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INTRODUCTION 

The extended power construction is a functor from 

spaces to spaces. It was first used in published work by 

Toda, to find a differential in the Adams spectral sequence 

for the homotopy of spheres. Kahn showed how to relate this 

construction to squaring operations Sq1 in the cohomology 

H*(A) of the Steenrod algebra A and used this to give 

some systematic formulas for differentials in the spectral 

sequence at the prime 2. Later, Milgrum generalized Kahn's 

work to other primes. Singer has described these operations 

in the cohomology of the unstable Steenrod algebra and has 

shown how they are related to maps in an algebraic EHP 

sequence. Nishida has studied the homology of the extended 

powers of a space as a module over the Steenrod algebra and 

has used these results to show the homotopy of spheres is 

nilpotent. In recent theses, Steinberger and Bruner' have 

developed the theory for Hro ring spectra. 

The present goal is to study the extended powers from 

the point of view of the cohomotopy of complexes. T'his 

construction is a source of maps from a complex to a ' 

sphere. Given a map a:K -* L, the extended power 

construction gives another map 

ep^CotJ: ep^CK) ep^CL) 

To use this map, the new complexes ep^(K) and ep^CL) 

must be identified. In general the homology of the new 

complexes ep CK] as a module over the Steenrod algebra is 
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understood by work of Nishida. In the special case L is 

a sphere, ep1(Sn) is a piece of real projective space 

i^n, -n-^n+i ep (S ) = S RPn . 

When n = 0 mod 2^ for N large enough, there is a 

retraction 

SnRpn+i + s2n. 

By composing with the retraction, the extended power can be 

regarded as a map 

ep^Ca): ep*(K) S2n. 

So, beginning with an element in the cohomotopy of K, the 

extended power construction gives a new element in the 

cohomotopy of ep^(K). For example, when K is a sphere 

S , this construction is a source of nontrivial elements 

in the homotopy groups [SkRP^+i,S2n]. 

These maps contain information about homotopy. In-

order to relate this information to the homotopy of spheres, 

we use two invariants: the Hopf invariant and detectors in 

the Adams spectral sequence. As a result, elements of 

certain invariants can be constructed, and relations in 

homotopy- and differentials in the Adams spectral sequence 

can be determined. 

Section 1 describes a version of the Adams spectral 

sequence for the homotopy groups IS^K, X] from Bousfield 

a,nd Kan. We give a differential complex using the A 
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algebra for computing the term of this spectral 

sequence. The Puppe sequence for the cohomotopy of a 

cofibration can be used to transfer information about the 

cohomotopy of a complex to information about the cohomotopy 

(homotopy) of a sphere. We develope a spectral sequence 

analogue of the Puppe sequence, using filtration shifts, 

where the filtration shifts can be calculated using 

differentials. Since the extended powers provide many 

examples of filtration shifts, this theory provides the 

basis for the calculation of differentials in section 4 

which extend the results of Kahn and Milgram. 

In Section 2, we describe the general facts about the 

extended power construction. Also, using the representation 

k + i 
of RP^ as a Thorn space, we study the attaching maps of 

this complex using results of Adams. This gives a precise 

answer to the question of when a retraction 

ck+NODk+i ^ 02k+N . , , _ . ... , . 
S RP^. -*• S exists and also gives some information 

about (Rfk*i1. 

The third section studies the extended power 

construction from the point of view of the EHP sequence. 

We show if a:K Sn, and the dimension of K < 3n-3j the 

following formula gives the Hopf invariant H of ep^"(a) 

in terms of H(a) 

EHep"^(a) = ep"^""'"EHCa). 

Also in this section, we describe the relationship between 



a construction of Toda called the star construction and the 

1 1 construction ep . We show construction ep satisfies the 

same theorems. 

In Section 4, we extend the squaring operations in 

H*(.A)_ to operations which can be used to detect maps 

ep1^! Sn. Then using the results about the spectral 

sequence in section 1, we find differential formulas for the 

spectral sequence. This gives a proof of the formulas 

already known and also gives new formulas. The E^-term 

of section 1 plays an important role in the statement and 

proof of these formulas. Also in section 4 are examples of 

constructions of elements and homotopy relations using the 

results of sections 2 and 3. 



SECTION 1. THE ADAMS SPECTRAL SEQUENCE 

FOR THE COHOMOTOPY OF A COMPLEX 

The purpose of the first part of this section is to 

give an term for the Adams spectral sequence for the 

group of homotopy classes of maps from S^W into X where 

W and X are suitably nice spaces. Let [S^W, X] denote 

this group. Bousfield and Kan have given a spectral 

sequence which works even unstably. Some main properties 

of their spectral sequence are summarized below. See [7] 

for details. 

Throughout let Hx and H* denote reduced homology 

with coefficients.. Assume X is a simply connected 

topological space, "^CX) is finitely generated for all t, 

and W has the weak homotopy type of a finite complex. 

Then 

Theorem 1.1 17] There is a spectral sequence E ' (W,X) 

converging (modulo torsion prime to 2) to [S Wa X] when 

t-s _> 1 such that there is a natural isomorphism 

E^CW^X) - Ext^CH^CS^), H*(X)). 

Here the category CA_ is the category of connected unstable 

coalgebras over the Steenrod algebra A. 

In case H#(X) is very nice (see below), the term 

can be calculated as an Ext in the category MA of 

connected unstable right A modules. As in [7] let 

J' : CA + MA 

be the forgetful functor and let 
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U: MA CA 

be the right adjoint of J. Then a space X is called 

very nice provided 

H#(30 = UWM e CA for some M e MA. 

The sphere Sn is very nice for all n >_ 1 (since we are 

working at the prime 2). Let X be very nice and M be 

as above. Then 

Theorem 1.2 [7] For t > s >_ 0, there is a natural 

isomorphism 

E^CW.X) * Ext^A(HxSt¥)s M) 

To give an E^ term for the spectral sequence we mean 

to give a differential complex for computing the Ext groups 

above. This task is simplified in MA because MA is an 

abelian category with enough injectives. As in [5l5 [6] 

and [7] the algebra A plays an important role. 

The A algebra 

The A algebra is a differential graded algebra over 

2*2 with a generator for each i > 0 subject to the 

relations 

XlX2i+l+m = ^ Cm-i-J,3 A2i+l+j 
J > °  

and with differential d 

d Am =  E "^ Xm-j AJ-1 
j>0 

where Ci,J) is the binomial coefficient i!/((i-j )! J !). 

Using the relations it is easy to show the A algebra has 
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a vector space basis consisting of allowable monomials 

X T  =  X .  X .  . . . X .  where i..n < 2 1 . .  
I % 12 ln J+l - J 

A 

As in [5]j for M e MA, let M ® A c M 0 A be the 

subgroup generated by m ® ^ where X^. is allowable and 
/s 

i^ < deg(m). Then M ® A can be made into a cochain 

complex by letting the coboundary 6 act as follows: 

6m ® XT = J mSq1 ® X. . XT + m ® dA, 
I L M 1-1 I I 

i>0 

Let m ® Xj have grading s = length of I 

t = deg(m) + deg(Xj) + s. Then 

and 

Theorem 1.3 [5] There is a natural isomorphism 

Ext^C^CS*), M) - HS,t(M ® A) 

The goal is to generalize this technique to the 

computation of Ext^(S^L,M) where L e MA and S^L 

stands for the t-fold suspension of L in the category MA. 

For L e MA, let 

L* = Hom(L,Z2). 

There is the pairing 

* 
< , >' L ® L Zg 

given by <SL,f>' = f(£) where f e L . Since L is a right 

A module, L- is a left A module by setting 

<Jl,Sq1f> = <JlSq1,f> 

for all i e L. 

The complex V(L,M): 

For L and M in MA, define a cochain complex 
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V (I, j M) by 

V(L,M) = M 0 A 0 L* 

with differential given by 

6 (m 8 Aj 0 f) = 6 (m 0 A-j.) 0 f + £ m 0 0 Sq^f. 

i>0 

Let m 0 A^ 0 f be graded by (s,t) where s = length of 

I and t = s + deg(m) + deg(A^) - deg(f). 

2 Since 6 = 0 on L 0 A by [5], in order to check 

that 6^ = 0 in V(L,M) ' it suffices to check that 

5^(1 0 f) = 0 in A 0 L*. This follows from the relations 

in A and. in A. It can also be derived a? follows. 

Using the formula for the differential, 

<S2(1 0 f) = ® Sq^Sq1!" + 0 Sqif. 

Pairing the right hand side with an element £ e L we get 

SA1_iAj._i<£3SqJSq:Lf> + ZdA1_1<Jl,Sq1f > 

= EA^__^Aj _^<£Sq^Sq^ , f> + ZdA^_^<ilSq^ , f> . 

The right hand side of this equality is zero because it is 

just the element f in L* paired with 6^(1 0 1) = 0 in 

L 0 A. Since this is true for all £ e L, <5^(1 0 f) = 0 

in A-0 L*. Hence V(L,M) is a cochain complex. 

Let a module L e MA be called finite if L is 

finite dimensional as an ungraded vector space. 

Proposition 1.4 When L is finite, there is a natural 

isomorphism 
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H°'°(V(L, M)) = HomMA(L,M) 

Proof. Consider the restriction of the usual 

isomorphism 

M 0 L* Horn,, (L,M) 
2 

to the subgroup H°5°(V(L,M)) = ker(fi). (The map is an 

isomorphism because L is finite). We must verify that 

the image of ker(6) actually lies in Hom^(L.M). The 

map is given by 

(m ®  f ) Z  -> <£,f>m. 

Now if Em ® 1 ® f is in ker(S), then for fixed i 
a a -

I m 0 SqXf = Z m Sa1 8 f 
a a a - a 

Hence 

(Z m ® f )ftSq^ •+ Z<£,Sq*f >m = Z<£,f >m Sq^" 
a  a  M  , M a a  '  a  a  

So the image of Z  ma 0 f in Hom(L,M) respects the 

action of A and so lies in Hom^CLjM) as desired. 

Conversely, using a similar argument it is easy to check 

that any element of M ® L* whose image lies in 

HOHIMACLJM) must be in ker(6). This completes the proof 

Now suppose 

0 + m M" -> O 

is a short exact sequence in MA. Write Hs,t(L,M) for 

HS,t(V(L,M)). 

Proposition 1.5 There is a natural long exact sequence 

+ HSjt(L,M') Hs,t(L,M) HS,t(L,M") + HS + ljt(L5M') 
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Proof: The short exact sequence of modules yields a 

short exact sequence of complexes V(L,-). This gives a 

long exact sequence in cohomology as desired. 

Similarly, assume 

0 + L' -+ L •* L" -*• 0 

is a short exact sequence in MA. 

Proposition 1.6 There is a natural long exact sequence 

+ HS ' ̂ (L" ,M) -+ HS,t(L,M) ->• HS,t(L',M) + HS+1,t(L".M) 

Proposition 1.7 Suppose I is an infective in MA and L 

is finite. Then 

HSjt(L,I) =0 for s > 0. 

Proof: Reference [5] shows this when L = HK(S^) 

where is the t dimensional sphere. It follows for 

arbitrary finite L by induction on the dimension of L as 

a vector space using 1.6. 

Theorem 1.8 There is a natural isomorphism for s,t _> 0 

E X T ^ C L . M )  *  H S  ( Y ( L J M ) ) .  

Proof: Propositions 1.4, 1.5, and 1.7 show that 

s t 
H * (L,M) is a functor which satisfies the axioms for Ext. 

See [14] for details. 

This theorem together with Theorem 1.2 shows that 

V(L,M) is an E1 term for the spectral sequence. 

The proof of Theorem 1.8 constructs a natural 

isomorphism 
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Ext^CL.M) -v HS3t(V(L,M)) 

which respects the long exact sequence of Proposition 1.5. 

(Call this the long exact sequence on the right). This 

natural isomorphism also respects the long exact sequence 

"on the left". To see this suppose C(L,M) is any natural 

cochain complex of vector spaces which carries short 

exact sequences on the left and on the right to short exact 

sequences of cochain complexes. 

Proposition 1.9 Suppose there is a natural isomorphism 

HS(C(L,M)) - Ext®A(L,M) 

which respects the long exact sequence on the right. Then 

the natural isomorphism also respects the long exact 

sequence on the left. 

Proof: Recall [14] that the connecting homomorphism 

S : Exts (L" ,M) -»• Ext3"*""1" CL' ,M) is given by Yoneda composition 

with the extension 0 ->• L' -*• L L" -> 0. (We do not need to 

worry about signs with Z^ coefficients.) Alternatively, 

choose a short exact sequence where I 

is injective. Then when s = 0 , 8  can be defined from the 

following commutative diagram. 

Diagram 1.10 0 
t 

0 -v Ext0 (L" jM) Ext°(L",I) -»• Ext°(L",M") 
+ + 

Ext0(L3I) + Ext°CL,M") 
t 

Ext°(L' ,M") -> Ext1(L' ,M) 

t 
0 
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Define <S :Ext^ (L" ,M) Ext"*"(L',M) by "switchback" along the 

left-hand jagged edge. It Is easy to check that this 

definition agrees with the definition of 6 using Yoneda 

composition. Replacing Ext1(-,-) with in 

diagram 1.10, it is easy to verify that 6 defined by the 

"switchback" also agrees with 6 defined from the short 

exact sequence of cochain complexes 

0 + C(L",M) C(L,M) + C (L1 ,M) 0. 

