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Chapter 1

Introduction

In this thesis I am presenting the works I have done (some with co-authors)
during the four years of my dottorato di ricerca at the University of Bologna-
Ferrara on some problems, of very different nature, in projective algebraic
geometry.

Besides this introduction, the thesis is divided into three chapters and
each one contains original results. Here I will give a brief description of the
content of each chapter.

Chapter 2 deals with the very first problem I have been working on:
the study of possible ranks of linear maps between finite dimensional vec-
torspaces. The problem was proposed to E.Carlini, J.Kleppe and to me by
Anthony Geramita during the first section of the PRAGMATIC 2000 sum-

—mer school held in Catania. The purely algebraic nature-of the problem- of

finding the possible values for the ranks of linear maps induced by a tensor
is connected with some geometric properties of the secant varieties of Segre
varieties. The trilinear case is completely solved and we give some insights
in the general case.

Chapter 3 is devoted to the study fof some deformation properties of

projective (embedded) curves: we study the rational functorial map @ :

1



9 - CHAPTER 1. INTRODUCTION

Hilb(d, g,7) --+ My, associating to each point p (C), representing the smooth
integral curve C, the corresponding isomorphism class [C] € Mgy. The aim of
the chapter is to study in which cases the image of ® is positivedimensional.'
The key idea here is to study the problem for linearly normal curves (and it
turns out we have better inequalities in this 'case), and then to study their
projections in connection with the (first order) rigidity property (see section
3.1, definitions 1, 2, 3 and 4). We start giving a result for first order deforma-
tions, then, under strong assumptions on the point p (C) € Hilb(d, g,7), .4
we find a result for finite deformations. At the end of the chapter we apply
the results found to projective curves of maximal rank, moreover we give the
resolution of their ideal sheaf. The results found:in this chapter appear in a
work, developed with Alessandro Arsie, accepted for pubblication in ”Rendi-
conti del Seminario Matematico e Fisico dell’Universita e del Politecnico di
Torino”.

Finally, the last chapter of the thesis deals with the study of rational
surfaces of degree 5 and 6 in P® with isolated ordinary triple points. The
author developed this chapter at the Matematisk Institutt of Oslo under the
supervision of Prof. Kristian Ranestad: the problem investigated is that of
constructing rational surfaces with isolated singular locus. In particular we
deal with low degree projective surfaces (degree d = 5,6) having ordinary
triple points. We start studying the case of a quintic surface with four ordi-
nary triple points, and then to the much more complicated case of a sextic
surface with ten ordinary triple points. We find numerical types for the hy-
perplane sections of such surfaces (we take as a smooth model the blow up

of P2, BI (P?)) and we study the geometry of such surfaces.



Chapter 2

Multilinear maps

2.1 Introduction

Let V4,...,V, be finite dimensional k-vectorspaces, where k is any field, and
let T be a multilinear map Vi x ... x V,, — k, which we will look at as an
element of V' ® ... @V = (V1 ® ... ® V,)* (that is a k-linear map from
Vi®...0V, to k). Then for any subset ] C N = {1,...,n}, T induces
a k-linear homomorphism 77 : ®;erV; — QigrV;*. Of course, Ty = T and
Ty : k — ®QienV;* sends 1 to T', and these maps have rank 1 as long as T is

nonzero.

What are the possibilities for the other ranks (rankTy) as T varies? The
purpose of this first chapter is to solve this question in the trilinear case, and

to give some inequalities in the general case.

In the following, let s; = dimy V; be the dimension of V; for i =1,...,n.
Also, for any I € N, let Wi = ®ie;V; and I¢ = N \ I. Often we will just-

write Tijk... for T 5k,..}, as long as there is no confusion.

3
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4 CHAPTER 2. MULTILINEAR MAPS
2.2 The trilinear case

Before we discuss the trilinear case in detail, we will make precise the defini-
tion and some properties of T7. For any k-vectorspace V, let ¢r be the canon-
ical trace map V ® V* — k, and let 6(V) be its dual map &k — V ® V*. Also,
let id be the identity map V' — V. Note that all these commute with tensor
products, i.e. tr(U® V) =tr (U)@tr (V) and 1d(UQ® V) =1d(U) @1id (V).
Definition 1: For any 7' € Wy and [ C ,{1’ .«.,n} define Ty by

Iy = (T ® 1d (ch)) o (’I,d (W[) ® J (WIC))

Equivalently, the following diagram commutes:
Wi@Wre@Wi. = Wy® ch
1d(Wr) @5 (Wre) 1 1 T ®1d (W})
wr B owy
Remark 1: We note that 7} = T, hence these maps have the same

rank. Moreover, for any J C I, we have
WiW;@W; = Wi W;
id(Wr)@s(Wy) 1 i:F@ict(W;)
Wr 2 Wih=Wip @ W

since the maps are canonically defined. Alternatively, we can compute it as
folloWs, using definition 2.2 for Ty :
Trs @id (W5) = (T @ (W) o (id(Wius) ® 5(Wause) ) ®id (W) =
(T ® id (W) ® id (W) (id Wy @ W) ® 6(Wie\s) © id (W) = (T ®
id (W) o (i (Wr) ®id (W & W3) @ §(Wie\s))
and since
(id Wr)@id Wy @ W3)®3(Wie\s)) = id (W) @6(W;)@6(Wre\s) = id (Wn®
S(Wre) we get

(Truy ®id (W3)) o (id (W) ® 6(Wy)) = (T ® id (W}e)) o (id (W) ® 6(Wre))
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which is the definition of T;. Note that (I U J)° = I°¢\ J, and that putting
J = I°¢ would give definition 2.2 back. It follows that

m (T[) - ’im(TIUJ ® id (W;)) == W; ® 1m (T[Uj) N

Retvurning to the trilinear case, we notice that the equality rank (I7) =
rank (Tye) implies that it is enough to study those 77 where |I| = 1. As the
proof of the following theorem shows, the trilinear case is combinatorial in

its essence.

Theorem 1 There exists T € Vi ® V5 ® V5 such that rank (T;) =5 if and
only if
r; < min (&',Hﬁ') for all 1.
J#
Proof. By the discussion preceeding this theorem, we have 1m (1) € V5 ®
im (Ty) and im (Ty) C im (T1s) ® Vi Hence im (T1) € (V5 ® 1m (T12)) N
im (Tys) ® Vi = im (T12) @ im (T13). It follows that

= dimyg *m (Tl) < dimg, (zm (le) R 1m (Tlg)) = T19713 = T2T3

By symmetry we have r; < min H r; for all 4. Since r; < s; 18 obvious, since
T; is a map from V;, we have pr(?\i:en the only if part.

To prove the if part, we construct T as follows: let X; = {1,...,7:}. We
may assume that 7; is the biggest of the r;’s. Then the only inequality that
is not trivial, is 71 < 7or3. This inequality ensures us that it is possible to
find an injective function f : X; < X5 x X3. Since ry is biggest, it is possible
to choose this function such that the compositions with the projections Xs X

X5 — X; are both surjective (just fill the “diagonal” first).
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Let H = {(z, f(z))|z € X1} C X1 X X3 X X3 and define T' by

T= Z V], @ Uy ®@us, EVIRQVyQ VY
(a,b,c)eH
where {v;-*j] j=1... ,si} is any basis for V;*. Now for any ¢, the image under
T; of any basis element v}; with j € X; is nonzero (and zero if j ¢ X;), since
the projection H — X is surjective. Moreover, the injectivity of f implies
that two distinct elements of H have at least two different coordinates, hence
their images are trivially linearly independent. It follows that rank (T;) =

dimy imT; = r;, as required. O

Remark 2: Although we proved theorem 1 ,by choosing a basis {’U:;}
for V;* for any 4, we only used the first r; basisvectors by our choice of the
sets X;. This is equivalent to choosing subvectorspaces U; C V; such that
dim U; = 1, < 8; = dimy V;, then construct T € Uy ® Uy ® Us such that
rankT; = r; as in the proof, and then extend 7" to V}* ® V" ® V5* by zero.

Remark 3: The “reduction” of constructing 7' to choosing a suitable
H C X; x Xy X X3, simply means that we restrict our attention to those
T’s where all coefficients are either 0 or 1 (i.e. that can be represented as
a 0 — 1 box, see below). Since |X;| = r;, the restriction on H that all the
projections H — X, are surjective, is necessary to get rankT; = r;. The
second restriction, that any two different element of H have at least two
different coordinates (i.e. if x = (21,2, 23) and y = (y1,¥s,¥s) are in H,
then either z = y or there exists at least two j such that z; # y;), is on the
other hand not necessary. It is just a simple condition to ensure that the
images of the basis elements are linearly independent, and it is a condition

that is not too restrictive.

Remark 4: Theorem 1 and its proof generalize immediately to the gen-
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eral case (any n) if we are only interested in those 77 where |I| = 1, i.e. there

exists T € Vi*®...® V,* with rankT; = r; if and only if r; < min | s;, H T;
for all 4. ”
Next we will explain how to find the matrices for the T7’s in a given
basis. It was in this way we first found and proved theorem 1. Looking at a
T e Vf‘ ®Vy® V5 as a box of dimension si X 89 X 83 filled with the coeflicients
of T in given bases for V1, V5 and V3, the matrix defining 77 can be obtained
by “collapsing” the box in the corresponding direction. This means arranging
the entries of parallel i)lanes as columnvectors in any chosen order. In other
words we look at V5, ® V3 as a vectorspace of dimension 3533 and forget about

T’s internal structure with respect to this tensor product.

Example 1: Assume that all V;’s are two dimensional, and for i = 1, 2, 3
let {v;‘j]j = 1. 2} be a basis for V;*. Define T' = 111 + @121 + @212 + P222
where @y, = v}; ® v;; ® v3,. We can picture T" as a 2 X 2 x 2 box where the

entries are the coefficients of T" in the given basis:

0

O =

/

=
o—
NN

Now the matrices representing the T’s are as follows (arranging the entries

of any face into a columnvector in a given order):

Tl — T2: T3:

OO
= —_= O O
—_ o O
[ e e RS
O O~
R e )
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Before moving on to the general case, we would like to explain the geomet-
ric interpretation of the inequalities of theorem 1. Here we will look at any
nonzero T' as a point in P (V; ® V3 ® V3) = P51%2%~1 (proportional T7s give
the same point). Note that rankT; = 0 if and only if 7' = 0, hence all ranks
are positive for a T € P (V1 ® Vo ® V3). Now using Segre embeddings we
will identify the spaces P (V;) x P (V) x P (V3), P (V1) x P (Vo ® V3), P (V3) X
P (Vi ® V3) and P (V3) x P (V; ® V) with their images inside P(V; ® V2 ® V3).
Of course, P (V) x P (V) x P (V3) is contained within the intersection of the
three others:

P (V1) xP (Vo ® Va)

/7 1%
P(V1) xP(V3) xP(V3) — P(1a)xP(i®@Vs) — P(1®1keV)
N /!

P(V3) xP(V1®Va)

The geometric interpretation relies on the fact that 77 has rank 1 if and
only if its matrix (in any chosen basis) can be written as a product of two
nonzero matrices of sizes sy X 1 and 1 X sys3 in that order. These matrices
(vectors) correspond to points, one in P (V;) and the other in P (V, ® V3).
Hence rankT; = 1 if and only if T' as a point in P(V; ® V, ® V3) actually
lies in the subspace P (V;) x P (Vo ® V3). From an idealtheoretical point of
view, T} has rank 1 if and only if it is nonzero and all 2 x 2 minors of its
matrix vanish, which by definition defines the image of the Segre embedding.
Obviously a similar argument holds for any 77. |

Theorem 1 tells us that if any two of Ti, T5 and T3 have rank 1, then
the third one has rank 1 too. This means that the intersection of any two of
the spaces P (V1) x P (Va @ V3), P (Vo) X P (V4 ® V3) and P (V3) X P (V1 ® V3)

- contains the third one. Actually the intersection of any two equals IP (V1) x

P (V,) x P (V3), even idealtheoretically.
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In general, T7 has rank < k if and only if the matrix of 77 can be written
as a sum of k matrices of rank 1. As we have seen, these matrices of rank one

correspond to points on the image of the Segre embedding. Hence mhkTi =k

if and only if T is a point on the k-secant variety of P (V;) x P ® ]-

In this setting theorem 1 tells us that if 7" is a point on the r—secJ;é;lt variety
of P (V1) xP (Vo ® V3) and on the s-secant variety of P (V3) X P (V4 ® V3), then
T sits on the t-secant variety of P (V3) x P (V] ® Va) where ¢ is any number
between max(%, 2) and rs. If r = 1, that is if T € P (V1) x P (V2 ® V), then
we get ¢t = s.

Example: Continuing our example, we see that the ranks are rankT; =
(2,1,2). Since rankTy = 1, we realize that T € P (V) x P (V; ® V3). Also,
since the other two ranks are equal to 2, T sits on the 2-secant variety of

the other two spaces. Actually, T sits on the 2-secant variety of the smallest

space since 1" is obviously a sum of two tensors (boxes) of rank 1.

2.3 The general case

Theorem 2 Let T € Vi ® ...V =Wy and I CN. If J1,...,Jm C I°
such that J1N...NJ, =0, then

rankT; < HrankTIU J;

J=1

Furthermore, these inequalities are generated by the ones where m = 2.

Proof. First we prove the inequality when m = 2. Letting I’ = I\ J;\Ja, we
note that N is the disjoint union of I, Ji, J; and I'. Redefining Wy, W,
Wi, Wr to be V1, Vs, V3, Vi, we have reduced the problem to prove that

rankT; < rankTiorankTis in the tetralinear case.
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Letting r = mnlez, we can find ¢1,...,0, € V@ V) and ¥1,...,9%r €
Vi ® Vy such that T = Z ©; ® ;. Choosing bases {v};} for all V;’s, we may

write ; = > ol vl, ® v% and Wi = Bwi. ®vs, and hence

a,b c,d
F = Z Z 0l Beqvi, ® 3y ® V3, @ Vg (2.1)
=1 a,b,c,d
Then for any b and d, we see that Thy (vgp ® vag) = D > 0y Beqvi, ® Vs, Let

1 a.c

s = rankTy = rankTis and choose (by,d1), ..., (bs,ds) such that imTy, is

spanned by {T24 (’Ugbj ® ’v4dj) [ =15050, s}. Then we can find /\gd, such that

Ty (Voo ® Vaa) = ), )\g iLo4 (’UQ(,J. ® v4dj) for all b and d. This is equivalent to
i=1

Z ol B, = Z Z Moy, Bly, for all a, b, ¢ and d.

=1 j=1
Putting this into 2.1 gives

T S .
_ J i 1 * * * *
T = E : E : E MaOab; Bea;Via ® U3y ® V3, ® Uy =

abed i=1 j=1
= Z (Z aiwL) (Z ﬁidﬂ&) (Z Aidv%‘b ® de) ,
ii \ a c b,d
from which it follows that rankTy < rs = rankTisrankTis.
To prove that the m = 2 inequalities generate all, we proceed as follows.
Let J = JoN...NJy,. Then J;, J C I° and J; NJ = 0, and hence
rankT; < rankTyyrankTiyy. '
Now let J! = J\J = JinJefori =2,...,m. Then JyN...NJy
JoN...NJyNJe=0and J C I°NJ° = (IUJ)° Hence by induction on

m
m we have rankT y < H rankTr,;- O
=2

Remark: Note that for m > 3 we can have J; N J; # () even though

all inequalities are generated by the subset with m = 2, where necessarily
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Ji N Jy = 0. Also note that the I’ in the proof may in general be nonempty.
If it is empty, we could also have reduced to the trilinear case, where things
are very easy.

Remark: Putting 7 = 1 in the proof of theorem 2, yields a strong result

when rankTi2 = 1. Since in this case T' = (Z vf; ® pi)' (Z v3; ® nj), we
i i

see that T3 (vi; ® vs;) = p; ® m; and Tiy (vi; ® vyg;) = 0 ® (Z M (Vag) U3 |-
k

Also T1 (vy;) = pi ® (Z v3; ® nj>.

It follows that 'ran]lcch = rankTy = dimg (p;) and rankT3 = rankly =
dimy, (n;), and furthermore that rankTis = dimg, (p; ® 1;) = rankTirankls =
rankTi4.

As an example, consider the 2 x 2 x 2 x 2 case (i.e. all s; equal to 2). If
rankTis = 1, then it follows that rankTy = rankT, = x, rankTs = rankTy =
y and rankTis = rankTy, = z, and the only possibilities for (z,y,z) are
(1,1,1), (1,2,2), (2,1,2) and (2,2,4).

It is an open problem if the inequalities provided by theorem 2 are all

restrictions on the generic tuple (rankTy) that exist.
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Chapter 3

On non-rigid projective curves

3.1 Introduction

Let k be any algebraically closed field of characteristic zero and, as usual, let
P" := Proj(k[zo,...,z,]) the associated projective space. Inside the Hilbert
scheme H (d, g, r) parametrizing closed subschemes of dimension 1, arithmetic
genus g, degree d in P" let us considere the so called restricted Hilbert scheme
Hilb(d, g,r), which is the subscheme of H (d, g, r)consisting of those points
p(C), such that every component K of H(d,g,r) on which p(C) lies has
smooth, non degenerate and irreducible general element (see Definition 1.31
of [10]).

