Lecture Notes on Topology

for MAT3500/4500
following J. R. Munkres’ textbook

John Rognes

November 29th 2010



Contents

Introduction v
1 Set Theory and Logic 1
1.1 (§1) Fundamental Concepts . . . . . . . .. . ... ... 1
1.1.1 Membership . . . . . . . . .. 1
1.1.2 Inclusion and equality . . . . . .. .. .. . L L oL 1

1.1.3 Intersection and union . . . . . . . .. .. Lo 2
1.1.4 Difference and complement . . . . .. ... ... ... ... .. ... ... 2

1.1.5  Collections of sets, the power set . . . . . . ... ... ... ... .. ... 3

1.1.6  Arbitrary intersections and unions . . . . . . ... ... 3
1.1.7  Cartesian products . . . . . . . ..o e 4

1.2 (§2) Functions . . . . . . . . . . 4
1.2.1 Domain, range and graph . . . . . .. .. .. L L Lo 4
1.2.2 Image, restriction, corestriction . . . . . . . . . .. ... ... L. )
1.2.3 Injective, surjective, bijective . . . . . .. ... o 0oL 5
1.2.4 Composition . . . . . . . .. e 5
1.2.5 Imagesof subsets . . . . . . . . . . L 6

1.2.6 Preimages of subsets . . . . . . .. .. o 7

1.3 (85) Cartesian Products . . . . . . . . . ... 7
1.3.1 Indexed families . . . . . . .. .. . 7

1.3.2  General intersections and unions . . . . . . ... ... ... 8

1.3.3 Finite cartesian products . . . . . . . .. ... L oL 8
1.3.4 Countable cartesian products . . . . . .. ... ... oL 9

1.3.5  General cartesian products . . . . . . . . ... ..o 9

1.4 (86) Finite Sets . . . . . . . L 10
1.4.1 Cardinality . . . . . . . .. 10
1.4.2 Subsets . . . . .. 11
1.4.3 Injections and surjections . . . . . .. ... ... L Lo 11

2 Topological Spaces and Continuous Functions 13
2.1 (§12) Topological Spaces . . . . . . . . .. L 13
2.1.1 Opensets . . . . . e e 13
2.1.2 Discrete and trivial topologies . . . . . . . . ... 13
2.1.3 Finite topological spaces . . . . . . . . . ... Lo 14
2.1.4 Coarser and finer topologies . . . . . . . .. .. .. oL 15
2.1.5  The cofinite topology . . . . . . . . .. 15
2.1.6  Metric spaces . . . . . . . ..o 16

2.2 (§13) Basis fora Topology . . . . . . . . .. 17
221 Bases . .. .. e 17



2.2.2  From bases to topologies and back . . . . . . ... ... 0L 18

2.2.3 Comparing topologies using bases . . . . . . . .. ... ... 19
2.2.4 Subbases . . . ... 20
2.3 (§15) The Product Topology on X XY . . . . . . ... ... ... .. 20
2.3.1 A basis for the product topology . . . . . . ... ... ... ... ... .. 20
2.3.2 A subbasis for the product topology . . . . .. .. ... ... ... ... 21
2.4 (§16) The Subspace Topology . . . . . . . . . .. . 22
2.4.1 Subspaces . . . . ... e e e 22
2.4.2 Products vs. subspaces . . . . . ... Lo o 23
2.5 (§17) Closed Sets and Limit Points . . . . . ... ... ... 24
2.5.1 Closed subsets . . . . . . . . . .. 24
2.5.2 Closure and interior . . . . . . . . . ... e 25
2.5.3 Closurein subspaces . . . . . . . . . . ... 26
2.5.4 Neighborhoods . . . . . . . . . .. . . 26
2.5.5 Limit points. . . . . . . . L 27
2.5.6 Convergence to a limit . . . . . . . . . ... Lo o 27
2.5.7 Hausdorff spaces . . . . . . . . . ... 28
2.5.8 Uniqueness of limits in Hausdorff spaces . . . . . . ... .. .. ... ... 28
2.5.9 Closed sets and limits points in Hausdorff spaces . . . . . . .. ... ... 28
2.5.10 Products of Hausdorff spaces . . . . . . . . ... ... ... ... ... . 29
2.6 (§18) Continuous Functions . . . . . . ... ... Lo 29
2.6.1 Continuity in terms of preimages . . . . . . . . . . .. ... ... ... 29
2.6.2 Continuity at apoint . . . . . . ... 30
2.6.3 Continuity in terms of closed sets and the closure . . . . . ... ... ... 30
2.6.4 Homeomorphism = topological equivalence . . . . ... .. .. ... ... 31
2.6.5 Examples and nonexamples . . . . . . ... ..o 32
2.6.6 Constructing maps . . . . . . . . ..o e 32
2.6.7 Mapsinto products. . . . . . ... 34
2.7 (§19) The Product Topology . . . . . . . . . . .. 34
2.7.1 Properties of general product spaces . . . . .. .. ... .. ... ... .. 35
2.8 (§20) The Metric Topology . . . . . . . . . . .. 36
2.8.1 Bounded metrics . . . . . ... L 36
2.8.2 Euclidean n-space . . . . . . . . .. 36
2.8.3 Infinite dimensional Euclidean space . . . . . . . . ... .. ... ... .. 37
2.9 (§21) The Metric Topology (continued) . . . . . . . .. ... ... ... ...... 38
2.10 (§22) The Quotient Topology . . . . . . . . . . . 39
2.10.1 Equivalence relations . . . . . . . .. ... Lo 40
2.10.2 Quotient maps . . . . . ... L e e 40
2.10.3 Open and closed maps . . . . . . . . . . o i e 41
Connectedness and Compactness 46
3.1 (§23) Connected Spaces . . . . . ... .. 46
3.1.1 Disjoint unions . . . . . . ..o 46
3.1.2 Separations . . . . . . ... 46
3.1.3 Constructions with connected spaces . . . . . . .. ... ... ... .... 47
3.2 (§24) Connected Subspaces of the Real Line . . . . . . ... ... ... ... ... 48
3.2.1 Path connected spaces . . . . . . . ... 49
3.3 (§25) Components and Local Connectedness . . . . . . .. ... ... ... .... 50
3.3.1 Path components . . . . . .. . ... L L 51

ii



3.3.2 Locally connected spaces . . . . . . .. ..o
3.4 (§26) Compact Spaces . . . . . . ... e
3.4.1 Open covers and finite subcovers . . . . . . .. .. ... L.
3.4.2 Compact subspaces of Hausdorff spaces . . . . .. ... .. ... .....
3.4.3 Finite products of compact spaces . . . . . .. .. .. ...
3.4.4 The finite intersection property . . . . . . . . . .. ...
3.5 (§27) Compact Subspaces of the Real Line . . . . . .. .. .. ... ... .. ...
3.5.1 The Lebesgue number . . . . . . . .. ... ...
3.5.2  Uniform continuity . . . . . . . . ... L o
3.6 (§28) Limit Point Compactness . . . . . . . . .. ... o
3.7 (§29) Local Compactness . . . . . .. ...
3.7.1 The one-point compactification . . . . . . . .. ... L 0oL
3.7.2 The local nature of local compactness . . . . . .. .. ... ........

Countability and Separation Axioms

4.1 (§30) The Countability Axioms . . . . . . . . ... ... .. ... ...
4.1.1 First- and second-countable . . . . . .. ..o 0oL
4.1.2 Dense, Lindelof, separable . . . . . . .. ... ... ... ... .......

4.2 (§31) The Separation Axioms . . . . . . . . . ... ...

4.3 (§32) Normal Spaces . . . . . . . . oo

4.4 (§33) The Urysohn Lemma . . . . . . ... ... ... ... ... .. ...,
4.4.1 Completely regular spaces . . . . . . . . . ... o

4.5 (§34) The Urysohn Metrization Theorem . . . . . . .. . ... .. ... ... ...
4.6 (8§35) The Tietze Extension Theorem . . . . . . . . .. .. ... ... .. .....
4.7 (§36) Embeddings of Manifolds . . . . ... ... ... 0oL

The Tychonoff Theorem
5.1 (§37) The Tychonoff Theorem . . . . . . . . ... ... ... ... ... ......
5.1.1 The profinite integers . . . . . . . . ...

Complete Metric Spaces and Function Spaces

6.1 (§43) Complete Metric Spaces . . . . . . . . ... Lo

6.2 (§45) Compactness in Metric Spaces . . . . . . . ... .o oo Lo

6.3 (§46) Pointwise and Compact Convergence . . . . . . . . . . . .. ... ... ...
6.3.1 Function spaces . . . . . . . . . . . e
6.3.2 Mapping spaces . . . . . . ... .ot e e e e e
6.3.3 Joint continuity . . . . . . .. ..o

The Fundamental Group
7.1 (§51) Homotopy of Paths . . . . ... ... .. o o
7.1.1 Path homotopy . . . . . . . . . . . .
7.1.2 Composition of paths . . . . . . .. ... Lo o
7.2 (8§52) The Fundamental Group . . . . .. ... ... ... ... .. ........
7.2.1 The fundamental group . . . . . . .. ... ... o
7.2.2 Functoriality . . . . . . . . . . .
7.2.3 Dependence on base point . . . . .. . ...
7.3 (853) Covering Spaces . . . . . . . .. o oo
7.4 (8§54) The Fundamental Group of the Circle . . . . . . . ... ... ... ... ..
7.5 (855) Retractions and Fixed Points . . . . . ... ... ... ... L.
7.6 (858) Deformation Retracts and Homotopy Type . . . . . .. ... ... ... ..

iii

64
64
64
65
66
66
66
67
67
68
68

69
69
69

73
73
73
74
74
76
78



7.7
7.8

(859) The Fundamental Group of S™ . . . . . . ... ... ... ... ... ... 88

(860) Fundamental Groups of Some Surfaces. . . . . .. ... ... ... ... .. 89
7.8.1 Cartesian products . . . . . . . ... 89
7.8.2 Avretraction . . . . . . . . . 91
7.8.3 3-manifolds . . . . . ... 91

v



Introduction

Topology (from Greek topos [place/location] and logos [discourse/reason/logic|) can be viewed
as the study of continuous functions, also known as maps. Let X and Y besets, and f: X — Y
a function from X to Y. In order to make sense of the assertion that f is a continuous function,
we need to specify some extra data. After all, continuity roughly asserts that if x and y are
elements of X that are “close together” or “nearby”, then the function values f(z) and f(y)
are elements of Y that are also close together. Hence we need to give some sense to a notion of
closeness for elements in X, and similarly for elements in Y.

In many cases this can be done by specifying a real number d(z,y) for each pair of elements
x,y € X, called the distance between z and y, and saying at x and y are close together if
d(x,y) is sufficiently small. This leads to the notion of a metric space (X, d), when the distance
function (or metric) d satisfies some reasonable properties.

The only information available about two elements x and y of a general set X is whether
they are equal or not. Thus a set X appears as an unorganized collection of its elements, with
no further structure. When (X, d) is equipped with a metric, however, it acquires a shape or
form, which is why we call it a space, rather than just a set. Similarly, when (X, d) is a metric
space we refer to the x € X as points, rather than just as elements.

However, metric spaces are somewhat special among all shapes that appear in Mathematics,
and there are cases where one can usefully make sense of a notion of closeness, even if there
does not exist a metric function that expresses this notion. An example of this is given by the
notion of pointwise convergence for real functions. Recall that a sequence of functions f,, for
n=1,2,... converges pointwise to a function g if for each point ¢ in the domain, the sequence
fn(t) of real numbers converges to the number g(t). There is no metric d on the set of real
functions that expresses this notion of convergence.

To handle this, and many other more general examples, one can use a more general concept
than that of metric spaces, namely topological spaces. Rather than specifying the distance
between any two elements x and y of a set X, we shall instead give a meaning to which subsets
U C X are “open”. Open sets will encode closeness as follows:

If x lies within in U, and U is an open subset of X, then all other points y in X
that are sufficiently close to x also lie within U.

The shape of X is thus defined not by a notion of distance, but by the specification of which
subsets U of X are open. When this specification satisfies some reasonable conditions, we call
X together with the collection of all its open subsets a “topological space”. The collection of
all open subsets will be called the topology on X, and is usually denoted 7.

As you can see, this approach to the study of shapes involves not just elements and functions,
like the theory of metric spaces, but also subsets and even collections of subsets. In order to
argue effectively about topological spaces, it is therefore necessary to have some familiarity
with the basic notions of set theory. We shall therefore start the course with a summary of the
fundamental concepts concerning sets and functions.



Having done this, we can reap some awards. For instance, the definition of what it means for
a function f: X — Y, from a topological space X to a topological space Y, to be continuous,
is simply:

For each open subset V in Y the preimage f~!(V) is open in X.

This may be compared with the (e, d)-definition for a function f: X — Y, from a metric space
(X,d) to another metric space (Y, d), to be continuous:

For each point x in X and each e > 0 there exists a § > 0 such that for each point
y in X with d(x,y) < 0 we have d(f(z), f(y)) <.

It may be worth commenting that the definition of a topological space may seem more
abstract and difficult to fully comprehend than the subsequent definition on a continuous map.
The situation is analogous to that in linear algebra, where we say that a function f: V — W
between real vector spaces is linear if it satisfies

FOz + py) = Af(x) + pf(y)

for all vectors z,y € V and all real numbers A and p (the Greek letters lambda and mu).

However, to make sense of this, we must first give the abstract definition of a real vector
space, as a set V' of vectors, with a vector sum operation +: V x V — V and a scalar multipli-
cation -: R x V' — V satisfying a list of properties. That list in turn presupposes that the set
of real numbers R is a field, which also involves the two operations addition and multiplication
and about nine axioms, expressing associativity, commutativity, existence of neutral elements
and inverses, for both sum and product, plus the distributive law relating the two operations.

The moral is that the axiomatization of the most fundamental objects, such as topological
spaces and real vector spaces, may be so general as to make it difficult to immediately grasp
their scope. However, it is often the relations between these objects that we are most interested
in, such as the properties of continuous functions or linear transformations, and these will then
often appear to be relatively concrete.

Once we have established the working definitions of topological spaces and continuous func-
tions, or maps, we shall turn to some of the most useful properties that such topological spaces
may satisfy, including being connected (not being a disjoint union of subspaces), compact (not
having too many open subsets globally) or Hausdorff (having enough few open subsets locally).
Then we discuss consequences of these properties, such as general forms of the intermediate
value theorem, existence of maximal values, or uniqueness of limits, and many more.

These lecture notes are intended for the course MAT4500 at the University of Oslo, following
James R. Munkres’ textbook “Topology”. The §-signs refer to the sections in that book.

Once the foundations of Topology have been set, as in this course, one may proceed to
its proper study and its applications. A well-known example of a topological result is the
classification of surfaces, or more precisely, of connected compact 2-dimensional manifolds. The
answer is that two facts about a surface suffice to determine it up to topological equivalence,
namely, whether the surface “can be oriented”, and “how many handles it has”. The number
of handles is also known as the genus. A sphere has genus 0, while a torus has genus 1, and the
surface of a mug with two handles has genus 2.

An interesting result about the relation between the global topological type of a surface and
its local geometry is the Gauss—Bonnet theorem. For a surface F' equipped with a so-called
Riemannian metric, it is a formula

/KdA:27T-X
F
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expressing the integral of the locally defined curvature K of the surface in terms of the globally
defined genus g, or more precisely in terms of the Euler characteristic y = 2 — 2¢g. For example,
a sphere of radius r has curvature 1/7? everywhere, and surface area 47r2. The integral of the
curvature over the whole surface is the product of these two quantities, i.e., 4. This equals 27
times the Euler characteristic of the sphere, which is 2.

These results will be covered in the course MAT4510 Geometric Structures.

When considering surfaces given by algebraic equations among complex numbers, such as

2 =1

or
Pryi=1

(with z,y € C) there is also a subtle relationship between the topological type of the solution
surface (known as an algebraic curve, since it has real dimension 2 but complex dimension 1) and
the number of rational solutions to the equation (with z,y € Q). The first equation describes a
sphere, and has infinitely many rational solutions, while the second equation describes a curve
of genus 2, and has only finitely many rational solutions. It was conjectured by Mordell, and
proved by Gerd Faltings in 1983, that any rationally defined algebraic curve of genus greater
than one has only finitely many rational points. In other words, if the defining equation has
rational coefficients, and a topological condition is satisfied, then there are only finitely many
rational solutions.
For more on algebraic curves, see the courses in Algebraic Geometry.
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Chapter 1

Set Theory and Logic

1.1 (§1) Fundamental Concepts

1.1.1 Membership

In naive set theory, a set is any collection of Mathematical objects, called its elements. We
often use uppercase letters, like A or B, to denote sets, and lowercase letters, like x or y, to
denote its elements.

If Ais a set, and z is one of its elements, we write x € A and say that “z is an element
of A”. Otherwise, if = is not an element of A, we write z ¢ A. The symbol “€” thus denotes
membership in a collection.

We can specify sets by listing its elements, as in the set of decimal digits:

D =1{0,1,2,3,4,5,6,7,8,9},
or by selecting the elements of some previously given set that satisfy some well-defined condition:
P ={n e N|nisa prime},
read as “the set of n € N such that n is a prime”. Here
N={1,2,3,...}

is the set of natural numbers (= positive integers). In this case 691 € P, while 693 ¢ P, since
691 is a prime, while 693 = 3-3-7-11 is not a prime. We may also specify the list of elements
by means of an expression, as in the set

S ={n?|neN}

of squares. We shall sometimes use informal notations, like P = {2,3,5,... } and S = {1,4,9,... },
when it should be clear from the context what we really mean.

Note that for any object z, the singleton set {x} is different from =z itself, so = € {z} but
x # {x}. Be careful with the braces!

The empty set @ = {} has no elements, so x ¢ & for all objects x. If a set A has one or
more elements, so that x € A for some object x, then we say that A is nonempty.

1.1.2 Inclusion and equality

Let A and B be sets. We say that A is a subset of B, and write A C B, if each element of
A is also an element of B. In logical terms, the condition is that x € A only if z € B, so
(x € A) = (z € B). We might also say that A is contained in B. For example, {1} C {1,2}.

1



Less commonly, we might say that A is a superset of B, or that A contains B, and write
A D B, if each element of B is also an element of A. In logical terms, the condition is that
xe€Aifz € B,so (r € A) <= (v € B). This is of course equivalent to B C A. For example,
(1,2} > {2}.

We say that A is equal to B, written A = B, if A C B and B C A. This means that x € A
if and only if z € B, so (r € A) <= (x € B). For example, {1,2} = {1, 1,2}, since the notion
of a set only captures whether an element is an element of a set, not how often it is listed.

If A is not a subset of B we might write A ¢ B, and if A is not equal to B we write A # B.
If AC B but A # B, so that A is a proper subset of B, we write A C B.

(In other texts you may find the alternate notations A C B and A C B for A C B and
A C B, respectively.)

1.1.3 Intersection and union

Let A and B be sets. The intersection A N B is the set of objects that are elements in A and
in B:

ANB={z |z € Aandz € B}.
Clearly ANB C Aand AN B C B. We say that A meets B if AN B # & is nonempty, so that

there exists an x with x € AN B, or equivalently, with x € A and = € B.
The union AU B is the set of objects that are elements in A or in B:

AUB={z|ze€Aorxe B}.

Note that “or” in the mathematical sense does not exclude the possibility that both € A and
x € B. Hence AC AUB and BC AUB.

In addition to the commutative and associative laws, these operations satisfy the following
two distributive laws, for all sets A, B and C:

AN(BUC)=(ANB)U(ANC)
AU(BNC)=(AUB)N(AUC)

1.1.4 Difference and complement

Let A and B be sets. The difference A — B is the set of objects of A that are not elements in
B:
A—B={xe€A|x ¢ B}.

Note that A—-BC A, (A—B)NB=@and (A—B)UB=AUB.

We shall also call A — B the complement of B in A. (Some texts denote the difference set
by A\ B, or introduce a notation like CB for the complement of B in A, if B C A and the
containing set A is implicitly understood.)

The complement of a union is the intersection of the complements, and the complement of
an intersection is the union of the complements. These rules are known as De Morgan’s laws:

A—(BUC)=(A-B)n(A-C)
A—(BNC)=(A-B)U(A-C)



1.1.5 Collections of sets, the power set

A set is again a mathematical object, and may therefore be viewed as an element of another set.
When considering a set whose elements are sets, we shall usually refer to it as a collection of
sets, and denote it with a script letter like o7 or Z. (Sometimes sets of sets are called families.)

For example, each student at the university may be viewed as a mathematical object. We
may consider the set of all students:

S ={s| s is a student at UiO}.

Similarly, each course offered at the university may be viewed as another mathematical object.
There is a set of courses
C ={c|cis a course at UiO}.

For each course ¢ € C, we may consider the set F,. of students enrolled in that course:
E.={s € S|sisenrolled in c}.
Now we may consider the collection & of these sets of enrolled students:
&={E;.|ceC}.

This & is a set of sets. Its elements are the sets of the form FE., for some course ¢ € C'. These
sets in turn have elements, which are students at the university.

It may happen that no students are enrolled for a specific course c. In that case, E. = &.
If this is the case for two different courses, ¢ and d, then both F, = @ and F; = @. Hence it
may happen that F, = E; in &, even if ¢ # d in C.

For a given set A, the collection of all subsets B C A is called the power set of A, and is
denoted Z(A):

P(A)={B|BC A}.

For example, the power set Z({a,b}) = {@,{a}, {b},{a,b}} of the two-element set {a,b} has
four elements.

1.1.6 Arbitrary intersections and unions

Given a collection &7 of sets, the intersection of the elements of &/ is

ﬂ A = {x | for every A € &/ we have x € A}
Acd

and the union of the elements of & is

U A = {x | there exists an A € o/ such that x € A}.
Aed

When o = {A, B}, these are the same as the previously defined sets A N B and A U B,
respectively. When o7 = {A} is a singleton set, both are equal to A.

When &/ = @ is empty, the intersection (4., A could be interpreted as the “set of all z”,
but this leads to set-theoretic difficulties. We shall therefore only use that notation if there is a
fixed “universal set” U in the background, so that every other set considered is a subset of U,
in which case (5 A = U. There is no difficulty with the empty union: |J,cn A4 = @.

Returning to the example of students and courses, the intersection



is the set of those students that are enrolled to every single course at the university, which most
likely is empty. The union
B= U E.

E.e&
is the subset of S consisting of those students that are enrolled to one or more courses. They
might be referred to as the active students. The complement, S — B, is the set of students that
are not enrolled to any courses. They might be referred to as the inactive students.

1.1.7 Cartesian products

Given two sets A and B, the cartesian product A x B consists of the ordered pairs of elements
(z,y) with x € A and y € B:

Ax B=A{(z,y)|r € Aand y € B}.

The notion of an ordered pair (x,y) is different from that of the set {z,y}. For example,
(z,y) = («/,y) if and only if z = 2’ and y = 3. (If desired, one can define ordered pairs in
terms of sets by letting (z,y) = {{z},{z,y}}.)

