]

(3.1.21) £ = 2(2)4+ t(d-3) + h - s(dgz) ,

where -
t = £hg'number of apparent triple points,
Pz
4and if T is the double curve of a general projection
of S to P3, then
1

s = degl' = 5(&-1)(&-2) - T, v
h = the number of apparent double points on T

%s(s—d+2) - %t (s is smooth). -

Assume t=0; we will show this is impossible when d>6. We get



h = %S(s—d+2)
= 18‘[(6.-1)(d—2)2(d_3)_4ﬁ(d_2)2+4n2] ,

and by some calculation

2(2) +h - s(dgz)

th
i

Li[1272-127(a-2)-(a-1) (d-2) (3-3) (d-6) ]

The discriminant of this polynomial, of degree 2 in =, is
A = 122(d-2)2 + 4+12(a-1)(a-2)(d-3)(da-6) ,

and the roots are

12(d-2)%7/A .
32 .

+

4

Since d>6:‘we imﬁediately find /Z>12(d-2). Thus =30 and £30

implies =

By a rough estimate

12(d-2)+/4-12(d-3)2

Ty 24 .

But then = exceeds the maximal genus of a surface not on a

quadric hypersurface:

mg =1+ l‘%(d—3)’)

Hence § 1is contained both in a quadric hypersurface and in the

irreducible cubic V, clearly contradicting d4>6.




APPENDIX A

Curves of "nearly maximal" genus on a smooth cubic surface in p3.

§o
The maximal genus of a curve of degree d on a cubic surface is,

by Theorem 1.2.3

ny =1 + L%(d-3)J

Furthermore, the Theorem says tha£ depending on 4 (mod 3),
maximum is achieved only for compiete intersections or curves
linked to a line or a conic section.

For a smooth (or normal) cubic surface S this can be shown
directly, using the well known properties of PicS. In this
Appendix we will give a similar result for the:cu}ves of genus
n3—1 and élso ?3—2 in the case dz0 (mod 3). ‘

The result seems to be known, but no references exist.

In Lemma A.2 we have calculated some cohomology groups to be used

in Chapter 2.
ﬁ{

§1

A smooth cubic surface S < P3 is a Del Pezzo surface achieved by

blowing up P2 in 6 éoints in "general position". (For details
see [H. pp.395-406].)

We have PicS = Z7 and we will say a curve CcS has the
type (8,my,...,mg) if C=6L-Zi=1miEi in PicS, where |L| defines

a morpﬁism to P2 by blowing down six s¥ew lines Ei' i=1,...,6.



Notation: Let a smooth space curve of degree d and genus g be

g -
d-

denoted by C

Proposition A.1: Let S be a smooth cubic surface in p? and

C=C%:s. Let Ty = 1 +l%(d—3u , then we have

If g=n3—1. then C is linked on S to a smooth curve D

according to

0
i) d=0 (mod 3) , D=C4 of type (1,0,0,0,0,0,0)
ii) d=2 (med 3) , D=C2 of type (2,1,1,0,0,0,0)

lil) d=1 (mod 3) ’ D"—'C]' of type (31111111.‘1000)

If g=n3—2 and dz0 (mod 3), then C 1is linked to a Cé of type

(4,2,1'1’1'1'0)-

Proof: Given(a smopth curve C on S, there exists a so called
adequate basis {L,E],...,EG} for PicS (see [G.P.2]), That is,
|L.| defines a ébrphism to P2 contracting the exceptional lines
Ei' i=],a..,§$'and when we express the divisor class of C in
PicS 7

1) € =6L -]
we have

2) § »m, + m, + m_ ,

3) m >m. ? ... >m_ >0

: 6 .
In PicS we have H=—K=3L—2i=1Ei, and the intersection pairing is

given by

12 =1, E .E,=-6,., L.E, =0.




Let r=6—m1;2) implies

> -+
4) r m2 m3

Furthermore,

5) d = H.C = 38 - }m

and by the &junction formula

I

ple) = 5(6-1)(8-2) = 3L3_ym; (my=1)

6 r
i=2(7 = my)?]

6) g

1 3
1+ 5[(x-1)a - Zrz -
(The latter expression is taken from [G.P.2].) Using 5) we get
1 6

' 24
. Another property of the adequate basis is that r <X 37, hence for

suitable integers «>0 and ge{0,1,2}, B+d=0 (mod 3) we have

- 1
If we write&ﬁg =1 + gd(d—3) - % and compare with 6), we find
o 2 4 ly6 (L _ 2

Before we start examining this equation for our possible p's, we
will define another basis for PicS, the "coadequate" basis:

Let Gj=2L—2 E. 4=1,...,6. Then {Gj} is an exceptional

i%j
system, i.e. a set of pairwise skew exceptional lines. If we
define L'=5L-2JE, then H=3L'-]G, and {L',GT,...,GG} is a

basis for PicS. Again, |L'| defines a morphism to p? contract-

ing the Gj's.