The aim of the present chapter is to get some insight in the behaviour of
the rational functorial map ¢ : Hilb(d, g,7) — M,, which associates to each
point p(C') in Hilb(d, g, ) representing a smooth non degenerate irreducible
curve C the corresponding isomorphism class [C] € M,. In particular, we
-study in which cases the image of ¢ has positive dimension.

Any non degenerate integral subscheme of dimension 1 C' in P" determines

a point p(C) € Hilb(d, g,r). We then give the following:

Definition 1: The projective curve C' C P" admits non-trivial first order

13
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deformations if the image of the map D¢ : Tyc)Hilb(d, g,7) — Tic)M, has
positive dimension (or equivalently if D¢ # 0). In this case we say that the
corresponding curve is non-rigid at the first order, for the given embedding.

Definition 2: The projective curve C C P" admits non-trivial deforma-

tions if it exists at least a curve v C Hilb(d, g,T), through p(C), which is not

-contracted to a point via ¢. Equivalently, if it exists an irreducible compo-

nent of Hilb(d,g,r) containing p(C), such that its image in M, through ¢
has positive dimension. In this case we say that the curve is non-rigid for

the given embedding.

We can somehow get rid of the fixed embedding in some projective space

taking into account all possible nondegenerate embéddjng, as in the following:

Definition 8: The (abstract) smooth curve C' is non-rigid, at the first
order as a smooth non degenerate projective curve if for any non degen-
erate projective embedding j : CE < P, the corresponding map D¢ :
TocyHilb(d, g,r) — Tic)Mg is non zero.

Analogously, one has the following:

Definition 4: The (abstract) smooth curve C is non-rigid as a smooth
non degenerate projective curve if for any non degenerate projective embed-
ding j : C < PT, there exists an irreducible component of the associated
Hilb(d, g,r) containing p(C), such that its image in Mgy through ¢ has posi-

tive dimension.

In this chapter we will prove that there exists a dense open subset U C
M, (g > 1) such that any C, with [C] € U, is non rigid at the first order as
a smooth non degenerate projective curve in the sense of Definition 3; more-
over, we prove that these curves are non-rigid (not only at the first order) un-

der the additional assumption that p(C) is a smooth point of Hilb(d, g, T)red
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(the restricted Hilbert scheme with reduced scheme structure) or at worst it

is a singular point of Hilb(d, g, 7)eqs (see Definition 5 in section 3).

3.2 First order deformations

First of all we deal Wifh the case of smooth projective curves of genus g > 2
in P". We will prove that there exists a dense open subset U3, C M, such
that for any [C] € U3, and for any non degenerate smooth embedding of
C in P" the corresponding projective curve is non-rigid at the first order (in
the sense of Definition 3).

From the fundamental exact sequence:
0—-TC — TPTG — NG/]pr — 07 (31)

taking the associated long exact cohomology sequence, since H WTC) =

H°(KZ') = 0 (genus g > 2), we get:

0 — HOTP,) — H*(Noyer) 2% HY(TC) — H*(TP[g) — H(Neyer) — 0

(3.2)
In the sequence 3.2, as usual we identify A ¢ (Ng/pr) with the tangent space
Tyc)Hilb(d, g,7) to the Hilbert scheme at the point represented by C' and
HY(TC) with TjejM,. Thus the coboundary map D¢ represents the differ-
ential of the map ¢ : Hilb(d, g,7) — M, we are interested in. If D¢ =0 (i.e.
the corresponding curve is rigid also at the first order) the sequence above
splits and in particular h°(TP;) = h°(Ngyer); thus imposing R (TPg) <
hO(Ng/pr) and estimating the dimension of the cohomology groups, we get a
relation involving d, g, 7, which, if it is fulfilled implies that the correspond-
ing curve is not rigid (at least at the first order). This is the meaning of the

following:
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Proposition 1: Let C C P" a smooth non-degenerate curve of genus
g > 2 and degree d. Then if d > %[g(r —2)+3], orifd>2g9—2 (Oc(1)
non special) then Dp # 0. Furthemore, if C C P" is linearly normal, then

the D # 0 if
is (r—2)g+r(’r+1)+3. (3.3)
r+1
Proof. It is obvious from the exactness of 3.2 that if A°(Ng/er) > h%(TPf),

then D¢ # 0. On the other hand, h®(Ngypr) = dim(TycyHilb(d, g,7)) >
dim(Hilb(d, g,r)) and dim(Hilb(d, g,7)) > (r + 1)d — (r — 3)(g — 1), where
the last inequality always holds at points of Hilb(d, g, ) parametrizing locally

complete intersection curves (in particular smooth curves), see for example
[10]. Thus h°(Ngyer) > (r 4+ 1)d — (r — 3)(g — 1). Now, applying Riemann-
Roch for the vector bundle TP" on C, we get h®(TP;) = (r + 1)d —r(g —
1) + hl(TIPITC). On the other hand, from the Euler sequence (twisted with
Oo): |

0— Oc— (r+1)0c(1) — TP — 0, (3.4)
we get immediately h'(TP[;) < (r + 1)A*(Oc(1)) and by Riemann-Roch
the latter is equal to (r + 1)(h°(O¢(1)) — d + g — 1). Now, if O¢(1) is
non special (ie. if d > 2g — 2), then hl(TIP’i'C) = 0, so that, imposing
hO(Ngser) > BO(TPf,), we get 3(g — 1) > 0, which is always. satisfied (if
g > 2). This means that a smooth curve which is embedded via a non
special linear system, is non-rigid at least at the first order.

If instead O¢(1) is special, by Clifford’s theorem we have h°(Og(1)) <

d/2 41, so that A*(TP};) < (r + 1)(g — d/2). Imposing again RO(Ngypr) >

hO(T]P’er), that is (r+1)d—(r—3)(g—1) > (r+1)d—r(g—1)+(r+1)(9—d/2),
we get the relation d > 2;[g(r — 2) + 3.

Finally, if C' C PP" is linearly normal and non degenerate, then h°(Og(1)) =
r+1. Substituting in h'(TP,;) < (r+1)A*(Oc(1)) = (r+1)(h*(Oc(1)) —d+
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(r— 2)g+’r!r—|—1)+

g — 1) and imposing the fundamental inequality, we get d > =i

O

Since the bound 3.3 is particularly good, but it holds only for linearly
normal curves and since any curve can be obtained via a series of (generic)
projections from a linearly normal curve, we are going to study what is the
relation among first order deformations of a linearly normal curve and the

first order deformations of its projections. This is the aim of the following:

Proposition 2: Let C C P" a smooth curve of genus g > 2 which is non-
rigid at the first order. Then any of its smooth projections G = w{) C
P! from a point ¢ € P" is non-rigid at the first order. -
Proof.. First of all, let us remark that the proposition states that in the
following diagram:
Tyo)Hilb(d, g,7) 23 TiopM,
4

| /D¢t
Tp(cl)Hilb(d, g, T — ].)

if Im(D@) # 0, then Im(D¢) # 0. Now consider the following commutative

diagram:
0 — ker(a) — ker(b)
1 ! i
0 - TC — T]P’[TC — Ngpr — 0
1= la 1o
0 - TC — T]P’IC, — Ngiypr — 0
! ! 1

0 - 0 - 0
where the morphisms a and b are induced by the projection of C' to C".
Clearly T'C = T'C", because C and C' are isomorphic curves (¢ ¢ Sec(C) and
thus the projection is an isomorphism) and moreover a and b are surjective
by construction. Applying the snake lemma to the previous diagram we see

that ker(a) & ker(b) and since a and b are surjective morphisms of vector
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bundles, it turns out that ker(a) = ker(b) = L, where L is a line bundle on
C. Restricting the attention to the last column of the previous diagram, it
is clear from a geometric reasoning that the line bundle £ can be identified
with the rulings of the projective cone, with vertex ¢ through which we
project. Indeed, it is sufficient to look at the projection induced map b at a
point z € C: b : Ngpr,z — Nev /pr, W(x); the kernel is always the ruling of
the cone with vertex ¢ going trough = and this is never a subspace of TC,
because ¢ ¢ Sec(C). Clearly, we can identify the projective cone with vertex
g through which we project with the line bundle £, since we can consider
instead of just P", the blowing-up Bly(P") in ¢ in such a way to separate all
the rulings in the cone (this however does not affect our reasoning since we
are dealing with line bundles over C' and ¢ ¢ C).

Applying the cohomology functor to the previous commutative diagram

and recalling that h%(T'C) = 0 since g > 2 we get the following diagram:

H(L) = H(L) - 0
! ! !
0 — HTP,) — H(Ngw) 2 pure) -
la 1B L
0 — HYTPGY) — H°(Noyer-s) b guTe) -
0 — cokelr(a) — cokelr(ﬂ) — é — 0

Now, Im(D¢) C H'(TC) and via the isomorphism - it is mapped inside the
other H*(T'C). On the other hand, by commutativity of the square having
as edges the maps 3,7, D¢ and D¢’ it is clear that Im(D¢') € Im(D¢) so
that if D¢ # 0, then a fortiori D¢’ # 0. O

The following corollary gives two simple sufficient conditions for having

Im(Dg¢) = Im(D¢').
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Corollary 1: Let C, C', D¢and D¢'as in Proposition 2. Then if Og(1)
is non special or if k' (TP,) = 0, then Im(D¢) = Im(D¢').

Proof: First of all, rewrite the previous diagram as:

L) = B - 0
) 1 4

0 —» H'(TPy) — H(Nowr) — Im(Dg¢) — 0
lo B )

0 - H(TPG) — H'Noyw—) —  Im(Dg) = 0
1 4 1

0 — coker(a) —  coker(8) — coker(a)/coker() — 0

Observe that coker(a) C H'(L) and the same is true for coker(8). So if
HY(L) = 0, then Im(D¢) = Im(D¢'). On the other hand, from the exact
sequence 0 — L — TIP’lrc — TJP’|TCT,1 — 0, taking Chern polynomials, we get
that £ is a line bundle of degree d (and one can identify £ with Og(1) ® L'
for some £/ € Pic®(C)). Thus, if Og(1)is non special we conclude. If instead
h'(TPf,) = 0, then coker(a) = HY(L) and coker(a) C coker(8) € H'(L) so
that coker(a) = coker(f) and we conclude again. O

Now we deal with the much simpler case of curves of genus g = 1.

Proposition 3: For any smooth curve [C] € My and for any non de-
generate projective embedding of C — ", the corresponding projective curve
is non-rigid at the first order.

Proof. From the fundamental exact sequence:
0—Tc— TIP’TC — Neypr — 0,
since Tg = O¢ (g = 1), we obtain the long exéct cohomology sequence:
0 — HY(Og) — H(TP) — H(Ngyer) = HY(Og) — H'(TPg)... (3.5)

Twisting the Euler sequence with O¢ and taking cohomology, we have that
WY (TPf,) < (r+1)h'(Oc(1)), but Oc¢(1) is always non special for a curve of
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genus g = 1 since d > 2g—2 = 0. Thus H* (TP};) = 0 and being h(O¢) # 0,
from (3.5) we have that D¢ # 0 and it is even always surjective. t

We conclude this section with the following theorem, which is the ana-
logue of Proposition 3 for curves of genus g > 2 (in this case we can not work

over all M, but just on an open dense subset).

Theorem 1: For any g > 2, there ezists a dense open subset Upy C My
such that for any [C] € Upy and for any non degenerate projective embedding

of C C IP", the corresponding projective curve is non-rigid at the first order.

Proof. According to theorem 1.8, page 216 of [1], there exists a dense
open subset Ugy C M, such that any [C] € Upy can be embedded in P"
as a smooth non degenerate curve of degree d if and only if p > 0, where
o(d,g,7) == g — (r +1)(g — d + r) is the Brill-Noether number. Now we
consider a curve [C] € Ugy and we embed it as a linerly normal curve C
of degree d in some P". Since [C] € Ugy, we have that p > 0; on the
other hand, C is linearly normal and the fundamental inequality (3.3) is
satisfied since p > 0 (indeed, it is just a computation to see that (3.3) is
equivalent to p > —e for some ¢ > 0). Thus, by Proposition 1 C is non-rigid
at the first order, and moreover by Propositon 2 all of its smooth projections
are non-rigid at the first order. To conclude, observe that any smooth non
degenerate projective curve C' such that [C] € Upy can be obtained via a
series of smooth projections from a linearly normal projective curve C with
corresponding p > 0 (since for the curves in Upy the Brill-Noether condition

is necessary and sufficient). O
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3.3 Finite deformations

Our problem is now to extend the first order deformations studied in the
previous section to finite deformations. By Theorem 1, we know that, for the
curves C such that [C] € Upy (g > 2), the corresponding Im(D¢) # 0 and
an even stronger result holds for curves of genus g = 1. We need to prove
that there exists a vector v € Tp)Hilb(d, g,7), corresponding to a smooth
curve y C Hilb(d, g,r) through p(C) such that the image of the curve via ¢ is
positive dimensional. To this aim, observe that if [C] € Upy is not a smooth
point of M, then there are w € Tjg)Upn which are obstructed deformations,
that is which do not correspond to any curve in Upy fhrough [C]. We can
easily get rid of this problem, just by restricting further the open subset
Ugy. Indeed, for g > 1, there is a dense open subset U 0 ¢ M, such that
any [C] € U is a smooth point (see for example [10]). Thus, for curves of
genus g > 2 we consider the dense open subset Ugy := Ugy NU° and for any
w € Tig U3y, the corresponding first order deformations are unobstructed,
while for curves of genus g = 1 we just restrict to the smooth part of My,
that we denote as UY.

We can draw a first conclusion to this reasoning via the following:

Proposition 4: Let [C] € Uy or [C] € U and let C C P™ any projective
embedding such that the corresponding point p(C) € Hilb(d, g,r) is a smooth
point of the restricted Hilbert scheme. Then the projective curve C C P is
non rigid.

Proof. By Theorem 1 or Proposition 3, the associated map D¢ # 0, so
that there exists a w € Tyc)Hilb(d, g,7) such that Dé(w) # 0. Since p(C)
is a smooth point of Hilb(d,g,r), the tangent vector w corresponds to a

smooth curve v C Hilb(d, g,r) through p(C), such that T,y = w. Now
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consider the image Z of this curve in URy via ¢. Since M, exists as a
quasi-projective variety, in particular we can represent a neighbourho.od of
[C] € M,, as Spec(B), for some finitely generated k-algebra B. This implies
that the map ¢ can be viewed locally around p (C) as a morphism of affine
schemes. Thus the image of the curve  (which is a reduced scheme) is the
subscheme Z in Spec (B). Then either Z is positive dimensional and in this
case we are done, or it is a zero dimensional subscheme, supported at the
point [C]; observe that this zero dimensional subscheme Z can not be the
reduced point [C], otherwise we would certainly have D¢ (w) = 0. So let
us consider the case in which Z is a zero dimensional subscheme, supported
at the point [C], with non-reduced scheme structure: this case is clearly
impossible since the image Z of a reduced subscheme (the curve 7) via the
morphism of affine schemes ¢ can not be a non-reduced subscheme. Indeed,
if it were the case, consider the restriction of ¢ to y: ¢7, Zrea = [C]; then
¢y~ ([C]) is a reduced subscheme, which coincides with -y, since 7y is reduced.
But this would imply that ¢ () = [C] and D¢ (w) = 0.

Thus, it turns out Z has necessarily positive dimension and we conclude.

O

The hypothesis of Proposition 4, according to which p(C) is a smooth
point of Hilb(d,g,r) is extremely strong. Ideally, one would like to extend
the result of Proposition 4 to any non degenerate projective embeddings

for curves [C] € USy. Before giving a partial extension of Proposition 4

(Theorem 2) let us give the following:

Definition 5: A point p(C) € Hilb(d, g,7),.q s called a reducible sin-

gularity if it is in the intersection of two or more irreducible components of

Hilb(d, g,7),.q5 €ach of which is smooth in p(C).
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Theorem 2: Let [C] € U}y or [C] € U} and let C C P™ any projec-
twe embedding such that the corresponding point p(C) € Hilb(d, g,7) is a
smooth point of Hilb(d, g,7)req (restricted Hilbert scheme with reduced struc-
ture) or such that p(C) is a reducible singularity of Hilb(d, g,7)req. Then the
projective curve C C P" is non rigid.

Proof. Let us consider the exact sequence:
0 — HY(TPY) — Ty Hilb(d, g,7) 2 TiggM, (3.6)

from which ker(D¢) = H° (TPl;). Take the reduced scheme Hilb(d, g, )req
and consider the induced morphism of schemes 7 : Hilb(d, g, 7)req — Hilb(d, g,7)
(see for example [?] exercise 2.3, page 79).)