The cartesian product of two copies of the real numbers, R?2 = R x R, is the set consisting
of pairs (z,y) of real numbers. Thinking of these two numbers as the (horizontal and verti-
cal) coordinates of a point in the plane, one is led to René Descartes’ formulation of analytic
geometry, as opposed to Euclid’s synthetic approach to geometry.

1.2 (§2) Functions

1.2.1 Domain, range and graph

A function f from a set A to a set B is a rule that to each element z € A associates a unique
element f(z) € B. We call A the domain (or source) of f, and B the range (or codomain, or
target) of f. We use notations like f: A — B or

AL B
to indicate that f is a function with domain A and range B. Note that the sets A and B are
part of the data in the definition of the function f, even though we usually emphasize the rule
taking x to f(x).
Sometimes that rule is defined by some explicit procedure or algorithm for computing f(z)

from z, such as in

3r+1 if zisodd

flx) = L
x/2 if z is even

for natural numbers x, but we make no such assumption in general.
In set theoretic terms, we can define a function f: A — B to be the subset of A x B given
by its graph, i.e., the subset

I'y={(z, f(z)) e Ax B |z € A}.

(Here I' is the Greek letter Gamma.) The subsets I' C A x B that arise in this way are
characterized by the property that for each x € A there exists one and only one y € B such
that (z,y) € I.

Hence we can define a function f to be a triple of sets (A, B,T"), with I' C A x B having the
property that for each element = € A there exists a unique y € B with (x,y) € T'. In this case
we let f(z) =y and call y the value of f at the argument x. We call A the domain and B the
range of f.



1.2.2 Image, restriction, corestriction

Let f: A — B be a function. The image of f is the subset

f(A)={f(x) e B|xze A}

of the range B, whose elements are all the values of f. The image may, or may not, be equal
to the range. (Other texts may refer to the image of f as its range, in which case they usually
have no name for the range/codomain /target.)

If S C A is a subset of the domain, we define the restriction of f to S to be the function
fIS: S — B given by (f|S)(x) = f(x) for all z € S. In terms of graphs, f|S corresponds to the
subset

T N (S X B )

of § x B, where I'y C A x B is the graph of f.
If T C B is a subset of the range, with the property that f(A) C T, then there is also
a well-defined function g: A — T given by g(x) = f(z) for all x € T. In terms of graphs, g
corresponds to the subset
T N (A X T)

of A x T. There does not seem to be a standard notation for this “corestriction” of f. Note
that this construction only makes sense when the new range 71" contains the image of f.

1.2.3 Injective, surjective, bijective

Let f: A — B. We say that f is injective (or one-to-one) if f(z) = f(y) only if z = y, for
x,y € A. We say that f is surjective (or onto) if for each y € B there exists a * € A with
f(z) =y. Note that f is surjective if and only if its image equals its range, f(A) = B.

We say that f is bijective (or a one-to-one correspondence) if it is both injective and sur-
jective, so that for each y € B there exists one and only one z € A with f(x) = y. A bijective
function is also called a bijection.

When f: A — B is bijective, we can define a new function f~': B — A, with the domain
and range interchanged, by the rule that takes y € B to the unique = € A such that f(z) = y.
Hence f~!(y) = x precisely when y = f(z). We call f~! the inverse function of f.

Note that the graph of f~! is obtained from the graph of f by interchanging the two factors
in the cartesian product A x B. It is the subset

Ip1 = {(y,2) € Bx A (2,y) €Ty}

of B x A.

The inverse function is not defined when f is not bijective. If the restriction f|S of f to a
subset S C A is injective, and we let T' = f(S) be the image of the restricted function, then
the resulting function g: S — T is bijective, and has an inverse function g~': T — S. (Various
abuses of notations are common here.)

1.2.4 Composition

Let f: A — B and ¢g: B — C be functions, such that the range of f equals the domain of g.
The composite function go f: A — C is then defined by the rule

(g0 f)(x) = g(f(x))



for all x € A. We often abbreviate go f to gf. The graph I'y¢ of gf is the subset
{(z,2) € A x C | there exists a y € B with (z,y) € I'y and (y,2) € I'y}

of Ax C.

When f: A — B is bijective, with inverse function f~!: B — A, the composite f~1of: A —
A is defined and equals the identity function ids: A — A taking x € A to x € A. Furthermore,
the composite fo f~': B — B is defined, and equals the identity function idg: B — B taking
ye Btoye B.

Composition of functions is unital and associative, so that foids = f = idg o f and
(hog)of=ho(gof) (for h: C — D), but hardly ever commutative. Even if A = B = C, so
that both go f and f o g are defined and have the same domains and ranges, it is usually not
the case that g(f(x)) = f(g(x)) for all x € A, so usually go f # fog. One exception is the
case when f = g.

The composite go f: A — C of two bijections f: A — B and g: B — C' is again bijective,
with inverse (go f)~ ' = f~log™L.

Let f: A— B and S C A. Define the inclusion function i: S — A by the rule i(x) = x for
all x € S. This is not the identity function, unless S = A. The composite f oi: S — B equals
the restriction f|S: S — B, since these functions have the same sources and ranges, and both
map x € S to f(z) € B.

Let T' C B and assume that f(A) C T. Let j: T'— B be the inclusion function given by
the rule j(y) = y for all y € T. Then the corestriction g: A — T of f is characterized by the
property that jog = f.

1.2.5 Images of subsets

Let f: A — B be a function. For each subset S C A we let the image f(S) C B of S under f
be the set of values

f(8)={f(x) e Bz €S}
of f, as the argument x ranges over S. When S = A, this agrees with the image of f.
The rule taking S to f(.5) defines a function

f: 2(A) - 2(B).

Using the same notation for this function and the original function f: A — B is an abuse of
notation. Since the two functions are defined on disjoint sets, namely for z € A and S € Z(A),
respectively, one can usually avoid confusion by inspecting the argument of f, but some care is
certainly appropriate.

The image function f respects inclusions and unions: If S C T C A, then

f(8) c A(T).
Similarly, if S,T C A, meaning that S C A and T C A, then
f(SUT) = f(S)U f(T).
For intersections, we only have the inclusion
F(SNT) C f(S)Nf(T)

in general. The inclusions SNT C S and SNT C T imply inclusions f(SNT) C f(S) and
f(SNT) C f(T), and these imply the displayed inclusion. If f is injective, we have equality,
but in general this can be a proper inclusion.



For complements, we have the inclusion

(1) = f(5) C /(T = 5)

for S,T C A, with equality if f is injective, but no equality in general.

1.2.6 Preimages of subsets

Let f: A — B as before. For each subset T C B we let the preimage f~*(T) C A of T under f
be the set of arguments

[T = {z e Al fla) € T}

for which f takes values in 7. When T' = B this is all of A. (The preimage is also called the
inverse image.)
The rule taking T to f~(T") defines a function

L 2(B) — 2(A).

Note that we use this notation also in the cases where f is not bijective. So the use of the
notation f~1(7T") for the preimage of T under f does not imply that f is invertible.

In the special case when f: A — B is bijective, so that the inverse function f~!': B — A is
defined, we have the equality of sets

{reA|fl@)eTt={f"(y)eAlyeT}

so that the preimage f~(T) of T under f is equal to the image f~!(T) of T under f~!. Hence
the potential conflict of notations does not lead to any difficulty.

The preimage function f~! respects inclusions, unions, intersections and complements: If
S CT C B, then

FHS) ).
If S,T C B, then

and
FHS=T) = f71(8) - fH(D).
The image and preimage constructions satisfy the relations
SCfHf(S) and f(fTHT))CT
for f: A->B,SCAand T C B.

1.3 (8§5) Cartesian Products

1.3.1 Indexed families

Let & be a collection of sets. An indexing function for &7 is a surjective function f: J — &
from some set J to &/. We call J the index set, and we call the collection &/ together with the
indexing function f an indexed family of sets.
If
o ={A1, A, ..., An} = {Ai}i
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is a finite collection, with n > 0, we may let J = {1,2,...,n} and let f(i) = A; for 1 <i < n.
If
o ={A1, Ay, } = {A}S,

is a countably infinite sequence of sets, we may let J = N and let f(i) = A; for ¢ € N. In
general, we often use the notation A, = f(«), so that f is the rule taking a to A,, and the
indexed family is denoted

{Aa}aeJ .

The surjectivity of f ensures that each set A € &7 occurs as A, = f(«) for some o € J. We
do not require that f is injective, so we may have A, = Ag even if o # 3 in J.

1.3.2 General intersections and unions

We use the following alternate notations for general intersections and unions of sets. Let &7 be
a collection of sets, with indexing function f: J — < as above.
If &7 is nonempty (so J is nonempty, too), we define

N4a= 4
aeJ Aed

to be the set of x such that z € A, for all « € J, which is the same as the set of x such that
re Aforall Ae .

In general, we define

UAa: UA

acJ Acd

to be the set of x such that z € A, for some « € J, or equivalently, such that x € A for some
Acd.
If o ={Ay,Ay,..., Ay} with n > 1 we also write

ﬂAi:AlﬂAzﬂ'”ﬂAn
=1

for the intersection of the sets in &7, and
n
UAZ =A1UAU---UA,
i=1

for the union, and similarly in the countably infinite case.

1.3.3 Finite cartesian products

Let n > 0. Given a set X, an n-tuple of elements in X is a function
x:4{1,2,...,n} - X.

Writing x; = x(i) for its value at 1 < i < n, the function is determined by its list of values,
which is the ordered n-tuple
(Ti)iz1 = (z1, 22, ., ) .
A family of sets &7 = {A1, Aa,..., A} indexed by the set J = {1,2,...,n} is equivalent to
an ordered n-tuple of sets (Ay, As, ..., A,). Let

X=AUAU---UA,
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be the union of the n sets. We define the cartesian product of this indexed family, denoted
n
HAl:Al XA2 Xoee XAn,
i=1

to be the set of all n-tuples (x1,z2,...,2,) in X where x; € A; for each 1 < i < n.
If all of the sets A; are equal, so that each A; = X, we write

X"=XxXx---xX

(n copies of X) for the n-fold cartesian product of X. It is the set of all n-tuples in X.

1.3.4 Countable cartesian products
We use similar notation for sequences in X, which are functions
r:N— X

or ordered sequences
(i) = (21,2,...).

(These are also called w-tuples, where w is the Greek letter omega.) Given a sequence of sets
o = (A;)°, = (A1, Ag,...) welet X =(J;2; A; be the union, and define the cartesian product

lo_O[ZA1XA2X...
i=1

to be the set of all sequences (z1,x2,...) in X such that z; € A; for each i € N.
When all A; = X, we write
o0
xv =[x
i=1

for the countably infinite product of copies of X. It is the set of sequences in X.

1.3.5 General cartesian products
Let J be any indexing set. Given a set X, a J-tuple of elements in X is a function
z:J — X.

Writing z, = z(«a) for its value at o € J, the a-th coordinate of x, we can also denote the
J-tuple x by its values (z4)acs-
Let {Aq}acs be an indexed family of sets, with union X =

denoted
[1 4a
acJ

acy Aa- Its cartesian product,

is the set of all J-tuples (x4 )aes of elements in X such that z, € A, for all @ € J. In other
words, it is the set of functions
r:J— U A,

acJ

such that z(«a) € A, for all a € J.
When all A, = X, we write
x'=1[x

acJ

for the J-fold product of copies of X. It is the set of functions x: J — X.

9



1.4 (§6) Finite Sets

1.4.1 Cardinality

For each nonnegative integer n, the set

{1,2,...,n}

of natural numbers less than or equal to n is called a section of the natural numbers N. For
n = 0 this is the empty set &, for n = 1 it is the singleton set {1}.

Lemma 1.4.1. If there exists an injective function
fAL2,...,m} —{1,2,...,n}
then m < n.

Proof. We prove this by induction on n > 0. For n = 0 this is clear, since there only exists a
function {1,2,...,m} — @ if m = 0. For the inductive step, let n > 1 and suppose that the
lemma holds for n — 1. Let f: {1,2,...,m} — {1,2,...,n} be injective. Let f(m) = k. Then
f restricts to an injective function g: {1,2,...,m —1} — {1,2,...,n} — {k}. Define a bijection
h:{1,2,...,n} —{k} = {1,2,...,n—1} by h(z) = = for x # n, and h(n) = k. (If K = n we let
h be the identity.) The composite hog: {1,2,...,m —1} — {1,2,...,n — 1} is injective, so by
the inductive hypothesis we know that m — 1 < n — 1. It follows that m < n, as desired. U

Corollary 1.4.2. There does not exist an injective function f: {1,2,...,m} — {1,2,...,n} if
m>n.

Proposition 1.4.3. If there exists a bijection f: {1,2,...,m} — {1,2,...,n} then m = n.

Proof. Both f and its inverse f~! are injective, so by the previous lemma we have m < n and
n < m. Thus m = n. |

Corollary 1.4.4. There does not exist a bijective function f: {1,2,...,m} — {1,2,...,n} if
m#n.

Definition 1.4.5. A set A is finite if there exists a bijective function f: A — {1,2,...,n} for
some n > 0. In this case, we say that A has cardinality n.

For example, the empty set is finite with cardinality 0, and each singleton set is finite with
cardinality 1.

Lemma 1.4.6. The cardinality of a finite set A is well-defined. That is, if there exists bijections
frA={1,2,...,n} and g: A — {1,2,...,m} for some m,n >0, then m = n.

Proof. The composite
fog t:{1,2,....m} —{1,2,...,n}

is a bijection, with inverse g o f~!, so m = n by the proposition above. U
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1.4.2 Subsets

Lemma 1.4.7. Let A C {1,2,...,n} be a subset. There exists a bijection f: A — {1,2,...,m}
for some m < n. Hence A is a finite set, of cardinality < n.

Proof. We prove this by induction on n > 0. For n = 0 it is clear, since the only subset of
@ is @. For the inductive step, let n > 1 and suppose that the lemma holds for n — 1. Let
A C{1,2,...,n} be asubset. If n ¢ A, then A C {1,2,...,n — 1}, so there exists a bijection
f+ A—{1,2,...,m} for some m < n—1 by the inductive hypothesis. Hence m < n. Otherwise,
we have n € A. Let B=A—{n}. Then B C {1,2,...,n— 1}, and by the inductive hypothesis
there exists a bijection g: B — {1,2,...,k} for some k < n—1. Let m = k+1, so m < n. Define
the bijection f: A — {1,2,...,m} by f(z) = g(z) if z € B and f(n) = m. This completes the
inductive step. ]

Proposition 1.4.8. Let A C {1,2,...,n} be a proper subset. Then the cardinality of A is
strictly less than n, so there does not exists a bijection f: A — {1,2,...,n}.

Proof. Since A is a proper subset, we can choose a k € {1,2,...,n} with k¥ ¢ A. Define a
bijection h: {1,2,...,n} — {1,2,...,n} by h(k) = n, h(n) = k and h(z) = x for the remaining
x. Let B = h(A), so that h|A: A — B is a bijection. Then B C {1,2,...,n — 1}, so by
the lemma above there is a bijection g: B — {1,2,...,m} with m < n — 1. The composite
go(h|A): A — {1,2,...,m} is then a bijection. Hence the cardinality of Aism <n—1<n. O

Theorem 1.4.9. If A is a finite set, then there is no bijection of A with a proper subset of
itself.

Proof. Suppose that B C A is a proper subset, and that there exists a bijection f: A — B.
Since A is finite there is a bijection g: A — {1,2,...n} for some n > 0, where n is the cardinality
of A. Let C = g(B) € {1,2,...,n}. Then g|B: B — C is a bijection, and C is a proper subset
of {1,2,...,n}. Hence there is a bijection h: C' — {1,2,...,m} for some m < n. If there exists
a bijection f: A — B, then the composite bijection ho (g|B)o f: A — {1,2,...,m} would say
that the cardinality of A is m, and not equal to n. This contradicts the fact that the cardinality
is well-defined, hence no such bijection f exists. O

Corollary 1.4.10. The set N of natural numbers is not finite.

Proof. The function f: N — N — {1} defined by f(z) = x 4+ 1 is a bijection of N with a proper
subset of itself. O

Corollary 1.4.11. Any subset B of a finite set A is finite. If B is a proper subset of A, then
its cardinality is strictly less than the cardinality of A.

1.4.3 Injections and surjections

Proposition 1.4.12. Let A be a set. The following are equivalent:
(1) A is finite.
(2) There exists a surjective function {1,2,...,n} — A for some integer n > 0.

(3) There exists an injective function A — {1,2,...,n} for some integer n > 0.
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Proof. (1) = (2): Since A is finite there exists a bijection f: A — {1,2,...,n} for some
integer n > 0. Then f~! is surjective, as required.

(2) = (3): Let g: {1,2,...,n} — A be surjective. Define a function h: A — {1,2,...,n}
by letting h(z) be the smallest element of the subset

g Hx) ={i| g(i) =z} .

of {1,2,...,n}. This subset is nonempty since g is surjective. Then h is injective, since if z # y
then g~!(z) and g~ !(y) are disjoint, so their smallest elements must be different.

(3) = (1): If f: A — {1,2,...,n} is injective, let B = f(A) C {1,2,...,n}. The
corestriction of f is then a bijection g: A — B. By a previous lemma there is a bijective function
h: B — {1,2,...,m} for some m < n. The composite bijection hog: A — {1,2,...,m} shows
that A is finite. O

Proposition 1.4.13. Finite unions and finite products of finite sets are finite.

Proof. Let A and B be finite. Choose bijections f: {1,2,...,m} — Aand g: {1,2,...,n} — B
for suitable m,n > 0. We define a surjection

h:{1,2,...,m+n} - AUB

by
h(x):{f(x) ifl<z<m

glx—m) ifm+1<zx<m+n.
Here we regard A and B as subsets of AU B. Hence AU B is finite by the proposition above.
By the case n = 2, the formula
A1U"'UAn:(Alu---UAnfl)UAn

and induction on n it follows that if Aq,..., A, are finite then Ay U---U A, is finite, for all
n > 0.

The cartesian product A x B is the union of the subsets A x {y} for all y € B. Hence if A
and B are finite this is a finite union of finite sets, so A x B is finite.

By the case n = 2, the formula

Ay X oo x Ap = (A1 X - X Apq) X Ay

and induction on n it follows that if Aq,..., A, are finite then A; x --- x A, is finite, for all
n > 0. O
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Chapter 2

Topological Spaces and Continuous
Functions

2.1 (§12) Topological Spaces

2.1.1 Open sets

Definition 2.1.1. Let X be a set. A topology on X is a collection 7 of subsets of X, such
that:

(1) @ and X in 7.

(2) For any subcollection {Uq }aes of 7, the union {J,c; Uy is in 7.

(3) For any finite subcollection {Uq,...,U,} of 7 the intersection Uy N---NU, is in 7.
A topological space (X, 7) is a set X with a chosen topology 7.

The subsets U C X with U € 7 are said to be open. Note that this defines the property of
being open. With this terminology, the axioms above assert that:

(1) @ and X are open (as subsets of X).
(2) The union of any collection of open subsets of X is open.

(3) The intersection of any finite collection of open subsets of X is open.

With the convention that & is the union of the empty collection of subsets of X, and X is
the intersection of the empty collection of subsets of X, one may agree that (1) follows from
(2) and (3), but condition (1) is usually included for clarity. We express (2) by saying that
7 is closed under (arbitrary) unions, and express (3) by saying that .7 is closed under finite
intersections.

To check that 7 is closed under finite intersections, it suffices to prove that if Uy, Us € 7
then Uy NUs; € 7, since this implies the case of n-fold intersections by an inductive argument.

2.1.2 Discrete and trivial topologies

Let X be any set. Here are two extreme examples of topologies on X.

Definition 2.1.2. The discrete topology on X is the topology Jgisc where all subsets U C X
are defined to be open. Hence the collection of open subsets equals the power set of X: Tiec =
P(X). It is clear that the axioms of a topology are satisfied, since it is so easy to be open in
this topology. We call (X, Jgsc) a discrete topological space.
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The terminology can be explained as follows. Note that for each point x € X, the singleton
set {z} is a subset of X, hence is a open in the discrete topology. Thus all other points y # x of
X are separated away from x by this open set {z}. We therefore think of X with the discrete
topology as a space of separate, isolated points, with no close interaction between different
points. In this sense, the space is discrete.

Definition 2.1.3. The trivial topology on X is the topology Zi.iv where only the subsets @ and
X are defined to be open. Hence %5, = {&, X}. It is clear that the axioms of a topology are
satisfied, since there are so few collections of open subsets. We call (X, Ziyv) a trivial topological
space. (Some texts call this the indiscrete topology.)

This terminology probably refers to the fact that the trivial topology is the minimal example
of a topology on X, in the sense that only those subsets of X that axiom (1) demand to be
open are open, and no others.

2.1.3 Finite topological spaces

Definition 2.1.4. If X is a finite set, and .7 is a topology on X, we call (X,.7) a finite
topological space.

When X is finite, the power set (X)) and any topology 7 C Z(X) is finite, so the
nuance between finite and arbitrary unions and intersections plays no role. Hence to check
conditions (2) and (3) for a topology, it suffices to check that if U;,Us € 7 then Uy UU; € T
and UyNUs € 7.

In the case when X is empty, or a singleton set, the discrete topology on X is equal to the
trivial topology on X, and these are the only possible topologies on X.

Example 2.1.5. Let X = {a, b} be a 2-element set. There are four different possible topologies
on X:

(1) The minimal possibility is the trivial topology Ziv = {@, X }.

)
(2) An intermediate possibility is .7, = {@, {a}, X}.

(3) Another intermediate possibility is %, = {@, {b}, X }.
(4)

4) The maximal possibility is the discrete topology Zgisc = {9, {a}, {b}, X}.

We already explained why cases (1) and (4) are topologies. Examples (2) and (3) are known
as Sierpinski spaces. To see that 7, is a topology on {a, b}, note that {b} does not occur as the
union or the intersection of any collection of sets in .7,. Interchanging the role of a and b we
also see that .7 is a topology.

In the Sierpinski space (X = {a,b},.7,), the element «a is separated away from the other
point by the open set {a}, while the element b not separated away from the other point by any
open set. For the only open set containing b is {a, b}, which also contains a. This means that
a is “arbitrarily close” to b, even if b is not arbitrarily close to a. This kind of asymmetry of
“closeness” in topological spaces is not seen in metric spaces.

In these examples each collection of subsets containing the trivial topology defined a topol-
ogy. When X has cardinality 3 this is no longer true.

Example 2.1.6. Let X = {a,b,c}. There are 29 different topologies on X. Here are nine of
them:

(1) The trivial topology % = Juiv = {9, X }.
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) Zo={9,{a}, X}.
) I3 ={2,{a, b}, X}.
) J1={2,{a},{a,b}, X}.
5) 5 ={2,{a,b},{c}, X}.
) 6 = {2, {a}, {b},{a, b}, X}.
) T ={9,{a},{a,b},{a,c}, X}.
) % =A{,{a},{c},{a, b}, {a,c}, X}
9) The discrete topology Jy = Tgisc = P (X) (with 8 elements).

The reader should check that each of these is closed under unions and intersections. The
remaining topologies on X arise by permuting the elements a, b and c.