Thus, we have proved that the following diagram commutes 

when s = 0. 

HSC(L',M) + HS+1C(L",M) 

+ t 

ExtS (Lr ,M) + ExtS+1(L",M) 

The vertical maps are the isomorphisms in the hypothesis of 

Proposition 1.9* 

Proposition 1.9 now follows by induction on s 

because the following diagram commutes, the vertical maps 

are onto, and the same diagram commutes with Ext*(-,-) 

replaced by H*C(-,-). 

ExtSCL",M"j -§-• ExtS+1(L* ,M") 

4-3 ^3 

ExtS+1(L",M) —^ ExtS+2(L',M) 

Pairings 

There is a pairing 

Ext^(M,N) ® Ext^(L,M) - Ext^S'(L,N) 
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given by the Yoneda product. There is also a pairing 

V(M,N) 0 V(L,M) V(L,N) 

given by 

(n ® Xj ® f) ® (m ® Xj ® g) -s- <m,f>(n 0 ® g) 

where n cN, f e M*, m e M, g e L*. Letting the differen­

tial act as a derivation on the tensor product, it is easy 

to show that this is a map of cochain complexes. Using the 

Kunneth formula we get the following. 

Proposition 1.11 There is a natural pairing 

HS (M, N) ® HS ' (L,M) -*• HS+S'(L,N) 

The goal is to show that this pairing corresponds to the 

Yoneda product under the natural isomorphism of Theorem 1.8. 

Recall that ExtMA°(M,N) - HomMA(M,N). The Yoneda 

0 s s 
product Ext ® Ext Ext is given by the map 

1.12 f ® x fK(x). 

Recall also that if 

0 •+ NT N -»• N" 0 

is a short exact sequence in MA, then the boundary map 3 

3:ExtS(M,N") ExtS+1(M,N' ) 

is given by Yoneda composition with the element of 

Ext (N",N) represented by the short exact sequence. This 

fact, together with the associativity of the Yoneda product 

shows that the Yoneda product respects the boundary map 9. 

That is, the following diagram commutes 



Diagram 1.13 

ExtS (M, N" ) 0 ExtS ' (L,M) ExtS+1(M,N') 0 ExtS'(L,M) 

4 4 

ExtS+S'(1,N") - • ExtS + S'+1(L,N') 

Proposition 1.14 These two properties (1.12 and 1.13) 

characterize the Yoneda product 

ExtS (M,N) 0 ExtS' (L,M) ExtS+S'(L,N) 

Proof: Assume inductively the proposition is true for 

s _< j and all L, M, N and arbitrary s' ^.0. When j = 0 

the inductive hypothesis holds by 1.12. Now let I be an 

injective so that 

0 N' I -> N" + 0 

is short exact. Then in the commutative diagram 1.13 the 

horizontal maps are onto because Exts(-,I) = 0 for s > 0 

since I is injective. Thus the product on the right 

(vertical arrow) is determined by the left hand product.. 

Thus the inductive hypothesis is true for s = j +1. 

Proposition 1.15 The pairing of Proposition 1.11 

corresponds to the Yoneda product under the natural 

isomorphism of Theorem 1.8. 

Proof; In view of Proposition 1.14, it suffices to 

show the pairing satisfies 1.12 and 1.13- The pairing 

evidently satisfies 1.12 using the natural isomorphism of 

Proposition 1.4. It is a straightforward calculation to 

show that the pairing satisfies 1.13. 

Proposition 1.16 In the stable range H^CX) is very nice 
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for any connected space X. In fact H#(X) = U3fHJf(X) as 

coalgebras in the stable range. 

Proof: UXM is the dual to the free unstable A 

algebra generated by M. If M. = 0 for all j < n, then 
J 

UxMk = for all k < 2n. 

Proposition 1.17 When W is a finite complex, then in the 

stable range there is a natural isomorphism 

E^jt(W,X) - Ext^A(H#(StW), Hx(X)). 

In the stable range means t < 2n where n-1 is the 

connectivity of X. Note: this is not the same stable 

range as the range in which [S^W, X] is stable. 

Proof: 

Ext®A(HJf(StW), H*X) * Ext^CH^CsSn, U^X))' 

by the change of rings lemma [7;13•^]- Using Proposition 

1.16 we can replace the right hand side with 

s t 
Ext^CH^S W,HxX) in the range specified. Applying 

Theorem 1.1 gives the desired result. 

In order to study various constructions, we need an 

alternative but equivalent definition for the spectral 

sequence E (W,X). In [7;7.2] the function complex 

hom(W,X) is used. As for any space, there is constructed 

a sequence of fibre maps 

D hom(W,X) D ,hom(W,X) Hom(W,X) 
5 S —• _L 

The homotopy spectral sequence of this sequence of fibre 

maps is the spectral sequence Er(W,X). 
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Proposition 1.18 There is a natural morphism of the 

sequence of fibre maps above and the sequence of fibre maps 

hom(W, D X) hom(Wj D nX) hom(WjX). 
S S — J-

This morphism induces isomorphisms in homotopy for each s. 

Proof: Recall [7;7«2] that D hom(WsX) is the 
s 

fibration over D ,hom(W,X) which is the pull back of the S —J. 

diagram 

AD hom(W,RX) 

S~ 1 

D nhom(¥,X) • D ,hom(W,RX) 
S — J_ S —_L 

where A is the path fibration functor [7;2.2] and R is 

a ring (in our case R = Z^). 

Lemma 1.19 There is a natural map 

Ahom(WjX) -»• hom(W,AX) 

which commutes with projection onto hom(W,X). 

Proof: An n-simplex in Ahom(W,X) is a simplicial 

map <J>:A(n+l) x W -* X with the property that 

4>:[0] x W ->• * where [0] denotes the subcomplex of 

t*h 
A(n+1) generated by the 0 vertex. Also 

<{>:A(n-t"l) x {*} Now let g(n) denote the simplex 

which generates the complex A(n). Given <p e Ahom(W,X), 

define <J> e hom(WsAX) by 

SjdjgCn) x w -> (sI+1dJ+1g(n+l) x sQw) e AX 

where I = (i^i^...,ig) and 

1+1 = (i^+1, i2+l> ig+1). It is easy to show that the 
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image of this map really lies in AX <= x (this is not a 

simplicial inclusion!). The projection of cf> into 

hom(W,X) is given by the composition 

6 , 
A(n) AW -*• A(n+1) AW '-»- X 

or s-j-djg(n) A W <J> (SjdjdQgCn+l) A W ) .  

This is evidently the same as the projection of $ using 

the simplicial identities ^QsI+1 = SI5 d0^J+l = ^J5 anc* 

d^s^w = w. This completes the proof of the lemma, 

Lemma 1.20 hom(W, AX) is a fibration over hom(W,X). 

Proof: See [1757-16] 

Lemma 1.21 hom(W, D_X) is the fibration induced as the — — — _  G  

pullback in the following diagram 

hom(W, AD _RX) 
S  ~  - L  

4-

hom(W, D -X) -> hom(W, D -RX) 
S—-L S ~ -L 

Proof of Proposition 1.18 

Inductively, the composition 

AD hom(W,RX) -> Ahom(W, D -RX) -• hom(W, AD -RX) 
S —I. S — J. S —X 

induces a map from D hom(W,X) to the pullback 
s 

hom(W,D X). Using the long exact sequences of the 

fibrations hom(W,D^X) -»• hom(W,D X) and 
O S —X 

D hom(W,X) -*• D ,hom(W,X) it is easy to show inductively 
S S ~ _L 

that the maps 

D hom(W,X) + hom(¥, D X) s s 
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are isomorphisms in homotopy using the fact that 

hom(W, AD RX) is contractible. This completes the proof 

of the proposition. 

Filtration shifts 

Suppose G and H are abelian groups. 

Definition 1.22 A construction on G with values in H is 

a relation on GxH which is additive. For each g e G, 

there is an h e H so that (g,h) is in the relation, and 

if (g^,h^) and ;3"s rela^ion, then so is' 

( g - ^ ^ g g » ^  *  

If a is a construction on G with values in H we 

write a:G-r->H. Note that the image and kernel of a are 

well defined subgroups of H and G respectively. (The 

kernel of a is the subgroup of elements g so that 

(g,e) is in the relation a.) 

Now let f:Y -> W be a map between finite complexes. 

Then there is an induced map fx: E^'^(W,X) -*• E^jt(Y,X). 

This map is related to the map on the homotopy level. 

However, if f*(b) = 0, the corresponding element 

f̂ C$) e LSt SY, X] may not be zero (where b detects 

3 e CW3 X]). The purpose of this part is to define 

constructions 

f*51: ker(f*) > E^*t+1(Y,X) - -

f*,k: ker(f*'k_1) > E®*kjt+k(Y,X). 

Taken together, these constructions will define a 
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construction 

fp^E^CW.X) > ffi E^'t+k(Y,X) 

0<_k<r 

We need some basic facts about the spectral sequence. 

In view of Proposition 1.18 an element b e ' (W,X) can 

t—s 
be represented by a map S ¥ + D RX or equivalently by a 

s 

map of pairs 

b:(CSt~S_1W, + (D X, D ,nX). S S T J. 

The element survives to Er provided there is a map of 

pairs into the pair (DSX, Dg+rX) which has the same 

projection as b in the group of maps into the pair 

(Ds-r+lX' DS+1X)" 

(DsX' W > (DsX- Ds+lX) 

(Ds-r+lX' Ds+lX) 

Letting F denote the fibre of the map 
S 3 S "T" X 

Dg+rX -> DSX, the spectral sequence may be discussed in 

terms of maps of spaces instead of maps of pairs. For 

instance, a map of pairs 

(CW, W) (DSX, Ds+rX) • 

corresponds under a natural isomorphism to a map 

¥ •* F . X. s,s+r 
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Definition of f 3^ 
r 

Consider the following commutative diagram of groups 

with exact rows (long exact sequences of fibrations) 

Ps-r+l,s+l3 

[SY- "s+l,s+r^SY- Ps-r+l,s+^ ̂  tSY- Vrtl.stt1 

t +• 

[SW- Ps+l,s+r]^SW> Vr+l.s+r^^"' Fs-r+l,s+l] 

+ 

[SW> Fs,s+1] 

g 
Then if b e E^fW,!), choose a representative 

b' , [SW, Ps.r+1)s+r]. Then f#(b' ) e [SY, Fs_r+1;s+1,] 

can be lifted into [SY, Fs+]_ s+r^ by the assumption 

# -j 
b' e Ker(f*). Then let f *' (b) be the projection of this 

lift into [SY, F . ,0~\- The indeterminacy due to the 

choice of b is just f*[SW, F ] and due to the-
S» 1 5 STX1 

# 
choice of the lift of f (b) is just the image of the 

boundary map 3. In terms of the spectral sequence 

indeterminacy = f*Es^5 t+1(W,X) + £ image (d). 
r q<r q 

Definition of f 

^ I n 
The hypothesis f 5 ~ ($) = 0 implies there is a 

choice of b so that f^(b) e [SY, F . ] projects 
S —R*T _L Y ST"!1 

to zero in [SY, Ps_r+1 Q+k^- Then f*,k(3) is a lift of 

f#(b) into [Ps+k;5+r]. 
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The indeterminacy is 

$ (f*Jk-1Es+l5t+1(WjX)) + j lmage 

0<l<k q<r+k-l 

S s t 
Note that the notation f 5 E^5 is being abused to mean 

* lr * lr-1 
f ' (ker f jK 1). 

Now let g: W Z be the cofibre of the map f: Y -»• W 

so that Y -> W -*• Z is a cofibration. 

Theorem 1.23 The following sequence is exact (t-s _> 2) 

p* * f* * 

© E®~£'t_k(Z,X) —>E®jt(W,X) —* © E®+k>t+k(Y,Z) 

0<k<r 0<k<r 

Proof: Consider the finite tower of fibrations 

D  . X  - •  D  .  . . X  - > . . . +  D  .  n X  s+r s+r-1 s-r+1 

Then the homotopy spectral sequences associated with this 

tower converge (with a shift In dimension) to the groups 

j-gt~s-lK^ Fs_r+1 where K = W, or Y. The terms 

E^'^CWjX) and E^~k,t*~k(S,X) are the E^ terms of these 

spectral sequences when K = W or Z, while a quotient of 

gS+kjt+k^y xj j_s g term when K = Y. 
F  — K  V  7  *  C O  

The theorem follows because the following sequence of 

homotopy groups is exact because X -* Y -> Z is a 

cofibration. (Let F = F , _ , ). 
s-r+1,s+r 

/ f #  

[St~S~1Z, F] • [St_S 1W, F] • [St*S"1Y, F]_. 
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For if b e E^S^(W,X) is in the kernel of the construction 

f 3 , then b detects an element b' e F] 

j t  
which is in the kernel of the map f in homotopy. Hence 

there is an a' e F] so that g^a' = b' and if 

a is any element which detects a', it is easy to show that 

ft $ 
(a,b) is in the construction- g ® . Hence 

ker(f J ) c image(g ' ). The opposite inclusion follows 

ft ft 
since if b is in the image of g 5 , then b detects an 

element b' so that f (b') = 0. This easily implies that 

ft ft 
(b,0) is in the construction f s . 