Case 1: p=6, d=0 (mod 3)

2d
This yields $=0, r =37 - @, and 8) reads

Z 3.2 4 156 X 2
1 =gt +gliep(3 mmy)t o

a=0: r = %Q implies r 1is even, and we find
- 7& (X 2
2= lip(5 - M)

3) and 4) give

m2 = m3 = m

il
=
l
(ST
[

4 and mg
Substituted in 7) this gives

1,3 r r r
m1 = E(Er - 3r + 305 + 2(5 - 1)) = 5 -1 < m2

which is impossible by 3).

—

a=1: We find ~r 1is odd and by 8)

5¢§f22=2(r—2mi)2 .

Hence lr-2mi|=1, i=2,...,6. Following the recipe of the case

a=0, we  -find two possibilities

) = ..ri'.l = = r-1
a m2 = 2 ’ m3—...—m6— 2
leading to m, = % < my: impossible.
r-1
b) My=- . =Mc="7
giving m, = E%l and 6 =71 +m = §§:l .
' +3
Let t = EE— , using 5) we find d+3=3t, and furthermore,
6

C=(3t-5)L~];_, (t-2)E; Dby 1).

i=1




Hence C+(5L—22§=1Ei)=tH, and in terms of the "coadéquaféﬁ>f

basis
C + L' = tH .

But that means C is linked to curves of type (1,0,...,0)
that is (smooth) twisted cubics.
@»2 is clearly impossible, and the case i) in the Proposition is

proved.

Case 2: p=10, d=2 (mod 3)

2d-1
We have B8=1, r = 3 ¢

a=0: r odd and 8) reads

6
13 = Ei=2(r-~2mi)2 . .

i

In some way we must. have 13=9+1+1+1+1, giving

-r+ +1 . .
a) m, =:£§§ , Mg = 55—: contradicting 4).
x‘}"« ‘ r_1 J r_3
b) myE...=mg = T Mg = T
r-3

< m, ; impossible.

leading to m, = 5

(3]
e=1: r even, and 2=]._ - mi)2

As in Case 1, a=0 we £find
- = _ _r a - . r _ 1
m,= = mg = m, =3 an mg = mg = 3 .

This gives my = %N and & = + 2, we then find

NI

d+4=3t and

C = 3(t-2)L-(£-2) ]G E;~(£-3) (Eg+E ).




- 55 -

Hence C+(6L—22i=1Ei—3(E5+E6))=tH, and in terms of the "coade-

quate" basis
Cc + (2L'-G_-G = tH .
( 5 6
Renumbering the Gj's, we find C 1is linked to curves of the type
(2,1,1,0,0,0,0). We can clearly find a smooth curve of this type:;

giving a rational quartic in P%.

a>2 is impossible by 8).

Case 3: p=10,d=1 (mod 3)

. 24-2
We have r = 3 - a
=0 - =76 (z 2
a=0: r even. 3=]; ,(3 - m;)
m, = m, = z m, =m. = m, = L -
2 3 2 4 5 () 2
giving m1’= % - T < m, § impossible.
=1: da. 5= 6 2m, )2
a=1: r O .M_—Zi=2(r- m; )
a
- r-1 . , r
a) My =eoo= Mg = “5— implies m; = 3 ¢ z .
r+ r-1
b) m2 - 2 r m3 s e 2 m6 hnd 2
. r+1 3r+1
giving m, = =5~ and 6 = -5 -
r+5 ;
Let t = =/, we find d4+5=3t and

2

C = (3t-7)L - (t-2)(E,+E,) - (t—3)2?=3Ei

Hence C+(7L—2(E]+E2)—32i=3Ei)=tH,,and~using the "cOadgquate"

basis we find

+ '-G_~G ,-G_-G = tH .
¢ (3L 3 4 5 6)



Since 32 is impossible,

case 4: p=12, d=0 (mod 3)

We have r = 2% -

6 r
= - —d — 2
a=0: r even, 4 2i=2(2 mi)
) = .1: = - = £ -1
a m2 e 2 i m3 —e & 8 m6 - 2
) giving m, = % - 2 < m, impossible,
i
r r 5
b) m2—.--—m5 - 2 ’ m - 2 - 2

H
!
!
.

< m, } impossible.

«=1: r odd, and 13=22=2(r—2mi)2

As in Case 2, =0 .we. find

+ 3, we then find

+
i
®
r'.
o+
1]
INR Lo

C = (3t-8)L - (£-2)E, - (£=3)IJ_,B; - (t-4)Eg .

1




5 _ .
Hence C+(8L—2E]--32i=2Ei 4E)=tH, and using th

we f£ind

C + (4L‘—2§

Renumbering the Gj's, we find C is linked to curves of the typé

(4,2,1,1,1,1,0). By [H, p.405], there exist smooth curves of this

type.

a>3 is impossible and the Lemma is finally proved.

If we stick to the notation introduced, we have

Lemma A2: Suppose a curve C 1is linked on S to a curve D Dby a
hypersurface of degree t. If D 1is as indicated in the leftmost

column, then we have

o o) - 1
D | n°(Gtp)) | n°(Gg(p-m)) | nllIgg(n))
o]
C2 6 . 1 6n,t—2
€6 8 7 2 .| 5g,-2%0n,¢-3

(8 denotes the Kronecker-symbol)

The calculation is straightforward and we omit the details: We

have HI(CE(n))=O, né€Z, and K=-H. Considering the exact sequence

(%) 0+ 8, » O +C9D(D) >0,

we find ho(éé(D))=D.H+p(D) by Riemann-Roch on D.