Example 2.1.7. Let X = {a,b,c}. Here are some collections of subsets of X that are not
topologies:

(1) {{a},{c},{a,b},{a,c}} does not contain @ and X.
(2) {9,{a},{b}, X} is not closed under unions.

(3) {9,{a,b},{a,c}, X} is not closed under intersections.

2.1.4 Coarser and finer topologies

Definition 2.1.8. Let .7 and .7’/ be two topologies on the same set X. We say that .7 is
coarser than 7' or equivalently that .7 is finer than 7, if  C 7’. This means that each
subset U C X that is open in (X, .7) is also open in (X,.7”). (Other texts use “stronger” and
“weaker” in place of “coarser” and “finer”, but not in a consistent way.)

Lemma 2.1.9. The trivial topology is coarser than any other topology, and the discrete topology
1s finer than any other topology.

Proof. For any topology 7 on X we have
zriv = {@,X} cCJC ,@(X) = %ise- O

The set of topologies on X becomes partially ordered by the “coarser than”-relation. Note
that two topologies need not be comparable under this relation. For example, neither one of
the two Sierpinski topologies .7, and .7, on {a,b} is coarser (or finer) than the other.

2.1.5 The cofinite topology

Definition 2.1.10. Let X be a set. Let the cofinite topology Z.o¢ be the collection of subsets
U C X whose complement X — U is finite, together with the empty set U = &.

The word “cofinite” refers to the fact that complements of finite sets are open, since if S C X
is finite, then U = X — S has complement X —U = X — (X — §) = 5, which is finite. Calling
Teot & “topology” requires justification:

Lemma 2.1.11. The collection Tt is a topology on X.

15



Proof. We check the three conditions for a topology.

(1): The subset @ is in ¢ by definition. The subset X is in ¢ since its complement
X — X = @ is finite.

(2): Let {Uq}aes be a subcollection of Z.f, so for each o € J we have that X — U, is finite,
orU,=9. Let V = UaeJ U,. We must prove that X — V is finite, or that V = @.

If each U, is empty, then V' is empty. Otherwise, there is a 3 € J such that X — Uy is finite.
Since Ug C V, the complements satisfy X —V C X — Ug. Hence X — V is a subset of a finite
set, and is therefore finite, as desired.

(3): Let {Ui,...,Uy} be a finite subcollection of Z.f, so for each 1 < i < n we have that
X — U; is finite, or U; = @. Let W = Uy N ---NU,. We must prove that X — W is finite, or
W =g.

If some U; is empty, the W C U; is empty. Otherwise, X — U; is finite for each 1 < i < n.
By De Morgan’s law,

X-W=X-—(Un--NUp)=(X-U)U---U(X—Tp).

The right hand side is a finite union of finite sets, hence is again finite. Thus X — W is finite,
as desired. 0

When X is a finite set, the condition that X — U is finite is always satisfied, so in this case
the cofinite topology equals the discrete topology: Teor = Taise-

When X is an infinite set, the cofinite topology is strictly coarser than the discrete topology:
Teof & gisc- For example, in this case each finite, nonempty subset S C X is open in the
discrete topology, but not open in the cofinite topology. To see this, note that for S to be open
in ot its complement X — S would have to be finite. Then X = S U (X — S) would be the
union of two finite sets, and therefore would be finite. This contradicts the assumption that X
is infinite. Such finite, nonempty subsets S C X exist. For example, each singleton set S = {x}
for z € X will do. Hence .ot # Jgisc for infinite X.

Example 2.1.12. Let X = N be the set of natural numbers. The discrete topology Zgisc on
N is strictly finer than the cofinite topology .ot on N, which is strictly finer than the trivial
topology iy on N.

2.1.6 Metric spaces

Definition 2.1.13. A metric on a set X is a function d: X x X — R such that:

(1) d(z,y) >0 for all z,y € X, and d(z,y) = 0 if and only if x = y.

(2) d(z,y) =d(y,x) for all z,y € X.

(3) d(z,z) <d(z,y) + d(y,x) for all z,y,z € X (the triangle inequality).

A metric space (X,d) is a set X with a chosen metric d.

Definition 2.1.14. Let (X, d) be a metric space. For each point z € X and each positive real
number € > 0, let
By(z,e) ={y € X | d(z,y) < e}

be the e-ball around z in (X, d).

Definition 2.1.15. Let (X, d) be a metric space. The metric topology 7; on X is the collection
of subsets U C X satisfying the property: for each z € U there exists an ¢ > 0 such that
Bd(m, 6) cU.

16



Lemma 2.1.16. The collection Ty is a topology on X.

Proof. We check the three conditions for a topology.

(1): The subset @ is in .7 since there are no x € & for which anything needs to be checked.
The subset X is in 7 since for each « € U we can take € = 1, since By(z,1) C X.

(2): Let {Uqs}acs be a subcollection of 7. Let V = |J,c; Un and consider any x € V. By
the definition of the union there exists an o € J with x € U,. By the property satisfied by
the U, in 7, there exists an € > 0 such that By(z,e) C U,. Since U, C V it follows that
By(z,e) C V. Hence V € .

(3): Let {Uy,...,Uy,} be a finite subcollection of .7;. Let W = Uy N ---N U, and consider
any £ € W. For each 1 < i < n we have W C U; so x € U;. By the defining property of 7,

there exists an ¢; > 0 such that By(x,¢;) C U;. Let € = min{ey, ..., €,}. This makes sense since
n is finite, and € > 0. Then By(z,e) C By(z,¢;) C U; for each 1 < i < n, which implies that
By(z,e) C W. Hence W € 7. O

2.2 (§13) Basis for a Topology

2.2.1 Bases

In the case of a metric space (X, d), knowledge of the collection %y of e-balls By(z,€) (for all
xz € X and € > 0) suffices to determine the collection of open sets, i.e., the metric topology
J3. More precisely, a subset U C X is open if for each x € U there exists an e-ball B in the
collection By with x € B and B C U.

(Note that here B = By(y, €) might not be a ball centered at z, so this condition may appear
to be a little weaker than the one used in the definition of the metric topology. However, if z €
By(y,€) we have d(z,y) < €, so letting 06 = e —d(x,y) we have 6 > 0, and the triangle inequality
implies that Bg(x,d) C By(y,€). Hence we could actually have assumed that B = By(z,d) was
a ball around z.)

Also for more general topological spaces (X, .7), it is often more efficient to specify a smaller
collection £ of open sets that “generates” the topology, in a certain sense, than to specify the
whole topology 7. Here we will say that a collection % of subsets of X generates the collection
T of subsets U C X such that:

for each x € U there exists a B € % with x € B and B C U.

To make sure that the resulting collection .7 is a topology, we shall assume that % satisfies two
reasonable conditions. This collection 4 will then be called a basis for the topology 7, and .7
is the topology generated by 2.

Definition 2.2.1. Let X be a set. A collection £ of subsets of X is a basis (for a topology) if
(1) For each x € X there exists a B € # with = € B.
(2) If By, By € # and x € By N By then there exists a By € & with © € B3 C By N Bo.
The sets B € % in the basis are called basis elements.
Note that the basis elements are elements in %, but subsets of X.

Definition 2.2.2. Let % be a basis for a topology on X. The topology 7 generated by £ is
the collection of subsets U C X such that for each x € U there exists a B € 8 withx € B C U.

Lemma 2.2.3. The collection F generated by a basis % is a topology on X.
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[[See pages 79-80 in Munkres.]]

Example 2.2.4. Let X = R? be the plane, and let 4 be the set of all open circular regions in the
plane. This is the set of all e-balls in R? with respect to the Euclidean metric d(z,y) = ||y — ||
in the plane. [[Discuss conditions (1) and (2) for a basis.]]

Example 2.2.5. Let X = R? be the xy-plane, and let %’ be the set of all open rectangular
regions

(a,b) x (¢,d) CR xR

with ¢ < b and ¢ < d. This is the rectangle bounded by the vertical lines x = a and = = b,
and the horizontal lines y = ¢ and y = d. [[Discuss conditions (1) and (2) for a basis. Here the
intersection of two basis elements is again a basis element, unless it is empty.|]

Example 2.2.6. Let X be a set, and let %" be the collection of singleton sets {z} for z € X.
It is a basis for the discrete topology Zgisc on X.

2.2.2 From bases to topologies and back
Lemma 2.2.7. Let % be a basis for a topology 7 on X.

(1) FEach basis element B € B is open in X, so B C T,

(2) Each open subset U C X is a union of basis elements, so 7 equals the collection of all
unions of elements in AB.

Proof. (1): Let B € A. For each © € B we obviously have € B and B C B. Hence B is open.
(2): Let U C X be open. For each x € U there exists a B, € # with x € B, and B, C U.

Then
U=|J B
xelU

is the union of the collection of basis elements {B, | = € U}. To check the displayed equality,
not that for each x € U we have x € By, so x € |,y Be- Hence U C J ¢y B On the other

hand, each B, C U, so |J ¢y B. C U. O

The trick in the proof of part (2), of gluing together local solutions B, to a single solution
U,ecr Bz, will be used again later.

Lemma 2.2.8. Let (X,.7) be a topological space. Suppose that € is a collection of open subsets
of X such that for each open U € . and point x € U there exists an element C' € € with x € C
and C C U. Then € is a basis for the topology 7 .

Proof. We first check that % is a basis.

(1): The set X is open in itself, so for each x € X there exists a C € ¢ with z € C.

(2): Let C1,Cy € €. Since C; and Cy are open, so is the intersection C7 N Cy. Hence, for
each x € Cq N Cy there exists a C3 € € with x € C3 and C3 C C1 N Ch.

Next we check that the topology .7/ generated by € equals 7.

T C I U €. and z € U there exists a C € € with z € C and C C U, by hypothesis,
so U € 7' by definition.

T'C 7: U € 7' then U is a union of elements of 4 by the lemma above. Each element
of ¥ is in 7, hence so is the union U. O
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2.2.3 Comparing topologies using bases

Lemma 2.2.9. Let # and 9B’ be bases for the topologies T and T’ on X, respectively. The
following are equivalent:

(1) T is coarser than J', so T C T'.

(2) For each basis element B € % and each point x € B there is a basis element B’ € B’ with
x € B and B' C B.

Proof. (1) = (2): Let B € % and « € B. Since B € 7 and .7 C .7 we have B € J’. Since
7" is the topology generated by %’ there exists a B’ € #’ with x € B’ and B’ C B.

(2) = (1): Let U € . For each xz € U there exists a B € 4 with z € B and B C U,
since & generates .7. By hypothesis there exists a B’ € %4’ with x € B’ and B’ C B. Hence
B’ C U. Since this holds for each x € U, it follows that U € 7. O

Note that in order to have .7 C .7 it is not necessary to have % C %', that is each basis
element B € % does not need to be a basis element in %', but for each x € B there should be
some smaller basis element B’ € 4’ with v € B’ C B.

Corollary 2.2.10. Two % and %' bases for topologies on X generate the same topology if and
only if (1) for each x € B € %A and each point x € B there is a basis element B’ € B with
x € B’ C B, and furthermore, (2) for each basis element x € B’ € %' there is a basis element
B e B withz € BC B

Example 2.2.11. The basis % of open circular regions in the plane, and the basis %’ of open
rectangular regions, generate the same topology on R?, namely the metric topology.

Example 2.2.12. Let R be the real line. With the usual metric d(z,y) = |y — z|, the e-
neighborhoods
Bd(ﬁﬂ,ﬁ) = (m — 6T+ E)

are open intervals, and each open interval
(a,b) ={x eR|a<z<b}

with a < b has this form for z = (a+0)/2, e = (b—a)/2.. Let % be the collection of all intervals
(a,b) C R for a < b. It is a basis for the standard topology on R, that is, the metric topology
T

Definition 2.2.13. The collection %, of all intervals
[a,b) ={z eR|a <z <b}

for a < b is a basis for a topology .7, called the lower limit topology on R. Let R, = (R,.%)
denote R with this topology.

Lemma 2.2.14. The lower limit topology is strictly finer than the standard topology on R, so
%< %

Proof. For each basis element B = (a,b) € A for the standard topology, and each x € (a,b), we
can take B’ = [z,b) € %, in the basis for the lower limit topology, and have 2z € B’ C B. Hence
the standard topology is coarser than the lower limit topology. To show that the two topologies
are not equal, consider a basis element B’ = [a,b) in &’ with a < b, and let z = a € B’. Then
there is no basis element B = (¢,d) € £ with x € B and B C B’. For x € B would imply
¢ <z =a<d,and then y = (¢ + a)/2 satisfies y € (¢,d) but y ¢ [a,b). Hence B ¢ B'. O
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2.2.4 Subbases

Starting with any collection . of subsets of a set X, we can form a basis & for a topology by
taking all finite intersections B = Sy N---N S, of elements in .. The open sets in the topology
7 generated by % are then all unions of such basis elements B. Such a collection . is then
called a subbasis. To avoid ambiguity about the intersection of an empty collection, we mildly
restrict the collection . as follows:

Definition 2.2.15. A subbasis for a topology on X is a collection . of subsets of X, whose
union equals X. The basis associated to .7 is the collection £ consisting of all finite intersections

B=5n---NnS,

of elements Si,...,S, € .7, for n > 1. By the topology .7 generated by the subbasis . we
mean the topology generated by the associated basis Z.

Clearly ¥ C B C 7.

Lemma 2.2.16. Let . be a subbasis on X. The associated collection % is a basis for a
topology.

Proof. (1): Each x € X lies in some S € ., hence is an element of the basis element B = S € 4.

(2): Suppose that By = S1N---NS, and By = Sp41 N+ N Spyy, are basis elements,
and x € By N By. Let By = BN By = S1N--- N Sntn- Then Bj is a basis element, and
x € B3 C B1 N Bs. |

2.3 (8§15) The Product Topology on X XY

2.3.1 A basis for the product topology

Definition 2.3.1. Let X and Y be topological spaces. The product topology on X x Y is the
topology generated by the basis

B ={U xV |U openin X and V open in Y}

consisting of all sets U x V C X x Y, where U ranges over all open subsets of X and V ranges
over all open subsets of Y.

Lemma 2.3.2. The collection % (as above) is a basis for a topology on X x Y.

Proof. (1): X xY is itself a basis element.
(2): Let By =U; x V] and By = Uy x V3 be two basis elements. In view of the identity

(Ul X Vl) N (UQ X VQ) = (Ul N UQ) X (V1 N VQ)

we have that By N Bs = Bs, where Bs = Us x V3 is the basis element given by the product of
the two open sets U3 = U; NUy and V3 = Vi N Vs, |

The union of two basis elements
(Ul X Vl) U (UQ X VQ)

is usually not a basis element. The open sets in the product topology on X x Y are the unions

U U x Va)

aed

of arbitrary collections {B, = U, X V, }aes of basis elements.
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Theorem 2.3.3. Let X have the topology generated by a basis B and let Y have the topology
generated by a basis €. Then the collection

2={BxC|BeZ%and C €€}
s a basis for the product topology on X X Y.

Proof. We apply Lemma 2.2.8. The elements B x C of the collection & are open in the product
topology, since each B € A is open in X and each C' € ¥ is open in Y, so B x C is one of the
basis elements for the product topology.

Let (z,y) € W C X x Y where W is open in the product topology. By definition of the
topology generated by a basis, there exists a basis element U x V for the product topology,
such that (z,y) € U xV C W. Since x € U, U is open in X and £ is a basis for the
topology on X, there exists a basis element B € % such that x € B C U. Similarly, there
exists a basis element C' € ¥ such that y € C C V. Then B x C is in the collection 2, and
(x,y) eBxCCUxV CW. O

Example 2.3.4. The collection %’ of open rectangular regions
(a,b) x (¢, d)

for a < b and ¢ < d is a basis for the product topology on R x R, since the collection of open
intervals (a,b) for a < b is a basis for the standard topology on R. As previously noted, this
product topology is the same as the metric topology.

2.3.2 A subbasis for the product topology

Definition 2.3.5. Let m1: X x Y — X denote the (first) projection m(x,y) = x, and let
my: X XY — Y denote the (second) projection mo(x,y) =y, for x € X and y € Y.

Lemma 2.3.6. The preimage of U C X under m1: X XY — X equals
N (U)=UxY.
Similarly, the preimage of V. CY under mo: X XY — Y equals
(V) =X xV.
Proof. An element (z,y) lies in 7, ' (U) if and only if 2 = 7y (x,y) lies in U, which for y € Y is

equivalent to asking that (z,y) lies in U x Y. The second case is similar. O

Note the identity
UxY)N(XxV)=UxV
of subsets of X x Y. Hence each basis element U x V for the product topology on X x Y is the

intersection of two subsets of the form Wfl(U) =U xY and ng(V) = X x V. It follows that
the basis for the product topology is generated by a smaller subbasis:

Definition 2.3.7. Let
S ={UxY |UCX open}U{X xV |V CY open}
= {77} (U) | U C X open} U {my, }(V) |V C Y open}.
Lemma 2.3.8. The collection . (as above) is a subbasis for the product topology on X x Y.
Proof. The finite intersections of elements in the subbasis are all of the form
mrU) NN (V) =UxV

for U open in X and V open in Y, hence the subbasis generates the usual basis for the product
topology. O
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2.4 (§16) The Subspace Topology

2.4.1 Subspaces
Definition 2.4.1. Let (X, .7) be a topological space, and let Y C X be a subset. The collection

Fy ={YNU|Ue 7}

of subsets of Y is called the subspace topology on Y. With this topology, (Y, %) is called a
subspace of X.

Lemma 2.4.2. The collection Fy (as above) is a topology on Y .

Proof. (1): =Y N@andY =Y NX are in Fy, since & and X are in 7.
(2): Each subcollection of .73 can be indexed as {Y MUy }qe for some subcollection {Uy }aes
of 7. Then
Uy nty)=ynlJU
aedJ acd
by the distributive law, and (J,c; Uq is in .7, hence this union is in Jy-.
(3): Each finite subcollection of % can be indexed as {Y NUy,...,Y NU,} for some finite
subcollection {Uy,...,U,} of . Then

YnUuy)n---NnYnU,) =YNUN---NU,)
and Uy N---NU, is in .7, hence this intersection is in 9y . O

Remark 2.4.3. When (Y,.%) is a subspace of (X,.7), and V C Y C X, there are two
possible meanings of the assertion “V is open”, namely V € 7 or V € % . In general, these
two meanings are different. We therefore say that “V is open in X”, or that “V is an open
subset of X7, to indicate that V € &, while we say that “V is open in Y”, or that “V is an
open subset of Y, to indicate that V' € Z5. The latter means that V =Y NU for some U that
is open in X.

Lemma 2.4.4. If % is a basis for a topology 7 on X, and Y C X, then the collection
By ={Y NB|Bec B}
is a basis for the subspace topology Ty on Y.

Proof. We apply Lemma 2.2.8 for the topological space (Y, %y) and the collection By. Each
subset Y N B in Ay is open in Y, since each basis element B € A is open in X. Furthermore,
each open subset of Y has the form Y N U for some open subset U of X. If x € Y NU is any
point, then x € U, so since & is a basis for the topology 7 there exists a B € & with x € B
and BCU. ThenYNBeHBy, zeYNB,and YNB CYNU. By the cited lemma, By is a
basis for the topology % . O

Example 2.4.5. Give X = R the standard topology generated by the open intervals (a, b), and
let A =10,1). The subspace topology on A has a basis consisting of the intersections [0, 1)N(a, b),
i.e., the subsets [0,b) and (a,b) for 0 < a < b < 1. For instance, [0,1/2) = [0,1) N (—1/2,1/2)
and (0,1/2) =1[0,1) N (0,1/2) are both open subsets of [0,1) in the subspace topology.
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Example 2.4.6. Let (X, d) be a metric space, with basis Z = {By(z,¢€) | z € X,e > 0} for the
metric topology 7 = 9. Here

By(z,e) ={y € X | d(z,y) < €}.

Let Y C X be any subset, with metric d’ = d|Y x Y given by d'(z,y) = d(x,y) for all x,y € Y.
The metric space (Y,d’) has basis ' = {By(x,¢) | x € Y,e > 0} for the metric topology
T" = Ty, where

Bd/(x’e) = {y ey | d/(xay) < 6} :

Note that
By (z,e) =Y N By(z,€)

for all z € Y. Hence %4’ C By and 7' C Fy, where Fy is the subspace topology on Y.

To prove that the two topologies are equal, so that %y = 7', we use Lemma 2.2.9 to
check that % C 7’. Thus consider any basis element Y N By(z,€) in Z5 and any element
y € Y N By(z,e). Then § = € — d(z,y) is positive, and By (y,0) is a basis element in %',
y € By(y,0) and By (y,0) CY N By(x,e).

Lemma 2.4.7. Let Y be an open subspace of X. Then a subset V C Y is open in'Y if and
only if it is open in X.

Proof. Suppose first that V' is open in Y, in the subspace topology. Then V =Y NU for some
U that is open in X. Since Y is open in X, it follows that the intersection, V =Y N U is open
in X.

Conversely, suppose that V C Y isopenin X. Then V =Y NV, ,so Visalsoopenin Y. [

2.4.2 Products vs. subspaces

Lemma 2.4.8. Let X and Y be topological spaces, with subspaces A and B, respectively. Then
the product topology on A X B is the same as the subspace topology on A X B as a subset of
X xY.

Proof. The subspace topology on A is generated by the basis with elements A N U, where U
ranges over all open subsets of X. Likewise, the subspace topology on B is generated by the
intersections BNV, where V ranges over all open subsets of Y. Hence the product topology on
A x B is generated by the basis with elements

(ANU) x (BNV)

where U and V range over the open subsets of X and Y, respectively.
On the other hand, the collection of products U x V is a basis for the product topology on
X XY, so the collection of intersections

(AxB)N(U x V)

is a basis for the subspace topology on A x B, where U and V still range over the open subsets
of X and Y. In view of the identity

(ANU)x (BNV)=(AxB)N({U xV)

these two bases are in fact equal, hence they generate the same topology. U
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2.5 (817) Closed Sets and Limit Points

2.5.1 Closed subsets

Definition 2.5.1. A subset A of a topological space X is said to be closed if (and only if) the
complement X — A is open. In other words, the closed subsets of X are the subsets of the form
X — U where U is open.

Example 2.5.2. The interval [a,b] = {x € R | a < x < b} is closed in R (with the standard
topology), since the complement R — [a,b] = (—00,a) U (b, c0) is open.

Example 2.5.3. In the discrete topology Jjisc 0n a set X, every subset is closed. In the trivial
topology iy, only the subsets @ and X are closed.

Example 2.5.4. In the cofinite topology Z..; on a set X, the closed subsets are the finite
subsets S C X, together with X itself.

Theorem 2.5.5. Let X be a topological space.

(1) @ and X are closed (as subsets of X ).

(2) The intersection of any collection of closed subsets of X is closed.
(8) The union of any finite collection of closed subsets of X is closed.

Proof. (1): o =X — X and X = X — & are closed.

(2): If {An }aes is any collection of closed subsets of X, then the complements U, = X — 4,
are all open, so that {U, }.c is a collection of open subsets of X. To prove that the intersection
MNacs Aa is closed, we must check that its complement is open. By De Morgan’s law

XT—'(W Ay = LJ(XT—VAQ)::LJ Ua

aeJ aeJ aeJ

is a union of open sets, hence is open, as desired.