Remark. Theorem 1.23 involves terms of the spectral 

ft ft 
sequence as part of the image of f  '  .  However, if 

£ y 
b e E * is actually a dp cycle, then f  '  (b) can be 

regarded as in ® E^ where k >_ 2. 

* * 
The constructions f 5 are defined in a way that 

makes the proof of Theorem 1.2 3 easy. However, they can be 

calculated in a different way, by means of differentials in 

the spectral sequence for the cofibre E(Z,X). To do this, 

first extend the cofibre sequence to 

f g h Sf Sg Sh p 

y -> ¥ z + SY -*sw -> sz -»• s y. 

The following theorem shows how to calculate the 

s Ic 
constructions f * in terms of differentials in the 

spectral sequence for the cofibre Z. Suppose 

a e E^ > CW, X) and t-s £ 3. 
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Theorem 1.2*1 f^'^Cct) e E(Y,X) Is the set of all 

y e E(YjX) such that ^k+l+m^^ = hS+^'m(Y) for some 

3 £ E(Z,X) where g satisfies = a (for some 

non-negative integers £ < r and m < r-k). 

Proof: Let F' •+ F -* F" denote the fibration 

•^s+kjs+r ^s-r+ljs+r ^s-r+ljs+k' 

Then we get the following commutative diagram with exact 

rows and columns. 

[SaY, F'] -v [SaY, F] -> [SaY, P"] 

4 i f^ + 

[Sa¥, Fr ] + [SaW, P] •> [SaW, F"] 

u  
4 - '  +  g  *  

[SaZ, F'] -»• [SaZ, F] -»• [SaZ, F"] 

s k To show f ® (a) c {y as above}, suppose a representative 

cl of a has been chosen in [S W, F]. Choose a 

representative a of fS,k(a) e [SaY, F'] so that 

h^(a) e [Sa~1Z, F'] can be lifted to an element of 

a—1 
[S Z, s+r^ which then by definition represents 

hs+k, 5,+m^s,k^a^ We must define 3 e [SaZ, ps_r+1 s+k+m*' 

so that g 5 (3) = a where 3 detects 3 and so that 

d^+^+m(2) is equal to the representative of 

. s+k, Jt+m„s+k, v 
ri x \ ot) • 
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First fix a homotopy equivalence Z * wU^, CY. We 

define g by defining a map of pairs b 

b: (CSa-1(wUcY) jSa_1(wU CY) ) - (F, Fs+k+mjS+r). 

On Sa ^"(wUcY) let b be a representative of h^a. Use 

*1 

the representative of a to extend over CS W. To 

extend over CSa""^CY, use the representative a e [SaY, F' ] 

composed with the map from CSa_1CY to Sa-1CY which adds 

the coning coordinates. (Write CY = (0,®) x Y/([l,°°) *Y)). 

This completes the definition of b. 

Now 9b by construction is ha and so is detected 

by h ' f ' (a). The map 3 defined by b must be 

detected by some g e E^~^'^(Z,X) for some £ and has the 

properties desired. 

To show {y as above} £ f ' a, suppose a representa­

tive b of g has been chosen as a map of pairs as above. 

* $ 
Then by- the hypothesis f s (g) = a, we may choose b so 

that, as a map into the pair (F ,F'), Sa~^W is carried to 

the basepoint. We need only show that the map b 

restricted to Sa"~^CY when regarded as a map <|)Q :SaY -»• F 

9."" 1 is homotopic to <J>1 = b°gof. Now write CS CY with 

a—1 
coordinates (t1 t2,y) where y e S Y and 

^l'^2 e C0j°°) modulo suitable identifications. Now b 

1 
restricts to a map b on CS CY. Now 

(J>0: CSa""1Y F 

is given by-
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<j>0(t,y) = b(t,0,y). 

Also 

^(t.y) = b(0,t,y). 

These two maps are plainly homotoplc via the parameter x 

by 

<f>T(t,y) = b(( 1-T)tjxt,y). 

This completes the proof. 

The geometric coboundary lemma 

f g 
Suppose Y -> W -> Z is a cofibration of finite 

complexes inducing a short exact sequence in Zg homology. 

Then if Me MA, there is a coboundary map 

6:Ext^t(HxYJ M) - Ext^J1^ (H^Z, M) 

which can be computed using the A algebra (Prop. 1.6, 1.9, 

Theorem 1.8). In case X is a space so that HxX = U#M 

we have 

ExtMAt(H*Y> M) 28 E2(K>X) 

by Theorem 1.2. The purpose of this part is to show that 

<S is well related to the topologocal coboundary. 

As before, choose h:Z SY to extend the cofibre 

sequence. 

Lemma 1.25 Suppose t-s >_ 3 and a e Ext^^^H^Y, M) 

detects a e [St~sY, X]. Then 6a e Ext®J1,t;(H#Z, M) 

detects h#Ca) e [St"s*"1ZJ X]. 
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Proof: The first part of the proof is to note that the 

isomorphism Ext^ - Eg is induced by a natural chain 

equivalence. This involves examining the proof in [7] of 

Theorem 1.2. A sketch follows. [J: Remark 13.6] shows 

that there is a natural isomorphism - Ext^ which 

is induced by a chain map. There is a natural isomorphism 

Eg =: Ex^ca Theorem '11 • 55 Corollary 11.7] induced by 

a natural chain map where the chains for Eg are the groups 

ir^.hom(W, RX). A suitable double complex argument [7; p. 95] 

shows that RX) is naturally chain equivalent to 

Tr^_shom(W, DgRX). Hence Eg = Ext^A by a map induced by 

a natural chain equivalence. 

To complete the proof of the proposition, note that 

7r (hom(.W, D RX) * [St""SW3 D RX] « [St_SW, P oJ.Tx]- Then 
Lr — S S S S ) S + _L 

the construction h*'1: Eg'^Y^) + E^+ljt(Z,X) can be 

s t 
computed using d1 in E1' (W,X) by Theorem 1.24. 

Because natural chain maps induce the isomorphism 

* 1 
Ext^A - Egj h ' plainly corresponds to 6 on ExtMA. 

Since the Proposition is true when Extis replaced by 

* 1 Eg and 0 is replaced by h 5 we are done. 



SECTION 2. THE EXTENDED POWER CONSTRUCTION 

References for this section are [26], [11]. 

Let X be a topological space with base point. The 

group Zg of integers reduced mod 2 acts on the i-sphere 

S1 by the antipodal action and on the product X A x by 

interchanging factors. If Y is another space, then the 

half smash is defined by 

Y XI X = (Y x X)/(Y x *) 

Now acts on the product spaces S1 xi (X x X) and 

S"^" Xf (X A X) by the product action. 

Definition. The extended powers of X are the spaces 

ep1X = S1^ X A X. 
Z2 

In case X is a finite C.W. complex, the extended 

powers of X are C.W. complexes. In fact, since the 

spheres S"*" have a C.W. structure so that the antipodal 

action is cellular, Z^ acts freely on the cells of 

i 
S x x x x and the map 

S1 x (x x x) -> S1 x (X x X) 
2 

is a cellular covering map. The right action of the 

Steenrod algebra on the homology of ep^"(X) has been 

determined by Nishida [20], 

More generally, the extended powers can be constructed 

with the group Z^ replaced by other finite groups [26], 

[21], [19]. Let 7T be any finite group and p:tt -»• Sfi be 

a representation of TT in the symmetric group on n 

letters. Let W^ be the universal cover of the classifying 
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space BIT with n acting on W. Let X^n^ denote the 

n-fold smash product of X. Then 

W X X(n) IT 

is an extended power of X. When TT = Z and 
P 

p:Zp -> Sp is the regular representation, the extended 

power is known [26] as the extended p power of X. 

The extended power construction is invariant under 

certain choices. Let W be any contractible C.W. 

complex with a free Z^ action (i.e. no fixed point) 

which carries cells to cells. 

Proposition 2.1 There is a Z^ equivariant map 

S -»• W 

and any two such maps are equivariantly homotopic. 

0 oo 
Proof: On S c S , define the map on one vertex 

arbitrarily and extend to the other vertex by equivariance. 

Inductively, assume the map is defined on Sn~"^ c s°°. Then 

extend over the upper hemisphere of Sn using the fact that 

W is contractible and extend over the bottom hemisphere by 

equivariance. Thus, there is a map S°° W. Equivariant 

homotopies between any two maps can be constructed in a 

similar manner. 

Corollary 2.2 W/Z^ is homotopy equivalent to S°°/Z^ = RP°°. 

Proof: W - y  ¥ /Z 0  and S°° -> S°°/Z2 are two coverings 

with Z^ as group. The map of Proposition 2.1 is a map of 

coverings. Comparing the long exact sequences in homotopy 

for the coverings, we see that f induces an isomorphism 
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in homotopy. Since W/Z2 and S°°/Z2 are C.W. complexes, 

the map f is a homotopy equivalence. 

Proposition 2.3 Suppose X is a C.W. complex and 

g:SxXAX-*W*XAX is any Z2 equivariant map which is 

a homotopy equivalence. Then 

g7 : S x x A x W x „ X A X is a homotopy equivalence. 
2 2 2 

Note: S°° x X A X is homotopy equivalent to X A x. 

Proof: The maps - x X A X •>- X„ X A X are coverings 
2 

with group Zp. Then since g is a homotopy equivalence 

and a covering map, g „  induces an isormorphism in all 
2 

homotopy groups. 

Corollary 2.4 When X is a connected C.W. complex 

g: S°° >3 „ X A X -> W X7 „ X A X 
2 2 

is a homotopy equivalence. 

Proof: When X is connected, X A x is simply 

connected and so the spaces - x x A X have fundamental 
2 

group Z^. Taking half smashes identifies the subspaces 

S /Z2 and W/Z2 to the basepoint, and so by the Van Kampen 

theorem, the spaces - X A X are simply connected. Now 
2 

2.3 implies that g and g induce isomorphisms in 

homology. Hence g is a homotopy equivalence. 

Remark: The above results allow one to recognize a 

nonstandard construction as the ep construction. Suppose 

00 

f:S XXAX->WXYAY is any Z2 equivariant map which 
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ignoring first factors is equal to a A a:X A X -*• Y A Y. 

Proposition 2.5 f: SRO><L^ X A X tf ><!„ YAY is the 
2 2 

extended power construction on a up to a homotopy 

equivalence of the domain and range. 

Proof: Let TT:SXXAY->-W be the projection on the 

first factor of f. Then the composition of the map 

TT x l • S°°XXAX + WXXAX 
A A A 

and the map 

l w x a A a : W x X A X + W x Y A Y  

is equal to f. The first map induces a homotopy 

equivalence, and the second map is the extended power 

00 

construction with S replaced by W. Now using the 

00 

map S W of proposition 2.1 gives the desired result. 

In order to study the behavior of the extended powers 

under suspension, we use the following theorem. 

Theorem 2.7 There is a homeomorphism 

a: S(ep1+1X/ep°X) -* ep1(SX) 

Proof: In order to conveniently give a formula for 

this homeomorphism, regard S1 as the one point 

1 1+T 
compactification of R . Also regard S as the two 

point compactification of the cylinder S1 xR1 U {-oos+oo} 
with = <e,T> action given by the product of the 

antipodal action on S1 and the action T(0) = -0 for 

0 e R^. Also S° c S1+1 is the set Then the map 
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S1 A (Sm+1x„ X A X) SmM SX A sx is given by 
2 2 

EI A (s X 02 >4 x A y) sX((j)1 A x) A (<j>2 A y) 

where <J>^ = 0^ + 0 and ^2 = 91 ~ ®2 

for 9]_»02 e ^ and ^^her ®]_ or 02 eQua-^ i"3 

set the image to the base point. It is readily verified 

that the formula respects the Zg action. Hence o is 

defined. Further, it is easy to show that a is continuous 

and has an inverse. 

Corollary 2.8 The extended power of a sphere is a stunted 

projective space (n >_ 1). 

ep1(Sn) = SnRP*+n = Sn(RP1+n/RPn"1) 

Proof; 

¥ X S° A S° = W U {*}. 

Hence ep^S0 = RP1 (J {*}. Now 

ep1CS1) = S1ep1+1(S°)/S1ep°(S°) = S1RP^+1. 

The corollary now follows by induction on n. 

Notation; Let ep"l denote ep^/ep^""^. 
J 

Later we will need to know how the extended power 

construction behaves with respect to loop adjoint. Let 

a:SK -> X. Then the adjoint ag:K -»• ftX is the composition 

of the inclusion i:K -»• ftSK and the loops on a, i.e. 