If p(C) is a smooth point of Hilb(d, g,7)req, then dim(Hilb(d,g,7)) =
dim(TycyHilb(d, g,7)req). On the other hand, to prove that there are first or-
der deformations we have just imposed A° (TPl;) < dim(Hilb(d, g,7)). Now,

we want to prove that in the following diagram

0 — HYTP) — TyoHib(d,gr) =2 TigM,
1 Dr /
Toc)Hilb(g,d, 7)red
the map Dr is injective, so that since hO(T]P’er) < dim(Hilb(d,g,7)) =
dim(TpcyHilb(d, g, 7)req), we can find a w € Toc)Hilb(d, g,7)req the image of
which in T} M, is non zero and then we can argue as in the proof of Propo-
sition 4. Setting Hilb(d, 9,7)rea = Xred, p(C) = z and Hilb(d, g,7) = X,
we have to prove that given r : X,.; — X, the associated morphism on
tangent spaces is injective Dr : T, X,.q — TpX. Since X,.q is a scheme,
we can always find an open affine subscheme U,..q of X,¢4 containing z such
that Ureq = Spec(Ared), where A,y is a finitely generated k-algebra with-

out nilpotent elements and the closed point z corresponds to a maximal
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ideal m,. Recall that, from the point of view of the functor of points,
the closed point z corresponds to a morphism A : Spec(k) — Spec(Ared)
(which is induced by Ares — Aredm, — Aredms/MaAredms = k(z) = k,
where Ayedm, is the localization of A,.; at the maximal ideal m,). Recall
also that via the algebra map kle]/e? — k and the corresponding inclu-
sion of schemes i : Spec(k) — Spec(k[e]/€?), TyxXrea can be identified with
{u € Hom(Spec(k[e]/€?, Spec(Area))) such that u o4 = A}. Clearly, an anal-
ogous description also holds for X and T,X, (we denote the corresponding
neighbourhood of = in X as Spec (A)). From the description of T;Xyeq just
given, it turns out any w € TpXyed, w # 0, corresponds to a (non-zero)
ring homomorphism u? : A,.q — k[€]/€? such that.the following diagram is

commutative: h
Ared L klg/e

N .

k(z)=k

On the other hand, saying that Dr (w) # 0 is equivalent to say that we

can lift the non zero ring homomorphism u : A,.q — k[e]/€? to a non zero

ring homomorphism @ : A — k[e]/e® such that the following diagram is

commutative: .
A S k() =k
rh a1 L
Aot LB K[/
NIV
k(z)=k

It is clear that we can always do such a lifting, since the homomorphisms al
and ;\h are just given precomposing the corresponding homomorphisms from
Apeq, with 1. Moreover, since ¥ is a non-zero ring homomorphism, it turns
out that if u! # 0, then also @i # 0 and the previous diagram is commutative.

This implies that Dr (w) # 0 and thus that Dr : Ty Hilb(d, 9,7),eq <
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Tyc)Hilb (d, g,r) is injective. Reasoning as in the proof of Proposition 4,
we can find a curve v C Hilb(d, g,r),,, through p(C) in such a way that
D¢o Dr (Tp(c)fy) £ 0. Thus the image of this curve via ¢ o r contains the
point [C] in USy and a tangent direction. On the other hand the image via
$or of a reduced scheme can not be a non reduced point (always because we
can represent a neighbourhood of [C] in M, as an affine scheme and consider
¢ or locally as a morphism of affine schemes). Thus the image of y through
¢ o r must have positive dimension and in this way we conclude if p (C) is a
smooth point of Hilb (d, g,T), .4

Finally, if p(C) is a singular point of Hilb(d, g, )req, it will be suffi-
cient to repeat the previous reasoning, substituting Tp((;;H ilb(d, g,7)red, With
" Tpe)H, where H is an irreducible component of I ilb(d, g, T)rea through
p(C), smooth at p(C) and of maximal dimension, so that dimyc)H =
dim,(c) Hilb(d, g,7)rea = dimy(cy Hilb(d, g, ). In the same way, one can find
a smooth curve v C H, through p (C), such that its image in M, is positive
dimensional, arguing again as in the proof of Proposition 4 (the image of ¢
has to be a reduced scheme, hence necessarily positive dimensional, in order

to have D¢ # 0). O
Remark: If p(C) is a reducible singularity of Hilb(d,g,T), .y, for the

Theorem 2 to work, it is not necessary that all irreducible components of
Hilb (d, g,7),,, through p(C) are smooth in a neighbourhood of p(C). In-
deed, from the proof of Theorem 2, it is clear that it is sufficient that there
exists an irreducible component of maximal dimension H of Hilb (d, g,7),eq
which is smooth in a neighbourhood of p (C).

In the light of the previous theorem, let us discuss Mumford’s famous

example of a component of the restricted Hilbert scheme which is non reduced

(see [11]). He considered smooth curves C' on smooth cubic surfaces S in P3,
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belonging to the complete linear system |4 H + L|, where H is the divisor class
of an hyperplane section and L is the class of a line on S. It is immediate
to see that the degree of such a curve is d = 14 and that its genus is g = 24.
Therefore we are working with Hilb(14,24,3). In [11], it is broved that
the sublocus Js of Hilb(14,24,3) cut out by curves C' of this type, is dense
in a component of the Hilbert scheme. Moreover, it turns out that this
component is non-reduced. Indeed, Mumford showed that the dimension of
Hilb (14,24,3) at the point p (C) representing a curve C of the type just
described, is 56, while the dimension of the tangent space to Hilb (14,24, 3)
at p (C) is 57. On the other hand, it is proved in [3] that for the points of type
p(C) an infinitesimal deformation (i.e. a deformation over Spec (kle]/€?)) is
either obstructed at the second order (i.e. you caﬁ not lift the deformation
to Spec (k[e]/€%)), or at no order at all. This implies that the Corresponding
component of Hilb (14,24,3),, is smooth. Since for curves of this type we
have d > 42, by Proposition 1 we know that D¢ # 0. If [C] € My is a
smooth point, then by Theorem 2, being Hilb (14,24, 3),,, smooth at p (C) €
Js, we have that the curve C' — P3 is non rigid for thé given embedding.

For other interesting examples of singularities of Hilbert schemes of curves

and related constructions, see [5], [9], [2] and [13].

3.4 Some special classes of curves in P3

In this section, we take into account some special classes of curvés and prove
that they are non-rigid at the first order. As a first example, let us consider
projectively normal curve C' in P3, which does not lie on a quadric or on a
cubic. We prove the curves of this class are non-rigid at the first order. Then

their ideal sheaf has a resolution of the type (with a; > 4 and consequently
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bj Z 5)
0— @;:10]?3(_173') — @jj___i(?]ps (—aj) — IC’ — O,

from which, twisting with TPP?, we get:
0 — &5 TP’(~b;) = ®;HTP (—a;) > Tps ®Tc — 0. (3.7)

On the other hand, from the Euler sequence (suitably twisted) we have that
hY(TP*(—k)) = 0 and h*(TP*(—k)) = 0 for k > 4. Thus, from (3.7) it follows
that h°(TP? ®Zs) = 0. Moreover, H?(TP3(—b,)) is equal by Serre duality to
H* (s (bj —4))* and this is zero by Bott formulas, since we assumed b; > 5.
Therefore, again from (3.7), it follows that h'(TP® ® Zg) = 0. Finally,
from the defining sequence of C, twisting by TP?, we get that H° (TP3) =
H°(TP?|¢). Now, h®(TP3) = 15 , so that D¢ # 0 as soon as 15 < 4d (recall
that h°(Ng/ps) > 4d), that is D¢ # 0 for d > 4.

Now we consider a projectively normal curve which sits on a smooth cubic

surface S in P and prove that this curve is non-rigid at the first order. From

the exact sequence:
0— Nc/s — Nc/]pa — NS'G = 0, (38)

since Nglo = O¢(3) and Ngjs = wo ® wy' = we(l) =2 Og(C), we get
X(Neyes) = x(we(1)) +x(Oc(3)). By Riemann-Roch x(Og(3)) = 3d— g+ 1
and by Serre duality h'(wg(1)) = h%(Oc(1)) = 0, so that by Riemann-Roch
X(wo(1)) = C*+1—g and x(Nees) = 3d—g+1+h"(wp(1)) = 3d—2g+2+C2.
Again from the sequence (3.8), taking cohomology, we have that h' (Ng/ps) =
h'(Oc(3)). On the other hand, from the exact sequence:

0— Zc(3) = Ops(3) = Ox(3) — 0,

assuming that C' is projectively normal and that it sits on a unique cubic, we

have 1 — 20 + h'(O¢(3)) +3d — g+ 1 = 0, so that A (Ngps) = 18 — 3d + g.
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Thus h°(Neyes) = x(Neyes) + h(Ngps) = 20 — g + C?. As a remark,
notice that since h°(Ng/ps) > 4d, we obtain the inequality 4d < 20 — g+ >
for curves of this type. To give an estimate of hO(TIP’f’O), we use as before
the Riemann-Roch Theorem and the Euler sequence, so that h?(TPf;) <
4d + 3(1 — g) + 4h'(Oc(1)). On the other hand, from the defining sequence
of C twisted by Ops (1), assuming C' projectively normal and nondegenerate,
we get h1(Og(1)) = g — d + 3, so that h°(TP};) < g + 15. Thus D¢ #0 as
soon as g + 15 < 20 — g + C2. Using adjunction formula, i.e. C.(C'+ Ks) =
2g — 2, we can rewrite this as C.Ks < 3. Now, since S is a smooth cubic
Kg = —H where H is an effective divisor representing a hyperplane section.
Moreover any C is linearly equivalent to al — ) be; and h = 3l — S e; (we
identify S with P? blown-up in 6 different pointsj, so that D¢ # 0 as soon
as 3a — Y. b; > 3, but 3a — Y b; = d, and so we get the condition d > 4.

Finally , as an example we consider the case of projectively normal curves
on a smooth quadric @, proving that these curves are non-rigid at the first
order (indeed it is sufficient to assume that h'(Z¢(2)) = 0). First of all, from
the sequence:

0— Nc/Q - NC/IP3 — NQIC — O,

being Ngjq & we(2) and Nglo = Oc(2), we have that h'(Neyps) = b1 (Oc(2));
from the defining sequence 0 — Z¢(2) — Ops(2) — O¢(2) — 0, since we as-
sumed ht(Zg(2)) = 0, we have 1—10-+h*( O¢(2))+2d—g+1 = 0. Moreover,
again by Serre duality and Kodaira vanishing h'(wc(2)) = h'(Ngjq) = 0 so
that h®(Neses) = x(wo(2)) + x( Oc(2)) + h'(Neyes) and this is equal to
10 — g + C2. The previous estimate for h°(TP};) works also in this case (we
just used the fact that C' is linearly normal and non degenerate), so that
D¢ +# 0 as soon as g+ 15 < 10— g+C?. By adjunction 29 —2 = C.(C+Kg),
and by the fact that Ko = —2H this last inequality can be rewritten as
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9C.H > 7 so that for d > 4 C is non rigid at the first order for the given
embedding and so they are non-rigid (Theorem 2 and [6]).

Let us take into account the wider class of curves of maximal rank in P°.
By definition a curve C is of maximal rank iff h° (Z¢ (k)) b (Zc (k)) = 0 for
any k € Z. Since we have already dealt with projectively normal curves, from
now on we assume that C is a smooth irreducible curve of maximal rank,
which is not projectively normal. As usual, let s := min {k/h° (Z¢ (k)) # 0}
be the postulation index of C. Observe that h* (Zo (k)) = 0 for any &k > s,
since C' is of maximal rank. Thus, having set ¢ (C) := max {k/h* (Zc (k)) # 0},
we have that ¢ (C) < s — 1 (¢(C) is called the completeness index).

As a first case, let us consider ¢ = s — 2 and assume h' (O¢ (s —2)) =0
(which is certainly satisfied if d (2 — s) +2g —2 < 0 or equivalently d >
s > 3). Observe that in this case C is s-regular, i.e. h* (Zg (s — %)) = 0 for any
i > 0. Indeed, from the defining sequence of C, we have that h'* (O¢ (k) =
h? (I¢ (k) and since h' (O¢ (s — 2)) = 0, we are done. Set u := h° (Zc (s))-
Then, if

29—2
s—2

0 — @©O0ps (—n3z;) — ®Ops (—ny;) —> ®O0ps (—n1;) = I — 0

is the minimal free resolution of Zg, setting n := max{n;} and n;
min {n;;}, it is easy to see that n = c+4 = s + 2. Moreover, we have
nd > nf >nf, ny >ny >ny and also nj = s+2 >n3 >ny =s. From
these we get nj = n; = s+ 1, that is ng; = s 4 1 for any 4. Thus, in this

case, the minimal free resolution is
0— yOps (—s — 2) — 2O0ps (—s — 1) = uOps (—5) = Zc — 0 (3.9)

(resolution of the first kind), where y = [y (Zc (¢)) = h* (Zc (s — 2)). If we

have a resolution of the first kind we can split it as follows:

0— yOps (—s —2) = 20ps (—s —1) = £ — 0 (3.10)
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0— F — uOps (—s) = Zc — 0 (3.11)

where E is a locally free sheaf (indeed, if it were free, then C would be
projectively normal by (3.11). Twisting (3.10) and (3.11) by TP* and taking

cohomology, we get:
0— uH° (TIP’3 (~s)) — H° (Ic ®T]P’3) — H! (E® TIP’3) — ... (312)

.. — oH" (TP? (=5 — 1)) — H' (E® TP®) — yH® (TP* (=5 —2)) — ...
(3.13)
On the other hand, in the sequence (3.13), h' (TP? (—s — 1)) = h? (Qps (s — 3))
0 by Serre duality and Bott formulas, while h? (TP? (—s — 2)) = At (ks (s — 2)) =
0, if s > 3. Thus, we get that if s > 3, then H' (£ ® TP?) = 0. Moreover,
twisting the Euler sequence of C with Ops (—s), we obtain that A° (TP? (—s)) =
0 as soon as s > 2. Therefore, from the sequence (3.12), we have that
h? (Zo ® TP?) = 0 as soon as s > 3.
Now, tWisting the defining sequence of C' by TIP3 and taking cohomology,

we get (assuming s > 3):
0— H° (TP*) — H° (TP},;) — H' (Ic ® TP®) — 0 (3.14)

We want to give an estimate to k! (Zg ® TP?). Continuing the long exact
cohomology sequence (3.12), using again Serre duality an Bott formulas and
assuming s > 5, we get that A' (Zo ® TP?) = h? (E ® TP?). Moreover, going
on with the sequence (3.13), applying Serre duality and Bott formulas (s >
5), we obtain h? (F @ TP?) = gﬂf——?@ and from (3.14) we get h° (TP?) <
15 + yﬂs———lzxﬂz, s > 5. Thus, if 4d > 15 + ﬂs;lzxs;?’), or equivalently
d>4+ y—s—(%(s_?’l, s > 5, then a curve C of maximal rank, with a resolution
of the first kind and with h! (O¢ (s — 2)) = 0, is non rigid at the first order
for the given embedding.
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As a final example, let us consider a curve C of maximal rank, such that
R (Ic(s)) < 2 and Al (Og (s —3)) = A (Oc (s —2)) = A (Og (s — 1)) =
h' (O¢ (s)) = 0 (this happens for example if d > 222 and assuming s >
4). In this case, we have ¢(C) = s — 1. Indeed, if it were ¢ < s — 2,
then C' would be (s — 1) —regular and this contradicts the fact that s is the
postulation. Moreover, if it were ¢ = s — 2, then C' would be s—regular and
since h° (Z¢ (s)) < 2, C would be a complete intersection of type (s, s), and

in particular it would be projectively normal.

Thus, ¢ (C) = s—1 and from the given hypotheses, the fact that A% (Z¢ (s — 1))

h' (O¢ (s — 1)) = 0, and A' (Zg (s)) = 0 (since ¢ (C) = s—1), it is easy to see
that C is (s + 1) —regular. This implies that the homogéneous ideal I (C) is
generated in degree less or equal to s + 1. With notations as above, we have
n3 = c+4 = s+3 > nf > nf = s+1, where the last equality holds since I (C)
is generated in degree less or equal to s+1. From this, we get nj = s+2 and
moreover ny > n; = s, so that n, > s+ 1. On the other hand, we can say
more, because the map H (Z¢ (s)) ® H° (Ops (1)) — H° (Z¢ (s + 1)) is in-
jective; indeed, h° (Z¢ (s)) < 2 and from a relation of the form H; Fy, = HyF!
between the two generators in degree s, we would have that H;|F. but this
is clearly impossible. It turns out that we have no relations in degree (s+1)
between the generators of I (C). Thus ny; > s+1, ny > ny > s+ 2, so that
ng; = s+ 3 for any ¢ and also ng; = s + 2 for any 1.