(3): If {A1,...,A,} is a finite collection of closed subsets of X, then the complements
U; = X — A; are all open, so that {Uy,...,U,} is a finite collection of open subsets of X. To
prove that the union A; U--- U A, is closed, we must check that its complement is open. By
De Morgan’s law

X—-(AU---UA4)=X-A)n---Nn(X-A4,)=U;n---NU,
is a finite intersection of open sets, hence is open, as desired. O

Clearly the collection ¢ = {X —U | U € .7} of closed subsets of a topological space (X,.7)
uniquely determine the topology 7, and any collection % of subsets, called closed subsets,
satisfying the three conditions of the theorem above, will determine a topology in this way.

Remark 2.5.6. When (Y, Zy) is a subspace of (X, 7 ), and A C Y C X, there are two possible
meanings of the assertion “A is closed”, namely X — A € . or X — A € 5. In general, these
two meanings are different. We therefore say that “A is open in Y”, or that “A is a closed
subset of Y, if A is a subset of Y and A is closed in the subspace topology on Y, so that Y — A
is open in the subspace topology on Y.

Theorem 2.5.7. Let Y be a subspace of X. A subset A CY is closed in'Y if and only if there
exists a closed subset B C X with A=Y N B.
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Proof. If A is closed in Y, then V =Y — A is open in Y, so there exists an open U C X with
V=Y NU. Then B=X — U is closed in X, and

YAB=YN(X-U)=Y—-(YNU)=Y -V =A.

Conversely, if B is closed in X and A=Y NB,then U = X — Bisopenin X soV =Y NU
is open in Y. Now

Y-A=Y-YNB=YN(X-B)=YnNnU=V,
so A is closed in Y. O

Lemma 2.5.8. Let Y be a closed subspace of X. Then a subset A C Y is closed in'Y if and
only if it is closed in X.

Proof. Suppose first that A is closed in Y, in the subspace topology. Then A =Y N B for some
B that is closed in X. Since Y is closed in X, it follows that the intersection, A =Y N B is
open in X. Conversely, suppose that A C Y is closed in X. Then A =Y N A, so A is also closed
inY. U

2.5.2 Closure and interior

Definition 2.5.9. Let X be a topological space and A C X a subset. The closure C1A = A of
A is the intersection of all the closed subsets of X that contain A. The interior Int A of A is
the union of all the open subsets of X that are contained in A.

Since unions of open sets are open, and intersections of closed sets are closed, the following
lemmas are clear.

Lemma 2.5.10. (1) The closure Cl1A is a closed subset of X.
(2) AcClA.

(3) If AC K C X with K closed, then Cl1A C K.

Lemma 2.5.11. (1) The interior Int A is an open subset of X.
(2) Int A C A.

(8) If U € A C X with U open, then U C Int A.

Example 2.5.12. Let X = R and A = [a,b) with a < b. The closure of A is the closed interval
[a, b], and the interior of A is the open interval (a,b). The closure cannot be smaller, since [a, b)
is not closed, and the interior cannot be larger, since [a, b) is not open.

Example 2.5.13. If X has the discrete topology, Int A = A = Cl A for each A C X, since each
A is both open and closed.

If X has the indiscrete topology, and A C X is a proper, non-empty subset, then Int A = &
and ClA = X.

If X = {a,b} has the Sierpinski topology 7, = {&, {a}, X}, where {a} is open and {b} is
closed, then Cl{a} = X but C{b} = {b}.

Lemma 2.5.14. The complement of the closure is the interior of the complement, and the
complement if the interior is the closure of the complement:

X — ClA =Int(X — A)
X —Int A= ClX — A)
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Proof. Since ClA=(\{K | AC K, K closed in X},
X-ClA=| {X -K|ACK, K closed in X}
:U{U|UCX—A, U openin X} =Int(X — A),

since A C K is equivalent to X — K C X — A, where we substitute U for X — K.
The other assertion follows by considering X — A in place of A. U

Example 2.5.15. Let X = R and A = Q, the set of rational numbers. The closure of A equals
R, while the interior of A is empty. For every e-ball (x — ¢,2 + ¢€) in R contains both rational
and irrational numbers, so the interiors of A and X — A are both empty.

2.5.3 Closure in subspaces

Theorem 2.5.16. Let X be a topological space, Y C X a subspace, and A CY a subset. Let
A denote the closure of A in X. Then the closure of A in'Y equals Y N A.

Proof. Let B denote the closure of A in Y.

To see that B C Y N A, note that A is closed in X, so Y N A is closed in Y and contains A.
Hence it contains the closure B of A in Y.

To prove the opposite inclusion, note that B is closed in Y, hence has the form B=Y NC
for some C' that is closed in X. Then A C B C C, so C is closed in X and contains A. Hence
AcCandYNACYNC =B. O

Example 2.5.17. Let X =R, Y =Q and A =Qn [0, 7). The closure of A in X is [0, 7], and
the closure of Ain Y is QN [0, 7] = QN[0,7) (since 7 is not rational). Hence A is closed in Y.

2.5.4 Neighborhoods

Definition 2.5.18. Let X be a topological space, U C X a subset and = € X a point. We say
that U is a neighborhood of x (norsk: “U er en omegn om z”) if x € U and U is open in X.

We say that a set A meets, or intersects, a set B if AN B is not empty. Here is a criterion
for detecting which points x € X lie in the closure of A:

Theorem 2.5.19. Let A be a subset of a topological space X. A point x € X lies in the closure
A if and only if A meets every open set U in X that contains x. Equivalently, x € A if and
only if A meets U for each neighborhood U of x.

Proof. Consider the complement X — A and its interior. We have = € Int(X — A) if and only
if there exists an open U with « € U such that U C X — A. The negation of z € Int(X — A) is
r € X —Int(X — A) = A. The negation of U C X — Ais ANU # @. The negation of “there
exists an open U with z € U such that U C X — A” is therefore “for each open U with z € U
we have ANU # @”. Hence x is in the closure of A if and only if A meets each neighborhood
U of z. O

It suffices to check this for neighborhoods in a basis:

Theorem 2.5.20. Let & be a basis for a topology on X, and let A C X. A point x € X lies
in A if and only if A meets each basis element B € B with x € B.

Proof. If there exists an open U with x € U such that U C X — A then there exists a basis
element B € & with x € B such that B C X — A, and conversely. Hence we may replace “an
open U” by “a basis element B” in the previous proof. ]
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Example 2.5.21. Let A= {1/n|n € N} CR. Then 0 € A, since each basis element (a,b) for
the standard topology on R with 0 € (a,b) contains (—e, €) for some € > 0, hence also contains
1/n € A for each n > 1/e. The closure of A is A = {0} U A. This is a closed subset of R, since
the complement is the union of the open sets (—00,0), (1/(n+1),1/n) for n € N, and (1, c0).

2.5.5 Limit points

Definition 2.5.22. Let A be a subset of a topological space X. A point x € X is a limit
point of A if each neighborhood U of z contains a point of A other than x, or equivalently, of
x belongs to the closure of A — {z}. (If x ¢ A, recall that A — {z} = A.)

The set of limit points of A is often denoted A’, and is called the derived set of A in X.

Example 2.5.23. Let A= {1/n|n € N} C R. Then 0 € R is a limit point of A. In this case
there are no other limit points of A.

Theorem 2.5.24. Let A be a subset of a topological space X, with closure A and set of limit
points A'. Then
A=AUA".

Proof. AUA’ C A: Clearly A C A. If z € A’ then every neighborhood U of x meets A — {z},
hence it also meets A, so x € A.

ACAUA: Letx € A. If v € A, then x € AUA’. Otherwise, x ¢ A, so A—{z} = A. Since
x € A, every neighborhood U of x meets A — {x} = A, so x € A’ is a limit point of A. O

Corollary 2.5.25. A subset A of a topological space is closed if and only if it contains all its
limits points.

Proof. We have A = A if and only if A = AU A’, which holds if and only if A > A’. O

2.5.6 Convergence to a limit

Definition 2.5.26. Let (z1,22,...) = (z,)52; be a sequence of points in a topological space
X, so x, € X for each n € N. We say that (x,)22, converges to a point y € X if for each
neighborhood U of y there is an N € N such that z,, € U for all n > N. In this case we call y

a limit of the sequence (x,,)%2

> 1, and may write z, — y as n — oo.

[[Suffices to check this for U in a basis for the topology on X.]]

Example 2.5.27. Consider the Sierpinski space X = {a, b} with the topology .7, = {&, {a}, X }.
The constant sequence (z,)5 ; with x,, = a for all n € N converges to a, since the only neigh-
borhoods of a are {a} and {a,b}, both of which contain z, for all n. Hence a is a limit of
(a,a,...).

However, the same sequence also converges to b, since the only neighborhood of b is {a, b},
which also contains x,, for all n. Hence b is also a limit for (a,a,...).

On the other hand, the constant sequence (y,,)5%; with y, = b for all n € N converges to b,
since the only neighborhood {a, b} of b contains y,, for all n.

This constant sequence does not converge to a, since the neighborhood {a} of a does not
contain y, for any n, hence there is no N € N such that y,, € {a} for all n > N.
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2.5.7 Hausdorff spaces

To obtain unique limits for convergent sequences, and be able to talk about the limit of a
sequence, we must assume that the topology is sufficiently fine to separate the individual points.
Such additional hypotheses are called separation arioms (German: Trennungsaxiome). The
most common separation axiom is known as the Hausdorff property.

Definition 2.5.28. A topological space X is called a Hausdorff space if for each pair of points
z,y € X, with z # y, there exist open sets U,V C X withz e U,y e Vand UNV = 2. In
other words, there exist neighborhood U and V' of x and y, respectively, that are disjoint.

Example 2.5.29. The set X = {a,b} with the discrete topology is a Hausdorff space, since
the only pair of distinct points is a and b, and the open subsets {a} and {b} are neighborhoods
of a and b, respectively, with empty intersection.

The set X = {a,b} with the Sierpinski topology 7, = {&, {a}, X} is not a Hausdorff space,
since the only neighborhood of bis V' = X, and no neighborhood U of a can be disjoint from X.

Lemma 2.5.30. Each metric space (X,d) is Hausdorff.

Proof. Let x,y € X be two distinct points. Then § = d(z,y) > 0. Consider the neighborhoods
U = By(z,0/2) and V = By(y,0/2) of x and y, respectively. Then U NV = & by the triangle
inequality. O

Remark 2.5.31. If (X,.7) is Hausdorff, clearly (X,.7’) is also Hausdorff if .7’ is a finer
topology than 7. In rough terms, the Hausdorff property asserts that there are “enough” open
sets, locally in X.

2.5.8 Uniqueness of limits in Hausdorff spaces

Theorem 2.5.32. If X is a Hausdorff space, then a sequence (zy)5>; of points in X converges
to at most one point in X.

Proof. Suppose that (z,,)2%, converges to y and z. We must prove that y = z.

Suppose, to achieve a contradiction, that y # z. Then there exist neighborhoods U of y
and V of z with U NV = @. Since (z,,)52, converges to y there exists an N € N such that
xn € U for all n > N. Since (x,)72; converges to z there exists an M € N such that z, € V
for all n > M. Hence, for n > max{N, M} we have z,, € U NV, which is impossible, since this
intersection is empty. U

Definition 2.5.33. If X is a Hausdorff space, and a sequence (x,,)52; of points in X converges
to a point y € X, we say that y is the limit of (x,)%°

o 1, and write

y= lim x,.
n—oo

2.5.9 Closed sets and limits points in Hausdorff spaces

Theorem 2.5.34. Each finite subset A C X in a Hausdorff space is closed.

Proof. The set A is the union of a finite collection of singleton sets {x}, so it suffices to prove
that each singleton set {x} is closed in X.

Consider any other point y € X, with x # y. By the Hausdorff property there are open
subsets U,V C X with z € U and y € V, such that UNV =@&. Thenz ¢ V,s0 X —V isa
closed set that contains {x}. Hence Cl{z} C X —V,so y ¢ Cl{z}. Since Cl{z} cannot contain
any other points than z, it follows that {x} = Cl{z} and {z} is closed. O
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[We omit the T version of the following.]

Theorem 2.5.35. Let A be a subset of a Hausdorff space X. A point x € X is a limit point of
A if and only if each neighborhood U of x meets A in infinitely many points.

Proof. 1If U N A consists of infinitely many points, then it certainly contains other points than
x, so U meets A — {z}.
Conversely, if U N A is finite, then then U N (A — {z}) = {z1,...,x,} is closed, so

V=U-{z1,...,00} =UN(X = {a1,...,2,})

is open. Then x € V, V is open, and V N (A — {z}) = &, so x is not a limit point of A. O

2.5.10 Products of Hausdorff spaces
Lemma 2.5.36. If X and Y are Hausdorff spaces, then so is X X Y.

Proof. Let (x,y) and (2/,3’) be distinct points in X x Y. Then x # 2/ or y # ¢/. If © # o
there are open subsets U,V C X withz e U, 2’ € Vand UNV =@. Then U x Y,V x Y are
open subsets of X x Y, with (z,y) e U XY, (2/,y/) € VxY and (UxY)N(V xY)=g. The
argument if y # 1/ is the same. O

2.6 (§18) Continuous Functions

2.6.1 Continuity in terms of preimages

Definition 2.6.1. Let X and Y be topological spaces. A function f: X — Y is said to be
continuous if for each open set V in Y the preimage

fAV)={reX|f(x)eV}
is open in X. A continuous function is also called a map.

Lemma 2.6.2. Let X, Y and Z be topological spaces. If f: X — Y and g: Y — Z are
continuous functions, then the composite go f: X — Z is continuous.

Proof. Let W C Z be open. Then g~!(W) C Y is open since g is continuous, and f~1 (g~ (W)) C
X is open since f is continuous. But this set equals (go f)~'(W), so g o f is continuous. [

Lemma 2.6.3. Let X andY be topological spaces, and suppose that B is a basis for the topology
on'Y. Then a function f: X — Y is continuous if and only if for each basis element B € A
the preimage f~1(B) is open in X.

Proof. Each basis element B is open in Y, so if f is continuous then f~!(B) is open in X.

Conversely, each open V' C Y is a union V' = |J . ; Ba of basis elements, and

7y = 1B,

acJ
so if each f~!(B,) is open in X, so is f~1(V). O

Lemma 2.6.4. Let X and Y be topological spaces, and suppose that % is a subbasis for the
topology on Y. Then a function f: X — Y is continuous if and only if for each basis element
S € .7 the preimage f~(S) is open in X.
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Proof. We build on the previous lemma.

Each subbasis element S is a basis element in the associated basis %, so if f is continuous
then f~1(S) is open in X.

Conversely, each basis element B € 4 is a finite intersection B = S N ---N.S,, of subbasis
elements, and

FAB) = 7Sy NN TS
so if each f~1(S;) is open in X, so is f~1(B). O
Example 2.6.5. If (X,d) and (Y,d') are metric spaces, then f: X — Y is continuous if and

only if for each # € X and € > 0 there is a § > 0 such that By(z,0) C f~1(Bg(f(z),¢)), i.e.,
such that for all y € X with d(z,y) < ¢ we have d'(f(x), f(y)) < e.

Example 2.6.6. Let R and R, be the real numbers with the standard topology and the lower
limit topology, respectively. The identity function

id: R —> Ry

(given by id(x) = x) is not continuous, since [a,b) is not open in the standard topology for
a < b. However, the identity function

id: Rp — R
(given by id(z) = x) is continuous, since (a,b) is open in the lower limit topology.

2.6.2 Continuity at a point

Theorem 2.6.7. Let X and Y be topological spaces, and f: X — Y a function. Then f is

continuous if and only if for each x € X and each neighborhood V' of f(x) there is a neighborhood
U of x with f(U) C V.

Definition 2.6.8. We say that f is continuous at z if for each neighborhood V of f(x) there
is a neighborhood U of x with f(U) C V. Hence f: X — Y is continuous if and only if it is
continuous at each = € X.

Proof. If f is continuous, x € X and V is a neighborhood of f(z), then U = f~1(V) is a
neighborhood of x with f(U) C V.

Conversely, if V is open in Y and = € f~1(V) then V is a neighborhood of f(x), so by
hypothesis there is a neighborhood U, of x with f(U,) C V. Then x € U, C f~1(V). Taking
the union over all z € f~1(V) we find that Usep-10n Uz = f~1(V) is a union of open sets,
hence is open. O

2.6.3 Continuity in terms of closed sets and the closure

Theorem 2.6.9. Let X and Y be topological spaces, and f: X — Y a function. The following
are equivalent:

(1) f is continuous.

(2) For every subset A C X we have f(A) C f(A).
)

(3) For every closed B in'Y the preimage f~1(B) is closed.
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Proof. (1) = (2): Assume that f is continuous and A C X. Each point in f(A) has the
form f(z) for some z € A. We must show that f(z) € f(A). Let V be a neighborhood of f(z).
By continuity, f~1(V) is a neighborhood of z. Since z € A, the intersection A N f~1(V) is
nonempty. Choose ay € AN f~1(V). Then f(y) € f(A) NV, since y € A implies f(y) € f(A)
and y € f~Y(V) implies f(y) € V. In particular, f(A) meets V. Since V was an arbitrary
neighborhood of f(x) we have f(x) € f(A).

(2) = (3): Let B C Y be closed, and let A= f~!(B). We will show that A = A, so that
A is closed. Now f(A) C B, so f(A) C B, since B is closed. By hypothesis f(A) C f(A), so
f(A) C B, hence A C f~%(B) = A. This implies A = A.

(3) = (1): Let V C Y be open, then B =Y — V is closed. By hypothesis

B =Y -V)=X - f7(V)

is closed, so f~1(V) is open. Hence f is continuous. O

2.6.4 Homeomorphism = topological equivalence

Definition 2.6.10. A bijective function f: X — Y between topological spaces with the prop-
erty that both f and f~': Y — X are continuous, is called a homeomorphism. If there exists
a homeomorphism f: X — Y we say that X and Y are homeomorphic spaces, or that they are
topologically equivalent, and write X =Y.

Lemma 2.6.11. Being homeomorphic is an equivalence relation on any set of topological spaces:

(1) For each space X the identity function id: X — X, with id(x) = = for all x € X, is a
homeomorphism.

(2) If f: X — Y is a homeomorphism, then so is the inverse map f~1: Y — X.

(8) If f: X =Y and g: Y — Z are homeomorphisms, then so is the composite map gf: X —
Z.

Lemma 2.6.12. Let f: X — Y be a bijective function between topological spaces. The following
are equivalent:

(1) f is a homeomorphism.
(2) A set U C X is open in X if and only if the image f(U) CY is open inY.
(3) A set V.CY isopeninY if and only if the preimage f~1(V) C X is open in X.

Proof. To say that f is continuous means that V C Y open implies f~1(V) C X open. To say
that f~! is continuous means that U C X open implies f(U) C Y open. Now each U C X has
the form U = f~1(V) for a unique V C Y, with f(U) = f(f~*(V)) = V. Hence to say that
f~! is continuous also means that f~1(V) C X open implies V C Y open.

This proves that (1) and (3) are equivalent. Replacing f by f~! proves that (1) and (2) are
equivalent. O

In other words, f is a homeomorphism if and only the image function
f: 2(X) - 2(Y)

induces a bijection from the topology on X to the topology on Y, or equivalently, if the preimage
function

7 2(Y) - 2(X)
induces a bijection from the topology on Y to the topology on X.
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Remark 2.6.13. Any property of X that can be expressed in terms of its elements and its
open subsets is called a topological property of X. If f: X — Y is a homeomorphism, than any
topological property of X is logically equivalent to the corresponding topological property of Y
obtained by replacing each element z € X by its image f(z) € Y, and each open subset U C X
by its image f(U) C Y. Such topological properties are thus preserved by homeomorphisms.

Example 2.6.14. For instance, being a finite topological space, having the discrete, trivial or
cofinite topology, or being a Hausdorff space, are all examples of topological properties. So if X
is a Hausdorff space and X =Y then Y is a Hausdorff space. We shall study other topological
properties, like compactness and connectedness, in later sections.

2.6.5 Examples and nonexamples

Example 2.6.15. The two open intervals X = (0,1) and Y = (a,b) with a < b, each with the
subspace topology from R, are homeomorphic. One example of a homeomorphism f: (0,1) —
(a,b) is given by the linear map f(z) = a+ (b—a)z = (1 — z)a + zb. The inverse f~1: (a,b) —
(0,1) is given by the linear map f~'(y) = (y — a)/(b — a). Hence any two open intervals are
homeomorphic.

Example 2.6.16. The function f: (—1,1) — R given by f(z) = 2/(1—22) is a homeomorphism.
To find the inverse we rewrite the equation z/(1 — 22) = y as y2? +x — y = 0 and solve for
x € (—1,1) as a function of y € R, namely

S7Hy) = (F1+V1+4y?) /2y = 29/ (1 + V1 + 492).

It is well known that both f and f~! are continuous, hence R is homeomorphic to any open
interval (a,b).

Example 2.6.17. The identity function id: R; — R is a bijection that is continuous but not a
homeomorphism, since the inverse function (id: R — Ry) is not continuous.

Example 2.6.18. Let X = [0,1) and Y = S!, where
St ={(z,y) eR? |2? +4* =1}

is the unit circle in the zy-plane, with the subspace topology. Let f: X — Y be given by
f(t) = (cos(2nt),sin(2xt)) for t € [0,1). It is a continuous bijection, but the inverse function
g=f"1: 8 —0,1) is not continuous at f(0) = (1,0). For U = [0,1/2) is open in [0, 1), while
the preimage g~ 1(U) is not open in S'. This preimage equals the image f(U), which is the part
of S* that lies strictly in the upper half-plane (where y > 0), together with the point (1,0). No
neighborhood of (1,0) in S! is contained in f(U), so f(U) is not open.

2.6.6 Constructing maps

Theorem 2.6.19. Let A be a subset of a topological space X. The subspace topology on A is
the coarsest topology for which the inclusion i: A — X is continuous, where i(a) = a for all
a € A.

Proof. For i to be continuous in a topology 7’ on A, the inverse image i~1(U) = AN U must
be open in A for each open U C X, and conversely. This just means that .7/ must contain the
subspace topology on A. O

Corollary 2.6.20. The restriction f|A: A — Y of any continuous function f: X — Y to a
subspace A C X is continuous.
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Lemma 2.6.21. The corestriction g: X — B of any continuous function f: X — Y is contin-
uous, where B C'Y is a subspace containing f(X).

Proof. Each open subset V C B has the form BN U, where U C Y is open, hence g~ (V) =
{reX|glx)eVi={reX| flx) €U} = fYU) is open. O

Definition 2.6.22. A map f: X — Y is called an embedding (also called an imbedding) if the
corestriction g: X — f(X) is a homeomorphism, where the image f(X) C Y has the subspace
topology.

Lemma 2.6.23. A map f: X — Y is an embedding if and only if it factors as the composite
of a homeomorphism h: X — B and the inclusion j: B — 'Y of a subspace. In particular, any
embedding is an injective map.