K + nSK -> ax .  

Let T be a map T:S£2X -»• X given by x(t,f) = f(t) 
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where f e flX and t is the suspension coordinate. Then 

the following facts are easily verified. 

Proposition 2.9 

(a) The following composition is the identity 

Si x 
SK • S SK • SK 

(b) The following composition is 

Sot 
o T 

SK • SFTX >• X. 

(c) Any map satisfying (b) must be a^. 

Lemma 2.10 The following diagram commutes 

: :  i+n Sep 1 + 1  ( f ia)  .  ,  
Sep (Q SK) • Sep flX 

• 4ep1 ( T ) ° c r  + ep^(x)°a 

i , N ep (a)  

ep1 (SK) v ep1X 

Proof: The lemma follows immediately by the 

naturality of ep and the easily checked commutativity of 

the following diagram 

S£2(a) 

S«(SK V sn(x) 

+ x \ T 
a 

SK • X 

Now let a:SK X be given and let ctQ denote its 

i+1 
adjoint. Then Sep^ (C(Q) is a map 

Sep^+1(a0): Sep^+1K + Sep^+1«X. 
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Using the map a we get 

-1 o i+1f \ 
.  a  . , Sep (a ) . a . 

ep SK S Sep^ —>• Sep^ ftX + ep SflX. 

Let f denote this composition. Then the following 

proposition shows Sep"3"+"L(a0) and epi(aQ) are closely-

related. 

Proposition 2.11 ep1(T)°f = ep1(a). 

Proof: Consider the commutative square of Lemma 2.10 

Then the left hand composition above can be obtained by 

composing the top of the square with the inclusion 

-1 
i i+1 1 1+1 

ep SK >• Sep^ K >• Sep^ ftSK. Since the bottom 

map in the square is ep^(a), to finish the proof we need 
n' *1 • 

only show that ep (T)°a°i°a~ = identity on ep1SK. This 

is contained in the following lemma. 
•. • 

Lemma 2.13 ep SK is a retract of epxSftSK and hence a 

retract of Sep*+1ftSK. 

Proof: Applying the functor ep to (a) Proposition 

i i 
2.9 gives ep SK as a retract of ep SftSK. To get the 

second part observe that the following diagram commutes 

because the map cr is natural. 

i 
SepJ+1K - • Sep*+1f}SK 

4 cr 4 f f  

i i eP T i 
ep SK • ep SflSK • ep SK 

Thus ep"*" (T) °a°i°a~''" IS the identity on ep^SK. 
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oo 
Attaching maps in stable RP 

This next part summarizes results of Adams3 Mahowald, 

OO 
and Milgram on the attaching maps in stable RP . To do 

this we recall some known facts from the KO theory of 

RPn. The reference for this part is [11]. 

If Sn ->• RPn is the universal cover of RPn, then Sn 

can be regarded as a principal bundle over RPn. The 

associated line bundle Sn x R1 Rpn where Z„ acts on 
Z2 d 

R by T(X) = -x is called the canonical line bundle and 

is denoted by £ . 

As usual, let KO(X) denote the real K theory of 

finite dimensional real vector bundles over X. Then the 

reduced group KO(RP^) is a cyclic group of order c^ 

where c^ is given by the following table [11; 15.12.7]. 

k 0 1 2 3 4 5 6 7 8 

ck 1 2 4 4 8 8 8 8 16 

and = -^c^. Senera"tor of KO(RPk) is 5^-1 • 

If n:E -*• B is a vector bundle with a Riemannian 

metric, let D(n) denote the disk bundle associated with 

n. DCn) Is the bundle of vectors of length £ 1. Let 

SCnl denote the sphere bundle of vectors of length = 1. 

Then the Thorn space of 17 is the space 

TCn) = DCO/SCn). 

Let ri and £ denote bundles over a compact space X 
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and let 0 denote the trivial bundle X x R"^". Then the 

following are standard facts about Thorn spaces [11]. 

T( 0) = X XI S1 = (X U {*>) A S1 

T(n x C) is homeomorphic to T(n) A T.(£) 

T(n © 0) is homeomorphic to S^"(T(n)) 

The Thorn spaces of the various multiples of the 

canonical line bundle ^ over RP^" are given by the 

following 

Proposition 2.14 TCm€, ) = RPm+? 
m-1 

Let X be a finite dimensional C.W. -complex and 

suppose a map a: Sn ->• X is given. Then a map f: X -»• Sn 

is called a coreduction Cover a) provided f°a is 

homotopic to the identity on Sn. Similarly, if 3:X -»• Sn 

is given, then a map g: Sn X is a reduction (over 3) 

provided f3°g is homotopic to the identity. 

Example; Suppose n is an n-dimensional real vector 

bundle over Y. Then there is a map of the trivial bundle 

0n:Rn -> * to n:E -»• Y which is just the inclusion of the 

fibre oyer the base point. Applying the Thorn space functor 

produces^ a -map TC©n) -*• TO) which can be regarded as a 

m$p a:Sn -+• TCnI. When a coreduction exists (over a) the 

Thprrj space TCn) is- said to be coreducible. When a 

coreduction exists- over Sk(a): Sn+k + SkTCn) for some k 

the Thom space is said to be stably coreduclble or 

S~coreducl'b.le . S-coreducibility has been characterized. 
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In order to state this characterization we need the 

following. 

Fibre Homotopy type 

Let n and £ be fibre bundles over a space X. 

f 
E : * E' 

X 

— 1 —1 Then f is a fibre map provided f(n (x)) <= K (x) for 

all x e X. Then f is a fibre-homotopy equivalence 

between n and £ provided f is a homotopy equivalence 

in the category of bundles over X and fibre maps 

between them. 

Remark: Because Rn is contractible, any two vector 

bundles over a space X are fibre homotopy equivalent. In 

the context of vector bundles, the relation of fibre 

homotopy equivalence is usually applied to the associated 

sphere bundles. 

Consider the quotient of KO("X) by the relation of 

stable fibre homotopy equivalence of the associated sphere 

bundles. Then it can be shown 111] that this quotient 

denoted J(X) is a group and that the map 

J: KO(X) -> JCX) 

is- a group epimorphis-m. 

Now we can state the characterization of coreducible 

Thorn spaces. 
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Theorem 2.15 [11; 15-7.7] Let E, be a vector bundle over 

a connected finite C.W. complex X. Then the following 

are equivalent. 

(1) J(0 = 0 £ J(X) 

(2) The space T(£) is S-coreducible 

(3) The spaces T(£) and X U {+} are stably 

equivalent. 

Generally, the computation of J(X) is difficult [3]. 

For RPn we have the following pleasant state of affairs. 

Theorem 2.16 [11; 15.13.9] 

J(RPn) = KO(RPn). 

Combining the facts in this section so far, one can 

give a complete solution to the problem of finding stable 

coreductions of the Thorn spaces of bundles over RPn. 

These coreductions are retractions of RPk+1 onto the 

bottom cell S1, 

Proposition 2.17 Suppose M _> k-i. Then there is a 

retraction 

SMRP^+k • SM+± 

i.f and only if i is a multiple of c^ where c^ is the 

order of % - 1 in KOCRPk). 

Proof; Cif) When M is large enough the theorem is 

just the statement that plus an M dimensional 

trivial bundle is a trivial bundle over RPk and so the 

stable Thorn space S^RPk+^ is coreducible. Then given a 

coreduction for some large M, we may lower M by using 
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the fact that the homomorphism of homotopy groups 

sM+1] — [sm+1rp^+1, sm+1+1] 

is onto for M+k+i £ 2(M+i) when M+i >1 by the 

Blakers-Massey result. 

(only if): the existence of a coreduction implies that 

J(i?k) = 0 in J(RPk). Since KO(RPk) = J(RPk) this 

implies that i is a multiple of the order of the 

generator - 1 by Proposition 2.15. 

In order to translate information about stable 

coreductions into information about stable reductions we 

need the concept of S-duality. Suppose X and Y are 

C.W. complexes with base point. Let [SX,Y] denote the 

group of homotopy classes of continuous (base point 

preserving) maps from SX to Y. Let {SX, Y} denote the 

direct limit of groups over n of [Sn+^X, SnY]. 

Definitlon An n-pairing X A X' -»• Sn is called an 

n-duallty provided the induced maps of stable homotopy 

groups 

{s\ X'} + {X A Sk, sn} and {Sk, X} + {X' A Sk, Sn} 

are both isomorphisms. The spaces X and Y are called 

S-dual provided there is an m-duality 

SkX A S^Y -»• Sm for some k, £ and m. 

Remark: Suppose X has an n-dual X'. Then if 

o o 
f e [X, S3 is an S-coreduction over a map a e [S , X] 

then by the definitions fr e {S11-^, X} is an S-reduction 
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of X' over a' e {X, Sn~£}. 

Theorem 2.18 (Atiyah) Let n and £ be two vector 

bundles over a closed dlfferentiable manifold (compact and 

no boundary). Then if B, © n ® t is trivial where x is 

the tangent bundle, then the Thorn spaces T(£) and T(n) 

are S-dual. 

In order to apply this theorem to the problem of 

finding reductions of recall the tangent bundle for 

the manifold RPk satisfies 

(RPk) © 0 = (k+l)5k 

where 0 is a trivial line bundle. Applying Atiyah's 

theorem we immediately get 

Proposition 2.19 The Thorn space T(m^) is S-dual to the 

Thorn space T((nc^ - m - k - 1)^) for each n. In other 

words, _ 
' k+m nc -m-1 

RpK-rm S_duai to RP m , , . 
m nc^-m-k-l 

Corollary 2.20 If N _> k-m, there is a reduction on the 

top cell 
sN+k+m sNRpk+m 

m 

if and only if (m + k + l)?k is stably trivial. 

Proof: A coreduction of the Thorn space is a 

coreduction over the inclusion map 

nc.-m-k-l nc.-m-1 
S -> RP . . The S-dual is then a reduction nc^-m-k-1 

over the pinch map 

sMRpk+m ^ gM+k+m 
m 
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Stably the coreductlon exists If and only if (nc^-m-lc-l) 

is trivial which implies m+k+1 is a multiple of c^. The 

integer M can be lowered to M = k-m as in the proof of 

Proposition 2.17. 

Corollary 2.21 If N _> k-m, the reductions exist if and 

only if 

k < (J>(k+m) - 1 

where cf> is defined as follows. 

Write L+l = (2J+l)24c+d (0 < d < 3). 

Then <f> (L) = 8c + 2d. 

Proof: Given L = k+m, we wish to find the maximum 

of k so that L+l = 0 mod c^. By looking at a table of 

values for c^, we see that the maximum for k is 

congruent to one of the values 0, 1, 3 or 7 mod 8. The 

formula plainly is correct for c = 0 and 0 £ d _< 3. The 

corollary follows by induction on c using the relation 

ck+8 ~ l6ck* 

When k = <|>C.k+m), there is no reduction. In this case 

we get the following 119]. 

Theorem 2.22 If k = <f)(k+m) and N _> m, then there is a 

map 
sN+m |j gN+k+m ^ sNRpk+m 

3 m 

extending the inclusion of the N+m sphere, where (3 is an 

odd multiple of the generator of the 2-component of the 

image of J in the k-1 = c|>(k+m) - l stem of the stable 

homotopy- of spheres. 



41 

In order to prove this we recall some facts. 

Lemma 2.23 [3] Let n tie a k vector bundle over a 

sphere Sn (n •> 2). Then 

T(n)  - Sk U a  en+k 

where a e '"'n+k-l^^ some element in the image of J. 

Recall that the k dimensional vector bundles over X 

are classified by the set of maps X BO(k), where BO(k) 

is the classifying space for the orthogonal group 0(k) and 

X is a finite C.W.-complex. Let BO be the classifying 

space for the infinite orthogonal group, i.e. 

BO = lim^BOCk). Then we have KO(X) is naturally 

isomorphic as a group to the homotopy group [X, BO] 

addition is given by a map BO A BO ->• BO. 

The connection between vector bundles and the image of 

J is given as follows-. Let Sn BO(k) classify n as 

in the lemma above. Then the adjoint Sn-1 -»• ^BO(k) = 0(k) 

is an element a' e iTn_^(0(k)). Then J(a') = a as in the 

lemma. 

In order to prove Theorem 2.22 we first prove the 

S-dual statement. 

Lemma 2.24 Suppose M > k-i and there is a coreduction 

SM+1. Then there is a map extending a coreduction 

sMRpk+i+l ^ sM+iIJ gM+k+i+1 
i a 

which, is onto in Z2-homology- where a is in. the image of J. 



42 

Proof: RPk+^" is the Thorn space T(i£^). To say 

there is a coreduction implies that the classifying map 

i£k: RPk -> BO is trivial. Hence i^+l defines a map 

from the quotient 

RPk+1/RPk -> Sk+1 + BO. 

By the naturality of the Thorn construction and Lemma 2.23 

we get 

SNTCi5k+1) - S
N+1U a eN+k+1+1 

for some suitably large N. Then N can be reduced to 

M > k-i by Blakers-Massey as before (Proposition 2.17). 

