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This note is based on Lars Fauskrud’s masters thesis (cf. [1]).

Let
X =P, x P, x P2

with coordinates x;,¥;,2; ¢ =0,1,2 and the projections
pe: X =P, p:X—P, p.:X— Pl

Let for each point y € P
-1
Xy = py (y)
Consider the matrices
ToYo T1Y2 T2U1

Mg:,y:(xi+jyi—j): T1Y1 T2Yo ToY2
T2Y2 ToYir T1Yo

and
20Y0 <1Y2 =21
M., =1 z1y1 220 2oy
<2Y2  20Y1 <1Yo
Note that
Z0 0
M%y : Z1 = 0
z9 0
iff
o 0
MZ,y : I = 0
i) 0

The entries are the trilinear forms

ToYozo + T1Y221 + Tay122
T1Y120 + T2Yo21 + ToY222
T2Y220 + ToY121 + T1Yo22
whose common zeros form a 3-fold Z C X. For a point y € P@2/ let

Z,=7ZNX,.
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Z, is a curve whose image E,, = p;(Z,) is defined by the determinant of M, ,, ie. by
detM, ., = (yo +y3 + y3)zom122 — Yoyry2 (2 + 2§ + 23),

the image E., = p.(Z,) is similarly defined by
detM; , = (5 + Y31 +¥3)202122 — Yoyrya(2g + 27 + 23).

Note that the restrictions of p, and p, to Z, are isomorphisms, when Z, is smooth, in fact
we shall see below that Z, form the graph of the restriction to E,, of certain Cremona
transformations. Identifying P2 and P? we find that F,, = F,,. Therefore we denote this
curve by E,. Identifying also P; and P? we see that y € E,. In fact E, = E, for any
point y' € E,. We proceed therefore with a fixed curve E in the pencil I" generated by the
cubics

{zoz172 = 0} and {z} + 23 + 25 = 0}.
Concider the involution
L:Ty — Ty i (mod 3).

It is easy to check that each curve E is invariant under ¢, so it defines an involution on
each curve E. Furthermore for each point y € F

0, E—E  xw—p.(p;t(2))

is an automorphism of F. The involution ¢ and the automorphisms ¢, define in fact an
abelian group structure on E, when F is smooth: For x,y € E we define

T+yY= QOy(L(.’E)),

in coordinates, (with x,y general on E):

SDy(L(CC)) = (3313’322/(2) - 33(2)3!12/2,%0%3/% - xgyoyla woxzy% - xfyoyz).

More precisely, it is defined by any nonzero row vector of the cofactor matrix of M, ,.
It is straight forward to check that this is a commutative operation with neutral element
(0,1, —1) and with ¢(z) inverse to z. What remains is:

Claim 1: The operation + on E is associative.
There is the following characterization of collinearity (cf. another characterization below).
Claim 2: Three points z,y,z € E are collinear iff t + y+ 2z = (0,1, —1) on E.

Notice that to ¢, : ' — E is the translation by y on E as a group, and that any base
point of the pencil I' has order 3 and every point invariant under ¢ has order 2.
On the four singular members of the pencil the situation is similar, for details see [1].
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Next fix again a point y € Pi, and let P2 denote the plane of 2-dimensional subspaces of
the row space of M, ,. Let CM, , be the cofactor matrix of M, ,, ie.:

2 2 2 2 2 2
T1T2Yy — ToY1Y2 Tox2Ys — T1YoY1 Tox1Yiy — T3Yoly2

CM,,=| 22 — Xoxoys 2 — ror1y2 2 — T1T912
Ty — 1yoy22 % 2Y2 2y1y22 % 1Yo oyoyl2 12 2Y2
ToX2Yg — T1Y1Y2 T1T2Y] — TpYoY2 ToT2lYy — T1Y1Y2

For any point in ¢ € P? the entries of
(Co C1 Co ) . CMémy
define a Cremona transformation

Yy P2 — —— > P2
The restriction of this Cremona transformation to F, coincide with ¢,. It is independant
of ¢ because C M, , have rank 1 on E,,.

If we identify P? with the dual of P2 via the bilinear form

cozo + c121 + c222 = 0,

and restrict all maps to E, then ¢ L(2) is a basepoint for y,c if and only if cozg + c121 +
coz2 = 0. Thus the 3 basepoints of 9, . all lie on E, and are precisely the preimage of the
3 points of intersection between E = E, C Pg and the line cgzg + c121 + caz0 = 0. For
details when F is singular see [1].
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