Proof. Tt is clear that an embedding f factors in this way, with B = f(X). Conversely, if
f=joh with j: B —Y the inclusion, then f(X) = B and h: X — B equals the corestriction
of f. O

Example 2.6.24. The map f: [0,1) — R? given by f(t) = (cos(27t),sin(27t)) is an example of
an injective continuous function that is not an embedding, since the corestriction g: [0,1) — S*
to its image is not a homeomorphism.

Lemma 2.6.25. Let P = {p} be a singleton set, with the unique topology. For each topological
space X the unique map f: X — P is continuous.

Proof. The only open subsets of P are @ and P, with preimages @ and X, respectively, and
these are open. O

Corollary 2.6.26. Fach constant function c: X — Y to a point p € Y is continuous, where
c(x) =p forallz e X.

Theorem 2.6.27. Let f: X — Y be a function, and suppose that X = |J,c;Ua is covered by
a collection of open subsets U, C X. Then f is continuous if (and only if) each restriction
flUq: Uy — Y is continuous.

Proof. Let V C Y be open. For each o € J, the preimage (f|U,) (V) is open in U,, since
f|Uq is continuous, hence is open in X, since U, is open. Then

)y = U Ua) T v)
acJ

is a union of open subsets of X, hence is open. ]

Theorem 2.6.28. Let f: X — Y be a function, and suppose that X = A1 U---U A, is covered
by a finite collection of closed subsets A; C X. Then f is continuous if (and only if) each
restriction f|A;: A; — Y is continuous.

Proof. Let B C Y be closed. For each 1 < i < n, the preimage (f|A;)1(B) is closed in A4;,
since f|A; is continuous, hence is closed in X, since A; is closed. Then

F7HB) = (flA) (B U U (f14n)7H(B)
is a finite union of closed subsets of X, hence is closed. O

[[See Munkres p. 109 for examples.]
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2.6.7 Maps into products

Theorem 2.6.29. Let A, X and Y be topological spaces. A function f: A — X XY is
continuous if and only if both of its components fy =miof: A— X and fo =m0 f: A=Y
are continuous.

Proof. We use the subbasis criterion for continuity. Recall that the product topology on X xY
is generated by the subbasis .7 consisting of the open subsets U x Y for U open in X and X xY
for V open in Y. The function f is continuous if and only if f~*(S) is open in A for each S
in this subbasis, i.e., if and only if f~1(U x Y) = ffl(U) is open for each U open in X, and
fUX x V) = £, (V) is open for each V open in Y. This is equivalent to the continuity of f
and fo. O

Corollary 2.6.30. The product topology on X XY is the coarsest topology for which both of
the projection maps m1: X XY — X and ma: X XY — Y are continuous.

Proof. Let A = X x Y as a set, with some topology .7, and consider the identity function
f:A— X xY. Then f; = m and fo = mo are both continuous if and only if f is continuous,
which holds if and only if .7 is finer than the product topology. U

Example 2.6.31. Let A = (a,b) C Rand X =Y = R. A function f: (a,b) — R? can be
written f(t) = (f1(t), f2(t)). Then f is continuous if and only if both of the component functions
f1 and fo are continuous.

2.7 (8§19) The Product Topology

Let {X4}acs be an indexed collection of sets. The cartesian product
11 X«
acJ

is the set of J-indexed sequences (z4)acs With x, € X, for each a € J.
For each 8 € J there is a projection function

T3 H Xo — Xp
acJ

taking (zq)acs to zs.
Now suppose that each X, is a topological space.

Definition 2.7.1. The product topology on [, ; X4 is the topology generated by the subbasis

aeJ
S ={m5'(Up) | B € J,Us C Xg open}

consisting of all preimages
75 (Up)

where 3 ranges over the indexing set J and Upg ranges over the open subsets of Xg.

Lemma 2.7.2. The elements of the subbasis ¥ generating the product topology on [[,c; Xa
are precisely the products
S=1]V«

aed

where each Uy C X, 18 open, and U, # X, for at most one o € J.
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The elements of the associated basis % for the product topology on [ . ; Xa are precisely

the products
B=]]Vs
acJ

aed

where each Uy C X4, is open, and U, # X, for only finitely many o € J.

Proof. For each 3 € J and Ug C Xz open we have

75 (Up) = [ Vs

acJ

where U, = X, for all a # (3.
The intersection of two subbasis elements ng(U) and ng(V), with U,V C X for the same

G € J, is equal to the subbasis element ﬂﬁ_l(U NV'). Hence the basis elements all have the form
w5 (Ug,) N--- N7 (Ug,)

for some finite subset {31,...,5,} C J and open subsets U, C Xz, for 1 <1i < n, where all of
the B; are distinct. This finite intersection equals

1] v

acJ
where U, = X, for all a ¢ {(1,...,0n}. O

As always, each open subset of [] X, is the union of a collection of basis elements, and

each such union is open.

aed

2.7.1 Properties of general product spaces

Theorem 2.7.3. Let {X,}acs be a collection of topological spaces. A function f: A —
[locs Xao is continuous if and only if all of its components fg = mgo f: A — X, are con-
tinuous.

Corollary 2.7.4. The product topology on []
the projection maps mgz: ]

acy Xa 18 the coarsest topology for which all of

acy Xa — Xg are continuous.

Theorem 2.7.5. Let A, be a subspace of X, for each oo € J. The product topology on [],c; Aa
equals the subspace topology from ], c; Xa-

Theorem 2.7.6. If X, is a Hausdorff space, for each oo € J, then [],c; Xa is Hausdorff.

Theorem 2.7.7. Let A, be a subset of X, for each a € J. The closure of the product [ ], ; Aa
equals the product of the closures:
I14a=1] 4«-

acd aed

[[See Munkres page 116.]]
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2.8 (§20) The Metric Topology

2.8.1 Bounded metrics
Let (X, d) be a metric space. Recall the associated metric topology 7 on X.

Definition 2.8.1. A topological space (X,.7) is metrizable if there exists a metric d on X so
that 7 is the topology associated to d.

Definition 2.8.2. A metric space (X,d) is bounded if there exists a number M such that
d(z,y) < M for all z,y € X. If (X,d) is bounded the diameter of X is the least upper bound

diam(X) = sup{d(w,y) | v,y € X}.
Being bounded is a metric, not a topological property:

Theorem 2.8.3. Let (X, d) be a metric space. Define the standard bounded metric d: X x X —
R by

d(x,y) = min{d(z,y), 1}
Then d is a bounded metric on X that defines the same topology as d.

Proof. Checking that d(x,y) = 0 if and only if z = y, and d(y,x) = d(x,y), is trivial. To prove
the triangle inequality B B B

d(z,z) <d(xz,y) + d(y, 2)

we divide into two cases. If d(x,y) > 1 or d(y,z) > 1, then d(z,y) = 1 or d(y,z) =1, so
<

d(z,2) <1 <d(z,y) +d(y, 2) .

Otherwise, d(x,y) = d(z,y) and d(y, z) = d(y, 2), so

d(z,2) <d(z,2) < d(z,y) +d(y,2) = d(z,y) + d(y, 2) .

It is clear that d(z,y) <1 for all z,y € X, so (X,d) is bounded.
In any metric space, the collection of e-balls with € < 1 is a basis for the associated topology.
These collections are the same for d and d. U

2.8.2 Euclidean n-space

Definition 2.8.4. Let X = R" be the set of real n-tuples z = (z1,...,2,). The Euclidean
norm on R™ is given by

el = /ai+ -+ a3
and the Fuclidean metric is defined by
d(z,y) = lly — =zl
The sup norm = maz norm on R™ is given by
[€]loe = max{|z1],..., |znl}
and the square metric is defined by
p(,y) = |y = ofloo -

Theorem 2.8.5. For each n > 0, the Fuclidean metric d and the square metric p define the
same topology on R™.
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2.8.3 Infinite dimensional Euclidean space

For any indexing set J, consider the set R’ of real J-tuples = (z4)acs, Or equivalently, of
functions
z:J—R.

For example, when J = {1,2,...,n} we can identify RL2-n) with R™.

When J ={1,2,...} = N we write R¥ for the set of real sequences x = (x,)5 .

The formulas

||| = /23 + 23+ ...
and
[2]lco = sup{lz1], [z2l, .. }

are not well-defined for all x € R“.

However, ||z|loc does make sense for all bounded sequences in R. Replacing the usual metric

on R with the standard bounded metric will therefore allow us to generalize the square metric
to infinite dimensions.

Definition 2.8.6. Let (X, d) be any metric space, with associated standard bounded metric d.
Let J be any set, and let X” be the set of J-tuples z: J — X in X. The function

ﬁ(xay) = Sup{d(xOHyOé) ‘ o€ J}

defines a metric on X, called the uniform metric on X. The associated topology is called the
uniform topology.

Theorem 2.8.7. The uniform topology on R” is finer than the product topology.

Proof. Consider a point = = (24)acs in R’ and a product topology basis neighborhood

B:HUa

aed

of x, where each U, is open and U, # R only for a € {a1,...,a,,} C J. For each i choose an
€; > 0 so that Bj(z;,€;) C U;. Let € = min{ei,...,e,}. Then B;(x,€) C B, since if y € Bj(x,€)
then

p(x,y) =sup{d(za,ya) | a € J} <€
so that d(z4,ya) < € for all « € J. In particular, y, € U, for all a € J. O

[[Exercise: The uniform topology is strictly finer than the product topology for J infinite.]]
The product topology is metrizable when J is countable. It suffices to consider the case
J=N.

Theorem 2.8.8. Let d(x,y) = min{|y — x|, 1} be the standard bounded metric on R. For points
L= ('In)?lozlf Yy = (yn)%ozl € R¥ define

D(z,y) :SUP{W |n e N}.

Then D is a metric that induces the product topology on R¥.
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Proof. ((See Munkres p. 125 for the proof that D is a metric.))

Let us show that the product topology on R“ is finer than the metric topology from D.
Suppose that x € V where V' C RY is open in the metric topology. Then there is an € > 0 with
Bp(z,e) C V. We seek an open set U in the product topology with x € U C Bp(x,¢).

Let

Un = Bj(zpn,ne/2)

for all n € N. More explicitly, U,, = (z,, — ne/2,z,, + ne/2) for all 1/n > ¢/2, and U, = R for
all 1/n < €/2. Then each U, is open, and U,, # R only for finitely many n, so

U= ﬁUn
n=1

is open in the product topology, with x € U. If y € U then y,, € Uy, s0 d(Zn,yn) < ne/2 and
d(2n,yn)/n < €/2, for each n € N. Hence D(z,y) < €/2 < e and U C Bp(z, €), as required.

Conversely, we show that the metric topology from D is finer than the product topology on
R¥. Let x € U where U C R" is open in the product topology. Then there is a basis element
B for the product topology, with z € B C U. We seek an € > 0 such that Bp(z,¢) C B.

The basis element has the form -
B=]]Ux
n=1

where x,, € U, is open for each n, and U, # R only for finitely many n. If U, = R let §, = n,
otherwise choose 0 < §,, < 1 such that (x,, — 0y, zp, + 0,) C Uy,. Let

e:min{%\neN}.

The minimum is well-defined since only finitely many of these numbers are different from 1. If
y € Bp(z,€) then

d(Tp,yn)/n < € < p/n

for all n. It follows that y, € Uy, since there is only something to check if U, # R, in which

case 0, < 1, and d(xy,yn) < d,, implies y,, € (z,, — Oy, Ty, + ) C U,. Hence Bp(z,€) C B, as
required. ]

2.9 (§21) The Metric Topology (continued)

Definition 2.9.1. A topological space X has a countable basis at a point x € X if there is a
countable collection {B,,}7° ; of neighborhoods of  in X, such that each neighborhood U of x
contains (at least) one of the B,,. A space with a countable basis at each of its points is said
to satisfy the first countability axiom. Replacing each B, by B1N---N B, we may assume that
the neighborhoods are nested:

BioDByD>---DB,D....
Lemma 2.9.2. Each metric space (X,d) satisfies the first countability aziom.
Proof. A countable basis at € X is given by the neighborhoods By(x,1/n) for n € N. O

Lemma 2.9.3 (The sequence lemma). Let A be a subspace of a topological space X. If
there is a sequence of points in A that converges to x, then x € A. If X is metrizable, then the
converse holds.
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Proof. Converse: Let # € A. Then for each n € N the neighborhood By(z,1/n) of x meets A,
so we can choose an x,, € AN By(x,1/n). Then z,, — = as n — oo, as each neighborhood U of x
contains some By(z,1/N), hence also each By(x,1/n) forn > N,so z, € U for alln > N. O

Theorem 2.9.4. Let f: X — Y be a function. If f is continuous, then for every convergent
sequence x, — x in X the image sequence f(xy) converges to f(x) in Y. If X is metrizable,
then the converse holds.

Proof. Converse: Let A C X be a subset. We prove that f(A) C f(A). Any point in f(A) has
the form f(x) with * € A. By the lemma above, there exists a sequence (z,)%; in A with
xp — x as n — o0o. By hypothesis, f(z,) — f(z) as n — oo, where (f(z,))5; is a sequence of

points in f(A) C Y. Hence f(z) is in the closure of f(A). O
Lemma 2.9.5. An uncountable product R’ of copies of R is not metrizable.

Proof. Let J be uncountable. We show that X = R’ does not satisfy the converse claim in the
sequence lemma. Let

A ={(za)acs | To # 1 for only finitely many o € J}

and x = 0 = (0)aes. We shall prove (1) that 0 € A, but (2) there is no sequence (z,,)%; of
points in A that converges to 0. Here each z,, is a J-tuple (Zy,q)acJ-

Claim (1): Consider any basis element B = [],c;Ua containing 0. Here 0 € U, C R is
open, and U, # R only for finitely many o € J. Let

0 UL AR
Y=V i, =R

Then ¥y = (Yo )aes is in A and in B, hence AN B # &. So 0 € A.

Claim (2): Suppose that (z,)2° is a sequence of points in A. For each n € N, let J,, be the
finite set of o € J such that z,, o # 1. Then (J,- ; J,, is a countable union of finite sets, hence is
countable. Since J is uncountable there exists a 8 € J —J,;2 | Jp,. Then x,, 3 =1 for all n, and

U=r5'(-1/2,1/2)

is a neighborhood of 0 that does not contain any x,,. Hence (z,,)72 ; cannot converge to 0. [

2.10 (§22) The Quotient Topology

Each injective function f: X — Y factors as a bijection g: X — B followed by an inclusion
i: B CY, where B = f(X) is the image of f. When Y is a topological space, we defined the
subspace topology on B to be the coarsest topology making i: B — Y continuous. We may
also give X the unique topology making g: X — B a homeomorphism, and then f: X — Y is
an embedding.

In this section we consider the more-or-less dual situation of a surjective function f: X — Y.
When X is a topological space we shall explain how to give Y the finest topology making f
continuous, called the quotient topology.
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2.10.1 Equivalence relations

Definition 2.10.1. A relation ~ (read: “tilde”) on a set X is a subset R C X x X, where we
write x ~ y if and only of (z,y) € R. An equivalence relation on X is a relation ~ satisfying
the three properties:

(1)  ~ z for each z € X.
(2) =~y implies y ~ x for z,y € X.
(3)  ~y and y ~ z implies z ~ z for z,y,z € X.

Definition 2.10.2. If ~ is an equivalence relation on X, let

[z]={ye X [z ~y}

be the equivalence class of x € X. (This is a subset of X.) Note that = € [z] for each z € X,
and [z] = [y] if and only if x ~ y. Hence the equivalence classes are nonempty subsets of X
that cover X, and which are mutually disjoint. Let

X/~ ={la] [z € X}

(read: “X mod tilde”) be the set of equivalence classes. (This is a set of subsets of X.) The
canonical surjection
m: X — X/~

is given by 7(x) = [z].

Lemma 2.10.3. Let f: X — Y be a surjective function. Define an equivalence relation ~ on
X by xz ~y if and only if f(x) = f(y). There is an induced bijection

h: X/~—=Y

given by h([x]) = f(z). Its inverse h™! takes y € Y to the preimage f~1(y), which equals [z]
for any choice of x € f~'(y). The surjection f: X — Y thus factors as the composite of the
canonical surjection m: X — X/~ and the bijection h: X/~ —Y .

Proof. The function h is well-defined since [x] = [y] only if x ~ y, in which case f(x) = f(y) by
assumption. It is surjective since each element of Y has the form f(x) = h([z]) for some z € X.
It is injective since h([z]) = h([y]) implies f(z) = f(y) so x ~ y and [x] = [y]. O

In this way we can go back and forth between equivalence relations on X and surjective
functions X — Y, at least up to a bijection.

2.10.2 Quotient maps

Definition 2.10.4. Let f: X — Y be a surjective function, where X is a topological space.
The quotient topology on Y (from X) is the collection of subsets U C Y such that f~1(U) is
open in X.

Lemma 2.10.5. The quotient topology is a topology on 'Y .
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Proof. (1): f~Y(@) = @ and f~1(Y) = X are both open in X, so @ and Y are open in the
quotient topology on Y.
(2): If {Us}aes is a collection of open subsets of Y then each f~1(U,) is open in X, so

f_l(U Ua) = U f_l(Ua)

aeJ acJ

is a union of open sets in X hence is open in X, so |J U, is open in the quotient topology
onY.
(2): If {Uy,...,U,} is a finite collection of open subsets of Y then each f~!(U;) is open in

X, so

aeJ

fAon--nU,) = )N n Y U)
is a finite intersection of open sets in X hence is open in X, so Uy N--- N U, is open in the

quotient topology on Y. O

Definition 2.10.6. A surjective function f: X — Y between topological spaces is called a
quotient map if Y has the quotient topology from X. i.e., if U C Y is open if and only if f~1(U)
is open in X.

Lemma 2.10.7. A quotient map f: X — Y is continuous.

Proof. When Y has the quotient topology from X, U C Y is open if and only if f~1(U) is open
in X. In particular f is continuous. U
Lemma 2.10.8. Let f: X — Y be a surjective function, where X is a topological space. The
quotient topology is the finest topology on Y such that f: X — Y is continuous.

Proof. Let 7 be a topology on Y such that f: X — Y is continuous. Then for each U € 7 we
have that f~!(U) is open in X, so U is in the quotient topology. Hence .7 is coarser than the
quotient topology. O

Lemma 2.10.9. A surjective function f: X —Y is a quotient map if and only if the following
condition holds: a subset A C'Y is closed if and only if f~1(A) is closed in X.

Proof. Let U =Y — A. Then A is closed if and only if U is open, and f~!(A) is closed if and
only if
XA =1y -4) =)

is open. ]

Lemma 2.10.10. A bijective quotient map f: X — Y is a homeomorphism, and conversely.

2.10.3 Open and closed maps

Definition 2.10.11. A continuous function f: X — Y is called an open map if f(U) is open in
Y for each open U C X. It is called a closed map if f(A) is closed in Y for each closed A C X.

Lemma 2.10.12. Let £ be a basis for a topology on X. A map f: X — Y is open if and only
if f(B) is open in'Y for each basis element B € 4.

Proof. Each basis element is open in X, so if f is an open map then f(B) will be open in Y.
Conversely, any open subset U C X is a union of basis elements U = |, ; Ba, so if each
f(Bg) is open in Y then

aed

)= f( Ba) = | £(Ba)
acJ acJ
is open. ]
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Lemma 2.10.13. (1) Each surjective, open map f: X — Y is a quotient map.
(2) Each surjective, closed map f: X — Y is a quotient map.

Proof. (1): Let U C Y. If U is open then f~1(U) is open since f is continuous. Conversely, if
f~Y(U) is open in X then
U=f(fu))

because f is surjective, and this is an open subset of Y since f is an open map.
(2): Let A C Y. If A is closed then f~1(A) is closed since f is continuous. Conversely, if
f7Y(A) is closed in X then

A= f(f71(4)

because f is surjective, and this is a closed subset of Y since f is a closed map. O

Example 2.10.14. Let X = [0,1] in the subspace topology from R, and let Y = S! be the
circle in the subspace topology from R2. Let

f:0,1] — S*

be given by f(t) = (cos(2nt),sin(27t)). It is clearly continuous and surjective. It can also
be shown to be closed (using compactness?), hence is a quotient map. It is not open, since
U = [0,1/2) is open in [0, 1], but the image f(U) is not open in S*.

Define an equivalence relation ~ on [0, 1] by s ~ t if and only if f(s) = f(¢). The equivalence
classes for this relation are [0] = [1] = {0,1} and [t] = {t} for 0 < t < 1. We get an induced
bijection

h:[0,1]/~ — St
and f = hom. (We might also write 0 ~ 1 for this equivalence relation.) Then h is a
homeomorphism from [0, 1]/~ with the quotient topology from [0,1] to S' with the quotient
topology from [0, 1], which equals the subspace topology from R2.

Example 2.10.15. Let X = [0,1] x [0, 1] be a square in the subspace topology from R x R =
R?, and let Y = S! x S! in the product topology, which equals the subspace topology from
R? x R? =R* We call Y a torus. Let

g:[0,1] x [0,1] — S' x S*

be given by g(s,t) = (cos(27s),sin(27s), cos(2nt),sin(27t)). This is the product f x f of two
copies of the quotient map f: [0,1] — S! discussed above.

The function g is continuous and surjective. It is also closed, hence a quotient map, and
induces a homeomorphism

h: ([0,1] x [0,1])/~ — St x S*
where ~ is the equivalence relation given by (s,t) ~ (s',t') precisely if g(s,t) = g(s',t'). The
equivalence classes of this relation are the 4-element set

{(0,0),(0,1), (1,0), (1, 1)},

the 2-element sets
{(5,0),(s,1)} and {(0,%),(1,8)},
and the singleton sets (s,t), for 0 < s, < 1
In this way the torus S' x S! is realized, up to homeomorphism, as a quotient space of

the square [0, 1] x [0, 1], with respect to the equivalence relation ~ generated by the relations
(s,0) ~ (s,1) and (0,¢) ~ (1,¢t) for all s,t € [0,1].
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Example 2.10.16. Let X =R and Y = {n, z,p}. Define f: X — Y by

n if x <0,
fle)=<z2 ifz=0,
p ifx>0.

The quotient topology on Y from R is the collection

{2, {n}, {p}{n,p},Y}.

It is a non-Hausdorff topology, where z is the only closed point.

Example 2.10.17. Let X = Rx R and ¥ = R. Let m;: R x R — R be the projection
m(z,y) = x. Then m is continuous and surjective. It is an open map, since for each basis
element B = U x V C R x R for the product topology, with U,V C R open, the image
m1(B) = U is open in R. Hence 7 is a quotient map.

It is not a closed map, since the hyperbola

C={(z,y) eRxR|zy=1}

is a closed subset of R x R, but 71(C') = R — {0} is not closed in R. To see that C is closed,
use the continuous function m: R x R — R taking (z,y) to xy, and note that C = m~1(1) is
the preimage of the closed point {1}.

Example 2.10.18. Let A = C U{(0,0)} be a subspace of X = R?, and consider the restricted
map f =m|A: A — R. It is continuous and surjective, but not a quotient map. For {0} is not
open in R, but its preimage f~1(0) = {(0,0)} is open in the subspace topology on A.