The map is onto in homology because the map of bases 

k"M k+1 
RP S is onto in homology and because the Thorn 

isomorphism between the cohomology of the base and the 

reduced cohomology of the Thorn space is natural in maps of 

the base. On S , the map is just the identity on the 

Thom space over the base point and so the map extends a 

coreduction as desired. 

Lemma 2.25 If a is in the image of J, then SnUa en+k 

is its own S-dual. 

Proof; Let n be the bundle determined by the map 

a': S1^1 -> SO where J(a') = a. That is, n is classified 

by the adjoint map a:Sk -> BSO. Since the tangent bundle to 

a sphere is stably trivial ( = 0 in KO(Sk)), applying 

Theorem 2.18 we get that T(ri) is S-dual to T(-ri) where 
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-n is a bundle representing -n e KO(Sk). Because Sk is 

a suspension, -r) is classified by -a in TT^(BO) because 

the 7rx group structure is the same as that induced by the 

Whitney sum map BO A BO -*• BO. The lemma follows because 

Sn (J _aen+k is homeomorphic to SnUa en+k. 

Proof of Theorem 2.22 Lemmas 2.24 and 2.25 supply maps 

SN+ml| eN+k+m + SNRPk+ra u a m 

where a is in the image of J which induce isomorphisms 

in homology in dimension N+k+m. Hence a can be regarded 

as the attaching map of the top cell. Precisely, let 

be the composition 

N+k+m-l + sN+m _ sNRpk+m-l_ 
l m 

Then th.ere is a map 

sNRpk+m-l I) eN+k+m - SNRPk+m 
m w m 

which is an isomorphism in homology. Now must be 

nontrivial when k = tj>(k+m) for otherwise there would exist 

a reduction on the top cell of S^RPk+m which is impossible 

by Corollary 2.21. When m is odd, cannot be 

divisible by 2 because IT (RP ) = Z„. When m is even, 
m m 2 J 

the element in the image of J in stem <j>(m+k) - 1 = k - 1 

has order 2. Hence in both cases must be a generator 

of the 2-component of the image of J. 



SECTION 3- THE EHP SEQUENCE 

There is a sequence of maps [12], [25] 

Sn • flSn+1 • ns2n+1 

which is a fibration when localized at the prime 2. In 

homotopy this gives the EHP sequence (exact on the 

2-component) 

E H P  
/ r,n>. ^ /Cn+1N /02n+lv /cn, 7It(S ) • Tt + 1(S ) • 7Tt + 1(S ) —• TT^CS ) 

More generally, if K is a finite C.W. complex and t > 1, 

the fibration yields a long exact sequence of homotopy 

groups (on the 2-component) 

[StK, Sn] + [St+1K, Sn+1] - [St+1K, S2n+1] -> [S^K, Sn] 

where [SX, Y] denotes the group of homotopy classes of 

maps from SX to Y. 

Now suppose a:SK -> Sn. Then applying the extended 

power construction gives a map 

ep1 (a): ep1(SK) -> epx(Sn). 

Suppose further there is a retraction 

ri: ep^+1(Sn~1) + S2""1. 

Using the map c of Theorem 2.7> we can then also give a 

retraction 

r: ep^s") - S2n. 

The composition r°ep1(a) is a map 

ip1(a) e [ep1SK, S2n]. 
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Remark 3.0 To avoid cumbersome statements later, we denote 

by ep1(a) any element so obtained where r Is any 

retraction. Thus ep1(a) is used to denote any one element 

in a class of elements; it will not be used to denote the 

whole class. 

Using a we can regard ep1SK as a suspension 

(Theorem 2.7). Hence the Hopf invariant H(ep1(a)) is 

defined. 

Theorem 3-1 If dim(K) < 3n-35 as elements of 

[ep^"-"'"S^K, S4n] we have 

EHCep^oi)) = eF1-1(EH(a)). 

Remark: In view of 3-0, this theorem is to be interpreted 

as follows: Given an element ep1(a)J there is an element 

ep^'^EHa) which makes the equality hold. (That is, there 

is an appropriate retraction epi~"LS2n -* S^n.) 

The goal of the first part of this section is to 

prove 3-1. Before proceeding with the proof, recall the 

reduced product construction of James. If X is a finite 

C.W. complex with basepoint, let Xm denote the free 

monoid on the points of X. That is, X^ may be 

considered as the set of monomials x,x„...x where 
12 n 

xi e X and subject to the relations xe = ex = x for all 

x e X where e denotes the basepoint. Xro is given a 

topology by regarding it as the quotient of the weak 

infinite product of X, where weak means that only 
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finitely many coordinates are not at the basepoint and also 

that the topology is the weakest topology which makes the 

inclusions of the finite products continuous. The main 

result on Xot is the following. 

Theorem 3.2 (James) The space Xm is homotopy equivalent 

to the space ftSX. 

In what follows, we need a formula for this equivalence. 

To do this conveniently we use Moore loops. A Moore loop 

on X with basepoint e is a map f: R X so that 

f(t) = e if t £ 0 or if t >_ tf where tf e R depends 

on f. The space of Moore loops will be denoted QX. 

It will be convenient to represent elements of the 

reduced product by elements of the ordinary products. Let 

X(k) s^an^ f°r the k fold product of X. We use the 

notation x = (x1,x2, . . • »xk) an element of x(jc)* 

Let p be a bounded real valued function defined on 

X which is zero on the basepoint and positive elsewhere. 

Let the starting point of x_ be denoted by 
a 

p (x) = E p(x.) and set p, (x) = 0. The map X -»• fiSX 
a j<a J X 

of Theorem 3.2 is given by 

x' f— 

where f— (t) = 
X < 

(t - PaU), xa) if 

pam < t < pa+1(x) 

basepoint otherwise 

Here as usual, SX is the reduced suspension represented 
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by [0,1] x x where the following set is identified to the 

basepoint (0 * X) (J (1 x X) U (I * e). 

A formula for the map h: fiSn+"'" £2S^n+"'' can be 

given in terms of the James construction as follows. 

Regarding h as a map -* (Sn A S11)^ we may describe h 

in general as a map Xro -> (X A X)^ by 

h(X^,X2, • • •,X^) — II X^ A X^ 

(a,b) 

where the order of the product over all pairs (a,b) on 

the right is lexicographical. 

The main idea for the proof of Theorem 3-1 is to 

construct a homotopy commutative diagram. 

Diagram 3.3 

CEP^CS"-1)). (EPI+V-1 A EP^V"1) 

At At 

_i,0n-l, ep(h) _„i,„n-l . „n-lx 
ep^ (_S 2 ' * ep^(S AS ) 

The maps A, A 

To simplify the formulas, let I and R denote two 

1  ~  
spaces homeomorphic to S . I is a quotient of [-1,1] 

so that both 1 and -1 denote the basepoint, and R is 

the one point compactification of the real numbers. The 

group Z2 acts on both I and R by multiplication by 

i+1 i 
-1. It is easy to see (writing W = S x R/~ as in 

Theorem 2.7) that 
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EPN+1(X) = R A (X A X). 
I Z2 

This obviously implies that there is a homeomorphism 

ep*+1(X) = S1^^, I A X A X. 

Now define AQ as a map 

¥ XI R A (S^2J A S^2)) + (I ̂  I A (SN_1 A SN_1))(OO) 

by the formula 

w > < J 0 A X A Y - V  n  w  X  0  k  
a  X  A  y K  CI} V CL D 

a,b 

where the product on the right is taken in lexicographic 

order and 0 . depends on 0, x, y and is given by A. Y D 

P
B(Y) - PaCx) + 20 

9a,b p(z) 

where z  = x„ if the numerator is >0 and a — 

z = y^ if the numerator is £ 0. 

Interpret 0 . as in I by setting 0 , to the 
a j D a} D 

basepoint in I whenever 0 . is not in the interval 
a, b 

(-1, 1). 

Lemma 3.4 AQ is continuous. 

Proof: We need to show only that each coordinate 

function w X] 0^ A X& A y^ is continuous, for then AQ 

is the product of continuous maps. Now 0 ^ is continuous 

except when either x_ or y, is the basepoint and the 
a. 0 



49 

(a,b)^ image coordinate is then at the basepoint. 

Because w XI I is compact, any neighborhood of W Ml A e 

must contain a set of the form W . ' I A U where U is a 

neighborhood of e in Sn ^ A Sn_"^. So any neighborhood 

of the basepoint must contain a set of the form W ; ; I A U. 

Then for any x and y so that x. A y e U, the 
A, D 

(AJB)^^1 image coordinate of w 0 A X A y is in 

W Xf I A U and so AQ is continuous. 

It is easy to check that Aq respects the identifica­

tions in the reduced product and so defines a continuous 

map 

A.̂  ¥ M R A Ŝ ""1 A SG"1 + Of  X I A SN_1 A 

Lemma 3.5 A^ is equivariant. 

It is easy to see that 0^(0,x,y) = -0ba(-0,y,x)• 

But lexicographic order in (a,b) is not the same as 

lexicographic order in (b,a). However, not all the terms 

contribute to the product. 

Lemma 3.6 Either 0.^ 2(0,x,y) or 02 ^(©jXjy) is at the 

basepoint. 

Proof: Case 1. 0. n > 0. 
± 9 d  

Then < 1 implies P2(y) - p1Cx) + 20 = p(y1) + 

20 <, p(x^), and so ®2 1 < as desired. 

Case 2. 0^ 2 <_ 0. 

Then 0^ 2 > -1 implies 0 > p(y1) + 20 > —p(y^) so 

-pCx-^) > + 20 and ®2 1 < as desirec*. 
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Since A-^ is equivariant, A can be defined as 

desired 

A: W XI „ R A S5_1 A s5_1 (WXL I A S11"1 A Sn_1) 
Z2 2 2 Z2 00 

Remark A can actually be extended to ep^^CS^-"'") 

using the same formula. The proof is not much harder. 

Similarly, define A as a map 

¥ X R A (Sn-1 A Sn_1) A (Sn_1 A Sn_1) 

-> (W M I Sn_1 A S11"1) A (W X I Sn_1 A S11"1) 

by w >1 0 A A x2 A A y2 

•* (W X 81X A y ) A (w X 022 A X2 A y ) 

where 0^ 1 and 02 2 are defined letting x = (x^x,,) 

and y = (y-L»y2). This map A is continuous by the same 

argument which shows A is continuous. 

Lemma 3.7 The diagram 3-3 is homotopy commutative. 

Proof: Plainly ' A°h is given by 

w X) 0 A X A y - v  (w>0 0i:l A x1 A y  ) A (w ><1 012 A x2 A y 2  

On the other hand, h°A sends w ><1 0 A x A y in general 

to a nontrivial product. One of the extra factors is 

(w XI 012 A X-J^ A y2 ) A (w XI 021 A x2 A y ) 

which is the basepoint by Lemma 3.6. All the other extra 

factors have the property that x. or y, occurs twice A, D 

for some a or b. For instance x^ occurs twice in the 
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(l,l,l,2)th factor 

(W M 01]L A X;L A y ) A (w ><3 0 A XL A y ). 

There are four of these factors: (1112), (1121), (1222), 

(2122). The Idea is to use the fact that 

S11-1 •*" Sn A sn_1 given by x x A X is homotopic to the 

trivial map. This would complete the proof except that 

each factor is not equivariant and so does not define a 

function on ep^^S^-1). However, each pair (1112, 1121) 

and (1222, 2122) does define a map 

„i+l/cn-lx ^ , i+l n-1. i+l0n-lv ep1 (S2 ) + (ep1 S Aep1 S ) ̂. 

Letting CH22) denote the map given by the 1122 factor 

(which is equivariant), we can view h°A as the reduced 

product of the three maps (1112, 1121), (1122), and 

C1222, 2122). 

We show the map (1H2, 1121) is homotopy trivial. 

Then (1222, 2122) is trivial by a similar argument and 

the proof will then be complete. 

Let A denote the closure of the set of points 

w  >4  0  A X  A Y E  W X R A S^"1 A S™'1 

such that 012(0,x,y) ̂  *el. Define a homotopy on A of 

(1112) to the trivial map using the fact that (1112) has 

the diagonal map as a factor (after an obvious change of 

coordinates). It is easy to see that this homotopy can be 

chosen so that at each time the points where 9^ = * ar>e 



52 

carried to the basepoint. 

Now let A' denote the image of the points of A 

under the Z^ action. If ©2^(0,x,y) is not at the base-

point, then w>40AxAyeA' because 

9on(0,x,y) = -9 (-0,y,x). The homotopy can be extended 
dl 12 ; . 

using equivariance to A' because A n A' contains only 

points where both and 0^ are the basepoint. On 

the closure of the complement of (A 1J A')> let the 

homotopy be the trivial map at the basepoint for all times. 

These definitions on the three closed sets A, AT and the 

closure of the complement of (A (J A' ) agree on the 

various overlaps Call give the basepoint) and so a homotopy 

to the trivial map of (1112, 1121) is defined. This 

completes the proof of the Lemma. 