Hence, in this case, the minimal free resolution of Zs is the following;:

0 — vOps (—s — 3) — zOps (—s — 2) — wOps (—s — 1)BuOps (—s) — Zg — 0
(3.15)
(resolution of the second kind), where v = h! (Zg (c)) = h* (Z¢ (s — 1)). In
this case, that is under the hypotheses that h* (O¢ ( ) =0fok=s,5—1,5—
2,5 — 3 (which is satisfied if for example d > 222, 5 > 4), h? (Z5 (s)) <
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(c = s — 1), assuming s > 5 and arguing as in the previous case, starting

from the sequence (3.15), we get that C'is non rigid at the first order for the

vs(s—2)(s+1
8

given embedding as soon as d > 4 + . We leave to the interested

reader the details of this case, which is completely analogous to the previous

one.




Chapter 4

Rational surfaces of degree 5
and 6 in P’

4.1 Introduction

In this chapter we are dealing with the classical problem of constructing
rational surfaces in P? with isolated singularities. More precisely, we deal
with rational surfaces with isolated triple points: quintic surfaces with 4
ordinary triple points and sextic surfaces with 10 ordinary triple points.

Ordinary triple point means that blowing-up once the singularity we get
a smooth surface and that the exceptional divisor over the triple point is a
smooth elliptic curve of self intersection —3 (see [14], pages 636-646).

If S C P8 is any surface with ordinary isolated singularities and S is the
proper transform of S in IP? blown-up in Sing(S), then S will be a smooth
model of S but not minimal in general: blowing down the (—1) curves we

find the minimal model of S. We can take Bl (P?) to be this smooth model,

hence we have a diagram

g Hscm

© ™\
]P)2

33
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where ¢ contracts the (—1) curves and ¢ is the minimal desingularization

contracting the exceptional divisors to Sing(S) .

The hyperplane serie of such surfaces can be given by specifying a linear
system of plane curves, having the right dimension, passing (with multiplic-

ity) through a set of points in the plane in special position.

More precisely, our task will be to exhibit a collection of points p;, © =
1,...,N and a linear system |H| of curves on BI(PP?) in the explicit form
H=al- Zfl bse; where Bl (P?) is the plane blown up in these points with
exceptional divisors e; and [ denotes the pullback of a line. By this we need:
(i) to give the collection of numerical data a, b;, © = 1,... , N representing
the numerical type of |H]|;

(ii) to specify the choice of points p;’s which is necessary for |H| to define a

birational morphism g : Bl (P?) --» P?, with Im (p1m) = S.

One thing to point out is that rational surfaces having isolated singu-
larities exist. As an example consider a surface S C P? of degree d with a
(d — 1) —uple point and call H a presentation of its hyperplane section. S
is clearly rational, a smooth model for S is the blow-up of P2 in the set of
the d (d — 1) points of intersection of two smooth plane curves C and C' of

degrees d,d — 1 respectively. In the previous notations, H on the smooth
d(d—1)
model Bl (P?) is given by |dl — 3 e;| and it is immediate to observe that
1

the curve (' is contracted by H to the singular point of S in P3.

This example reveals some of the difficulties we will find from the next
section: once we have a guess for the numerical type of |H|, we need to
find the special configuration of the points we are blowing-up ensuring |H |
is not empty and has projective dimension 3 (in this particular example the

d (d — 1) points in C'N C’ must be a complete intersection).
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Following the program so far exposed, in section 2 we work out the case of
quintics: we find the linear system |H| using a Cremona transformation, we
give an expression of the hyperplane serie |H| over the smooth model Bl (P?)
for a generic quintic surface; moreover, once |H| is given, we specify the
conditions on the 16 points we are blowing-up in order to have a birational
morphism BI (P?) L.} IP? with image a quintic with four ordinary triple points
not on a plane. Then, after a brief introduction to the main properties of
the adjunction map, we find the numerical type of |H| in an alternative way
applying the adjunction map technique.

From section 4.3 on we deal with sextic surfaces with 10 ordinary triple

points not on a quadric: here the Cremona transformation does not work

and we find the numerical type of | H| using the adjunction map.

We will often refer to the work of Endrass, Persson and Stevens (see [15]):
the authors studied surfaces in P® having triple points, and give a classifica-
tion for degree 5 and 6 surfaces. They proved that degree 6 surfaces can have
ét most 10 triple points; moreover, by specializing pencils of surfaces, they
also showed the existenée of sextic surfaces with v = 1,..., 10 triple points,

and that in case v = 10 the sextic is rational.

Our strategy to find |H| will be the following:

i) apply the adjunction map and iterate the process of adjunction starting
from the smooth model S of the singular sextic until we get a smooth rational
surface with low genus and degree: these surfaces are classified and we have a
presentation of their hyperplane serie. We will find more than one candidate
surface;

ii) reconstruct all the possible numerical types of the hyperplane series |H |
on S we get from i): we will find a long list (see Appendix 1);

iii) extract, from the list found in ii), using some necessary conditions, a
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smaller list of possible numerical types.

The necessary conditions we are talking about in iii) follow from the
presence on S of rigid configurations of (—1) curves: meaning they have
precise degrees and fixed mutual intersections.

From the very beginning of our search for |H| we assume that the triple
points of the surface S come from the contraction of smooth elliptic curves
E; with selfintersection —3 on the smooth model S of S.

The existence of a birational morphism ¢ : S — P? mapping S to a sextic
surface with ten triple points is clearly equivalent to the following necessary
conditions involving the ten elliptic curves F; contracted and the presentation
of the hyperplane series H giving the map ¢:

{ Op, (B) =Op, i#] @)
Op;(H)=0g j=1,...,10
moreover we prove that conditions (4.1) are also sufficient to have a birational
morphism like (.

The problem of finding the numerical types of H = al— Z_f’ b;e;, is purely
combinatoric: this fact is reflected in the several tables the reader will find in
section 4.3.1. It is thanks to (4.1) that the problem of finding the intersection
tables becomes solvable and we can finally find the only possible numerical
types for |H|.

The main result is:

Theorem: Let S C P2 be a sextic surface with 10 ordinary triple points p;
not on a quadric surface. If 1 : S — S C P? is the minimal desingularization
of S, then there exists a blow-up map Bl : S — P?, and we have the diagram

5% ps

Bl \\«
]P>2
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Calling ey, ...,e15 the exceptional divisors of Bl, and assuming that the 10
exceptional curves Y~ (p;) = E; € S, i=1,...,10 contracted to the triple
points are smooth elliptic curves with self intersection —3, then the numerical

type of the hyperplane section of S given on Bl (P?) is one of the following:
7 13 15

i) H(1) =181 —8e1 — D 5e; — > de; — > 2ey,
2 8 14

3 9 12 15
i) H(2) =181 — ) 6e; — > be; — > 4dex — > 2e;;
1 4 10 13
7 9 11 15
ZZZ) H(3) = 221 — 861 — 2761 — ZGej - Z‘l—ek — 2261
2 8 10 12
4 10 15
’l:’U) H(4) = 24] — 2861 — 276]' — 2261
1 5 11

We have given in Lemma 5 and in Corollary 2 the flavour of the kind of
conditions we need on the 15 points e; for | H| to define a birational morphism
to IP? onto a sextic with 10 triple points: the task is particularly delicate
because there are a lot of necessary conditions the 15 points must fulfil.

Looking for a while at surfaces S of degree d > 7, it is interesting to ob-
serve here that imposing ordinary triple points cannot force S to be rational:
in [15] it is proved such surfaces are of general type. Hence if we want to
construct rational septics with isolated singularities we must impose at least
one point of multiplicity > 4.

Following [15] we can compute the drop in the invariants imposed by a
fourtuple point.

A quick computation of y (Og)(where S is the minimal desingularization
of S): consider a quartic cone @ C P3 over a smooth plane curve B of
degree 4. We have x (Og) = 1 — g(B) = —2 while for a smooth quartic
surface x (Og) = 2. Hence a fourtuple point decreases x by 4. Since in the
same way one sees that a triple point decreases x by 1, for a septic surface

x (Og) = 1 if S has a fortuple point and 16 triple points (from now on we

‘1
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will use the notation 4'3'9).
| Moreover, following the proof of Claim 2) in Section 2.2, we can see that
a fortuple point decreases K2 by 16.
Finally, since a smooth septic surface has K? = 63 we compute Kz =

63 — 3% 16 — 16 = —1. Hence if S exists, S has the following invariants:

x(0g) =1
Q?szo

If such a surface is rational it could come from P? blown-up in 10 points.
We can compile, for degree 7 and 8 surfaces with x (Og) = 1, the following

table showing the invariants depending on the singularities:

deg(S) [ Sing(S) | x(O3) | K3
7 30 |1 1
7 237 |1 K
7 £FE |1 9
7 /3T |1 13
7 P 1 17
8 3 |1 3

Hence if we allow only singular points of multiplicity < 4 in degree 8 there is
only one possibility: if such a surface exists, its smooth model is P2 blown-up

in 12 points.

4.2 Quintics with 4 triple points

In this section we construct a quintic surface S of P? with four ordinary
triple points in general position (that is not in a plane) and without other
singularities. The model for such a surface will be Bl (P?), A={e1,...,e16}

and we will use the linear system

6 10 16
D[ =91 —> "8e;— > 2e;— > ex
1 7 11
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Remark 1:
(a) We are looking for a linear system |D| of plane curves satisfying the
following conditions:
(1) dim(D) = 4, to have a birational map ¢p : S — S C P?;
(#3) deg(D) = D? = deg (5) = 5;
(#13) S = pp (S’) has just isolated singularities.
(b) It is well known that the canonical divisor of a smooth surface S C P?
is Kg ~ (d — 4) Hs (Hg is the hyperplane section of S). If the surface is not
smooth we consider the desingularization S of S and K5 ~ (d —4) Hz — I":
the curve I' is called double curve (it is mapped by ¢ to the singular locus
_ Sing(S)). |
(c) To achieve condition (#1%) in (a) we must impose that the double curve I' of
S is contracted by ¢p or, equivalently, I'D = 0. In general ' =T U...UI'y
where I #4 p; € S are contractions of the components I'; to the isolated
singular points p}s (of multiplicity k) of S.
(d) Why do we ask S to have 4 triple points? Consider S in BI (P?). In the
notations of (c), since S ~ dH — > kT and Kpypsy = —4m* H + §:2Ei by

N
adjunction we have Kz = (d —4) Hz + ), (2 — k) E;. Since we ask S to be
1
rational, the adjoint system must be empty, that is:

N

-4 Hs—> (2-k)p

1

=0,

which is equivalent to (d_l)(dg2)(d_3) <N k(k"lg(k—m, provided the N singular

(k—uple) points impose independent conditions to |(d — 4) Hg|. Substituting

d =5 and k = 3 we see that a necessary condition to have h° (Os (Kz)) =0
4

is that N > 4 (and the pls in general position), so that {HS —> | =0
1
Analogously, in case d = 6 and k = 3 we get N > 10.
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(e) In this first construction of a degree 5 surface with four triple points, the

difficult part is the computation of h° (O (D)); from the sequence
0— 05— 0z(D)—Op(D)—0

recalling q(g) = 0, we get h'(0z(D)) = k' (Op (D)), K®(05(D)) =
14+ K (0Op (D)) = 2+ D* — 7+ A (Op (D)) = 1+ h*(Op (D)), hence
h' (O (D)) > 3, and Oz (D) will be a special bundle. In other words, once

the linear system |D| = |9I — S 08e— Y102 — Sp ex| is given, since the
expected dimension (when h' (Opz2 (D)) = 0) of h° (Op2 (D)) is 1, we see that
the 16 points e;, i = 1,...,16 we are blowing up in P? must be in some spe-

cial configuration. The problem will be to characterise such a configuration

and to show it exists.

4.2.1 Specifying the Cremona transformation

There are essentially two ways to find the "good” linear system |D| giving
the map ¢: one ”ad-hoc” way is to apply a Cremona transformation, the
other more general way is to use the adjunction map technique.

In this section we will describe the first way; now we start recalling some
very basic properties of standard Cremona transformations: then we
will specify one Cremona by choosing its fundamental points and then we

will use it to find |D|.

Basic properties:

(i) Cr is given by the cubics passing twice through four fundamental points
Pi,...,ps € P? in general position;

(ii) Cr is not defined on the 6 edges of the tetrahedron A spanned in P? by
the p; ’s;

(iii) Cr contracts the four faces of A;
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(iv) Cr:P® --s P? is birational, more precisely Cr : P*\A L7, P3\A' is an
isomorphism (A’ is the tetrahedron spanned by the images of the four faces
of A).

Now we specify the Cremona transformation we will use to find |D|. As
usual, we let Bl : S — S be the map blowing up the triple points p; of
S. Call E; = BI™! (p;) the exceptional divisor over the triple point p; € S,
i=1,...,4 and let Hz = |BI* (H)|5 where H is an hyperplane of P?.

After a suitable change of coordinates, we can assume the four triple
points (that we assume to be in general position) of the quintic S to be the
four fundamental points pi, ..., p4 of the Cremona transformation Cr.

Remark 2: On S the Cremona Cr is given by the linear system

6
= |D‘ = |8Hs — 2By — ... 2B, — ¥ 1
1

where the [j;s are the strict transforms of the lines Lj;s of P2 through p;, p; €
S.

Claim 1: Cr(S) is a smooth cubic surface.

Proof of Claim 1: a generic twisted cubic C' through ¢, ..., g4 is mapped
on a line, in fact C.D = deg(C) - deg (D) — 4 -2 = 1. Since the points
in Cr(C) N Cr(S) = deg(Cr(S)) are given by the residual intersection
of C with S with respect to the p;’s, Cr (C) N Cr (S) consists of deg(C) *
deg (S) — 4 * 3 = 3 points, and Cr (S) is a cubic irreducible surface 7'

Since Cr is an isomorphism outside the tetrahedron A, to prove Cr (S) is
smooth is equivalent to prove that the curves cut out on S by the faces
of A are contracted to smooth points on Cr (S). This is the same to ask

é:ijk (H — éijk) = 1, where é’ijk is the strict transform of the conic Cjjk
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residual to the lines L;j, Lik, Lj in the plane (p;, Dj, Pk)- S0 we have to prove
C% = —1. By adjunction —2 = C’fjk + Cijr-K 5, and recalling Cije- K5 =

)

_ 4
Cijr-(Hg — Y E;) = 2 — 3 = —1 we have the claim. d
1

Conversely, we can start by taking four generic points fi,...,f4 on 2
smooth cubic surface T of P? and apply the Cremona transformation based
on those points: the image Cr (T) will be a quintic surface with four triple
points coming from the contraction of the plane cubics cut out by the four

faces of the tetrahedron spanned by the fi’s (i =.1,...,4).

The linear system giving the Cremona on the blow up T of the cubic
surface is D' = 3Hs — 2F; — ... — 2F; — Zf Gij, where the Fi’s are the
exceptional divisors over the f;’s and the G;;’s are the exceptional divisors
over the points g;;’s in the residual intersection of the line (fi, fj) with T
Since we obtain the smooth cubic of P? as the embedding of Blg (P?), B =
{e1, ..., €6}, with hyperplane section Hj = 3l — Zf e; (the e;’s are in general
position), we find that the candidate linear system we must use to construct

the quintic is | D] = |91 — 325 3e; — 3010 2e; — 3015 exl-

As we already mentioned the difficult work now is to specify the position
of the 16 points we are blowing-up in order for |D| to define a birational map

to IP3, this means we must ask the e’s to satisfy some ”genericity conditions”.

In this case the Cremona transformation gix}es us also the ”special con-
figuration” of the points and the ”genericity” conditions we are looking for.

I will illustrate this first with a picture:
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Genericity conditions:
(a) We study the configuration of the 16 points e; in the plane using the

configuration of the above picture. In P? the points ey, ..., eg are generic: this
means no 3 on a line and no 6 on a conic (recall the cubics through the e;’s
give a smooth cubic surface). To get the configuration of the remaining points
in P2, we use the Cremona. Let (Cy,...,Cy) be one basis of the vectorspace
|3l — Zf e,-l. We take three generic points fs, f3, f4 on C; and we impose C5
to pass through f; and f3. Then we choose a generic point f; on Cy and we
impose C3 to pass through fi, fo, f1 and Cy to pass through fi, fa, f3. Any
of the four independent cubics C; will have 8 points of intersection with any
other Cj, j # 1, hence on every C; are defined 3 more points g;; (there are 6
such g;;’s), depending only on the e, ..., €, fi, ..., fa. These last 6 points are
completely determined by the choice of the previous 10 points.

(b) The genericity conditions we ask on the first ten points of the linear.

system |D| are inspired by the Cremona transformation we defined:
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dim —4Vi=1,..,4; (%)

6
GZ—ZZek—2fi—ij
1 7

dim —OVi g, 6,5 =14 (%%).

6
SZ—Zei“fi”‘fj

1
Observe that the 16 points found in (a) satisfy the two conditions () and
In the following Proposition 1 we are going to reformulate in a different

setting some consequences of () and (+*), and to do that we will need the

next lemma:

Lemma 1: If H has a decomposition
H=C+D

where C and D are curves on ®, such that dim |C| > 1, and if the restriction
maps H° (Og (H)) — H®(Op (H)) and H° (Og (H)) — H°(Oc (H)) are
surjective, and | H| restricts to very ample linear systems on D and on every
C in |C|, then |H| is very ample.