Tensoring (*) with (Sg(-H), we find by adjunction



n® (6, (0-1)) = n° (0, (D-H)) =1’ (u;) = p(D) .

To fill in the rightmost column, we have C+D=tH in PicS. Hence ‘ﬂ*

hi(z (n))=h1(CE(D+(n—t)H)=h1(I (t-1-n)) by Serre duality.

c|s D|s
Calculating hl(IDlS(r)), r€7Z, is easily done considering the

sequence

0 > Ip4(x) > &) » Gx) » 0,

and using indiction on r by means of

0 > C95(-D+rH) > & (-DH(r+1)H) > %(—D+(r+1)H) 50 .

We skip this calculation. (Alternatively, we could have used known

results on the postulation of space curves.)

z:f :
#



APPENDIX B

The smooth scrolls in [P*.

A scroll S in a projective space is a surfaCé fﬁ1

i.e. there exists a morphism
$: S > C ,

where C is a smooth curve, such that every fibre of ¢ 1is a

line. In this Appendix we will give a proof of the following .

Theorem B.1:

The only non-degenerate smooth scrolls in P* are the rational

cubic and the elliptic quintic scrolls.

Remark: It is easily shown that the only smﬁoth scrolls in ‘P3
are the quadric sgrfaceSa
This Theorem "should be" classical, but the only proofs we have
found are sggewhat unsatisfac#ory.

One agproadh is to use an exercise in [B, p.115];
unfortunately it is not clear under what circumstances the claim
of the exercise is correct. We will follow [L] and fill a gap in

=

the end of that proof.

Proof of the Theorem:

Let ‘g denote the genus of the base curve ¢, and for the scroll

S let

K = a canonical divisor
H = a hyperplane section
n = the sectional genus



d = H2 = the degree

y = the Euler-Poincaré characteristi

Since S is ruled in lines, ¢ induces an_;sd
general member of |H| and C, hence ==g. Furthermér :
x=1-g ([H,v2]), and by the adjunction formula; H.K=2n42§d.

use the cz—formdla for a smooth surface in p

32 - 104 - 5H.K - 2K2 + 12y =0 ,

we find

(B.2) = = ¢(a-2)(a-3) .

Let G denote the Grassmannian- ¢flines in p%, considered as a
subscheme of P> by the Pliicker embedding. Let- Cé c Gc Pg
denote the curve corresponding to S.

A Schubért cycle of codimension one in G is the set of
lines in P" ihtersecting a plane. Such a cycle is a special
hyperplane §§C£i°n of lG < Pg (in fact, the section of a tangent
hyperplane): Therefore, the degree of CS equals the number of
lines in the ruling of S that meets a general plane in P%, but
that is the degree of S,-d{

Castelnuovo's bound on the genus p of a curve of degree d

in PS5 vyields ([G.H, p.527])
(B.3) p < %(d—l—s)(d—5+e) .

where 0<e<3 and d-1se (mod 4).




not span a P3; let Pg denote a P* containing’ics;

So far this is a shortcut of [L]. The proof in thé£ pape:
ends at this point because it is assumed that the intersectioﬁ‘
Pg N G is proper, giving a curve of degree 5 (dimG=6 and the
degree is 5), hence d<5. It is not clear why the intersection
should be proper, sO we go On.

Let gg denote the hyperplanes in Pg, and let V < 59 lbe
the set of hyperplanes that intersect G in a Schubert cycle of
codimension one. Then V is the Grassmanniancf planes in P*%* via
duality.

The correspondence is natural; a plane P correspends to
the Schubert cycle: {lines intersecting P}. There is a P* < pY?
of hyperplanes containing PY, and since dimv=6, we find

S

dim(v n P*) » 1. But this implies there is a curve in V. of
hyperplaneé‘contaiéing CS; that is, we have found a one dimen-
sional family of planes in our original pP* intersecting all the
lines in the ruling of S.

Let Q{gé Ei, i=1,2 be two distinct plane curves we get on
S from (an irreducible component of) this family. Then C, and
02 are algebraically equivalent, and furthermore, they are both
smooth, being sections of S.

If dim P% ﬂ;P% = 1, then 8 is contained in the p3

spanned by the two planes, because the Ci's are sections. Hence,

dim P% n Pg = 0, and we £find

C% =C..C.=0or 1 .



Furthermore, for an integer r we get (ndmériCélly)
d=H?=ci+2r.

Let d' denote the degree of C1, then

% , if ¢2=0
d+1 , if c%=1
2

By the formula for the genus of a plane curve, we get from (B.2)
1 1
2(a-2)(d-3) = z(a'-1)(d'-2) ,

leading to

ae{o,2} if c2=0, and d€{3,5} if ci=1.

N

T
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