Lemma 3«8 On the subspace ep^+"'"(Sn~''") c ep^^CS^-"'") the 

map A is homotopic to the inclusion 

epfV-1 c Cep^V"1).. 

Proof: As a map W X. R A S11"1 A S11-*1 -> W XI I A Sn_1 A S31"1 

A is the product of the identity map with the map R -»• I 

given by-

t i • t if t (-1, 1) 

t i • * otherwise 

Since this map S'"*" a R -»• I = S^" is homotopic to the 

identity-, we are done. 
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Proof of Theorem 3-1 

Recall the assumption there is a retraction 

1* 
ep^"+1(Sn_1) - S2*"1, 

Using Diagram 3-3 we get the following commutative diagram. 

Diagram 3.9 

(s2n-1) 

+ (r, ) 
1 00 

(ep^V"1) 

h 
-»• (s2n 1s2n"1) 

+ (ri A ri)co 

, i+1-.n-l i+l-,n-lN -*(ep1 S Aepx S )oo 

ep(an) 
Q„i+1/VN i+1,0n-lv ep^ (.K) 1 ®P-j^ (S ̂ ) 

ep(h) 
i+l/c,n-l 0n-lN ep.^ (S A S ) 

Here dg:K -*• is the adjoint of a:SK -»• Sn. The 

adjoint lies in ^ instead of Sn~"'" by the hypothesis 

on the dimension of K and because S^"1 -»• S11"1 is an 

equivalence through dimension 3n-4. 

Theorem 3.1 then follows from the following two 

Propositions (whose proofs are postponed). 

Proposition 3-10 The map g in Diagram 3-9 is the 

adjoint of ip^Ca). 
«"V 

Proposition 3.11 The map A is homotopic to a map A' 

which can be regarded as a map on ep^^CS11"1 A Sn_1) and 

so that A' is an isomorphism in integral homology in 

dimension An - 2. 

Proposition 3.10 shows that the composition along the 
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top of Diagram 3-9 is the adjoint of HCep^Ca)). Taking 

adjoint and suspending we get 

Etfep"1 (a) : Sep1SK -> S 1̂1 

using the homeomorphism a of Theorem 2 . 7 .  

The map along the bottom of diagram 3-9 when regarded 

as a map 

ep|+1CK) - EP^ts""1 A s""1) 

gives by suspending twice and using S  twice a map 

i-l,c.2T.\ i-l,02nx ep (S K) -> ep (S ) 

which is plainly ep^-'1'(EHa). Now Proposition 3-11 shows 

the adjoint and suspension of (r^ a r^)oo<>A is a 

retraction ep^^CS^11) -*• S^n and so the composition is 

ep"^~"*" (EHa J. This completes the proof of Theorem^.l. 

Proof of Proposition 3.11 
<*W 

We define a homotopy A^ of maps 

W1 >0 R a CS11"1 A S** 1 )  A ( S11-1 A S* 1 * 1 )  

+ Cw1 XI R a s11"1 A s"1"1) A (w1 Xj R a Sn_1 A Sn_1) 

First write W"*" as x R^/- (as in Theorem 2.7). Then 

let be given by 

w x e1 X e A Cx1 A x2) A Cyx Ay2) 

Cw X 6^X1 C2 + 2t0^) A X-^ Ay-j^ ) A (W x 0^ XI 

((l-t)(py1 - px1) + 20 - 2t01) Ax2 Ay2). 
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When t = 1, A^ is a homeomorphism of the bottom cell. 

Precisely, let WQ be a point in W1"1. Then points with 

w coordinate equal to WQ make up the bottom cell of 

ep2+"1'(Sn~"'" A Sn_1) in dimension 4n-2. This cell is 

carried homeomorphlcally onto the bottom cell of 

i"J"lon—1 „ i+l„n-l ep^ S a ep^ S 

Now there is a map f from ep^+'1"Sn~''' to itself so 

that (f A f)&g = A and f is a homotopy equivalence. 

The map f is given by 

w X ) 9 A X A y - > - w X 8  A x  A y  
pz 

Here 0 e R and 8/p(z) e I by letting 0/p(z) be the 

basepoint when 0/p(z) is not in the interval (-1,1). 

Also 

z = | x if 0 >_ 0 

y if 0 £ 0. 

To see that f is a homotopy equivalence, define a 

homotopy f^ by 

w X 0 A X A y - * - w > 4  0  A x  A y . 
t+(l-t)pz 

When t = 1, f^ is a homotopy equivalence as in the proof 

of Lemma 3.8. 

This completes the proof of Proposition 3«H. 

Proof of Proposition 3.10 

Lemma 3•12 The following diagram is homotopy commutative. 
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c a 
„ i+l,0n-lN n f i+l0n-lN Sep (S2 ) >• S(ep1 S )( 

e p 1 ( x ) ° c T  :  a°r 

ep (S ) = ep (S ) 

Here a is the map of Theorem 2.7 and t is the map of 

section 2 

T : SftX + X. 

Proof postponed. 

To see how this implies Proposition 3-10 use 

Proposition 2.11 to see that 

i i 
ep (x)°a°Sep(aQ) = ep (a). 

Then we also have by 3.11 

i x°cr°SA°Sep (<XQ ) = ep (a). 

Proposition 3-10 then follows because x is natural and 

(r^)^ is a loop map. 

Proof of Lemma 3.12 

By Lemma 2.13 and Lemma 3-8, it suffices to give any 

map ep1Sn ep1Sn which makes the diagram commute (in 

place of =), for any such map will be homotopic to the 

identity. 

Recall that p is a non-negative real valued function 

on S^1 which is 0 only at the basepoint. To discuss 

i + 1 
x on S(.ep^ S " )oo, we define a similar function p* on 

ep^cs11"1}. 
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Represent ep^+"'"Sn~''" as W X I A S11-"'" A Sn~^". Then 

define p*(0,x,y) by 

min((1-0)p(x)jp(y),0) when 0^0 

min(p(x),(l+0)p(y),0) when 0 <_ 0 

Then p* Is equivariant and so defines a function of 

ep^*"'"(S11-"1") which is 0 only at the basepoint.. Using 

p*, one can define a map (as in 3-2) 

/ irHon*~l\ 0c i+l0n-l , , « 
(ep^ S )ro -* £2Sep2 S and so T IS defined on 

scepfv-1) . 

We need to give a homotopy of the map SA. Let 

as a map 

R A CW XI R A S^1 A s""1) -> R A (W M I A Sn_1 A S11"1) 

be given by-

01 A CW )4 02 A x A y) -»• n (01-t | ©2 I) AW M 0&b A xa A yb. 

a,b 

Then Lemma 3.12 follows easily from the following. 

Lemma 3.13 The map ep^(x)oa in Lemma 3-12 is onto. 

Furthermore if z e Sep^+1 ), the image of z under 

the map a°T°(SA)^ is continuously determined by its image 

under ep1(T)°cr. 

Proof; Let z = 0^ A (W Xl 02 
A x A y). Then using 

Theorem 2.7 and the discussion following Theorem 3-2, 

ep1^)0^ takes z to the point 

w XI f-(0x + 02) a f_(e1 - e2). 



58 

So suppose we know that some point z e Sep^^CS^""*") 

has image w >4T^ A X A t2 
A y under ep1(X)°a. We would 

like to determine enough about the image of z under 

(SA)-^ to determine the image of z under ct°tSA^. Assume 

x = x„ in x and y = y. in y. Then using the formula 
ci D 

for f— we get 

e1 + e2 = tlP(xa) + pa(j) 

01 - e2 = t2p(yb) + Pb(y). 

Solving we easily get that PK(y) - P (x) + 20o and hence D 8. D. 

©a b depend only on t^t^x and y. 

Also note that 20^ - pa^x^ ~ pb^ also depends only 

on tp tj, x and y. The proof then follows by the 

following. 

Lemma 3-14 Let t=0^-|02|, then 

P*ab i t £ P*ab + P»C« X 8ab " *a * yb> 

and _ _ _ _ 
pa ( x )  + phCy) + |ph(y) - pa(x) + 2 e ? l  

t - p*ab = 6 - -a 5 b a 2_ 

The inequalities show (see discussion following 3-2) 

•f" 
the map t at time t is 'using' the (a,b) factor of 

(SA)^ applied to z. The equality shows t-p*a ^ depends 

only on x and y. This is enough information to 

compute the image of z under tCSA)^ and so completes 

the proof of 3.13-



59 

Proof of Lemma 3*1^ 

Fix z = 6^ A w X! 0£ A x A y. Then ep1(t)°a applied 

to z is 

w X f-(01 + 02) a f-(01 - e2). 

For fixed 02, this defines a loop and we can speak of the 

length of time (in 0^) during which ^x^0l + ®2^ "^s 

'using' xa and ^y^0i ~ "*"s us;i-nS simultaneously, 

An easy calculation shows this length of time is 

e*(8ab A xa A 

Now recall p* , = E p * (0 ,, a x a y ) where 
a, D cd c,a c a 

(c,d) < (a,b) in the lexicographic order. Since 

f-C^i + 02) A f-Ce-L - 02) begins 'using' xx A y^ at 

0 ^  =  1 ^ 2 ^  i s  e a s y  t o  s e e  t h a t  

p*a,b = »a*CPaCx).PbCy)) - |92| 

or _ _ _ _ 
p„(x) + Ph(.y) + |pb(y) - Pa(x) + 261 

" * a , b  5  ^ ^  I M -

This completes the proof of Lemma 3.1^ and ends the 

sequence of Lemmas involved in the proof of Theorem 3-1. 

—1 
The ep construction and Toda's Star construction 

In the course of Toda's calculation of the homotopy 

groups of spheres the star construction is defined [25; 

Lemma 3 - 511 - This construction is used to settle various 

group extensions. It is known for instance that n* = v 

and v* = cr where n>v, and o are the elements of Hopf 
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invariant one in the 1, 3 and 7 stems respectively. Since 

ep^Cv) in the 3 and 7 stems have Hopf invariant one 

by Theorem 3.1> it is reasonable to conjecture that ep"*" 

and Toda's star construction are related. The purpose of 

this part is to show that these constructions are virtually 

the same. 

Suppose a, 3 and y are elements of the homotopy 

groups of spheres. If a°3 = 0 and 3°y = 0, the 

secondary construction {a,3,y} or Toda bracket is defined. 

Choose representatives a, b and c of a, 3 and y. 

Suppose y is defined on Sn and consider Sn included 

in Sn+1 as the equator. 

Definition 3.15 The Toda bracket {a,3,y) is a map 

defined on S with the following properties [25; 1.1*1]. 

a) On the equator Sn, the map is the composition 

a°b°c. 

h) On the top hemisphere, the map is a composed 

with a homotopy of b°c to zero. 

c) On the lower hemisphere, the map is a homotopy of 

a°b to zero composed with c. 

Remark 3.16 The Toda bracket is defined modulo some 

indeterminacy. When a, 3 and y are stable elements, the 

indeterminacy can be decreased (sometimes) by desuspending 

the elements to the lowest spheres where the hypotheses 

- 0 and 3°Y = 0 hold and then forming the Toda 

bracket "early". We denote this Toda bracket by {a,3,y}g. 
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Toda uses a more exact but messier notation [25; 1.14]. 

Toda's star construction and ip""*" are similar in the 

sense they satisfy similar theorems. The following is a 

simplified version of [25; Theorem 3-6]. 

Theorem 3.17 Let a e ""n+k^11 suc^ that 2a = 0 or k 

is even. Then there exists an element a* £ tt„ . inS^n 

2n+2k+l 

such that stably 3 A a* e {a,3,a} whenever a°3 = 0. 

1 n+V Pn+?k+1 
Now let p: ep S -* S be the map which 

pinches the lower cell and let q: S^n -+ ep^Sn be the 

inclusion of the lowest cell. 

Theorem 3.18 Let a e 7rn+k^nj ^ e 7^m+l^m, anc^ a°^ = 

Then 
1 ep Ca) Age q°{a,3,a}°p. 

i -i 
Remark Recall that ep (a) is ep (a) composed with a 

retraction r; ep^Sn S^n. An easy corollary is that the 

i 1 
above theorem holds when ep (a) is replaced by ep (a) 

whatever the choice of retraction r. The above theorem 

holds even when there is no retraction. 

Proof of Theorem 3.18 

The proof is to give a homotopy of 

ep1 (a) A 6: ep1(Sn+k) A Sm+1 -> ep1(Sn) A Sm 

to a map 

c,2n+2k+m+l+l _ Qlrc,n+kv A Qm+1 c,2n+m 
" 1 ' 

which will be {a,3,a} by definition 3.15. 

Write ep^CS11) as S1 XI Sn A Sn and parameterize 
2 
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S"*" by 0 e [0, 2ir] so that the antipodal action is given 

by 0 -* 0 + TT (mod 2TT). Let H[t]: Sn+k A sm+1 + Sn A Sm 

be a homotopy so that H[0] = * and H[l] = a Ab where a 

and b are representatives of a and £3- Define a 

homotopy 

h : (S1 XI Sn+k A Sn+k) Sm+1 - S1 XI Sn A Sn A Sm 

s 

where 0 <_ s <_ 1 by the formula: 

H ( 6  M x A y A z )  = 0 ><3 a(x) AH[ (1-s) + \ —  s0|](y A Z) 
O TT 

when <_ 0 <_ ^ 

This defines h where - ?• < 0 < 77. To extend to all 0 
s 2 — — 2 

use equivariance. That is 

Cg* (0 M x A y A z)) = g-h (0 >4 x A y A z) O S 

where g generates the Z2 action. 