Proof. See [16]. O

Proposition 1: _
(a) The linear system |H | = |9l — 303 — },0 26j| defines an embedding
©:Bly (P?) — P8, A = {e1, ..., €6, f1,..., fa}, and Imgp = & is a surface of
degree 11;
(b) the curves C; = 3l — S %e; — > f; are embedded on ® as smooth plane
cubics; i
(&) on @ we have: {p(C)), 9 (Cy) = P, (9 (C1), 0 (Cy), 0 (C)) = P® and
(@ (C1),9(Ca),¢(Cs),p(Cu)) = P°.

(d) ® has a unique six secant plane 7.
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Proof.
(a) (b) To prove H gives an embedding, we look first at the four curves ¢ (C;),

1 =1, ...,4. Their images are plane smooth cubics. In fact from
0— 00— 0s(H)— Og(H)—0

taking cohomology we get h° (Op (H)) = 1+ h° (Ox (H)) = 1+ H?> — 1+
1+ h'(Ox(H)) = 7+ k' (Ox(H)). By Serre’s duality h' (Og (H)) =
h° (Og (Kg — H)); moreover from Kg.H = H? 4+ Kg.H and 21 — 2 =
H? + Kg.H we get (Kg — H).H = —1. Hence h° (O (Kg — H)) = 0 and
h° (Og (H)) = 7, that is ¢ gives a map in PPS. ,

From dim |H — ¢ (C;)| = dim ,6l — 3 %%, —2fi — Z fj\ = 4 (genericity
condition (*)) and dim |H — ¢ (C;)| = 7 we deduce that (C;) ~ P?. This
implies that the restriction ¢, is an embedding: ¢|¢; has degree 3 ( H.C; =

3) and it can not be a 3 : 1 map to a line. Consider now the exact sequence
0— Og (H — ¢ (G;)) = Og (H) = Oycy) (H) = 0

and observe that by Riemann-Roch h! (O (H — ¢ (E;))) = 0. Taking coho-
mology we have
H' (O (H)) = H’ (Oy(c)) (H))

so that ¢ can have base points only on ¢ (C;), but this is impossible, since we
noticed that )¢, is an embedding. We conclude that ¢ has no base points.

To see ¢ is an embedding we use the four plane curves C; and Lemma
2, in particular we let the curves C' and D to be H\C; and C; respectively.
Taking cohomology from the defining sequences

0— 0p(C;) = O (H) = Og—c; (H) — 0

0— Os(H—C;) = Og(H) — Oc¢, (H) — 0




46 CHAPTER 4. RATIONAL SURFACES OF DEGREE 5 AND 6 IN P?

it follows immediately that the restriction maps H° (Og (H )) — H® (O, (H)),

and HO (Og (H)) — H° (On_¢; (H)) are surjective. We already noticed that
Qic; 1s an eimbedding, that is |H| restricts to very ample linear systems on
D. The same holds for H — C;. This is clear if H — C; is irreducible. If not,
it can break in a finite number of ways, and the required condition is in each
case easily verified. Hence we are in the assumptions of Lemma 2 and we
conclude |H| embeds Bl (P?) in PS as a surface of degree H? = 11 containing

the smooth plane cubics ¢ (C;),i=1,...,4.
(c) Follows immediately from the genericity assumptions () and (k).

(d) Existence of a six secant plane: we con31der the 6 points g; coming

from the intersection of the 4 elliptic curves C; and we show that (g1, ..., gs) =
P?. We blow up ® in {g:}, ¢ and we consider the intersection (C1+Ca+C3)N
C,. Since C;+Cy+Cs = H—Fy and Fy. Cy = 0, we have (C1+Cy+C3)NCy =
(H— F4)NCy = HNCy. Hence, since Cy is a plane curve the three g; coming
from the last intersection are on a line. This holds for each combination of

the four elliptic curves E;, so that (g1, ..., i) = 2.
Unicity: let 7' = (p1, ...,p¢) be another 6-secant plane to ®. We can

assume 7’ intersect in at least one point each C;, i =1,...,4. On the contrary
we would have (r, (C;)) = P%, ¢ = 1,...,4. Observe that H\C; is a curve
of degree 8 and genus 3 (it corresponds to plane curves in the class 6 —
26:261 — 2fi — Z fi). Moreover (H\C; ) = P°, and the oo! hyperplanes
through (m,p), p € H\C; a generic point, would cut a residual point on
H\C;, giving a rational parametrization; a contradiction. Since (C;) C (m,7")
i = 1,..,4 (remember that (C;) N7 is a line), if 7 and 7' span a P° we
have (C’l, ...,C4) C P4, a contradiction. Hence the two 6 secant plane must

intersect, and the only way this is possible is they intersect in the gi’s. O
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As we already noticed, the 6 special points spanning the unique 6-secant
plane to ® from which we project ® in P? to get the quintic surface with
the 4 triple points follow after the choice of the first 10 pointé. Observe also
that using the Cremona transformation we showed at once the existence of
a quintic surface with 4 friple points and the existence of a configuration of

points in P? satisfying conditions (*) and (**).

4.2.2 The adjunction map technique

In this paragraph we are going to find the linear system |H| of the previous
section using the adjunction map. We start with some remarks and a de-
finition, then we recall the basic Theorem of Sommesé—Van De Ven on the
adjoint map.

N
Assume we start with a linear system H = al — > b;e; over P? defining a
1

smooth rational surface S. We know Kz = —3 + % €. Setag >ay > ... >
a5 and let N > 2, ay =1, ay_1 > 2. '

We have then H + K = (a —3)1 — NZ_zl(bi — 1)e; and this tells us:

Fact i) in this case the map defined lloy H + K contracts the —1 curve e;g of

S.

Fact ii) If we let K; to be the. canonical divisor of the surface S; obtained
by H' = H + Kg, we get K; = —3I —I—N;—le,— and K2 = K2 +# {i|la; = 1}. In
general, letting K; = Kg, with S; = Im (¢ﬁ+KSi_l> given by H; = H;—; +
K 1, with Hy = H Ky = K, we have K2 = K2+# {i|a; = 1}+# {i|a; = 2}+
oo+ #{d|a; =3} .

Fact iii) During this process, starting from the surface S, we construct some
other rational surfaces S;: however this process will eventually end, in fact

N;
since at every step we add K; = —3l+ > e; to H;_1, at the i-th step we get
1
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N-1
H; = (a—3i)l — 3 (b; — i)e;, hence the process will end for some i > 0.

Definition 1: In the previous notations, the map given by H + K is

called adjunction map.
Sommese and Van de Ven proved the following:

Theorem 1: Let S be a smooth surface with a very ample divisor H and
a canonical divisor K. Then
1) |H + K| = 0 if and only if S is a scroll or a Veronese surface,
2) |H + K| # 0 only if |[H + K| has no basepoints.
In case 2) we have furthermore that
A) (H + K)* = 0 if and only if S is ruled in conics,
B) (H + K)* > 0 only if the map ¢px defined by |H + K| is the blowing-
down of (—1) lines except for the following four cases:

7

i) S is P? blown up in 7 points and H = 61 — 3 2E;.
1
7

ii) S is P? blown up in 8 points and H = 61 — > 2E; — Es.
1

7
iii) S is P? blown up in 8 points and H =9l — > 3L;.
1
iv) § = P(E) where E is an indecomposable rank 2 bundle on an elliptic
_curve, and H = 3B where B is an effective divisor with B?=1onS.

Proof. See [17]. O

In our setting we iterate the adjunction map starting from the smooth
model § = S, of the quintic surface S until we reduce the degree and the
sectional genus 7 of the image surface S; and we have a classified rational

surface:

= H+K]| |[H1+K1
S:S()]—* :5’1 —>I52—>

By fact iii) above we eventually end up on a smooth rational surface S;, and
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we reconstruct H by subtracting all the K;’s,i < 7, from H;.

Numerical data and iteration rules for the adjunction map:

To apply the adjunction map technique to the smooth resolution So of the
quintic surface S we start by filling up a table involving the invariants H %
H.K, K? and the sectional genus m for the surfaces S;, starting from Sp.
Before we can do that we need the invariants for the starting surface S = Sp

as well as the recurrency rules to write them for every i.

Claim 2: Every triple point decreases K% by 3, hence K% = —T.

Proof: recall we are assuming that blowing up once the surface S at
each triple point p; we get a smooth surface (that is we are considering or-
dinary triple points) and that the exceptional divisors on the triple points
are genus 1 curves F;, with B2 = —3. Following [15]: let B = > vE;
be the sum of all exceptional divisors on the smooth model Sp of ,51’ and
denote by Ssn a smooth quintic surface of P3. Since the F; are ellip-
tic curves by adjunction Ej. (Kg, + E;) = 0. Set Kg, ~ m*Kg,,, — ak:
then E;. (Kg, + F;) = E;. (7" Ks,,, —aE + E;) = 3(a—1). Hence Kg, ~
Ks, —E and ¢ (So) = K2, = K3, —3v. O

N
By Claim 2, in our presentation H = al — ) b;e;, we have N = 16. From
1
7 = 10 and the adjunction formula we get H.K = 12.
The next step is to compile the following table:

H?| HK K? 7 | n=dim|H;|

S=Sy 5} 9 -7 6 3 (%)
St 8 -2 -T4+ny 4 5
Sy | -3+ | -941y | -T4ny+ny | -5+ 3

where we used the following iteration Rules:

A) H? = (Hi1 + K 1)?,
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B) K? = K2, +n;
C) H.K; = Hi1.Ki-1 + K7 .

Proof: A) is just the definition. B) follows from Fact ii) above. C) Since
H,K; = (H;_1 + K;_1) (K;), and the map H; + K; is a birational map of
smooth rational surfaces, we know K; = K;_1 + Ci—y with C;_1.H; = 0. C)
is proved. O

Going back to table (), in the above notations, the parameters there are

“the numbers

n; = }{—1 rational curves C; of S, of degree i}

(where ”C; of degree ¢” means C;.H = i).

Remark 3:
Since the adjunction map is birational, it moves from one smooth rational
surface to another, hence we finally arrive on a smooth rational surface 5 of
P3: these are well known and there are two possibilities, either S is a cubic

Del Pezzo surface or a quadric smooth surface.

Performing the computations we find three possibilities:

(a) Sy is a smooth quadric, then H = 2 and K = 8, and by the equalities
in table (%), ny = 5 and ny = 10. From Hy = (1,1) and K3 = —2 (1,1) we
10 15
get, subtracting K1 = Ko+ > ¢; and K = K + > e,
1 11

10 15
H=5(L1) =) 2 — ¢
1 11

(b) If S, is a Del Pezzo cubic surface, then Hj = K2 =9, giving ny = 6 and

ng = 4. We get now

6 10 16
H=9l—z3ei—z2ej—26k
1 7 11
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(c) If (Hy + K2)2 = 0, that is S; is ruled in conics, we deduce n; = 3 and we

have ..
g, " o
\ TI13F]
Iy

where F is a fiber and B2 = —1. Taking the model Bl (P?), FF = | — ey,
B=e;and Ky, = —2B —2F +e; + ...+ ez we find

13 16
H:91—561 —ZQei—Zej
2 14

Now it is easily seen that the only linear system admitting a configuration
of four compatible (—3) elliptic curves is (b), in fact:

In case (a): on a smooth quadric surface @ an elliptic curve E is of type
E = (a,b), with a,b > 2. Moreover we ask L?Ei =H-K="7(1, 1)—%10:3@—

15
>~ 2e;, giving a contradiction.
11

In case (b): there is only one numerical possibility for a configuration of

four disjoint (—3) elliptic curves, that is:

€ | €| €3 | €4 | € [€e | €7 | €3 | € | €0 |€11|Cl2|C13]|€14]|€C15]|Ci6
E; (3l) 1|1 (11 {141 1]1 |1 1|1]0 1 1 1 0 0 0
Eo (3l) 1 (1 (1|11 (1 11]1(0 |1 0 0 1 1 0 1
Es (3l) 1|11 (1111111011 1 0 0 0 1 1
Ey (3l) 1 (141111110 (1|1 |1 0 1 0 1 1 0
4
In case (c): from Y F; = H — K = 121 — ... it follows the four elliptic
1
(—3) curves E; are of type 3l — ...moreover, the only curve of this kind is
€1 €| €3 |[€e | € | € |[€7 | € [ € | €0 €11 | €12 |€C13]|¢C14a]|€C15] €16
E; (3l) 1 (1 {11111 (1|1 |1 1 1 0 0 0 0

Remark 4:

The iteration of the adjunction map gives us just the numerical type of the

i
i
I
|
|
i
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candidate linear system (b): it does not give us the genericity conditions
(%) and (), found via the Cremona transformation, providing a birational

morphism ¢ : Bl (P?) — P2,

4.3 A rational sextic surface with 10 triple
points

In this section we find necessary conditions in order to get a sextic surface
of P with 10 triple points as the image of a morphism B! (P%) = Al s,

The main result is:

Theorem 2: Let S C P? be a sextic surface with 10 ordinary triple points
p; not on a quadric surface. If S is the minimal desingularization of S and
W8 — S CP? is a morphism, then there ezists a blow-up map Bl:S — P?,

and we have the diagram
§% pe
Bl N\
]P)Q

Calling e, ...,e1s the exceptional divisors of Bl and assuming that the 10
exceptional curves ¥~ (p;) =1 B; C S, i=1,...,10 contracted to the triple
points are smooth elliptic curves with selfintersection —3, then the numerical

type of the hyperplane sectzon of S is one of the following:
i) H(1) = 18] — 8e; — 2561 2463 Z2ek,
2

: 3
) H(2) =181 — ) 6e; — E5ej - Z4ek - EZei;
1 4 10 13
7 9 11 15
’L%) H(?)) = 22 — 861 - 2761 — 2661' — 24676 - 2261
2 8 10 12

4 10 15
i) H(4) =241 — > 8e; — ) Tej — 3 2e;.
1 5 1
Remark 5:

5 will not be, in general, a minimal surface. The presence of (—1) curves of
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particular degree will be an important clue to find |H| (see Lemma 3, page

57).

4.3.1 Proof of Theorem 2.

As in the case of the quintic surface (on page 49), we start by compiling a

table showing the invariants H?, H.K, K? and the sectional genus 7 of the

surfaces S;.

From Claim 2 in the previous section, we know K? = —6, hence in the

N
presentation H = al — > be; we have N = 15. From m = 10 and the

1
adjunction formula H.K = 12.
The table with the invariants looks like:

So | 6 12 -6 10 3
Sl 24 6 -6—|—Il1 16 9
2
82 30+n1 195} —6+Zl’lz' 16—|—n1 15
1
3
Sg 24+41’11+1’12 —6—|—21’11+Il2 —6—|—Zni 10+3n1+n2 I11+15
; 1
3 3 4
Sy | 64> (4-)%n; | -12+> (4i)n; | -6+ 1m; | -2+6n;+3n+ng | 3n;+ny+9
1 1 1
4 4 5 Z
S5 | -244+>.(5-1)%n; | -18+3.(5-i)n; | -6+ _n; | -204+> 2 (i+1)ns—; 6m1+3n,-+
1 1 1 1 +1n3-3
8 in s B e s 8 5 i 10n; +6ny+
o i)2n. | - -1 - i , 1 2
Sé 66—|—21:(6 i)%n; 24+21:(5 )n; 6+21:n1 44—|—21: S (i+1)ne_ 3n 4 11-01

where we used, as in the case of the quintic, the rules H? = (H;_1 + K;_1)?,

K2=K?,+n;and H.K; = H;_1.K;_1 + K? ;.

Remark 6: There are some obvious inequalities we can use to discuss

the parameters appearing in the table:
i) 3. mn; <15;
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ii) if S; is a surface then 7 (S;) > 0 and H? > 0;
iii) if S; € P™ is non degenerate, then H? > m; — 1.

To iterate the adjunction on the rational surfaces S; we need also the

following:

Lemma 2: Let S be a rational surface and H be a very ample divisor
on S. If K2 >0, then HK < -3.
Proof. Following [16]: Riemann-Roch says h° (Og (—K)) = b (Os (—K))+
K2+ 1> 1. Take C € H°(Os(—K)): C has arithmetic genus 1, hence
C.H > 3. d

To make it easy one can write down a program to use a software like
CoCoA (for example) and finally gets 61 numerical possibilities compatible
with conditions i),...,iii) of Remark 6 (see Appendix 1 for the complete list).
The work is then to find ”the right numerical types” among those in the list.

Rewiew:

In [15] Endrass, Persson and Stevens study the existence of sextic surfaces in
P3 with many triple points and give a detailed classification. After proving
the existence of sextic surfaces with < 9 triple points, the authors prove the
existence of a sextic surface with 10 triple points. For completeness we give
here the idea of their argument.

They start observing that if a sextic surface S with 10 triple points exists,
then it is always contained in a pencil of the kind S (¢, A) = pF' +AQ3, where
{F = 0},{Q = 0} are the equations of the sextic S and of a quadric surface
@ through nine of the ten triple points of .