Theorem 2.10.19. Let f: X — Y be a quotient map, let A C X and B = f(A) C Y be
subspaces, and let g: A — B be the restricted map. Assume that A= f~Y(B).

(1) If A is open (or closed) in X, the g is a quotient map.
(2) If f is an open map (or a closed map), then g is a quotient map.

Proof. Consider the diagram

g V) —— Ar— X < <U
| )
V> > B> Y < fO)

We first prove the identities

for V C B, and
g(AnU) =Bnf(U)

for U € X. It is clear that g=' C f~%(V). Conversely, if z € f~1(V) then f(x) € V C B, so
r € f7YB) = A, hence v € g~ (V). It is also clear that g(ANU) = f(ANU) C BN f(U).
Conversely, if y € BN f(U) then there is an x € U with f(x) = y. Since f(z) =y € B we get
r€fY(B)=Asor € ANU. Hence y € f(ANU).

Next, suppose that A is open. Given V C B with ¢g='(V) open in A we want to prove that
V is open in B. Since A is assumed to be open in X we know that g~1(V) = f~1(V) is open in
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X. Since f is a quotient map, V is open in Y. Hence V' = BNV is open in B. (Same argument
for A closed.)

Finally, suppose that f is an open map. Given V C B with ¢g~(V) open in A we want to
prove that V is open in B. There is an open subset U C X with g~}(V) = ANU. Then

9(g7 (V) =g(ANnU) =B f(U).

Here V = g(g~(V)) since g is surjective, and f(U) is open in Y since f is assumed to be an
open map. Hence V= BN f(U) is open in B. (Same argument for f a closed map.) O

Remark 2.10.20. The composite of two quotient maps f: X — Y and g: Y — Z is a quotient
map gf: X — Z.

The product of two quotient maps is in general not a quotient map. Some condition like
local compactness is usually needed.

The image of a Hausdorff space X under a quotient map f: X — Y needs not be a Hausdorff
space.

The quotient topology has a universal mapping property, somewhat dual to that of the
subspace and product topologies.

Theorem 2.10.21. Let f: X — Y be a quotient map, and Z any topological space. Let
h: X — Z be a function such that h(x) = h(y) whenever f(x) = f(y). Then h induces a unique

function g: Y — Z with h=go f.
X
N

Y*E?Z

The induced function g is continuous if and only if h is continuous. Furthermore, g is a quotient
map if and only if h is a quotient map.

Proof. Each element y € Y has the form y = f(x) for € X, since f is surjective, so we can
(and must) define g(y) = h(x).

If g is continuous, then so is the composite h = gof. Conversely, suppose that h is continuous.
To prove that g is continuous, let V' C Z be open. To prove that g~ (V) is open in Y it suffices
to show that f~1(g~1(V)) is open in X, since f is a quotient map. But f~(g=1(V)) = h=1(V),
and h~1(V) is open in X by the assumption that h is continuous.

If g is a quotient map, then so is the composite h = g o f. Conversely, suppose that h is a
quotient map. Then g is surjective, since any z € Z has the form z = h(z) = g(f(x)) for some
r € X. Lastly, let V C Z and suppose that ¢g~!(V) is open. We must show that V is open.
Now f~1(g71(V)) = h=1(V) is open, since f is continuous. Hence V is open, by the assumption
that h is a quotient map. O

Corollary 2.10.22. Let h: X — Z be a surjective, continuous map. Let ~ be the equivalence
relation on X given by x ~ y if and only if h(x) = h(y), and let X/~ be the set of equivalence
classes:

X/~={h"Y2)|ze 2}
Give X/~ the quotient topology from the canonical surjection w: X — X/~.

X
l h
™



(1) The map h induces a bijective, continuous map g: X/~ — Z.
(2) The map g: X/~ — Z is a homeomorphism if and only if h is a quotient map.
(3) If Z is Hausdorff, then so is X/~.

Proof.
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Chapter 3

Connectedness and Compactness

3.1 (§23) Connected Spaces

3.1.1 Disjoint unions

Definition 3.1.1. Let C' and D be topological spaces. Assume that C N D = @. We then write
C U D for the disjoint union C U D. There are canonical inclusions

ic: C—-CUD and ip: D—-CUD.

The disjoint union topology on C U D is the collection of subsets W C C' U D such that CNW
is open in C' and D NW is open in D. It is the finest topology on C LI D for which both i¢ and
1p are continuous.

Remark 3.1.2. The disjoint union C' LI D is also known as the sum, or coproduct, of the two
spaces C' and D. It has a universal property dual to that of the product C' x D.

Each space X is homeomorphic to a disjoint union C' U D in some trivial ways, if C = & or
D=w. If X2 CUD in a non-trivial way, with both C and D nonempty, then we say that X
is disconnected. Otherwise, X is a connected space.

3.1.2 Separations

Definition 3.1.3. Let X be a topological space. A separation of X is a pair U, V of disjoint,
nonempty open subsets of X whose union is X. The space X is said to be connected (norsk:
sammenhengende) if there does not exist a separation of X. Otherwise it is disconnected.

Remark 3.1.4. Being connected is a topological property. The empty space X = & may
require special care. Some authors make an exception, and say that it is not connected. The
situation is similar to that of prime factorization, where the unit 1 has no proper factors in
natural numbers, but is still not counted as a prime.

Lemma 3.1.5. A space X is connected if and only if the only subsets of X that are both open
and closed are @ and X itself.

Proof. In a separation U, V of X, sinceUNV =@ and UUV = X we must have V = X —U.
Asking that U and V are open is equivalent to asking that U is both open and closed. Asking
that both U and V are nonempty is equivalent to asking that U is different from @ and X. 0O

Lemma 3.1.6. IfU, V is a separation of X, then X = U UV is homeomorphic to the disjoint
union of the subspaces U and V.

46



Proof. If W C X is open then UNW and VNW are open in the subspace topologies on U and
V', respectively, so W is open in U LI V. Conversely, if W is open in U UV, then U N W and
V NW are open in U and V, respectively, hence are open in X, since U and V are open in X.
Thus

W=UnW)u(Vnw)

is a union of open sets, hence is open in X. ]

Lemma 3.1.7. If X = C U D with C and D nonempty, then C, D is a separation of X.

Proof. 1t is clear that C' and D are disjoint, nonempty subsets of X whose union equals X.
To see that C is open in the disjoint union topology, not that C N C = C is open in C and
DNC =@ isopen in D. Similarly, D is open in the disjoint union topology. O

Lemma 3.1.8. A separation of a topological space X is a pair of disjoint, nonempty subsets A
and B whose union is X, neither of which contains any limit points of the other. (In symbols,
ANB' =@ and ANB=2.)

Proof. If A and B form a separation of X, then A is closed, so A’ C A = A does not meet B.
Similarly, B’ does not meet A.

Conversely, suppose that A and B are disjoint, nonempty sets with union X, A NB = &
and ANB' =@. Then ANB =@, since A=AUA',so AC X —B = A, hence A = A is
closed and B is open. Likewise, B is closed and A is open. Hence A and B form a separation
of X. O

Example 3.1.9. Each 1-point space X = {a} is connected, since there are no proper, nonempty
subsets.

Example 3.1.10. Let X = {a,b} with the Sierpinski topology 7, = {&, {a}, X}. The proper,
nonempty subsets of X are {a} and {b}, where the first is open and the second is closed, but
neither is both open and closed. Hence X is connected.

Example 3.1.11. Let X = [—1,0)U(0, 1] be a subspace of R. Then U = [-1,0) and V' = (0, 1]
is a separation of X, so X is disconnected.

Remark 3.1.12. We shall prove in the next section that R is connected, as is each interval
[a,b], [a,b), (a,b] and (a,b) for —oco < a < b < oco.

Example 3.1.13. Each subspace X C Q with at least 2 elements is disconnected: If p < g € X
choose an irrational a € (p,q). Then U = X N (—o0,a) and V = X N (a,00) is a separation of
X.

3.1.3 Constructions with connected spaces

Lemma 3.1.14. If U and V form a separation of X, and A is a connected subspace, then
AcUorAcCV.

Proof. The intersection A N U is open and closed in A. Since A is connected, AN U is empty
or all of A. In the first case, A C V. In the second case, A C U. O

Theorem 3.1.15. The union of a collection of connected subspaces of X, that all have a point
m common, is connected.
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Proof. Let {An}acs be a collection of connected subspaces of X, let p € [,c; Aq, and let
Y = Uues Aa. To show that Y is connected, suppose that Y = U UV is a separation of Y.
Then p € U or p € V. Suppose, without loss of generality, that p € U. For each a € J the
connected space A, is contained in U or in V. Since p € A, and p ¢ V we must have 4, C U.
This holds for each «, hence Y C U. This contradicts the assumption that V' is nonempty. [

Theorem 3.1.16. Let A C B C A be subspaces of X. If A is connected then B is connected.

Proof. Suppose that B = UUYV is a separation. Since A is connected, we have A C Uor A C V.
Without loss of generality assume that A C U. Then B C A C U. Since U is closed in B, it
equals its closure BN U in B. Combining B C U and U = BN U we deduce that B C U. This
contradicts the assumption that V' is nonempty. U

Theorem 3.1.17. The continuous image of a connected space is connected.

Proof. Let f: X — Y be continuous, with X connected. We prove that the image space
Z = f(X) is connected. Suppose that Z = UUV is a separation. Then f~1(U) and f~1(V) are
disjoint, nonempty open subsets of X whose union equals X. This contradicts the assumption
that X is connected. O

3.2 (8§24) Connected Subspaces of the Real Line

We now use the existence of least upper bounds for nonempty, bounded subsets of R to prove
that R is connected.

Definition 3.2.1. A subset C' C R is convez if for any two points a < b in C the closed interval
[a,b] is a subset of Y.

Example 3.2.2. The convex subsets of R are &, the intervals (a,b), [a,b), (a,b] and [a, b], the
rays (—oo,b), (—o0,b], (a,00) and [a,00), and R itself.

Theorem 3.2.3. FEach convezx subset C C R is connected.

Proof. We first reduce to the special case C' = [a, b].

Suppose that C' is the union of two disjoint, nonempty subsets A and B, each of which is
open in C. Choose a € A and b € B. We may assume, without loss of generality, that a < b.
The interval [a,b] is contained in C. Let U = [a,b] N A and V = [a,b] N B. Then [a,b] is the
union of the disjoint, nonempty subsets U and V', each of which is open in [a,b]. Note that
a€ Aandbe B.

Let ¢ = sup U be the least upper bound of U.

Clearly ¢ € [a,b], since a € U and b is an upper bound for U. For each n the interval
(¢ —1/n, | contains a point x,, € U, since otherwise ¢ — 1/n would have been a smaller upper
bound for U. The sequence x,, converges to ¢, so ¢ is in the closure of U. But U is closed in
[a, b], since its complement V' is open, so ¢ € U. In particular, ¢ # b, since b € V.

On the other hand, ¢ is open in U, so U contains a neighborhood [a,b] N (c — €,¢ + €) of ¢
in [a,b], for some € > 0. We know that ¢ < b, so this neighborhood contains elements greater
than ¢. This contradicts the fact that ¢ is an upper bound for U.

This contradiction tells us that C' is connected. O

Theorem 3.2.4 (Intermediate value theorem). Let f: X — R be a continuous map, where
X is a connected space. If a,b € X are points, and r € R lies between f(a) and f(b), then there
exists a point ¢ € X with f(c) =r.
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Proof. Suppose that f(X) C R— {r} = (—oo,r) U (r,00). Then X is the union of the disjoint,
nonempty subsets U = f~!((—o0,7)) and V = f~1((r,o0)), each of which is open in X. This
contradicts the assumption that X is connected. O

3.2.1 Path connected spaces

Definition 3.2.5. Given points z,y € X a path in X from z to y is a map f: [a,b] — X with
f(a) =z and f(b) =y, where [a,b] C R.

A space X is path connected (norsk: veisammenhengende) if for any two points x and y of
X there exists a path in X from z to y.

Lemma 3.2.6. A path connected space is connected.

Proof. Let X be path connected, and suppose that U and V separate X. Choose points x € U
and y € V, and a path f: [a,b] — X in X from z to y. Then f~}(U) and f~1(V) form a
separation of the connected space [a, b], which is impossible. ]

Lemma 3.2.7. The continuous image of a path connected space is path connected.

Proof. If g: X — Y is a map, any two points in f(X) can be written as g(z) and g(y) for
x,y € X. Since X is path connected, there is a path f: [a,b] — X in X from x to y. Then
go f:]a,b] = Y is a path in f(X) from f(x) to f(y). Hence f(X) is path connected. O

Definition 3.2.8. A subset C of a real vector space V is convez if for each pair of points
x,y € C the straight-line path f: [0,1] — V defined by

fA)=QQ-t)z+ty
takes all of its values in C.

Example 3.2.9. Any convex subset of R™ is connected, since f is continuous. For example,

the n-dimensional unit ball
B"={z e R" | [|z]| <1}

is convex for n > 0, hence path connected.

Example 3.2.10. The punctured Euclidean space R™ — {0} is path connected for n > 2. For
n = 1, the space R! — {0} is not (path-)connected. For n = 0 the space R? — {0} is empty,
hence is path connected by convention.

Example 3.2.11. The (n — 1)-dimensional unit sphere
" ={w eR" [ [|z| =1}

is the continuous image of g: R — {0} — S™"~! given by g(x) = z/||x||, hence is path connected
for n > 2. For n = 1, the O-sphere S® = {+1,—1} is not path connected. For n = 0, the
(—1)-sphere S~! is empty, hence is also path connected, by convention.

Example 3.2.12. Let
S ={(z,sin(1/z)) |0 <z <1}

be a subset of R%. It is the image of the connected space (0,1] under the continuous map
g(t) = (t,sin(1/t)), hence is connected. Therefore its closure S in R? is connected. This closure

S=SuUV
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is the union of S with the vertical interval V' = {0} x[—1, 1]. The space S is called the topologist’s
sine curve.

We show that S is not path connected. Suppose that f: [a,b] — S is a map with f(a) € V
and f(b) € S. The set of t € [a,b] with f(t) € V is closed, since V is closed in S, hence has
a greatest element c. The restricted function f|[c,b]: [¢,b] — S is then a path in S starting in
V and ending in S. By reparametrizing, we may replace [c,b] by [0,1]. We then have a map
f:0,1] — S with f(0) € V and f(t) € S for all t € (0, 1].

Write f(t) = (z(t),y(t)). Then x(0) = 0 and z(t) > 0 for all ¢ € (0, 1]. We show that there is
a sequence of points ¢,, € (0,1] with 0 < ¢, < 1/n and y(t,) = (—1)". Then ¢,, — 0 as n — oo,
but the sequence (y(t,))s2; = ((—1)")22; does not converge. This contradicts the continuity
of y.

For each n we choose a v > 1/x(1/n) such that sin(v) = (—1)". Let u = 1/v, then
0=2(0) <u<z(l/n) and sin(1/u) = (—1)". By the intermediate value theorem for x, there
is a t, € (0,1/n) with z(¢,) = u. Then y(t,) = (—1)", as desired.

3.3 (§25) Components and Local Connectedness

Definition 3.3.1. Define an equivalence relation ~ for points in a topological space X by z ~ y
if there is a connected subset C' C X with z,y € C'. The equivalence classes for ~ are called
the (connected) components of X.

Lemma 3.3.2. ~ is an equivalence relation on X.

Theorem 3.3.3. The components of X are connected, disjoint subspaces whose union is X.
Each nonempty, connected subset of X is contained in precisely one component.

Proof. 1t is clear that the components are disjoint, nonempty subspaces whose union is X, since
the components are the equivalence classes for an equivalence relation. If A C X is connected
and meets two components C; and Cs, in points x1 and xs, say, then x1 ~ x9, so C; = Cs.

To show that each component C' is connected, let zg € C. For each x € C we have zg ~ x,
so there exists a connected subset A, with zo,2 € A;. Then A, C C, so |J,cc Az = C. Since
all A, are connected, and all contain x, it follows that the union is connected. O

Theorem 3.3.4. A finite cartesian product of connected spaces is connected.

Proof. Let X and Y be connected spaces. We show that any two points (z,y) and (z/,y) in
X x Y are in the same component. First, X x {y} is homeomorphic to X, hence is connected.
So (x,y) and (', y) are in the same component. Next, {z'} x Y is homeomorphic to Y, hence is
connected. So (z/,y) and (2/,%’) are in the same component. The claim follows by associativity
of ~.

Given n connected spaces X1, ..., X,, the homeomorphism

Xy X x Xp 2 (X X x Xpo1) X Xy
and induction on n shows that X; x --- x X, is connected. O

Remark 3.3.5. In fact, an arbitrary product of connected spaces is connected, in the product
topology.
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3.3.1 Path components

Definition 3.3.6. Define another equivalence relation ~ for points in a topological space X
by x ~ y if there is a path in X from x to y. The equivalence classes for ~ are called the path
components of X.

Lemma 3.3.7. ~ is an equivalence relation on X.

Theorem 3.3.8. The path components of X are path connected, disjoint subspaces whose union
1s X. Fach nonempty, path connected subset of X is contained in precisely one path component.

Example 3.3.9. The topologist’s sine curve S = SUV is connected, hence consist of only one
component. It has two path components, .S and V. Note that S is open in S, but not closed,
and V is closed in S, but not open.

3.3.2 Locally connected spaces

Definition 3.3.10. A space X is locally connected at a point x € X if for each neighborhood
U of z there is a connected neighborhood V' of z contained in U:

zreVcUcX

We say that X is locally connected if it is locally connected at each of its points.

Definition 3.3.11. A space X is locally path connected at a point x € X if for each neighbor-
hood U of x there is a path connected neighborhood V of x contained in U:

reVcUcCX
We say that X is locally path connected if it is locally path connected at each of its points.

Example 3.3.12. The real line is locally (path) connected, since each neighborhood U of any
point = contains a (path) connected basis neighborhood (z — €, + €) for some € > 0.

Example 3.3.13. The topologist’s sine curve is not locally (path) connected, since small neigh-
borhoods of points in V' are not connected.

Theorem 3.3.14. If X is locally connected, then each component C of X is open in X.

Proof. Let x € C. Then U = X is a neighborhood of z, so by local connectivity there is a
connected neighborhood V of z with V. C U = X. Since V is connected, V C C. Hence C
contains a neighborhood around each of its points, and must be open. O

Theorem 3.3.15. If X is locally path connected, then each path component P of X is open in
X.

Theorem 3.3.16. If X is a topological space, each path component of X lies in a unique
component of X. If X is locally path connected, then the components and the path components
of X are the same.

Proof. Each path component P is nonempty and connected, hence lies in a unique component
C. If X is locally path connected we show that P = C.

Let U be the union of the path components () of X that are different from P and meet C.
Since each such path component () is connected, it lies in C, so that

C=PUlU

is a disjoint union. Because X is locally path connected, each path component P or @) is open
in X, hence so is the union U. Hence P is a nonempty, open and closed subset of C. Since C
is connected, it follows that P = C. O
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3.4 (§26) Compact Spaces

3.4.1 Open covers and finite subcovers

Definition 3.4.1. A collection &7 = {U,}qes of subsets of X is said to cover X, or to be a
covering of X, if the union of its elements is equal to X, so X = J,c;Ua. If each element in
the collection is an open subset of X, then we say that <7 is an open cover.

A subcollection &8 C & that also covers X is called a subcover of &. If, furthermore, 4
has finitely many elements, then we call Z a finite subcover of <.

Definition 3.4.2. A space X is said to be compact if for each open cover & = {Uy}acs of
X there exists a finite subcollection {U,,,...,U,, } that also covers X. In other words, X is
compact if each open cover of X contains a finite subcover.

Example 3.4.3. A finite topological space X is compact, since there are only finitely many
different open subsets U C X, so any collection covering X is finite.

Example 3.4.4. The real line R is not compact, since the open cover & = {(n — 1,n + 1) |
n € N} does not admit a finite subcover.

Remark 3.4.5. From S. G. Krantz’ “Mathematical apocrypha”.

There is a story about Sir Michael Atiyah (1929- ) and Graeme Segal (1941- ) giving
an oral exam to a student at Cambridge. Evidently the poor student was a nervous
wreck, and it got to a point where he could hardly answer any questions as all.

At one point, Atiyah (endeavoring to be kind) asked the student to give an example
of a compact set. The student said: “The real line.” Trying to play along, Segal
said: “In what topology?”

Example 3.4.6. The real line R in the trivial topology is compact, since the only open covers
are the collections {R} and {&, R}, which are finite.

Example 3.4.7. The subspace
X ={0}uU{l/n|neN}

of R is compact. Given an open covering o7 of X, choose U € & with 0 € U. Since U is open in
the subspace topology, there is an N € N such that 1/n € U for all n > N. Foreach 1 <n < N
choose U,, € o with 1/n € U,. Then 8 = {U,Uy,...,Un} is a finite subcover of <.

Example 3.4.8. Any space X in the cofinite topology is compact. If X is empty, this is trivially
true. Otherwise, if &7 = {U,}qacs is an open cover, not all U, can be empty. Choose a § € J
so that Us C X is nonempty. Then X — Ug = {z1,...,2,} is a finite set. For each i choose an
a; € J so that x; € Uy,. Then {Us,Uq,,..., Uy, } is a finite subcover of 7. Since &/ was an
arbitrary open cover of X, it follows that X is compact.

Definition 3.4.9. If Y is a subspace of X, a collection o7 of subsets of X covers Y if the union
of the elements of & contains Y.

Lemma 3.4.10. Let Y be a subspace of X. Then Y is compact if and only if each covering of
Y by open subsets of X contains a finite subcollection covering Y .
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Proof. Suppose that Y is compact, and that &7 = {U, }.c is a covering of Y by open subsets of
X. Then {Y NU,}aes is an open cover of Y, hence contains a finite subcover {Y NU,,,...,Y N
Ua, }. Then U,,,...,U,, } is a finite subcollection of o/ that covers Y.

Conversely, suppose that each covering of Y by open subsets of X contains a finite subcol-
lection covering Y, and let &/ = {V,}acs be an open covering of Y. For each a € J we can
write V, = Y NU,, for some open subset U, C X. Then the collection {U,},cs is a covering of

Y by open subsets of X, which we have assumed contains a finite subcollection {U,,,...,Ua, }
covering Y. Then {V,,,...,V,, } is a finite subcollection of ./ that covers Y. Since &/ was an
arbitrary open cover, it follows that Y is compact. O

3.4.2 Compact subspaces of Hausdorff spaces

Theorem 3.4.11. Every closed subspace of a compact space is compact.
Proof. ((See Munkres, page 165.)) O

Recall that finite subsets of Hausdorff spaces are closed. Compact subspaces generalize finite
sets in this respect.

Theorem 3.4.12. Every compact subspace of a Hausdorff space is closed.

Proof. Let X be a Hausdorff space and let K C X be a compact subspace. Let p € X — K be
any point. We prove that p ¢ K, so that K = K is closed.