Now hg = ep^Ca) a 3 and h^ defines a map on 

ep^CS11"^) A Sm+1 which is trivial on the bottom cell 

(a = ™ ro® vi an+k on+kN om+l\ (.i.e. on (SX1S A S  ) A S  ) .  

To give a further homotopy so that the image of the 

map is contained in the bottom cell of ep"*"(Sn A Sm) let 

for Q < 0 < u 

h-^Cr] (0 >4 x A y A z) = 0 - r0 >4 XT x A y A z) 

where tt2 is the projection on the second factor of the 

half smash >4 . Use equi variance to extend h^r] to all 

0. Notice the formula above is actually equivariant, 
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because when 0 = 0 or 0 = 77, h^(0MxAyAz) = *. Now 

h^[0] is plainly equal to h^ above and h^[l] has its 

image in the bottom cell of ep^(Sn) a sm. Putting h 
s 

and h^[r] together we get a homotopy of ep^Ca) a 3 to a 

f, o2n+2k+m+l+l , c2n+m , . , 
map from S to S as desired. 

It remains to show that h^[l] is a representative of 

{a,8,a}. To do this we give a parameterization of the top 

cell of ep1(Sn+k) a Sm+1 as follows. Write 

02n+2k+m+l+l rn n v r,n+k 0n+k 0m+l n S as [0,77] 
x S aS a s so that 0 

and 77 are the two poles. Then we can give a map 

[0,7,] x s2n+2k+m-ha + ep^(Sn+lc) a sm+1 

as follows 

a x2 a x^) -*• 6 XI (x.^ a x2) a x^. 

Plainly, this gives a homotopy equivalence; the map simply 

collapses a longitude to the basepoint. With this 

parameterization, the map h^[l] on the top hemisphere is 

aftH and on the bottom hemisphere is h'o(lAaAl) where 

H is the homotopy of a a b to zero above and H' is a 

homotopy of a a 1 a b to zero related to H by equivari-

ance. This shows h^[l] is a representative of {a,3,a} 

by definition 3.15 and so completes the proof of 

Theorem 3.17. 

n 
Consider the map ep (a). This is a map 

_ 1, c,n+k n ep'^a) i„n r „2n ep CS ) >- ep S • S 

where r is a retraction. Now by section 2, such a 
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retraction occurs when n is even. If k is also even, 

then ep^"(Sn+^) is the wedge g2(n+k) v g2(n+k)+l an(j 

ep"^(a) can be regarded as a map of the 2(n+k)+l sphere 

to the 2n sphere. In case n+k is odd 

ep1(Sn+k) = s2(n+lc) U2 e
2(n+k>+1 

and the map ep^Ca) is an extension over 2 of the 

2 
map a . This extension may have a nontrivial Hopf 

invariant (Theorem 3-1). In this case, if there is an 

2 
earlier extension y of a over 2 (i.e. on an 

earlier sphere than S2n), then the difference of ep^"(a) 

and y is a map of spheres g2n+2k+l ^2n j^as 

same Hopf invariant as ep1(a) because y is a suspension. 

Proposition 3.19 

6 A (ep'^Ca) - y) e {a,3,a} + (3,a2,2}e 

2 
where y is an early extension of a over 2. 

Remark Notice that if there were no restriction on the 

bracket (3,a ,2}, the proposition would have no content, 

because the indeterminacy of the unrestricted bracket 

includes all compositions with 3. 

Proof of Proposition 3.19 The proposition follows from 

Theorem 3.18 and the observation that y a 3 e {3,a j2}g 

by [25; Prop. 1.9]. 



SECTION 4. SQUARING OPERATIONS IN EXT 

AND DIFFERENTIAL FORMULAS 

All the results of this section are stable results. 

Throughout, N will stand for some integer which is 'large 

enough'; we will neglect to indicate how large N must be 

and for any particular use. Let G denote the group Zg 

* 
let Hx and H denote reduced homology and cohomology 

with Zg coefficients. 

There are squaring operations [13], [22], [19] 

Sq1:Ext^t(HxSk,H#Sn) -> Extj^1 >2t (H*S2k,H*S2n) . 

The purpose of this section is to extend these operations 

to operations 

Sq1:Exts,tCH#K, H*Sn) - ExtS+i51+1 (H^ep^K, H*S2n) 

which can be used to detect the extended powers. Then 

using the results of section 1, a differential formula 

(Theorem 4,1) is found in the spectral sequence for the 

if+p+i 
cohomotopy- of ^k+i+1* ^his formula is the basis for the 

calculation of differential formulas in the spectral 

sequence for the homotopy of spheres (Theorems 4.7, 4.8). 

At the end of this section some other applications of the 

extended powers are collected. 

If a e Exts,t, let Sq^(a) = Sqs~^(x). Let xic+j_+j 

1rJ,n J. v) 

for 0 £ J <_ r denote the cohomology ciasses of RP^+i 

Suppose a e Ej CS ) is a permanent cycle and t-s = k. 

Then in the stable spectral sequence for the cohomotopy of 

„k+i+r 
k+i+1 k*18 following formula holds using the complex 
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V(H*(RP^*^*^)» H#(S^)) of section 1 (Theorems 1.2, 1.8). 

The generator of E^CS2^) is suppressed. 

Theorem 4.1 

d
r+l^Sqi+r^ 0 xk+i+r^ = ^ (1+k5 J")Sqi(a) _i ® xk+i+j * 

0< j<_r 

The proof is postponed. 

Suppose there is a retraction r: ep^(S^) •* S^. 

Recall [1] the stable Adams spectral sequence E^CX) is 

the homotopy spectral sequence of a tower 

Y -*• Y -> • • • ->• Y„ = X. 
*s- s-1 Ao 

The purpose of this first part is to describe how the 

retraction r behaves with respect to this tower and to 

describe the relationship between the extended powers ep"*" 

and the squaring operations in Ext. References for this 

part are [13], [22], [19]. 

Now suppose Ys is a tower for S^, W# is a tower 

for S2N, and r is any- retraction r: ep^S^ -+ S^. 

Proposition 4.2 There is a map 

0: ep1CY#) - W* 

such. th.a,t 

Gil 0 = r when restricted to ep (YQ) 

Cii) eCepJYs) c w2s_j 

(i.ii) The following diagrams commute up to homotopy 
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epj+kYc 
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0 
-v w 

2s-j 

-• W 
2s-j-k 

epJYc 

epJY 
s-k 

W 
2s-J 

J 
W 
2s-2k-j 

Proof: To prove the proposition, we need some 

auxiliary spaces. Let 

= u 

i+J = S 

yi * Y1 

Note there is a G action on the spaces Z by switching 
s 

factors. Hence the space 

S * G Zs 

is defined. 

i 1 
Note that ep Y^ = S XI ^ Zq. The proposition follows 

from the following lemma and the fact 

ep1Ys c S1 XIa Z2s 

Lemma 4.3 There is a map 0: ep1(Z#) -»• W# such that 

(i.) 0 = r when restricted to S* M G ZQ 

Cii) 0(SJ XI Q Zg) •* Ws^ 
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(iii) The analogous diagrams (as In 4.2) commute up to 

homotopy. 

Proof: Recall from [1; 3-^1 that 

H„(YS) - H,(Ys_1) 

Is the zero map. Also recall W W .. may be regarded S S — J. 

as a fibration induced by a map K where K Is a 

product of Ellenberg-Maclane spaces for Zg- Consequently 

a map X -> W n lifts to a map into W precisely when S ***" _L S 

the composition X -* Wg ^ K is homotopic to the trivial 

map. Since K is a generalized Eilenberg-Maclane space, 

this occurs precisely when the induced map 'Hx(X) H#(K) 

is zero. 

For s = 0, define 0 for all j by condition (i). 

Inductively, assume the lemma is true for s and all j. 

Because CS^ M ̂ Zg) -> Wg and the map 

S° * 0 Zs+1 * S^GZs 

is- zero in homology, 0 can be extended so that 

(s° X G Zs+1) - ws+1. 

Now assume 0 has been defined for j and s+1 

! f s , ) < 1 e V i ! c W r  

We wish to show we can extend to j+1 and s+1. The 

compos-it ion 

sj+1 XI a z
s+i " sJ+1xaG Zs 

defines 
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e": SJ'+1 „ z + w . n. 
G s+1 s-j-1 

The obstruction to lifting this map into W . is the map 
s-j 

of pairs 

<s3+1 XIa zs+1.s3 X0 zs+1) -

Since -»• Wg . is the fibration induced by a map 

¥g_j •> K where K is an Eilenberg-Maclane space, this 

obstruction is equivalent to a map into the pair (K,#). 

Hence the obstruction is a collection of elements of 

H*(S3+1 A Zs+1). (Note SJ+1 Mg Za+1/s3 Xln Zs+1 

= a Zs+^). Since 0 was defined by a composition, the 

obstruction factors through the zero map 

H*(S^+^ A Z ) -> H*(S^+^" A Z , n ). This completes the proof. S S'+I 

Proposition 4.4 Suppose a: K -> S1^ has filtration s in 

the stable spectral sequence Er(K,SN). Then 

ep^Ca): ep^K S^^ has filtration 2s-i. 

Proof; By hypothesis a: K -»• Y where the composi-
' o 

tion K -> Y -> SN is a. Hence ep^(a): ep^K -> ep^Y . 
^ s 

The proposition now follows immediately from Proposition 

4.2, 

To define the squaring operations in Ext, let J(Sn) 

be an infective resolution of H#Sn as in [22]. This 

means there is- a long exact sequence 

n e 0 ^ 1 ̂  2 0 + H#S + Ju Jx + jd + ... 
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i 
where J is an infective in MA. The map e is called 

the augmentation and i is the homological degree. Each 

module also has an internal degree and all maps preserve 

internal degree. All modules in MA are connected 

(= 0 in internal degree 0). Similarly let I(S^n) be an 

infective resolution of Then the following 

proposition is proved using the fact that I is. an acylic 

complex and J is infective. 

Proposition 4.5 There is a sequence of maps in MA 

D1 J 0 J + I 

so that 

Ci) D* has homological degree -i. That is, 

D1(J_ ® J .) c I , . , . 
s s' s+sT -i 

(ii) dD1 + Did = D1""1 + D^""1T where T is the map 

J ® J -* J ® J which switches factors. 

Ciii) commutes with augmentations. That is, regard­

ing H*Sn ® H^Sn : J° 0 J° we have D°: HsSn ® H*Sn a 

H*(„S2N) C 1°. 

Civ) If is another sequence of maps satisfying the 

conditions above, then and D are equivariantly chain 

Nomotopic. That is, there exists a sequence of maps E 

so that 

dE1 + E1d = E1"1 + E1"1T + D1 + D*. 

To define the squaring operations, suppose 

a e ExtS,^(.H5tK, H^S11). Then a is represented by a map 
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a: H#StK »• JS. 

Now, since Hx(StK a StK) = HxStK ® H%StK we have . 

a A a: HS(STK A STK) + JS 0 JS. 

Definition Sq1(a) e Exts+152t(HSK A K, H*S2n) is the 

element represented by the composition 

Ds-^(aaa): H^CS^KaS^K) ->• Js+i. Using Proposition 4.5, 

it is easy to check the operations Sq1 are well defined. 

Now let p: eps-^" (S^-sK) S2t-s~^(K a K) be the map 

which pinches out eps-i_^(S^~sK). Recall also the map o 

of Theorem 2.7 composing p with the t-s fold iterate of 

a gives 

ct-s twiT^. s-i_t-sTjr 02t-s-i /T- rr\ 
S ep. K -*• ep S K ->• S (KaK). 

u "̂ S 

Using the naturality of Ext and the induced map from this 

composition we may regard the squaring operations as 

Sq3"; ExtSjtCH*K, H*Sn) + ExtS+1't+1 CH-epJ^K, H„S2n). 
b —S 

Now suppose N is chosen so there is a retraction 

r: eps"^CS^) -*• S21^. If a:S^_sK -> S^, then as in section 3, 

e]?S~*Cal is a map eps~iCSt"sK) S21^. 

Theorem 4.6 If a e Ext detects a, then stably the map 

eps~'i: Ca) is detected by Sqi(a). 

Proof; The main idea of the proof is to use the 

topological map 0 of Proposition 4.2 to produce the 

algebraic maps D1 of Proposition 4.5. 
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Recall [1] that If J(S^) is an infective resolution 

of HX(S^), then an Adams tower Yx so that 

H#(Y /Y ..) = Js is called a realization of the 
s s *t* x 

resolution J*. It is a theorem [1] that any resolution 

can be realized through a stable range. Now suppose Adams 

towers Ys and have been chosen as realizations of 

infective resolutions JSN and IS2N. Note in the stable 

range 

hi((ys a ys)/(ys+1 * ys+1)) = js 9 js. 