Observe that the generic surface in the pencil so constructed has exactly 9
triple points, since by Bertini’s theorem the generic element of 5 (p, A) is

smooth outside the base locus of S (i, \) (that consists of the nine triple
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points we choose). Since in [15] the authors provide the complete classifi-
cation in the case of sextic surfaces with 9 triple points, they are able to
conclude that the generic surface in S (u,A) is a K3 surface or an elliptic
surface. Finally they work out all the computations with a specific pencil
and they prove the existence of the sextic surface S.

Now we look for necessary conditions to reduce the long list reported in
Appendix 1 to a shorter one.

We start looking at a particular class of curves on the blown-up S of S
that will be of great interest for our purpose: (—1) curves.

Remark 7:
In the previous notations, every (—1) curve A on the smooth model Sy of
a generic surface in the pencil S (), i) (that is a sextic with 9 triple points)

is contained in the adjoint system Kz, L In fact by adjunction on S’,\,“:
AKg  =29(4)—2- A=

hence A C K S Moreover recall the adjoint system is cut out by the unique
quadric surface through the nine triple points of Sy ,. This shows that the
(—1) curves of the surface {F = 0} are fixed in the pencil S (u, A), as they
are fixed in the intersection FFN Q. = K, .

To complete the picture we refer once more to [15]: in their classification
of sextic surfaces with 9 triple points they studied in detail (—1) curves and
their possible configurations and dinstinguish two cases:

(i) if the canonical divisor K,  is the union of all the (—1) curves C;, then
Sh is a K3 surface blown-up in 3 points; moreover on Sy, there are exactly

3 (—1) curves of degrees (dy,ds, ds) and three possibilities occurs:

(dl, d2a d3) = {(27 2a 8) ) (21 47 6) ) (4’ 4) 4)}
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(if) if K, , is not the union of the (—1) curves, then S ,, is an elliptic minimal
surface blown up in three points; moreover, on S’M there are exactly three

(—1) curves, and their degrees d;,dy and dj satisfy:
(dl) dZa d3) € {(2) 2) 2) ) (2) 27 4)}

From (i) and (ii) it follows that a sextic surface with nine triple points
does not have (—1) curves of degree 1 or 3.

The key remark is: assume S has a (—'1) curve C coming from a curve I' C S
that does not pass through a triple point, say pio: then when we look at the
pencil S (u, \) of sextics through p;, @ = 1,...,9, specializing to S, we will
find C; as a (—1) rational curve on the generic surface in S (1, A). Moreover,
the configuration of the (—1) curves on S must be as described in [15] (page
23), that is:

in case i):
type Pi | P2 |P3 |Ps | DPs |Ps |P7 | Ps | D9
Cy 1 0 0 0 0 1 1 1 1
228 G |o|l1|1]1|lo|o]o|1]|1
Cs 2 2 2 2 3 2 2 1 1
C1 1 0 0 0 0 1 1 1 1
246 | G o2 1|11 |1]1|1]1
Cs 2 1 2 2 2 1 1 1 1
Ch 2 1 0 1 1 1 1 1 1
ad| o2 |1 1|1 |1]1|1]1
Cs 1 0 2 1 1 1 1 1 1

where the rows of the table show. the rational curves Cj, the p;’s are the triple
points of S, and the numbers in the j-th column are the multiplicities p; has
on C; (So, for example, looking at the first row: Cj is a conic passing through
p1, Ps, P7, P8, Do and Cj is a degree 8 curve through ps, py, with double points
in p;, i =1,2,3,4,6,7 and a triple point in ps).
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In case ii):
type Pi |P2 |Ps [P+ |Ps |Ps | D7 | Ds | Do
CGlolo|1]1]1f1]1]0]0O
2,2,2)| Co (1|1 ]0]O0|1|1]0]11]0O
Cs |1 |1|1]|1]o0o]oOo|oO]|O]1
ciclofol 1|11 1]1]o0oT]o0
2,2,4)| C |1 |10 |0 ]| 1|1 |]O0O]|]1]0O
Cs |1 |1|1]1]o|1]|1]1]2

With this in mind, we have the following:

Lemma 3: In the previous notations, on the blow-up S of a sextic surface

S with 10 triple( points not on a quadric), we have n; = nz = 0.

Proof. Assume S has a (—1) line L. Since the singular locus {p;, ..., pio} of
S is not on L (the surface S would have L as a double ‘curve) we can assume
P10 ¢ L. Then we would find L as a (—1) curve of degree 1 on a sextic with
the nine triple points {py,...,p9}, in the pencil AS + u@ (Q is the equation
of the quadric through py,...,ps). Hence ny = # {—1 lines on 5’} = Ik

To prove ng = 0, we observe that, since S is rational, its adjoint system

10
2H — Y F;
i=1
a quadric and hence not on a twisted cubic C. Say pio ¢ C and consider the
9
pencil Py, = AS + pQ, where Q € [2H — ) F;|. Since the (—1) curves are
i=1

fixed in P, ,, we would find sextic surfaces with a (—1) twisted cubic, which

is empty, hence the singular locus {pi,...,p10} of S is not on

is impossible. The Lemma. is proved. U

This last necessary condition, 7y = ng = 0, reduces the number of nu-
merical possibilities for the linear systems in our list, and we are left with

just 11 candidates. We look now at (—1) conics on S.
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Maximal configuration of -1 conics

Another necessary condition we can derive is that S has no more than 6 (—1)
conics: this follows from the particular configuration these curves must have
on a sextic surface with 9 triple points S’ and consequently on S. To be more
precise, (—1) conics on S’ must have two triple points in common (see [15]),

and following the above notations, their configuration is:

in case i)
p1 | P2 | P3| Pa|Ps|Pe|Pr|Ps|Po
Cy[1 (0 (0 (010 1 (1 ([1 |1
Cyl0 |11 (110 0|0 |1 |1
in case ii)
Pi | P2 | P3| Psa|P5|Ps|P7|DPs | D9
C;|0 |0 |1 |1 |1 1 (110 |0
Cy|1 (1 (0|0 |1 110|110
Cs|1 |1 (1 (110 0|0 |0 |1

(where the p;’s arelthe triple points of S, the rows show the (—1) conic C;
and in the i-th j-th place we find the multiplicity of p; on Cj: so in case i),
the conic C; pass through the five triple points p1, pe; P, P8 and pg).

On S we have two possibilities: either two (—1) conics are disjoint or they
appear in the above configurations.

In the first case we have

P1| P2 | P3| Psa|Ps5|Ps|P7| D8 P9 | P10
011111100000

020000011111

and there is no room for another (—1) conic (any two of the C; must have
two ”1”’s in common).

In the second case we can have at most 6 (—1) conics and the maximal
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configuration, up to permutation of the p;’s, looks like

Pi1 | P2 | P3| Pa|DPs|Ps|P7r|DPs| Py | Pio
Ci|1 |0 |1 |0 (1 {1 ]0]0 |0 |1
Cef1 |1 |10 |1 |O 1T |JO |1 |00
Cs3|0 (1 |1 |1 |0 |O]O]|O |1 |1
Cys|O0 |2 |1 |O ([T |O |1 |1 ]O]O
Cs|1 |0 |0 |1 (1T ]O |1 |0 {110
C¢lO |O O |O O |1 |1 |1 |1 (1

In our list of numerically compatible linear systems, after imposing these

necessary conditions, we are left with the 11 following candidates:

4 12 14
(1) H=11(1,1) — >_5e; — > _4e; — > 2e; (on a quadric Q);
s oo T om U
(2) H=18l— ) 6e; — > be; — > dex — > 2e;
1 4 10 13
6 8 12 15
(8) H=19l —Te; — > 6e; — ) be; — Y . dex — > 2e;
2 7 9 13
7 13 15
(4) H =180 —8e; — > be; — Y 4e; — Y 2e;
3 4
: | FRT
(5) H =221 — 861 - 2767, - ZG@j - Z4€k - 226,,,,
2 8 10 12
5 8 10 15
(6) H =21 - 2761 - 266]‘ — Z56k - 4611 — 226“
1 6 9 12
9 15
(7) H =20l - 761 = z 667; = 5610 == 4611 - Z 261';
Z 12
4 10 15
(8) H =24l — 286,5 == 276]' = 2261,
1 5
7 w1
(9) H=271—3"9; —8es — Y, 6e; — > 2e;;
' 7 9 o 15
(10)H = 251 — 9e; — > 8e; — > Te; — beip — Y, 2e;;
2 8 i1

6 9 15
(11) H =27 - 2961 — Z?ej — 5610 — 2261
1 7 i)
A case by case computation shows the candidate linear systems are (2),
(4), (5) and (8) (respectively H (2), H (1), H (3) and H (4) of Theorem 2).




60 CHAPTER 4. RATIONAL SURFACES OF DEGREE 5 AND 6 IN P?

As we will see, the elimination of the other systems is possible since the
configuration of exceptional curves Ey, ..., o we want on S is very special,

we recall in fact we are assuming the following:

Conditions:
(a) E; is an elliptic curve Vi = 1, ..., 10;
(b) E;.H =0Vi=1,..,10 (the E;’s are contracted by |H|);
(c) E? = —3 (the E;’s are contracted to an ordinary triple point);
() Ei.B; =044, 4,j=1,...,10.

To see that the situation is rigid, here follows a detailed computation in

cases (3),(2), (4), (5) and (8).
Computations in case (3)

The presentation here is H = 191 — 7e; — iﬁei — i hey = 41%4% — i 2e;.
We are going to show we have to exclude th2is H. ! ’ v

In order to find a configuration of 10 elliptic curves F; satisfying condi-
tions (a)...(d) above, we fill-up tables showing, for the given linear system H,
elliptic curves in different degrees. Hence E; could be the strict transform of
a smooth plane cubic, of a quartic with two double points, of a quintic with

5 double points or with a triple point and two double points, etc...

In the next table we report all -3 elliptic curves of degree 3:

e; |ex|es|es|es | €| € | € | € | €0 € [€12 | €13 | €4 | €15
E; |1 |11 (11|11 11110 0 0 1 1 1
E, |1 |1 |1 (11 |11]0]0 111 1 1 0 1 1
Esl1 |1 (|11 (|1]0]|1 110 |1 1 1 1 1 0
E,|1 |11 (10 {1 |1 |1 110 1 1 0 1 1
Es|1 (1|1 (0 |11 ]1]|1 1|1 0 1 1 0 1
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The notation in the table is the one used before, just now we are looking at
the curves F;’s in the plane blown-up in the 15 points ey, ..., e;5. Hence in
the rows of the tables we read the elliptic curves F; and in the i-th j-th place
the multiplicities of intersection of the divisor e; with E;; so, for example,
Ey=3l— iei — is:ej, where | = m* L, w : Bl (P?) --+ P? the blow-up map,
L the class t)f a 1inle::1’ of P2,

To compile the table above we used the following facts:
i) E; is elliptic for every 7, hence it does not have singular points, that is the
multiplicity £;.e; is 0 or 1;
15
ii) since B2 = —3 and E; = 3l — Y, B;;ej, we deduce B;; =1 for 12 §3;;’s;
=1
iii) since we want H.E; = 0, we have a finite choice of places where we can

put the ”0"’s.

Using the same arguments we find all the —3 elliptic curves coming from quartics:

€ | €2 | €3 | €4 [C5 €| €7 | €8 | €9 |€C10|C11|C12|€13]¢C14]C15
EFRl2(2 (1|1 |11 (1 (1|11 1 0 1 1 0
E,2j2 1142|1111 {1 (1{1 0 1 1 0 1
Es|2 (1 (12 (111|101 1 1 1 0 1
Eql2 (1 (1 (1 (1 (1|1 |1]2|1 1 1 1 0 0
Es|1 (1 (1|1 (212 (1 ]|1|1 1 1 0 0 1
Eg|1 (1 (1 (1 (1 (2 (12|11 1 1 0 1 0

the F;’s coming from quintics come from quintics with 5 double points, and

they are:
e [€y | €3 |es| e |es|er|es|e|epn|er || €3] Ca]eCs
El2 (2 (2 (2|11 |1]2]|1]|1 1 1 1 0 0
E2 |2 (1 (122 (2|2 |1 ]1]1 1 1 1 0 0
Es(2 |1 (2|12 2 (12|11 1 1 0 1 0
Eq(2 (2 (2|1 2|1 (2|1 (1|1 1 1 0 0 1
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only two FE;’s come from a sextic: one comes from a sextic with 9 double

points, one from a sextic with a triple point and 6 double points; they are:

€1 eg3|eqg|€5| €6 | €7 | €3 |€|€C10|€C11|C12|¢C13]|¢C14] €15

. 62
E;(6)[2]2]|2]|2|2]|2]|2]2]2 1 1 1100} O0
E,(6)[{3|22|2[|2]2]2]1]1 1 1 1 11010

Remark 8:
In the presentation of H the three (—1) conics e;3,e;4 and e;5 appear. These
(—1) curves come from conics Cj, 4 = 13,14,150n 5 C P3 passing through 5
triple points. It is easily seen that the planes (C;) intersect S in 3C;. With
this in mind it is not, surprising to find the followiﬁg special expressions for
the hyperplane section H:

H=3ei3+Ei+E+E;+FEs+ Es

i) { H=3eu+E1+Ey+Es+ Er+ Eg in case the configuration of the
H =3e15 + E1 + E3+ Eg + Eg + Eno

(—1) conics. looks like |
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H =3ei3+ FE1+ FEy+ Es+ Ey+ Es
ii) ¢ H=3es+ Er+ Ey+ Eg+ E; + Fg  in case the configuration of
H =3ei5 + E1 + E3+ Fg + E7 + Fg
the (—1) conics is

Eg

Eg

Since there are no more thaﬁ 3 compatible elliptic curves (meaning they
are disjoint) coming from cubics in case 1) it is easily seen, using the equality
a(H) =19 = i:la(E,-), that ot := max{a(F;)} = 6, where we write
E;=a(E)l—- i Bije; Bij > 0. The same result holds in case ii). This is the
reason why we Js?)pped the computations of the tables for the elliptic curves
E; at a(E;) = 6.

The next step is to fit 10 of these curves in a configuration satisfying the
compatibility condition (d) on page 60, that is F;.E; = 0, Vi # j. |

If we do not allow to use the first elliptic sextic curve Fj (6), it is easy to
see that we can get a configuration of just 9 compatible curves. Also using

E; (6) we arrive at the same conclusion. We need 10 elliptic curves, hence

we have to exclude the linear system (3) from our list.
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Computations in case (2) (H (2) in Theorem 2)

As in the previous case we start giving the complete list of candidate curves

., 10.

we have to use in the construction of our table of the E;’s, 1 =1,..

Elliptic curves coming from cubics:

€15

€14

€13

€12

€11

€10

€9

€8

€7

€6

€5

€4

€3

€9

€1

Eq

Eo

Es

By

Es

Ee

Er

Coming from quartics:

€15

€14

€13

€12

€11

€10

.eg

€3

er

€6

€5

€4

€3

€2

€1

E;

Es

Es

By

Es

Eeg

Er

Es

Eo

Coming from quintics:

€15

€14

€13

€12

€11

€10

€9

€3

€7

€6

€5

€4

€3

€2

€1

By

Ey

Es

and just one coming from a sextic curve:
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€ | ey |[e3 | €| €5 | | €er | €| € |€10| €11 |C12|€13]|¢C14]¢C15
E1222222222111000

Remark 9:

In the notations of Remark 8, also in this case we can stop at a (E;) = 6.

"The only possible configuration is the one in the following table:

€ | €y |€e3|€es| € | € |©er | € | € | €0 [ €11 | €12 |€13|C14]C15
E1 (3) 1]11(0)1|1f{1]1(1}j1]1 1 0 111 0
E, (3) il1o0j1|(1}j1f{1]1{1}j1]1 0 1 1 0 1
Es@3) |(o(1|1f1|1|{1]|1]1|1}]O0 1 1 0 1 1
Ey (4) i|11|2(1|1}]1]1(1]1]1 2 1 1 0 0
Es(4) |21 |1|1]1]1]1|1}j1]1 1 2 0 1 0
Es (4) 112|111 {1]1{1]1}]2 1 1 0 0 1
E-4) |2(2|1|1]1|1|1}1|1]O0 1 1 1 0 1
Eg (4) 2112|1111 ]1]1|1 1 0 0 1 1
Eo (4) 1{2(2(1(1{111]1}]1|1 0 1 1 1 0
Eio (6) 2121212121222 |2|1 1 1 0 0 0

we observe that this surface could come as a degeneration from a surface with
9 triple points having configurations of —1 curves of degrees (di,d,ds) €
{(2,2,2),(2,2,8),(2,4,6)}.

Computations in case (4) (H (1) in Theorem 2)

The complete list of —3 elliptic curves, up to degree 6 is given in the following
tables.