For each point ¢ € K we have p # ¢, so there exist neighborhoods U, and V; of p and ¢,
respectively, with U, NV, = @. The collection {V, | ¢ € K} of open subsets in X covers K,
since

Kcl|Jv,.
qgeK

By compactness of K, there is a finite subcollection {Vg,,...,V,,} that also covers K:
KcV=V,u---uV,, .

Let U =Ug4 N---NUg,. Then U is neighborhood of p. We claim that U N K = &, so p is not
in K. In fact UNV = @, for if z € V then z € V, for some i, but then x ¢ U,, sox ¢ U. O

We have proved:

Lemma 3.4.13. If X is a Hausdorff space, K C X a compact subspace, and p € X — K, then
there exist disjoint open subsets U and V of X withp € U and K C V.

Example 3.4.14. The intervals (a,b], [a,b) and (a,b) are not closed in R, hence cannot be
compact. We shall prove in the next section that each closed interval [a,b] in R is compact.

Example 3.4.15. If X is an infinite set with the cofinite topology, then any subspace has the
cofinite topology, hence is compact, but not every subspace is closed.

Theorem 3.4.16. The continuous image of a compact space is compact.

Proof. Let f: X — Y be continuous, and assume that X is compact. We prove that f(X)
is a compact subspace of Y. Let &/ = {U,}acs be a covering of f(X) by open subsets of
Y. Then {f1(Uy)}acs is an open cover of X. By compactness there exists a finite subcover

{f"Y(Usy)s .-, f1(Ua,)}. Then the sets {Uy,, ..., Uy, } cover f(X). O

Theorem 3.4.17. Let f: X — Y be a map from a compact space X to a Hausdorff space Y.
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(1) f is a closed map.

(2) If f is surjective, then f is a quotient map.
(8) If f is bijective, then f is a homeomorphism.
(4) If f is injective, then f is an embedding.

Proof. (1): Let A C X be a closed subset. Since X is compact, A is compact. Since f is
continuous, f(A) is compact. Since Y is Hausdorff, f(A) C Y is closed.

(2): Any closed, surjective map is a quotient map.

(3): If f is bijective, the inverse function h = f~!: Y — X is continuous, since for each
closed subset A C X the preimage h=1(A) = f(A) is closed in Y.

(4): If f is injective, the corestriction g: X — f(X) is bijective, and f(X) is Hausdorff, so
g is a homeomorphism. U

Example 3.4.18. The map R — {0} shows that the continuous preimage of a compact space
needs not be compact.

Definition 3.4.19. A map f: X — Y is said to be proper if for each compact subspace K C Y
the preimage f~!(K) is compact.

3.4.3 Finite products of compact spaces
Theorem 3.4.20. Let X and Y be compact spaces. Then X XY is compact.
Corollary 3.4.21. Any finite product of compact spaces is compact.

Lemma 3.4.22 (The tube lemma). Consider the product X x Y, let p € X, and assume
that Y is compact. If N C X XY is open, with {p} x Y C N, then there exists a neighborhood
UCX ofpwithUXxY CN.

Proof. For each ¢ € Y we have (p,q) € {p} x Y C N. Since N is open there is a basis element
Uy x Vi C N for the product topology on X x Y, with p € U, open in X and g € V, open in
Y. The collection {V;}qcy is an open cover of Y. By compactness of Y, there exists a finite
subcover {V,,,..., V. }. Let U =U, N---NU,. Then p € U is open in X. We claim that
UxY CN. For any (z,y) € U xY thereisan 1 <i <n withy € V,,. Then z € U C U, so
(z,y) € Uy, x Vg, C N. O

Example 3.4.23. The tube lemma fails if Y is not compact. Consider the neighborhood
N ={(z,y) eRxR||zy| <1}
of {0} x R.

Proof of theorem. Let of = {W,}acs be an open cover of X x Y. For each point p € X,
the subspace {p} x Y is compact, and is therefore covered by a finite subcollection %, =
{Waysoo o, Wa, } of @, Let N = W,, U---UW,,. Then N C X x Y is an open subset
containing {p} x Y. By the tube lemma, there is a neighborhood U,, C X of p with U, xY C N.
Note that U, x Y is covered by the finite subcollection %, of <.

Now let p € X vary. The collection {Up,},cx is an open cover of X, hence admits a finite
subcover {Up,,...,Up, }. For each 1 < j < m the subspace Uy, x Y is covered by the finite
subcollection %), of /. Hence the union

m
XxY=|]JU, xY
j=1
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is covered by the subcollection
Bp, U - U B,

of 7. This is a finite union of finite collections, hence is a finite subcollection of /. Since </
was an arbitrary open cover, it follows that X x Y is compact. U

3.4.4 The finite intersection property

Let o/ be a collection of open subsets of a space X. Let € = {X —U | U € &/} be the collection
of closed complements. To say that 7 is a cover of X is equivalent to saying that € has empty

intersection:
Nc=Nx-)=x-{JU
Ce% Ucot Ueco/

is empty if and only if X = Uy, U.

Definition 3.4.24. A collection % of subsets of X has the finite intersection property if for
each finite subcollection {C4,...,C,} C € the intersection

Cin---NCy
is nonempty.

Theorem 3.4.25. A topological space X is compact if and only if for each collection € of closed
subsets of X, having the finite intersection property, the intersection (o C is nonempty.

Proof. “X is compact” is equivalent to the assertion:

For any collection o7 of open subsets of X, if .o/ covers X then some finite subcol-
lection of &7 covers X.

This is logically equivalent to the contrapositive statement:

For any collection 7 of open subsets of X, if no finite subcollection of &7 covers X,
then &7 does not cover X.

Translated to a statement about the complementary collection of closed subsets %, this is
equivalent to:

For any collection % of closed subsets of X if no finite subcollection of % has empty
intersection, then 4" does not have empty intersection.

In other words:

For any collection % of closed subsets of X, if each finite subcollection of ¥ has
nonempty intersection, then ¢ has nonempty intersection.

3.5 (§27) Compact Subspaces of the Real Line

Theorem 3.5.1. Each closed interval [a,b] C R of the real line is compact.

(Here a,b € R, we are not considering infinite intervals.)
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Proof. Let o = {Ugy}aes be a covering of [a,b] by open subsets of R. Consider the set S of
all x € [a,b] such that [a,z] can be covered by a finite subcollection of o/. Then a € S, since
a € U, for some o € J, and then {U,} is a finite subcollection of &/ that covers [a,a] = {a}.
Hence S is nonempty and bounded above. Let ¢ = sup S be the least upper bound of S. Clearly
c € la,bl.

We claim that ¢ € S. Choose 3 € J with ¢ € Ug. Since Ug is open there exists an € > 0
with (¢ —€,¢ +€) C Ug. Since the supremum c is in the closure of S, there is some point
x € SN (c—¢€c+€). Since ¢ is an upper bound for S, z < ¢. Then [a,x] can be covered
by a finite subcollection {Us,,...,Us, } of &7, and [z, c] is contained in Ug. This implies that
la,c] = [a,z]U[z, c] is covered by the finite subcollection {Uy,, ..., U, ,Ug} of &7, so that x € S.

We also claim that ¢ = b. Suppose that ¢ < b, to achieve a contradiction. Then there is a
y € a,b] N (c — €,¢+ €) with ¢ < y such that [a,y] is covered by the same finite subcollection
{Ua,,...,Ua,,Us}. Hence y € S, contradicting the assumption that ¢ is an upper bound. O

Example 3.5.2. The surjective map f: [0,1] — S! given by f(t) = (cos(2nt),sin(27t)) is a
quotient map, since [0, 1] is compact and S' C R is Hausdorff. Similarly for fx f: [0,1]x[0,1] —
St x St

Theorem 3.5.3. A subspace Y of R™ is compact if and only if it is closed and bounded (in any
of the equivalent metrics coming from a norm).

Proof. Since [a,b] C R is compact, any finite product
[al,bl] X oo X [an,bn] CR"

is compact, as is any closed subset Y of such a finite product. (These are the bounded subsets
in the square metric.)
Conversely, the collection of open subsets

Uy =(-M,M)x---x(=M,M)CR"

for M € N has union R”, so if Y is compact then there is a finite subcollection {Uxs,, ..., U, }
of these that covers Y. Let M = max{Mj,..., My}. Then Y C Uy is bounded. Since R" is
Hausdorff we must also have that Y is closed. O

Theorem 3.5.4 (Extreme value theorem). Let f: X — R be continuous, with X compact.
Then there exist points c¢,d € X with

fle) < flz) < f(d)
forallx € X.

Proof. The continuous image f(X) C R is compact, hence closed, so contains both its infimum
and its supremum. Writing these as f(c) and f(d), we get the conclusion. O

3.5.1 The Lebesgue number

Definition 3.5.5. Let (X, d) be a metric space and let A C X be a nonempty subset. For each
x € X the distance from x to A is

d(xz,A) = inf{d(z,a) |a € A}.

The diameter of A is
diam(A) = sup{d(a,b) | a,b € A}.
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Lemma 3.5.6. The function x +— d(x,A) is continuous.

Proof. Let z,y € X. By the triangle inequality,
d(x, A) < d(x,a) < d(z,y) + d(y, a)

for all a € A, so
d(z, A) — d(z,y) < inf{d(y,a) | a € A} = d(y, A)

and

by symmetry in z and y. Hence x — d(z, A) is continuous. U

Lemma 3.5.7. Let &7 be an open cover of a compact metric space (X,d). There exists a § > 0
such that for each subset B C X of diameter < § there exists an element U € of with B C U.
The number § is called a Lebesgue number of <.

Proof. If X € & then any positive number is a Lebesgue number for /. Otherwise, by
compactness there is a finite subcollection {Uy,...,U,} of & that covers X. Let C; = X — U;
be the closed complement; each C; is nonempty. To say that x € U; is equivalent to saying
d(xz,C;) > 0, since d(x,C;) = 0 if and only if x € C;.

Define f: X — R as the average

fla) == S d(r, o).
i=1

Claim: f(x) > 0 for all z € X. Proof: For any given x € X there is an ¢ with = € U;. Since U;
is open, there exists an € > 0 with By(x,€) C U;. Then d(z,C;) > e. Hence f(z) > ¢/n > 0.
Since f is continuous, it has a positive minimum value §. Claim: § is a Lebesgue number
for {U1,...,Upy}, hence for &7. Proof: Let B C X have diameter < 4. There is only something
to prove for B nonempty; choose a point p € B. Then B C By(p,d). Consider the numbers
d(p,C;) for 1 < i < n. Choose m so that d(p, Cy,) is the largest of these numbers. Then

6 < f(p) < d(p,Cp)

so By(p,0) N Cp, = @. Hence B C By(p,d) C Up,. O

3.5.2 Uniform continuity

Definition 3.5.8. Let f: (X,dx) — (Y,dy) be a function between metric spaces. We say that
f is uniformly continuous if given € > 0 there exists a § > 0 such that for any two points
z,’ € X with dx(z,2’) < § we have dy (f(x), f(2')) < €, or equivalently, if for any x € X we
have f(Bg, (z,9)) C Ba, (f(x),€).

Theorem 3.5.9. Let f: (X,dx) — (Y,dy) be a continuous map om metric spaces. If X is
compact then f is uniformly continuous.

Proof. Given € > 0 cover Y by the balls B(y, €/2) and let

of = {f_l(B(ya €/2))}yey

be the open covering of X by the preimages of these balls. Choose a Lebesgue number ¢ > 0 for
this open covering. If z,2’ € X with d(z,2") < § then {z,2'} C f~Y(B(y,¢/2)) for some y € Y,
hence {f(z), f(2')} C B(y,€/2). Thus dy (f(z), f(2')) < dy (f(x),y) +dy(y, f(2')) <e. 0
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3.6 (8§28) Limit Point Compactness

Recall that a space X is compact if for each open cover &/ = {U, }4c there is a finite subcover
Unsr - Ua )

Recall also that a limit point of a subset A C X is a point p € X such that each neighborhood
of p meets A in a point different from p.

Definition 3.6.1. A space X is limit point compact if every infinite subset A C X has a limit
point.

Theorem 3.6.2. Any compact space is limit point compact.

Proof. Let X be compact and suppose that a subset A C X has no limit points. We prove that
A is finite.

Since A has no limit points, A = AU A’ = A is closed. For each p € A we can choose a
neighborhood U, of p such that A N U, = {p}. The collection consisting of X — A and the U,
for p € A cover X. By compactness, there are finitely many points p1,...,p, such that X — A
and Up,,...,Up, cover X. Since A does not meet X — A, and meets each U, in only one point,
A ={p1,...,pn} must be finite. O

Let (z,,)52; be a sequence of points in X. If
ng<ng <---<ne<...
is a strictly increasing sequence of natural numbers, the sequence

TnysTngy e s Typs - -

is called a subsequence of (z,)72 ;. It is a convergent subsequence if z,, — y as k — oo, for
some y € X.

Definition 3.6.3. A space X is sequentially compact if every sequence (z,)2; in X has a
convergent subsequence (2, )52 ;-

Theorem 3.6.4. Let X be a metrizable space. Then the following are equivalent:
(1) X is compact.

(2) X is limit point compact.

(3) X is sequentially compact.

Proof. The implication compact = limit point compact was proved above.

To prove limit point compact = sequentially compact, assume that X is limit point
compact and consider any sequence (x,)5%; in X. let A = {z, | n € N} be the set of points in
the sequence.

If A is finite then at least one p € A appears as p = x,, for infinitely many n, in which case

9]
n=1*

Otherwise A is infinite. By assumption, it has a limit point p. For each k > 1 the intersection
AN B(p,1/k) contains other points than p. In fact, since X is Hausdorff it contains infinitely
many other points than p. (See Theorem 17.9 on page 99 in Munkres.)

Choose a convergent subsequence (zp, )72, of (x,)52; as follows. First choose ny so that
ZTn, € AN B(p,1). Inductively suppose (for an m > 2) that we have chosen an increasing
sequence of natural numbers

the constant sequence at p is a convergent subsequence of (z;,)

nyE<ng <+ < Nm-1
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and points x,, € AN B(p,1/k) for 1 < k < m. Then AN B(p,1/k) contains infinitely many
points. In particular, it contains points z, with n > n,,_;. Choose such a point z,,, with
T > Nym—1. This proves the inductive step. Since d(z,,,p) < 1/k for all k > 1, it follows that
Tn, — P as k — oo.

The proof of the implication sequentially compact = compact remains. First we show
that if X is sequentially compact then the Lebesgue number lemma holds for X:

Lemma 3.6.5. Let &7 be an open cover of a sequentially compact metric space (X,d). Then
there exists a § > 0 such that for each subset B C X of diameter < ¢ there is an element U € of
with B CU.

We assume that no such ¢ exists, and achieve a contradiction. For each n € N there is a
set C), of diameter < 1/n that is not contained in any element of 7. Choose z,, € C),. By the
assumed sequential compactness, the sequence (z,,)22; has a convergent subsequence (z,, )3,
with (n)3, a strictly increasing sequence. Let p € X be its limit: x,, — p as k — co. There
isan U € o/ with p € U. Since U is open, there is an € > 0 with By(p,e) C U. For k sufficiently
large we have 1/ny < €/2 and d(xy,,p) < €/2. Then C,, lies in the €/2-neighborhood of z,,,
hence in the e-neighborhood of p:

Ch, C Bg(xn,,€/2) C Bq(p,e) CU

This contradicts the choice of ), , not being contained in any element of ..
Next we show that if X is sequentially compact then it is totally bounded:

Lemma 3.6.6. Let (X,d) be sequentially compact. For each € > 0 there exists a finite covering
of X by e-balls.

Assume that for some € > 0 there is no finite covering of X by e-balls, to reach a contra-
diction. Construct a sequence (z,,)22 as follows. Choose any point x; € X. Having chosen
T1,...,Ty, note that the finite union

Bd(ml, 6) U---u Bd(.%'n, 6)

is not all of X, so we can choose x,41 in its complement, and continue. By construction,
d(zy, xn) > € for all m # n, so (z,)5; does not contain any convergent subsequence. This
contradicts sequential compactness of X.

We can now finish the proof. Let (X,d) be sequentially compact. To prove that X is
compact, consider any open cover ./ of X. It has a Lebesgue number § > 0. Let ¢ = /3.
Choose a finite covering of X by e-balls. Each e-ball has diameter < 2¢ < §, hence is contained
in an element of «/. Hence X is covered by finitely many of the elements of &/, so &/ has a
finite subcover. O

3.7 (§29) Local Compactness

We have seen that the closed subspaces of a compact Hausdorff space are the same as the
compact subspaces. We shall now consider a condition satisfied by the open subspaces of
compact Hausdorff spaces.

Definition 3.7.1. A space X is locally compact at x if there is a compact subspace C of X
that contains a neighborhood V of x:

zeVclCcX

It is locally compact if it is locally compact at each of its points.
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Example 3.7.2. Any compact space is locally compact.

Example 3.7.3. The real line R is locally compact. Each point x € R is contained in the
compact subspace C = [z — 1,z + 1], which contains the neighborhood V = (z — 1,2 + 1).

Example 3.7.4. The set of rational numbers Q, in the subspace topology from R, is not
locally compact. Any subset C' C Q containing a basis neighborhood Q N (z — €,z + €) cannot
be compact. [[More details?]]

Example 3.7.5. Euclidean n-space R" is locally compact. Each point (z1,...,z,) € R" is
contained in the compact subspace

C:[.%'l—l,.%'l—i-l] X o-e X [wn—l,xn—i—l],
which contains the neighborhood
V=@m-1z1+1)x - x(x,— Lz, +1).

Example 3.7.6. The infinite product R¥ is not locally compact. Any neighborhood V of
0 = (0)22; contains a basis neighborhood

(—€,€) X+ X (—€,6) x Rx - xR x ...
for some € > 0. If V were contained in a compact subspace C, then the closure
[—e, €] X - X [—€,¢] xRx - xR x...

of the basis neighborhood would be compact, which it is not.

3.7.1 The one-point compactification

Definition 3.7.7. Let X be a locally compact Hausdorff space. Let Y = X U {oco} where
oo ¢ X. Give Y the topology J5 consisting of

(1) the open subsets U C X, and
(2) the complements Y — C' of compact subsets C' C X.
We call Y the one-point compactification of X.

Theorem 3.7.8. Let X be a locally compact Hausdorff space. The one-point compactification
Y = X U{oo} is a compact Hausdorff space, X CY is a subspace, and Y — X consists of a
single point.

Proof. We first prove that the given collection ,, is a topology on Y. The empty set is of
type (1) and Y is of type (2). To check that the intersection of two open sets is open, there are
three cases:

UiNnUs CX
(Y—Cl)ﬂ(Y—CQ)ZY—(ClUCQ)
Ulﬂ(Y—CQ)ZUlﬁ(X—CQ)

These are of type (1), (2) and (1), respectively, since C; U Cy is compact and X — C5 is open,
since X is assumed to be Hausdorff.
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To check that the union of a (nonempty) collection of open sets is open, there are three
cases:

[J%:ch

acJ
Uy -cy=y-cs=Y-C
peK BeK

Uu(Y-C)=Y —(C-U)

These are of type (1), (2) and (2), respectively, since C' = (¢, Cp C X is a closed subspace
of some compact space Cg, hence is compact, and C' — U is a closed subspace of C, hence is
compact.

Next we show that X C Y is a subspace: The open sets in the subspace topology are of the
form X NV where Visopenin Y. If V=U C X is of type (1), then X NV = U is open in X.
IfV =Y —Cis of type (2), then X NV = X — C is open in X since C C X is compact, hence
closed, in the Hausdorff space X. Conversely, if U C X is open, then U is open of type (1) in
Y.

To show that Y is compact, let &/ be an open cover of Y. Some element V € & must
contain co ¢ X, hence be of the form V =Y — C. The collection &7 of open subsets of Y covers
the compact space C, so there is a finite subcollection {Uy,...,U,} C & that covers C. Then
{V,Uy,...,Uy,} is a finite subcover of <.

To show that Y is Hausdorff, let z,y € Y. If both lie in X, then there are open subsets
UV Cc XwithxeU,yeV,UNV = &. Then U and V are also open and disjoint in Y.
Otherwise, we may assume that z € X and y = co. Since X is locally compact at x there exists
a compact C' C X containing a neighborhood U of z. Let V=Y —C. Thenx € U, 0 € V, U
and V areopenin Y and UNV = @. U

Here is a converse.

Proposition 3.7.9. Let X C Y be a subspace of a compact Hausdorff space, such thatY — X
consists of a single point. Then X 1is locally compact and Hausdorff.

Proof. As a subspace of a Hausdorff space, it is clear that X is Hausdorff. We prove that it is
locally compact. Let x € X and let y be the single point of ¥ — X. Since Y is Hausdorff, there
are open sets U,V C Y withzx e U, ye V, UNV =g. Let C =Y — V. It is a closed subset
of a compact space, hence compact. Thus x € U C C C X, as required for local compactness
at x. U

There is also the following uniqueness statement, which justifies why we say “the one-point
compactification”, not just “a one-point compactification”. The notation Y’ just refers to a
variant of Y, not its set of limit points.

Proposition 3.7.10. Let X be locally compact Hausdorff, with one-point compactification Y =
X U{oo}, and suppose that Y' is a compact Hausdorff space such that X C Y' is a subspace
and Y' — X is a single point. Then the unique bijection Y' — 'Y that is the identity on X is a
homeomorphism.

Proof. Tt suffices that the bijection f: Y’ — Y is continuous, since Y’ is compact and Y is
Hausdorff. An open subset of Y is of the form U or Y — C, with U C X open and C' C X
compact. The preimage f~'(U) = U is then open in X, hence also in Y’, since X must
be open in the Hausdorff space Y’ because its complement is a single point. The preimage
7YY —C) =Y’ — C will also be open in Y, because C is compact and Y’ is Hausdorff, so
C C Y’ is closed. O
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Example 3.7.11. The one-point compactification of the open interval (0, 1) is homeomorphic
to the circle S'. This follows from the uniqueness statement above, and the homeomorphism

f:(0,1) = St —{(1,0)}

given by f(t) = (cos(27t),sin(27t)). The closed interval [0,1] is a different compactification,
with [0,1] — (0,1) = {0, 1} consisting of two points.
Since (0,1) = R, the one-point compactification of R is also homeomorphic to the circle:

—_

1

RU {oc} = §1
Example 3.7.12. The one-point compactification of the open unit n-ball
B(0,1) = {z e R" | [lzf| <1}

is homeomorphic to the n-sphere S™. The closed n-ball

B(0,1) ={z e R" | [|lz[| < 1}

is a different compactification, with B(0,1) — B(0,1) = S™"~! consisting of the (n — 1)-sphere.
Since B(0,1) = R"™, the one-point compactification of R™ is also homeomorphic to the n-
sphere:
R"U {oo} = S™

3.7.2 The local nature of local compactness

For Hausdorff spaces, the property of being locally compact is a local property in the following
sense.

Theorem 3.7.13. Let X be a Hausdorff space. Then X is locally compact if and only if for
each point x € X and each neighborhood U of x there is a neighborhood V of x with compact
closure V' contained in U :

reVcVcu

Proof. The stated property implies local compactness at z, by taking U = X and C = V.