Consider the composite 

S1/S1-1,(Ys,Ys/Ys+1Ms+1) -epJ.1(Ys/Ys+1)-.Ws_./Vfs.1.1 

where the first map comes from the representation of ep^X 

as S1 M g J. A X and the second map is induced by 0 as 

in Proposition 4.2. The homology of the left hand space is 

H j f 1  ®  J s  ®  J s  a n d  t h e  h o m o l o g y  o f  t h e  r i g h t  h a n d  

space is I2^1. Then letting g6 HK CS1/S1~1) be the 

"1 "1 
class carried by the top hemisphere of S , let D be 

the composite 

Js ® Js + {g} ® Js ® Js + I23"1, 

i 
Then it is easy to show the maps D satisfy the properties 

in Proposition 4.5 by using the decomposition of with 

two cells- in each dimension. The Theorem then follows from 

the definitions by factoring the map eps-:3"(a) as 

epS"1(St~sK) + epS"i(Yx) + epS"1(Wjt) + S2N. 
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Proof of Theorem 4.1 

Let Xjj and X# be Adams towers for and 

respectively. Since a is a permane:.- cycle, there is a 

N4k 
map ct: S ->• V realizing a. The • 

s 

—r+i, >. oM+k^^N+k+i+r „ , . , . ,, 
ep (a): S RP

N+lc "" X2s-i-r y r,r,°P°s:Ltion 

Assume N is divisible by a large enough power of 2 so 

there is a homotopy equivalence S^+lcRP^^+^"+r> 

^ gk+2N^pk+i-(-r^ ^ what follows, we consider the 

construction with respect to the spectral sequence 

associated with the truncated tower 

X2s " X2s-1 -*•••- x2s-r 

in order to reduce indeterminacy-. 

$ 8 
Let Y •> W ->• Z denote the cofibration given by 

JLpk+l qM pk+i+r ~MRpk+i+r S RPk - S RPk S RPk+i+1. 

Also let y, w, and z denote the top cohomology classes 

of these spaces. Then by 4.6, ep"i+r(a) is detected by 

Sq1+rCa) 0 w. 

* * PW 
Now- the construction f ' : Er(W,S ) -> E#(Y, S ) 

Csee 1.22) gives by 4.6 

Sq1+rCa) 0 w Sq1(a) ® y . 

The coboundary- S: E(Y,S2M) E(Z,S2N) gives 

Sq^Ca) 0 y- •+ I where £ is the sum in the statement of 
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the Theorem, using the term of section 1. Applying 

Theorem 1.24 in the modified-truncated tower spectral 

sequence, letting Z = y in the statement of 1.24, we see 

that the only possibility for 6 is Sqi+r(a) ® xk+i+r* 

This gives the differential in the spectral sequence for the 

cohomotopy of Z as desired. 

Notation: Elements in EgCS11) will he denoted by the 

leading terms of their representatives in the E^ term of 

section 1. For instance x 0 + x ® A,,A- will be 
n 6 1 n 1 3 

denoted by Ag^ or simply 61. Similarly ^5^1 may be 

denoted by 15,1. See [10] and also [27] for a partial 

calculation of E2(Sn) using the A algebra. 

s t 
Suppose a e E2' is a permanent cycle in the Adams 

spectral sequence for the homotopy of a sphere. 

Theorem 4.7 CKahn, Milgram) There are differentials in the 

stable Adams spectral sequence for the homotopy of spheres. 

d2Sqi+l('a^ = 
= Sq..(a)A0 whenever t-s+i = -1 mod 2 

d3Sqi+2(a) = 
= Sq1(a)A1 t-s+i = -1 mod 4 

d5Sqi+*J(a) = 
= Sq^aU^ t-s+i = -1 mod 8 

d9Sq1+8
(a) = = Sq± (a)Xrj t-s+i = -1 mod 16 

Proof: By Theorem 4.1 

9 xt-s+i+r = S<JiCa)V-l 8 xt-s+i+r + E 

where E is a sum of terms in lower cells x. By 2.21, the 

"t*  ̂4* i 
top cell of ^^t-s+i+1 sPlits off, so this differential 
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actually occurs in the spectral sequence for a sphere. 

Notice Theorem 4.1 also shows E is in the image of an 

earlier differential. This completes the proof. 

Theorem 4.1 can be used to generalize Theorem 4.7 to 

find differential formulas involving elements which are 

related by their names in A. 

Theorem 4.8 The following differential formulas' hold in 

the stable Adams spectral, sequence. Notation Sq^ = Sq^(a) 

s t 
where Eg* is a permanent cycle as above. 

d^CSq^^A^) = Sq^A^A-^ whenever t-s+i = 2 or 3 mod 4 

d3 Sqi+2A233 SqiX1233 
tl 

d3 Sqi+2X15 SqiXl,15 ~ SqiX13,3 

d3 Sqi+2A24lll SqiA124lll 
If 

d3 Sqi+2A53 SqiA153 SqiA333 
I! 

Sq±+3^33 ~ ^qiX233 

d4 Sqi+3A4lll = SqiA24lll 

d5 Sqi+4A3 - Sc*iX33 

t-s+i = 3 mod 4 

t-s+i = 5 or 7 mod 8 

d5 Sqi+4A33 = SqiX333 

d6 Sqi+5A4lll = SqiA44lll 

d8 Sqi+7A233 = SqiA6233 

t-s+i = 4, 5, 6 or 7 mod 8 

t-s+i = 7 mod 8 

t-s+i = 7 mod 8 

d9 Sqi+8A7 
t-s+i = 11 mod 16 

d10Sqi+9A333 ~ SqiA8333 
t-s+i = -1 mod 8 
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Remark The whose image is Sq^A^^ is of special 

interest because its image is the same as the image of a 

given by Milgram [19, p. 172]. The d.^ occurs only 

when t-s+i = 21 mod 32 and so the d^ has already killed 

its image. The differential involving and the last 

differential involving ^8333 are interesting because A^ 

and ^8333 are no1: ^2 cy°les * 

Proof: We give the proof for the d^ involving 24111, 

the others are similar. Using the notation of Theorem 4.12, 

we get 

d^CSq^^ ® xlc+^+2) = ® xk+i+2 + terms in lower cells x. 

* 
Let xk+i+2 frcmology class dual to xic-t-i+2* 

we have consulting Mahowald's tables [15, p. 52] that 

xk+i+2 ® 24111 is the leading term of a permanent cycle in 

the spectral sequence ECS, RPjt+i+1^• Using the composition 

E(RP, S) ® E(S,RP ) -» E(S,S ) we get 

d3^Sqk+i+2A2^111') = SqiA124lll + other terms-

* 
Because the lower terms of xic+j.+2 ® ^24111 contain 

w 
terms x, ,, ® AT where A„AT is not admissible, we do 

k+i+l 10 1 

not know yet that Sqi'>li^24lll is lea(^lnS term of 

the image of the differential. This could be settled by an 

extended A calculation. However, in many cases there is 

an easier method. Let £ denote the image of the d^. 

Then it is not hard to see that in of section 1 
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dl^Xk+i+2 ® A24lll + lower terms) = \+1 ® s-

Consulting Mahowald's tables we see the image of this 

* 
must be nonzero in because xjc+i+2^2 4111 is n0't; 

a '.'.lass in E2(RPlc+i)- Thus Z is not zero and so must 

represent 124111, since this is the only element in the 

'box'. This completes the proof. 

The rest of this section collects some examples of 

applications of the extended powers to the homotopy of 

spheres. 

Theorem. 4.9 In the stable 2-component of the homotopy of 

spheres the following relations hold. 

2 
2a = 0 if stem a = -1 mod 2 

2 
na =» 0 if stem a = -1 mod 4 

2 
vot = 0 if stem a = -1 mod 8 

2 
aa = 0 if stem a = -1 mod 16 

3.e0i^ = 0 if stem a = 2^+^ - stem g. - 2 mod + ̂ 
J J 

t 
where 3j is the j generator of the image of J (3^ = v 

in the 3 stem) . 

Proof: Consider ep(a): ep(S^+^) -> where k is 

the stem of a. Here N is assumed to be divisible by a 

sufficiently large power of 2 so that there is a retrac­

tion ep(S^) S^n in the range of interest. 

(.Proposition 2.17). Now by corollary 2.8, 

ep(Sk+^) = Sk+:NRPk+n. By Theorem 2.2, (and the fact N is 
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divisible by a large power of 2) there is a map which is 

. , . c2(k+N) 
an inclusion on S 

q2 (k+N) | | 2k+2N+stem3+l ^ak+NDTJ S U6 e + S RPk+N 

provided stem 3+1 = (k + stem 3+1) where g is an odd 

multiple of the generator of the image of J. Equivalently 

stem' 3 + 1 = 8c + 2d and k + 8c + 2d + 1 = (odd) 2'4d+d. 

Now if stem 3 +1 = 8c + 2d, then 4c + d = j +2. Finally 

we get k + stem 3^ + 2 = (odd)2^+^ and so 

stem a = k = 2^ + 2 - stem 3- - 2 mod 2J' + ̂. Now on 

the map ep(ot) is equal to a . Since 3 is evidently 

zero into the bottom cell of the two cell complex, we have 

2 
3 a  = 0  a s  d e s i r e d .  

The theorem can be extended to elements not in the 

k+1 
image of J as follows. Suppose y e TT#(S ) and y 

goes to zero under the map 

GN+k+i SN+1RPk, 

2 
then ya =0 when a is in stem k. For example let 

£ e k0 element is detected by ^233 ln 

e2Csn). 
p 

Proposition 4.10 ea =0 when stem a = 2, 3 or 7 mod 8. 

Proof: Consult Mahowalds tables [15, p. 52] to see 

that e goes to zero under the map S^+^ -* S^RP^ when k 

is as specified. When k = 2 mod 8, there is nothing in 

the 'box'. When k = -1 mod 4, the only possibility is 
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that the element has jumped to filtration Since there 

is no homotopy element in filtration 4, stem 8, for the 

lowest cell, we are done. 

Remark; Mahowalds tables list elements according to the 

skeletal filtration. Thus any element in the image 

S k S IT S -*• TT# RP^ must be detected on the lowest cell. 

Example 4.11 If k = stem a = 1 mod 4 then 

2 
2x e {a , 2, nl for some x. 

Proof: Stably the following composition is in the 

Toda bracket 

q2k+2N+2 \ qk+NRp 
eP(°0. 2N 

£> £> RPk+N + S 

where fi is a coextension of r) over the attaching map of 

the second cell of RP^+^. Consulting M.T. again gives 

the result. 

Proposition 4.12 Suppose k = stem = 2 mod 4. Then 

2 i 
na = 2ep (a). 

Proof: The first three cells of RP^ are 

csk V sk+1) Un+2ek+2 

where the attaching map of the top cell is the sum of t) 

into the k = sphere and 2 into the k+1 sphere. 

Proposition 4,13 Suppose 2a = 0 and k = stem = 2 mod 4. 

Then 

0 e {a, 2, a}. 
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Proof: By Theorem 3-13, 2ep"L(a) e {a, 2, a}. Thus by 

2 2 
Proposition 4.12, na e {a, 2, a}. Since na is in the 

indeterminacy of the bracket, 0 e {a, 2, a} as desired. 

2 2 
Remark Proposition 4.13 shows 0 e {a , 2, a }. Theorem 

2 1 
4.9 shows t \ c  =0. Since ep (2) = ri, Theorem 3-13 shows 

2 
0 e {2, a , 2}. These facts are enough to construct the 

2 2 
bracket {2, a , 2, a }. One can show if 

2 2 2 
x e {2, a , 2, a } then x is detected by h^ in in 

the 30 stem. Similarly using 20^ =0, we get 

0 e {0^, 2, 0^} where 0^ = x. 

Proposition 4.14 Suppose k = stem a = 2 mod 4 and 2a = 0. 

2 
Then na =0. 

Proof; 2a = 0 implies na e {2, a, 2} because 

ep1C2) = n- So na2 e {2, a, 2} = 2{a, 2, a}. By 4.13, 

{a, 2, a} consists of its indeterminacy, that is 

compositions with a. So, since 2a = 0, we are done. 

Finally the following Proposition is an interesting 

example. 

Proposition 4.15 Given that detects an element in 

the homotopy of spheres of Hopf invariant v, then h^h^l^ 

p 
+ ^"S a Permanen"t cycle of Hopf invariant v . 

Proof: Using the known results [13] it is easy to see 

2 -l 
Sq (h^h^) = h^tuh,, + Now ep (h^h.^) is a map 

from a wedge of spheres. Hence the element detects a map 

from a sphere to a sphere as asserted. The statement about 
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the Hopf invariant follows from Theorem 3.1. It is known 

[16] that there is no unstable element of Hopf Invariant 

2 
v in this stem. 

Corollary 4.16 Since h^h^ detects an element in the 

homotopy of spheres for any i according to Mahowald, 

so does (when not zero in )• 
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