Coming from cubics:

€1 | e |€e3| €4 |C5 |G| Cr €3 | € [€10|€11|C12|€C13]|¢C14]¢C15
E;|0 |1 |1 |1 |1 (1|1 |1 1|1 1 1 1 0 0
E,{1 |00 |1 |1 (1|1 )11 |1 1 1 1 0 1
Es|1 |1 100 |1 {1 |1 (1]1 1 1 1 1 0
Eq(1 |1 (1|1 (1|1 |1]0({0]O0 1 1 1 1 1
Es(1 |1 (1|1 |1 |1 (1|1 (1|1 0 0 0 1 1
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Coming from quartics:

€15

€14

€13

€12

€11

€10

€9

€8

€7

€6

€5

€4

€3

€

€1

Eq

)

Es

Ey

Es

Eeg

and

€15

€14

€13

€12

€11

€10

€9

€3

€7

€6

€5

€4

€3

€2

€1

Er

Es

Eg

Eio

Ei

E1o

Eis

Coming from quintics:

€15

€14

€13

€12

€11

€10

€9

€8

74

€6

€5

€4

€3

€2

€1

Ey

)

Es

Coming from sextics:

€15

€14

€13

€12

€11

€10

€9.

€3

€7

€6

€5

€4

€3

€2

€1

Ey

)

Es

Ey

Es

Using these —3 elliptic curves we find exactly two possible configurations

compatible with condition (d) on page 60. They are:
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slel=l=lelele|— e al==lelelele |~~~
nH%011.1110000 ==l == =lelelele
%1101111021 %1011111021
nm1101110211 %1011110211
Qmllo1112101 %1011112101
G%10,1.192.I..i_l‘l_ emOlllO?l111
Sl—lo|—~|o || |— | |—|— Slo|—=|—|o|ea|—=|—|—|—|—
Fl—= o= N |— ||~ | |— | Flo|—|— | |—= || [ ||
e R e e E R e N E B e N R B [ Sl == === == e
Sl—= == === ||| Sl |= ||| |||
e e e el el el R LR Rl (AN e N e el e e e R A Rl [
5l Rl Rl Rl Rl o B R B En B N R B [ S | | [ = A | [ | e
il bl bl Ll L N R Rl Ll Ll Rl o S [ | = | | | |
N Rl R L N E N e R L R L B L N R (o Ol || [ | [ [ |
Slo|—|— || |ev|ev e |en fen %111222.2222
))))))))\}M.O/ P N N N N N N N N 1)
SR EEEEEEE SREEEEEEER

These two tables correspond to a unique case, meaning we can go from

the first to the second one using the transformation

=3} l—el—ez

€1

— [ —e—es3

€2

= l—62—63

€3

Computations in case (8) (H (4) in Theorem 2)

We can perform the computations as in the previous cases, listing all the

—3 elliptic curves, up to degree 7, contracted by H (4) and find finally the
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following intersection table:

€1 | ey |es| e | € | € | €| € |€ | € |Cu |12 | €13 ]| €14 | €15
E;1 (3) 1{1f(1(oj1f1|1]1]1]1 0 0 1 1 1
E;3) (1 |1|0]1]1 1]11(1(1]1 1 1 1 0 0
Es(4) |1 |1|2]2]1 1]11|11]1]1 0 1 1 1 0
Eq4) |1 |2|2]1]1 1 (1111 1 1 0 0 1
Es(4) |2 |1]1 211|111 }]1]1 1 0 0 1 1
E¢(6) | 2| 1]2|2]2 2121212 2 0 1 0 0 1
E,(6) |1|2]|2]2]2 212122 2 1 0 0 1 0
Es(7) |3 ]|3]|2|2]2 2121212 2 0 1 0 1 0
Eo(7) |3 |2|3]2]2 212122 2 1 0 1 0 0
Eo(n)|2|3]|2]3]2]2]2]2[2|2[0]0]1]0]|]1

O

This proves the Theorem.

4.3.2 Cremona transformations

If S C P is a surface of degree 6 with ten triple points and we perform a
Cremona transformation with fundamental points four out of the ten triple
points, we get another sextic surface S’ C P2 with ten triple points. This is
the reason why in this case the Cremona transformation does not solve the
problem like in the case of quintics.

Definition 2: If H,H' are the hyperplane sections of S,5', we say H, H !

are linked by a Cremona transformation.
From the computations of the previous section it follows:

Corollary 1: The linear systems H (1), H (2), H (3) and H (4) in The-
orem 2 are linked by Cremona transformations.
Proof.
Starting from the presentation H (1) and applying a Cremona transformation

based on the triple points pq, ps, 7, Ps, We get H' = 3H —2(E4+Es +E,;+Fs),
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7
that is H' = 221—8e; — ) _ Te;—2eg —4eg—6e19—2e11 —4e1p—bei3—2e14—2e;5,
2
which is linear system H (3), and the configuration of elliptic curves is given

by

€ | € | €3 | € |65 | € [C7| €8 |C | €10 | €11 |C12]|€13]C14]|EC15
E; (3) oj1y1)1)1f1(111]11]1 i 1 1 0 0
E, (3) 111111 1{1]0(0]0 1 1 1 1 1
E; (3) 1(1|1}j1}j1}1}]1}]1]1]|1 0 0 0 1 1
Es (4) 2111111111011 2 1 1 1 1 0
Eq (4) 2(1(1j1f{1f{1|1(1]11 0 1 2 0 1
Ew®)| 3222|2221 |1]1 1 1 1 0 0
I'; (6) 2121212122201} 2 0 2 1 0 1
I’y (6) 212121222201 2|1 0 2 0 1
I's (6) 2121212122120 2]1 0 1 2 1 0
I’y (6) 2121212122210 2 0 1 2 1 0

Moreover, applying to H (1) a Cremona transformation with fundamental

7
points pu, ps, Ps, Pio, we get linear system H” = 181 — > 6e; — ) 5e; —
i=1,10,13 2
>, 4dej— > 2eg, that is system H (2) in Theorem 2. The configura-
7=9,11,15 k=8,12,14 '
tion of the corresponding elliptic curves for this presentation reads like:

€1 |€ | €3 | € |[€ | € [er | €8 | € | €0 | €11 | €12 | €13 ]| Cu4|C15
Eq (3) o|j1|1}1|1f{1f1j1}j1|1 1 1 1 0 0
E, (3) 1/1|]1(1|1]1]1]0{0]O0 1 1 1 1 1
E3 (3) 111|111 )1j1f{11 0 0 0 1 1
ry@|1|1)j1j1j1|1{1)1]0]| 2 1 0 2 1 1
I's (4) 1({1f(1f{1}j1j1|1(0(2]1 1 0 2 1 1
Es(49 (211 |1]1)1]1[0|1] 2 1 1 1 1 0
E, (4) 2111111111 2 0 1 0 1
I's(4) |11 ]1}(1|(1(1|1]0|1] 2 1 1 1 0 2
Eo(4 (2111|111 |1|1]1 0 1 2 0 1
'@ |2(2(2|2(2|2[2]0]1] 2 1 0 2 0 1

Finally: starting from the presentation H (4) and performing a Cremona

with base points pg, ps, pe, P10 we find linear system H (2). The Corollary is

proved O
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In Appendix 2 we work out more in detail all possible Cremona trasfor-

mations starting from each presentation H (7), i = 1, 2,3, 4.

4.3.3 Necessary conditions

With the last section we have finished the computations of the ”data tables”
giving numerical data that the ten elliptic curves E;, whenever they exist,
must fulfil.

We did not analize the undelying geometry: however it is clear, looking
through the computations so far, that the combinatorics involved is very rigid
(and this is why we were able to find only four possible presentations H) and
this should be reflected somehow in the geometry of the surface.

From now on we will focus our attention on the geometry of the surface,
and we mean we will prove the existence on it of particular curves or pencils
of curves.

The final aim of this work is, of course, to construct such a sextic surface
in P2. To have such a construction is equivalent to construct ten smooth
elliptic curves E; and an hyperplane serie H of dimension 4 such that

Op, (B)=0p, i#]
<*){ Op (H) =05 V]

holds.

In this section we will derive from (%) a lot of necessary conditions of
different kind: |
i) conditions the points e; should satisfy on the curves E; (these are direct
consequences of (x), see Lemma. 5); |
ii) existence of particular curves or pencil of curves on the surface S (more
difficult to prove and in general implied by (*) and conditions in i), see

Corollary 2).
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A strategy to find the construction is try to reduce the conditions im-
plied by (x) and find an ”intermediate statement” of necessary (and may be
sufficient) conditions on which we have a better control.

In what follows we will use the notion of triangle of tangencies on an
elliptic curve: we first give the definition, then the entire section is devoted
to derive-reduce the necessary conditions. At the end of the section we state
some of the necessary condition that should appear in the ”intermediate

statement”.

Triangles of tangencies on an elliptic curve

Definition 3: Given an elliptic cubic curve E C P? three distinct points
p,q,7 € E are a triangle of tangencies if the three tangents to E at these
points form a triangle with vertexes at p, g, .

Remark 9:
Clearly a generic choice of the points p, g, is not a triangle of tangencies:
starting from say p we draw the tangent line which intersects the cubic in a
unique third point g, then we follow the tangent line to E at ¢ and we call
7 the unique third point of intersection with E. Now there is no reason for
the tangent line to F at r to pass through p.

What is true is the following:

Lemma 4:
a) Once a flex o is fixed as the origin for the group structure on £, p, g, is

a triangle of tangencies if and only if

i) 2p+q=o0;
i) 2¢ + 7 = o;
iii) 2r +p =o.

b) In a triangle of tangencies (p, g, 7), the three vertexes are 9-torsion points
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with respect with the fixed group structure on the curve L.

c) If p is a 9— torsion point and i), ii) hold, then iii) holds.

Proof. a) is clear. b) From a) we have immediately that 9p = 9 =9r =o.
¢) From a), part ii), 2r = —4q = 8p, hence 2r +p = 9p = 0. This shows

there is a map

{9 torsion points} \ {3 torsion points} — {3 torsion points} \ {o}
p — prqg+r

hence for each of the eight flexes (starting from alligned points p, ¢, gives
the origin o) the fiber consists of 9 points, grouped in three triangles (since

the role played by p, ¢ and 7 is symmetric). O

Now we state some necessary conditions coming directly from () and we

remark these are local necessary conditions on the specified curves:

Lemma 5:
From conditions (x) it follows that:
N1) eg + €9 + €10 ~ e11 + €12 + €13
N2) 2es + €10 ~ eg + 2eg ~ €9 + 2e10 and 2e;; + e13 ~ e11 + 2e12 ~ e1x + 2e13
N3) e1o +e12 = es + e11;
N4) 3e14 ~ e11 + €12 + e13 ~ 3es and 3e; ~ eq; + €13 + €13
N5) 2e1 ~ e1q + €15
N6) 2e11 + e13 ~ 2e13 + €11 ~ 2e13 + €12
N7) e11 + e15 ~ e12 + €145
On Fs:
N8) eg + eg + €10 ~ €1+ €14 + €15
N9) 2es + e10 ~ eg + 2eg ~ €9 + 2e10
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N10) 2eg + e10 + €14 ~ eg +eg + €10 + €15
N11) eg + eg + €10 ~ 3ey;

N12) e1; +e1a +e13 ~ eg +e10 ~ €1+ ey
N13) 2e11 + €13 ~ e11 + 2e13 ~ e1z + 2e13
N14) ejo + €12 + €14 ~ eg +en

N15) 2e10 ~ €s

N16) eg + e10 + €11 + e12 + €13 ~ 3ex
N17) e ~ 2e14.

N18) e1y +e1a +e13 ~ es +e9 ~ e +eu
N19) 2e51 + €13 ~ eq1 + 2e1 ~ e1n + 2ey3
N20) e15 + €14 ~ eg + €11

N21) 2eg ~ eg

N22) eg + e10 + e11 + e12 + e13 ~ 3ex
N23) e1 ~ 2e1s.

N24) eg + e1p ~ €1 + €14 ~ €11 + €1z + €13
N25) ejo ~ 2eg

N26) e1z +e14 ~ €9 + en1 ;
N27) 2e11 + e13 ~ e11 + 2e1 ~ e1p + 2e13
N28) e1 ~ 2ei4

N29) ey; +e13 ~ e1 +es ~ eg+eg+en
N30) e11 ~ 2e13

N31) ejo + €13 ~ es + e15

N32) 2eg + €19 ~ es + 2eg ~ eg + 2e19
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N33) e; ~ 2es5

N34) eq1 + e1a ~ e +e15 ~ €g + €9 + €10
N35) ejg ~ 2e11

N36) e1o + €11 ~ e + €15

'N37) 2es + e10 ~ eg + 2eg9 ~ eg + 2exp

N38) ey ~ 2e15

N39) e1n + e13 ~ e1 + €15 ~ €g + €9 + €10

N40) e13 ~ 2e12

N41) ejo + e1p ~ €8 + €15

N42) 2eg + e1o ~ eg + 2eg ~ eg + 2e1o

N43) e; ~ 2e15

On Eip:

N44) e; ~ eg + eg + €10 ~ €11 + €12 + €13

N45) 2eg + €10 ~ eg +2eg ~ eg + 2e10 and 2ey; + e13 ~ ey1 + 2e1g ~ ex + 2e13
N46) 3 (es + eo + €10) = 3 (2e11 + e13) = 3 (2e5 + €10)
N47) es = €12

N48) 2e11 ~ €12 + €13, 2€13 ~ €11 + €13, 2€13 ~ €11 + €12;

Proof.
We work explicitly the equivalences involving Fio and E, (equivalences for
the other curves are found in exactly the same way).

7
On Eyg: looking at Ei, Fo, B € |3l — Zei\ we find, recalling that Ei|g ~
2

FEs| gy ~ Es|my, as divisors, that

68+69+€10+611+€12+€13N€1+€11+612+€13N61+68+69+610
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that is

e1 ~ el + e + ez ~ eg + €9 + €.

7
Looking at Ey, Es, ..., Fy € ‘41 —2e; — y_ e;| we find
2
13 13
€1+268+610+Zei ~ 61+€8+269—|—26¢N
11 11
13 10

61+€9+2€10+26i ~ 61+Zei+2611+613"’
11 8
10 10

61+Z€i+611+2612 ~ 61+Z€i+612+2613
8 8 .

that we can rewrite as

2eg +elg ~ eg+ 2eqg ~ eg+ 2e1p0
2e11 +e13 ~ ey +2e1p ~ e+ 2e3
€12 ~ €sg
eloter ~ egten
elot+es ~ ezten

e +e11 ~ eg+ €3
Finally we can rewrite the last three equivalences as

el ~ e teis

2e13 ~ ef1+en

this completes the proof of N44),...,N48).
7

On E,: looking at Ey, Fis € |3l — Y e;| we find:
2

e;; +epptez~e+eytes
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T
Restricting to Ey the curves Ey, ..., Ey € \4l —2e1 — Y e;| we get:
2 .

e11 + e1g + €13 + €14 ~ 2e11 +e13 + e ~ e+ 2e19 + e15 ~ e1x + 2e13 + €15
that is

2e;1 + ez ~ 2eis+ e~ 2e13+ e

ei1 +es ~ enpteu

7
Furthermore from Ejo ~ 2F; when we consider them in |3/ — > e;|, we find
2
2 (611 + e1g + 613) ~ 3e; +e1 + 812 + eis
that is
3e1 ~ e11 + e1g + €13.
O

Now we want to find global necessary conditions, in the sense we will

derive form Lemma 5 the existence of curves on S (or even of pencils of

curves).

. Corollary 2:
From the equivalences of Lemma 5 it follows that:
GN1) The following linear systems on S are pencils of curves:
i)

7
61 — > 2e; — eg — 2e10 — 2€12 — €13, where one of the tangents of the sex-
1
tics in e1o and ej is the tangent direction of Fqo;
7

i) |60 — > 2e; —eg — 2e10 — €11 — 2e13| , where one of the tangents of the sex-

1
tics in ejo and e;s is the tangent direction of Eio;

7
iii)|6] — > 2e; — 2eg — €10 — €12 — 2e13| , where one of the tangents of the sex-

1
tics in eg and €3 is the tangent direction of Fio.
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GN2) On S there is a pencil of curves having the same tangent

7
6l — 2261
2

directions as Ejgine;, t = 2,...,7;
- 7
GN3) On S there is a curve in|3l — ) ;| with a triple contact in e; with Fy
2

and a curve with a triple contact in e; with Fs.

Proof.

Remember we are assuming we have the ten elliptic smooth curves F;,
1=1,...,10.
GN1) Let D €

linear system |D — eg — 2e19 — 2€12 — €13| of sextics with the same tangent

7
60— >, Zei’. We give the precise argument to prove that the
1

direction of Ej in ejg and eqs is a pencil of curves on S From the decompo-
sition (Fy + E3 + Es — Fr) |p, = (D — €9 — 2e10 — 2e12 — €13) | gy, and (%)
we deduce h° (O, (D — eg — 2e19 — 2e12 — €13)) = 1.

Blowing-up ejq and ejs on S we get divisors that by abuse of notation we
call e;p and ejq: we denote by fio and fio the two points on ejg, ejz giving
the tangent directions of Fig at ejg, e1p. After blowing-up ];10 and fio we

consider divisors of the form D = D —eg— 2e19 — 2e12 — €13 — Y _(g10,i + F12,1)-
1

From the exact sequence
2 —_ » —

0— Og <_f10 — fi2 + Z(glo,i |- hlg’i)) — O (D) — Ogy, (D) -0
1

we see that if D has the same tangent directions of Ejo at ejo, ez then

h° <(95~ <”‘f10 — fi2 + i(glo,i + hlg,i)>> =1 and

2 _

hl Og —.fIO - le + Z(gm,i + h12,i)>> =0. Hence, since hO (OEIO (D)) =
1

1, we get h° (05 (D)) = 2.

To prove the result for the other linear systems in the statement one can use
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the following relations:

(Ey + B3+ Eg — Eg) |5y = (D — €9 — 2e10 — €11 — 2e13) | B0
(Ey + E3+ Ey — Ey) |y, = (D — 2e9 — €10 — €12 — 2e13) | Exo

7
GN2) From (4l — 21—, e¢> |Bye = e11+ei2+erst2es+eg and eg+eg+ejp =
2

7
<3l -5, ei> |5, it follows (2es + eg) = (I — €1) |By- Using N46) of Lemma
1

5, we get (6l — i?;e,) |E1o = OF1o-

Now we blow-up ihe six points ey, ..., €7 in P? and we consider the two points
fi1, fio on the exceptional divisors e; parametrizing the tangent directions at
e; on S, corresponding to the tangent directions of Fyo at the e;’s. After
blowing-up the fi;’s we write Fio ~ 61 — 3e; — i 2e; — 27: (fir + fia), where
e;.F0 =2 and fij.ElO = 1. ’ ’

From the chain of equivalences

(6l - 223361-) B ~ <6l - é%i - é (fa + fi2)> | E10
7 . 7 7
(22: 36i> |E10 ~ (; 2e; + ; (le + f12>> IE10

<§:: €z‘> |Bro r <§7: (fa + fi2)> | B0

2

we deduce that the condition ”have triple contact at ey, ..., er with Eyp” is
fullfilled by a curve having double points at the e;’s and having the same

tangent directions as Fq at the e;’s. Finally, from the exact sequence
7 7
2 2

7 7
— Ogyo (Gl - 22:261 - ; (fir + fi2)) —0
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we deduce, since g (S) = 0 and A° (OEm <6l - 27: 2e; — 27: (fir + fiz))> =1,
2 2
that ho (OS <6l == }'Z_: 261' = i (le + f,z))) = 2.
2 2

GN3) On E; we have 3e14 ~ 3e1s ~ €11 + €12 + €13, hence also 3 (e14 + e1s) ~
2 (611 + eq9 + 613) holds. Since €14 + €15 = E3|E2 and ei11 + ey te3= E1|E2>

we have

7 7 7
3 (35 - Z%) ~E, 2 (31 =~ Zei> that is Og, <3l —3e; — Zei> ~ Og,
1 1 2

7

This means that in the linear system ‘3l — > e;| there is a curve with a triple
2

contact in e; with FEj.

Since the relation 3 (e4 + €15) ~ 2 (e11 + e12 + e13) holds also on the curve .

E5 we are done. O

The next step is to prove that conditions () are sufficient to define a map

S --» P? : this is the meaning of the following

Proposition 2: Conditions (x) are sufficient to define a map S -5 P2,
Proof.

Existence of four sections: Assuming conditions (x) hold for H (3), we have

the special decompositions

H@3) = Ei+FE3+Ey+ Epo+Ts+3es = ((#))
= B+ Ey+ B+ B+ 12+ 3enn =
= Fo+ Es+Eg+Ts+14+3ens=
= FEy+ E3+Eg+T1 4194 3ess
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giving exact sequences

0 — Os (3es) — Os (H (3)) = Opy 15yt B+ mo+ry (H (3)) —
0— Og (Be11) — Os (H (3)) = Opy1 Byt EetBro+T, (H (3)) — 0
0 — Os (3e1s) = Os (H (3)) = Oyt mstBeirs+ry (H (3)) —
0 — Os (3e15) — Os (H (3)) = Opyy By Botry41, (H (3))

Hence from the injections H° (Os (3es)) ~ C — H®(Og(H (3))) we get
four sections H., € H®(Os(H (3))). Now we want to prove that the H.,
(i = 8,11, 14, 15) are independent. To this aim it is enough to observe that

— 0

H,,, and H,,, are independent since the last vanish along I'; while the first
does not. Analogously H,,,, H.,, and H.,, are independent since the first
two vanish on F3 while the last does not. Finally He, is independent from

the other three sections since it does not vanish on"Ejs. O

Proposition 3: The map given by |H (3)| is birational.
Proof.

|H (3)| has no base points: such a point can not sit on any of the ten

elliptic curves E;’s (a base point p would be in the zero section of every
element in H® (Og (H (3))*), moreover the sections are constant and nonzero
on the F;’s, since they are contracted by H (3)). Hence, recalling the special
decompositions (#) in the proof of Proposition 2, such a base point should
sit in the intersection eg N e N eq Negs which is empty.

The map g3 is birational: since (H (3))* = 6, |z could be 3 : 1 on

a quadric or 2 : 1 on a cubic surface of P3. We will show this is impossible,

so that the map is birational.

i) @y isnot 3: 1 on a quadric. Start from the sequence
0 — Og (2e15) = Os (H (3) — e15) = Opy4my+Be+1+Ta (H (3) —e15) = 0

we deduce h® (Og (H (3) — e15)) = 1, equivalently @r(3)| (e15) is a smooth
conic, that is ¢|z(g)|jess is 1 : 1. Hence (,0[;}(3” (¢r@)) (e15) = e1s + C, where
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oEE) : C % a3 (e15). Pulling back the two families {R,} and {L:} of
lines sitting on the quadric we get two basepoint free pencils of curves {T:}
and {®,} on S such that I'; 2 R, and oF 23 L. If we look at the curves
{I';} in P? we see they can come from conics or cubics through the 4 points
ei, i = 8,11,14, 15. It is easy to see the latter is impossible. Hence there is
just one pencil {T';}, a contradiction.

ii) The proof is as in i) (just fix two lines on the cubis surface and consider,
instead of pencil of lines, pencil of conics.

We conclude the map given by H (3) is birational and its image is a sextic

surface with ten triple points. ) O

Remark 10:
The ten triple points coming from the contraction of the elliptic curves F;
and T; (by (*#)), are not on a quadric: this is equivalent to say, since the

map @|x(3) is birational, we can not have an expression like
4
0H(3) = By + By + Es + Es+ Eg + Eo + » Ti+C
1

where C is an effective divisor on S). Recalling the expressions of the ten
curves involved we get an expression of the kind 47/—..on the right hand side

and 360 on the left hand side, giving the desired contradiction.
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4.4 Appendix 1:
4.4.1 The complete list of candidate linear systems

Here follows the complete list of the 62 possible numerical types for the hy-

perplane section H of S:

14
H=11(1,1) - 2562 246J > ek
9
H =18}~ 2661 Z46j_23€k
7 10
8 - 15
H =18l - 266z > 5e; — > 3ex
* 0 ¥ 1
H=11(1,1)—ZSei—Zélej—Zek—ZeM
1 6 11

14

8
H =17 - 661 = 2561— 248]' - ZSek——Qels
2
10

7
=181 — Zﬁez > be; — Z4ek — ZBeT — 2ess
6
9
= 18] — Z 661, Z 56j = Z 3€k = 2615
5 10
14
H = 19l — 761 — 26& = 568 - 469 - 236]' = 2615
42 12 14 1
H=11 (1, 1) — 2561' - Z46j - Z2€k
1 5 13
7 12 15
H=17] — 661 - 2561; - Z4€j - 3613 — ZQC]C
5 2 182 ig
H =18l - 2661 — 566 = 246]‘ — 3613 — E2ek
' 7 171 13 14 15 i
H =19l —Te; — > 6e; — > 4e; — > 3ex — ) 2¢;
2 8 12 14
6 9 13 15
H =19 - 761 - }:66z — Z5€j -—4610 - Z3ek — Z2er-
. 8 7 i8 11 14
=211 — 2376z S 6e; — Beg — ek
7 10

9 12 15
=181 = 266Z Y be; — > der — 2,
2 10 13
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H=19
= 191 —
H =19 —
= i =

= 761

E 6e; —

761

Z Te; —

6 8
—ZGei—Z&aj
7

12 15
- Z 46k - Z 267-
9 13

9 11 15
> 6e; — > dep — ez — e,
8 10 13

11
- Z6ei — Y 4de; —
8

13 15
> 3er— >, 2e,
12 14

8 11 15
> 6e; — > dex —3e1a — . 2er
7 9 13

9 12 15
= 211 — Z?ez > 6e; —4dern — >, 3ex — > 2e,
6 11 e

12 15
H = 22 — 861 — 2761 — 569 —4610 — ZSej == Z26k
9 12 1;1 '
= 241 — 2862 S Tej— > 3exr— > 2e,
7 10 13
9 11 15
H =22] — 861 - 276z — 266_7' — Z4€k - ZQBT
2 8 10 12 -
8 15
H= 250 — 961 = 2861' o 769 = 4610 — 3611 = 226,»
. 2 '3 12
H=11 (1, 1) == 2562 — Z46j — €14
' 6 413
H = 17l == 661 — 2581 — 248_7' - 3614 — €15
7
13
= 18] — Z 661 246_7' - 3614 — €15
g 12 14
= 18] — Z 66, Z 56]' == Z46k = Z 36T — €15
5 N 7O
= 18] — E 662 256_7' - Z4ek — Z 36., — €15
4 10 12
' 8 11 14
H =19l — Te; — 2662' — > be; — Y dex, — ). 3e. —e5
7 9 12 )
9 14
=191 — 2 6e; — > bej —4deio — », 3er — €15
g 10 H 14
=21l — Z?ez > 6e; — Y. dex — » . 3e, —eis
7 9 11
14
H =221 — 8e; — z7ei — b5eg — > 3e; —e1s
2 10

83
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9 14
=211 — Z 761 Z 66j — Z 36k — €15
6 10
8 13
= 18] — Z 66, Z 56_7' = Z46k — 2614 — €15
4 9
13
H = 19l — 761 — 2661 - 567 — 2461' — 2614 — €15
g 9 ° 12
H =191 —"7e; — > 6e; — > be; — »_dep — 3e1s — 2e14 — €15
. 2 162 10
H=19- Z6ei — beg — Z4ej — 3e13 — 2e14 — €15

11
=21l — Z?eZ — 6er — Z 5ej — Z4ek — Z3er —2e14 — €15

12
H =13 (1, 1) — 2661 = 568 = 246]' — Z36k — 2613 — €14
! 8 11 ? 13 H s
H =22l — 861 — 2761 = Z46j - ZSek - 2614 — €15
3 g = 13
H =22l - 861 - 2761 R 266]' -—4610 — ZSek = 2614 — €15
2 8 11
8 13
H =251 —9e; — > 8¢; — Teg — »_ 3e; — 2e14 — €15
8 2 11 1 14
H =22l — 2761 = 669 - E4€j - 3612 = ZQek — €15
13
14
= 25l z 861 — 4810 — Z 36] Z 26k — €15
13
14 :
= 27l — 2:96z ZSej - Zélek - > 2e, —e15
7 10 12 5
12
H =221 — 8e; — Z7ei — Beg — beg — > de; —3eis — » 2ex
9 12 0 15 H
=211 — Z'?eZ S 6e; — > dey — ez — y 2er
5 10 14
8 11 13 15
= 241 — 2:862 S Te; — Beg — Y der — ) 3er — > e,
7 10 12 14
8 10 12 14
H=15 (1, 1) — 2761 — 246]' - Z3€k — Zer
1 9 11 13

9 13 15
=27l — 296z >~ 8e; —4deig — ) e — Y er
7 11 14
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9 12 15
=241 — 286Z YoTe; — Y der —2e;3— > e
6 10 14
12 15
H =25] — 961 - 2861 = 669 = 246_7' = 2613 - Z@k
2 10 14
8 11 15
H = 28] — 1061 - 2961 - 889 — Z46j — 3812 — 2613 - Zek
2 8 13 10 15 14
=211 — Z?’ez D6e;— > der — > e
6 9 14
9 12 15
H =30l — ZlOei — > 09— > der — > e,
7 10 13
9 13 15
=21l — Z?e2 D 5e; =Y der— > e
7 10 14
8 12 14
H=13(1,1) - 2661- — > 5e; — > dex— > e,
1 7 9 13
7 9 15
H =25 — 961 — 2861 — 276]' = 6610 == ZZek
10 ° 15 H
= 24] — 2861 D Te;— 3 2e,
5 11
9 15
H =27l — 2961 = 2763' = 5610 - 2261
1 7 11

7 10 15
H=27l—%"9e; —8eg — > 6e; — > 2e,
1 9 i1

4.4.2 Cremona transformations

Here we look more carefully at the Cremona transformations applied to the
three presentations of H given in Theorem 2.

Notations: the type of a (—3) elliptic curve E; is the unique triplet
(d1, ds, d3) where the d;’s are the degrees of the configuration of (—1) curves
disjoint from F;. The type of a Cremona transformation with funda-
mental points py, . . ., ps, where the p; come from the exceptional divisor F;, is
the set consisting of the four types of Fi, ..., Fy. When we write (dy, dg, d3)"

in the type of a Cremona transformation we mean we have used n curves
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having the same type (di, da, d3).

‘ 7 13 15
(A) Starting from H (1) = 181 —8e; — ) be; — > 4e; — > 2e;, in Proposition
2 8 14

6, we get the following linear systems:
15

7 13
1) H' = 241 — 14e; — ; be; — »  6e; — > 2e;, coming from a Cremona of type
8 14

3
{(228)2 , (444)2}, that reduces, with the base change I’ = 41 — 3e; — i e;, to
8

7 13 15
H" =181 — 8¢, — 5" 5e; — > 4€; — > 2ey, that is again linear system H (1);
2 8 14

7
2) H' = 261 — 14e; —8eg — >, Te;— ., 6ej— > 4dex— >, 2e; coming from
) 10,12 8,13 11,14,15

a Cremona of type {(228), (444), (246)*}. After a base change it reduces to
linear system H (2) of Theorem 2;
7 p
3) H' = 221 —14e; —8eg — > be;—6erg— y,  4ej—2eu from a Cremona
2 8,11,12,13,15

of type {(228)2 , (444) , (246) } reduces to H (1); _
7
4) H' =200 — 3 8e;— > 5e;— », be;j—y dex— >, 2 from a Cremona
19 2

10,12 8,13 11,14,15

of type {(228), (444) , (246)*} reduces to H (2) of Theorem 2;
7

5) H' =241 — 12e; — > Te; — Y, be;— >, dex— > 2e; from a Cremona
2 10,12 9,13,15 8,11,14

of type {(228), (246)°} reduces to H (2);

7
6) H' =181 —> 5e;— >, 6e;— >, 4ep— ), 2e;, which is linear system
2 1,10,12 9,13,15 8,11,14

H (2) in Theorem 2, comes from a Cremona of type {(228), (246)°};
7 .

7) H' =221 —8e; — > Te;— ., be;— > dey— >, 2e;froma Cremona
7 10,13 9,12 8,11,14,15

of type {(246)*};
7

8) H' =20l —10e; — > 5e; — >, 6e;— > dex— ) 2e; froma Cremona
2

9,15 8,11,12,13 10,14
of type {(228)2 ,(246)*} reduces to H (1) with a base change.

Hence the linear system H’ depends only on the type of the Cremona we

have applied starting from H, the only types giving a new presentation are:
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i) types {(228),(444), (246) )}, {(228) (246 °} giving linear system H (2)
with types {(228), (222), (246)’}, {( (228)°,(222), (246) } (respectively);
ii) type {(246) } giving linear system H (3) with type {(224)2 : (222)2}.

Performing all the computations for the presentations H (2) and H (3),
and summing up only the types giving new linear systems: '
(B) Starting from H (2)
i) types {(228),(222),(246)},{(228),(222),(246)°} give linear system
H (1) with types {(228), (444), (246)}, {(228 (246)°} respectively;
ii) type {(246) , (228)°} gives linear system H (3) with type {(224), (222)%, (228)};
iif) type {(246)%, (228)} gives H (4) with type{(222)*}.

(C) Starting from H (3)
i) types {(222)2, (224), (228)}, {(228) , (222) , (246)"} give linear system H (2)
with types {(228)°, (246)}, {(228)*, (246)} respectively;
i) type {(246)°,(228)} give linear system H (1) with type {(246)*};
iii) type {(224)2 , (222), (228)} reduces to H (3) with the same type, after a
base change. ' | '
iv) type { (224) (246) (228)*} gives linear system H (4) with type {(222)° (228)}
(D) Starting from H (4) '
i) type {(222)4} gives linear system H (2) with type {(246)2 (228)2}
ii) type {(222)° (228)} gives linear system H (3) with type {(224) (246) (228)}
iii) type {(222)2 (228)2} reduces to H (4) with the same type, after a base

change.
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