For the converse, suppose that X is locally compact (and Hausdorff), and let z € U € X
be a neighborhood. Let Y = X U {oco} be the one-point compactification, and let K =Y —U.
Then K C Y is closed, hence compact. Since Y is Hausdorff and x ¢ K we can find open
subsets VW C Y withz e V, KCWand VNW =&. Thencc e K C W,so W =Y — C for
some compact C C X. Hence x € V C C C U with V open and C' compact. Hence V is also
compact. O

Corollary 3.7.14. Let X be locally compact Hausdorff. If A C X is an open or closed subspace,
then A is locally compact.

Proof. Suppose that A is open in X. Let x € A. By the previous theorem there is a neighbor-
hood V of z with V compact and V' C A. This shows that A is locally compact at x.

Suppose instead that A is closed in X. Let © € A. Since X is locally compact there is a
compact subspace C' C X that contains a neighborhood V of . Then AN C is closed in C,
hence compact, and contains the neighborhood A NV of z in the subspace topology on A. [

Corollary 3.7.15. A space X is homeomorphic to an open subspace of a compact Hausdorff
space if and only if X is locally compact and Hausdorff.
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Proof. If X is an open subspace of a compact Hausdorff space, then X is locally compact by
the corollary above, and obviously Hausdorff. The same applies if X is homeomorphic to such

an open subspace.
Conversely, if X is locally compact and Hausdorff then X is an open subspace of its one-point

compactification Y = X U {oo}, which is compact Hausdorff. O
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Chapter 4

Countability and Separation Axioms

We have seen the first countability axiom (each point has a countable neighborhood basis) and
the Hausdorff separation axiom (two points can be separated by disjoint neighborhoods).

Our aim is to prove the Urysohn metrization theorem, saying that if a topological space X
satisfies a countability axiom (it is second countable) and a separation axiom (is it regular),
then we can construct enough continuous functions X — R to embed X into a metric space, so
that X is metrizable.

4.1 (830) The Countability Axioms

It may be a good idea to look through §7 on Countable and Uncountable Sets, if this material
is unfamiliar. A set C is countable if can be put in bijective correspondence with a subset of
N. Finite sets are countable. A set is countably infinite if it is countable but not finite, or
equivalently, if it can be put in bijective correspondence with all of N.

A subset of a countable set is countable, a finite or countable union of countable sets is
countable, and a finite product of countable sets is countable.

The set of rational numbers is countable. The set of real numbers is uncountable, i.e., not
countable, and an uncountable product of sets with 2 or more elements each is uncountable.

4.1.1 First- and second-countable

Definition 4.1.1. A space X has a countable basis at x if there is a countable collection % of
neighborhoods of x such that each neighborhood of = contains at least one of the elements of
AB. A space having a countable basis at each of its points is said to satisfy the first countability
axiom, or to be first-countable.

Every metric space is first-countable.

Definition 4.1.2. If a space has a countable basis for its topology, then it is said to satisfy the
second countability axiom, or to be second-countable.

Lemma 4.1.3. Second-countability implies first-countability.

Proof. Let # = {U,}5°; be a countable basis for the topology of a space X. For each point
x € X the subcollection &, = {U € # | x € U} is a countable neighborhood basis at x. O

Example 4.1.4. The real line is second-countable. A countable basis for the topology is given
by the open intervals (a,b) with a < b € Q both rational.
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Euclidean n-space R™ is second-countable. A countable basis is given by the products

(al,bl) X e X (an,bn)

where all a;,b; € Q are rational.
Even the infinite product R¥ is second-countable. A countable basis is given by the products

(o]
e
n=1
where U,, = (ap,by,) with rational endpoints, for finitely many n, and U,, = R for all other n.

Not every metric space is second-countable. A counterexample is R“ in the uniform topology.

Theorem 4.1.5. A subspace of a first-countable (resp. second-countable) space is first-countable
(resp. second-countable).

A (finite or) countable product of first-countable (resp. second-countable) spaces is first-
countable (resp. second-countable)

Proof. We do the second-countable cases. If # = {U,} 2, is a countable basis for X, and
A C X, then {ANU,}>2, is a countable basis for A.
If %, is a countable basis for X,,, for n € N, then the collection of products

1o,
n=1

where U,, € A, for finitely many n, and U,, = X,, for the remaining n, is a countable basis for
the product topology on [~ X,.
The first-countable cases are similar. O

4.1.2 Dense, Lindelof, separable

Definition 4.1.6. A subset A C X is said to be dense of A = X, i.e., if each nonempty open
subset of X meets A.

Example 4.1.7. The rational numbers Q C R are dense in the real line.
Theorem 4.1.8. Suppose that X is second-countable. Then
(1) Every open covering of X admits a countable subcovering.

(2) There exists a countable dense subset of X.

A space with property (1) is called a Lindeldf space. A space with property (2) is called a
separable space.

Proof. Let {B,}°°; be a countable basis for the topology on X.

(1) Let o be any open covering of X. For each n € N choose an A,, € o/ such that B,, C A,,
if such an A, exists. Let ¥ be the collection of these A,’s. It is a countable subcollection of <.

Claim: % covers X. Proof: Let x € X. Choose A € & with x € A. Since A is open, and
A is a basis for the topology, there is a B,, € & with x € B,, C A. Then A,, exists in ¥, and
r € B, CA,.

(2) Choose a point x,, € B, for each non-empty B,, € . Let D be the set of these x,’s. It
is a countable subset of X.

Claim: D is dense in X. Proof: Let z € X. Each neighborhood U of z contains a basis
element B,, with « € B,,, so z,, € D exists and z,, € DN U. Hence x € D. O
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4.2 (831) The Separation Axioms

((See Munkres.))

4.3 (832) Normal Spaces

((See Munkres.))

4.4 (§33) The Urysohn Lemma

Theorem 4.4.1 (Urysohn’s lemma). Let A and B be disjoint, closed subsets of a normal

space X. There exists a map
f: X —10,1]

such that f(x) =0 for allz € A and f(x) =1 for all x € B.

Proof. A dyadic number is a rational number of the form r = a/2", where a and n integers with
n > 0. The dyadic numbers are dense in R.

For each dyadic number 0 < r < 1 we shall construct an open subset U, C X, with
A C U, C X — B, so that for each pair of dyadic numbers 0 < p < g < 1 we have Up c U,.

Let Uy = X — B. Then A C Uy, so by normality there exists an open Uy with A C Uy C
Uy C Uy. By normality again, there exists an open Uy 2 with U C Uyjp C (_]1/2 c U;.

Let n > 2 and assume inductively that we have constructed the U, for all 0 < r < 1 of the
form b/2"~1 = 2b/2". We must construct the U, for r of the form a/2" with a = 2b+1 odd. By
induction we have constructed Ug,on and U(gpy2)/9n With UQb/Qn C Ugp42)/2n- Using normality
we can choose an open U(gpy1)/2n With

UZb/Z" C Ugpt1)/2n C U(2b+1)/2n C Uapt2)/2n -

Continuing for all natural numbers n, we are done.
Extend the definition of the U, to all dyadic numbers r, by letting U, = @ for r < 0, and
U, = X for r > 1. We still have the key property that (_]p C U, for all dyadic numbers p < g.
Let z € X and consider the set

D(z) = {r dyadic | x € U,.} .

Since = ¢ U, for r < 0, the displayed set is bounded below by 0. Since = € U, for all » > 1, the
displayed set contains all dyadic r > 1, and is nonempty. Hence the greatest lower bound

f(z) = inf D(z)

exists as a real number, and lies in the interval [0, 1].

Claim (1): If z € U, then f(z) <.

If z € U, then z € U, for all r < ¢, so D(z) contains all dyadic numbers greater than r.
The dyadic numbers are dense in the reals, so f(x) < r.

Claim (2): If 2 ¢ U, then r < f(x).

If z ¢ U, then x ¢ U, for all p < r, so D(z) contains no dyadic numbers less than . Hence
r is a lower bound for D(z), and r < f(x).

Claim (3): f is continuous.

Let z € X and consider any neighborhood (¢,d) in R of f(z). We shall find a neighborhood
U of z with f(U) C (¢, d).
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Choose dyadic numbers p and ¢ with ¢ < p < f(z) < ¢ < d. Then z ¢ U, by (1), and z € U,
by (2), so U = U, — U, is a neighborhood of z.

Ify e Utheny ¢ U, CUpy, soc<p< f(y). Alsoy € U, C Uy, so f(y) < q < d. Hence
f(U) C (c,a). O

4.4.1 Completely regular spaces

Definition 4.4.2. Let A and B be subsets of a topological space X. We say that A and B
can be separated by a continuous function if there is a continuous function f: X — R such that
f(z)=0forall z € A and f(z) =1 for all z € B.

Clearly A and B must be disjoint for this to be possible.

Definition 4.4.3. A space X is completely reqular if one-point sets in X are closed, and if each
pair of disjoint, closed subsets {z} and B can be separated by a continuous function.

Completely regular spaces are sometimes known as T} 1-spaces:

Lemma 4.4.4. Any normal space is completely reqular, and any completely regular space is
reqular.

Proof. The first claim follows from Urysohn’s lemma for A = {z}. The second claim follows
since U = f71([0,1/2)) and V = f~1((1/2,1]) are disjoint open subsets of X that separate
{x} C f71(0) and B C f~1(1). O

Theorem 4.4.5. A subspace of a completely regular space is completely reqular. A product of
completely reqular spaces is completely regqular.

((Proof omitted.))

4.5 (834) The Urysohn Metrization Theorem

Theorem 4.5.1 (Urysohn’s metrization theorem). Every second-countable regular space
1s metrizable.

Proof. Let X be a second-countable regular space. By Theorem 32.1 this is the same as a
second-countable normal space. We shall prove that X is metrizable by embedding it into the
metrizable space RY = [[72; R (in the product topology).

Claim 1: There is a countable collection of maps fx: X — [0, 1], such that for any

pelUcCX

with U open there is an fj in the collection with fx(p) =1 and fx(X — U) C {0}.

Let # = {B,,}5°; be a countable basis for the topology on X. For each pair (m, n) of indices
with By, C B, use Urysohn’s lemma to choose a map gpmpn: X — [0,1] with g (Bm) C {1}
and gm (X — By,) C {0}. Then the collection {g,,} satisfies the claim.

To see this, consider p € U open in X. Since & is a basis, there is a basis element B,, with
p € B,, C U. By regularity, there is an open V with p € V C V C B,,, and by the basis property
there is a basis element B,, with p € B,, C V. Then B,, CV C B,,sop € B,, C B, C U.
Then gy, is defined, and satisfies g, ,(p) = 1 and gm (X — U) C {0}.

We reindex the countable collection {g, »} as {fi}3>,. Define a map

o0
F:XHHR:RW
k=1
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by the rule
F(x) = (fi(2), fao(@),...).

Claim 2: F'is an embedding of X into R“.

It is clear that F'is continuous, since each component f} is continuous and R“ has the product
topology. It is also clear that F' is injective, since for x # y in X the complement U = X — {y}
is a neighborhood of x, so there is an index k with fi(x) =1 and fx(X —U) C {0}, so fr(y) = 0.
Hence the k-th coordinates of F'(z) and F(y) are different, so F(z) # F(y).

Let Z = F(X) C RY¥ be the image of F' in the subspace topology. We have proved that
the corestriction G: X — Z of F is a continuous bijection. In order to show that G is a
homeomorphism, so that F' is an embedding, it remains to show that G is an open map. Let
U C X be open. We must show that G(U) is open in Z.

U < X S
o] NN
GU) ¢ Z c R¥ — R
] U U

w < Vv >(0’OO)

Let ¢ € G(U) C Z be any point. We shall find an open W C Z with ¢ € W C G(U). Let
p € U be the (unique) point with G(p) = ¢. Choose an index k such that fix(p) = 1 and
fe(X = U) C {0}. Let
V = 1((0,00))

be the open set of real sequences (z1,z3,...,) with xx > 0, and let W = Z N V. Then W is
open in the subspace topology on Z.

Claim 3: ¢ € W C G(U).

We have 7;(q) = m(F(p)) = fx(p) =1,s0 g€ V. Since g € Z weget g€ ZNV =W.

Let y € W be any point. Then y = G(z) for some (unique) z € X, and 7 (y) = 7 (F(z)) =
fr(z) € (0,00), which implies = € U, since fi(X — U) C {0}. Hence y = G(z) € G(U), so
W c G). O

4.6 (835) The Tietze Extension Theorem

Theorem 4.6.1. Let A be a closed subspace of a normal space X. Any map f: A — [0,1]
(resp. f: A — R) may be extended to a map g: X — [0,1] (resp. g: X — R) with g|A = f.

4.7 (§36) Embeddings of Manifolds

Definition 4.7.1. An m-dimensional manifold is a second-countable Hausdorff space X such
that each point p € X has a neighborhood U that is homeomorphic to an open subset V' of R™.

Any neighborhood V' of a point ¢ in R™ contains a neighborhood that is homeomorphic
to R™. Hence we may just as well ask that each point p € X has a neighborhood that is
homeomorphic to R™. We say that X is locally homeomorphic to R™.

A 0-dimensional manifold is a discrete, countable set. A 1-dimensional manifold is called a
curve. A 2-dimensional manifold is called a surface.

Theorem 4.7.2. If X is a compact m-dimensional manifold, then X can be embedded in R"
for some n € N.
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Chapter 5

The Tychonoff Theorem

5.1 (8§37) The Tychonoff Theorem

Theorem 5.1.1 (Tychonoff theorem). Any product of compact spaces is compact.
In other words, for any set J and any collection { X, },cs of compact topological spaces X,

the product space
11 X«

acJ

is compact in the product topology.
We proved this for finite J, but the result is also true for infinite J. We omit the proof, and
consider an application instead.

5.1.1 The profinite integers

Let n € N be a natural number. We say that two integers a and b are congruent modulo n, and
write @ = b mod n, if b — a is a multiple of n, i.e., if n | b — a. Congruence modulo n is an
equivalence relation on Z, and the equivalence class of an integer a is

lal, =a+nZ={a+kn|keZ}.

The n integers
{0,1,2,...,n—1}

are commonly chosen representatives for the n different equivalence classes for this equivalence
relation. The set of equivalence classes for congruence modulo n is denoted Z/nZ, 7/(n) or
Z/n. Tt is a commutative ring, called the ring of integers modulo n, with sum

[a]n + [b]n = [a + b,

and product
[aln - [b]n = [ab]n

defined by choosing representatives. There is a surjective ring homomorphism
On:Z — Z/n

taking a to [a],.
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Lemma 5.1.2. View Z and Z/n as discrete topological spaces. The product space

ﬁZ/n:Z/le/QxZ/?)x...

n=1

is a compact Hausdorff space. The function
[e.e]
O: 7 — H Z/n
n=1

with components (p1, P2, Ps3,...), taking a to ([a]i,[a]e,[als,...), is an injective, continuous
function

Proof. Each Z/n has only finitely many open subsets, hence any open cover is finite, so Z/n is
compact. By Tychonoff’s theorem, the product space [[,2 | Z/n is also compact. (This is not
too hard to prove directly)
Each Z/n is discrete, hence Hausdorff, so also the product space [[>”; Z/n is Hausdorff.
The function @ is injective, since if ®(a) = ®(b) then ¢, (a) = ¢, (b) for all n € N, so b —a
is divisible by each natural number n. Taking n > |b — a] it follows that b —a =0, so a = b.
Each function ¢, is continuous, since Z has the discrete topology. Hence ® is continuous,
since each of its components is continuous and [[72; Z/n has the product topology. U

Let m,d € N be natural numbers, and suppose that m is a multiple of d, so that d | m. The
function
Pm.d: L/m — Z/d

taking [a]n, to [a], is then a well-defined ring homomorphism. We call p,, 4() the reduction
modulo d of x € Z/m. Notice that pp, 4 © ¢m = dq

Z%Z/m

k lpm,d

Z/d

as functions Z — Z/d. Hence the image ®(a) € [[,2;Z/n of an integer a € Z is a sequence
(xn)52, with the property that

pm,d(xm) = Xq
for all d | m. Let

Z={(xn)pey € H Z/n | pmda(@m) = x4 for all d | m}

n=1

oo

be the subspace defined by this property. In other words, an element of Zis a sequence (T,)5 4

with x,, an integer modulo n, such that x4 is the reduction modulo d of z,,, for each d | m.
The set Z is a commutative ring, called the ring of profinite integers, with sum

(l’n)?f’:l + (yn)ff’:l = (v + yn)%ozl

and product
(@n)nz1 - Wn)nz1 = (Tn - Yn)nt

defined termwise. It is a topological ring, in the sense that the ring operations are continuous.
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Lemma 5.1.3. The ring of profinite integers 7 is a closed subspace of the product space
1,2, Z/n, hence is a compact Hausdorff space.

Proof. For each d | m consider the continuous function
o0
fma: [ 2Z/n— Z/d
n=1

taking (z,,)52; t0 pm.a(@m) — 4. The preimage

Cond = frry([0]a)

of [0]4 is closed, since Z/d is discrete. Hence the intersection
Z={)Cma
dlm

is also closed in [[>7 | Z/n. O

Lemma 5.1.4. The function ® corestricts to an injective, continuous ring homomorphism
U7 7

taking a to ([a]n)22,, from the discrete space Z to the compact Hausdorff space Z. The image
of ¥ is dense in Z.

Proof. Let p = (x,); be any point in Z. Any neighborhood V' of p contains a basis element
Z N U for the subspace topology, where

U= ﬁ U, C ﬁ Z/n
n=1 n=1

is a basis element for the product topology. Here z,, € U, for all n, and U,, = Z/n for all but
finitely many n. Let N € N be a common multiple of all the n with U, # Z/n. Choose any
integer a with [a]y = zy. Claim:

U(a) e ¥(Z)NU,

so that W(Z) NV # @, and ¥(Z) is dense in Z.
To prove the claim, it is enough to prove that ®(a) € U, or equivalently, that [a], € U, for
all n. This is clear when U,, = Z/n. When U,, # Z/n we have n | N, and then

laln = pNw(la]n) = pyp(en) = 20 € U, .
O

The map ¥: Z — Z is not an embedding of the discrete space Z in the topological sense.
The topology on Z that makes ¥ an embedding, i.e., the subspace topology from 7Z, may be
called the Firstenberg topology.

Theorem 5.1.5 (Euclid, ca. 300 BC). There are infinitely many prime numbers.
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Proof. Here is Fiirstenberg’s proof from 1955. The open sets of the Fiirstenberg topology on Z
are of the form U~1(V) with V open in 7, or equivalently, of the form ®~1(U) with U open in
[[,2,Z/n. It follows that each open set in the Fiirstenberg topology on Z is either empty or
infinite.

For each prime number p, the subset

pZ={kp|ke€Z}

of Z is closed in the Fiirstenberg topology. Consider the subset

A:UpZ

p prime

of Z. Its complement is

X — A= {1},

since the only integers not divisible by any primes as the units 1 and —1.
If there is only a finite set of primes, then A is a finite union of closed subsets, hence is
closed in Z, so that X — A = {£1} is open. This contradicts the fact that the open subsets of

7 are either empty or infinite. O
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Chapter 6

Complete Metric Spaces and
Function Spaces

6.1 (§43) Complete Metric Spaces

Definition 6.1.1. Let (X, d) be a metric space. A sequence (x,)5 ; of points in X is a Cauchy
sequence if for each € > 0 there is an N € N such that

d(xp, xy) < €
for all m,n > N.
Each convergent sequence is a Cauchy sequence.
Definition 6.1.2. A metric space (X, d) is complete if each Cauchy sequence in X is convergent.

Lemma 6.1.3. A metric space (X,d) is complete if every Cauchy sequence in X has a conver-
gent subsequence.

Proof. 1f (), is Cauchy and z,, — y as k — oo then z,, — y as n — 0. O
Proposition 6.1.4. Fvery compact metric space is complete.

Proof. Every Cauchy sequence in a compact metric space contains a convergent subsequence,
by (sequential) compactness, so by the lemma above it is convergent. U

Theorem 6.1.5. Fuclidean space R™ is complete (in any of the equivalent metrics coming from
a norm,).

6.2 (§45) Compactness in Metric Spaces

Definition 6.2.1. A metric space (X,d) is totally bounded if for every e > 0 there is a finite
covering of X by e-balls.

Proposition 6.2.2. Fvery compact metric space s totally bounded.

Proof. Let (X,d) be a compact metric space and consider any € > 0. The collection of all
e-balls is an open covering of X. By compactness there exists a finite subcover, which is a finite
covering of X by e-balls. O
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Theorem 6.2.3. A metric space (X,d) is compact if and only if it is complete and totally
bounded.

Proof. We have proved that a compact metric space is complete and totally bounded. Con-
versely, we will prove that a complete and totally bounded is sequentially compact. This implies
that it is compact, as we proved in §28.

Let (x,)52; be any sequence of points in X. We shall construct a Cauchy subsequence
(@n, )72 - By the assumed completeness of X, this will be a convergent subsequence.

First cover X by finitely many balls of radius 1. At least one of these, call it By, will contain
Zp, for infinitely many n. Let

le{nGN‘anBl}

be this infinite set of indices.

Inductively suppose, for some k > 1, that we have chosen a ball By of radius 1/k that
contains z, for all n in an infinite set J, C N. Cover X by finitely many balls of radius
1/(k 4+ 1). At least one of these, call it By41, will contain z;, for infinitely many n € Ji. Let

Jk+1 = {n e Jy ’ Ty € Bk+1}
be this infinite set. Continue for all &, to get an infinite descending sequence of infinite sets:
JID DI DJgr1 D .

Choose n1 € Jy. Inductively suppose, for some k > 1, that we have chosen n; € Ji. Since
Ji11 is infinite, we can choose an ng11 € Jiy1 with ngi1 > ng. Continue for all k. The sequence

ny <. <np <Nggq < ...

is strictly increasing, so (zn, )7 is a subsequence of (,)52 ;.

We claim that it is a Cauchy sequence. Let € > 0 and choose k with 1/k < €/2. For all
i,j > k we have n; € J; C Jy and nj € J; C Jg, S0 op,,Tn; € By. Since By has diameter
< 2/k <, we get that d(zy,,z,;) < e. Hence (x,, )72, is Cauchy. O

6.3 (§46) Pointwise and Compact Convergence

6.3.1 Function spaces

Let X and Y be topological spaces, and consider the set
Y¥={f: X-v}=]]Y
X

of functions from X to Y.
Definition 6.3.1. For x € X and U C Y open let
Sz, U)={f: X ->Y | f(x) e U}.

This equals 7, *(U), where 7,: [[x Y — Y projects to the z-th factor. The collection of these
subsets S(z,U) C YX is a subbasis for the topology of pointwise convergence, equal to the
product topology on [ Y.

Lemma 6.3.2. A sequence (fn)>2, of functions fn,: X — Y converges to f: X — Y in the
topology of pointwise convergence if and only if f,(z) — f(x) as n — oo for each xz € X.
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Now suppose that (Y, d) is a metric space.

Definition 6.3.3. For f: X — Y and € > 0 let

B(f,e)={9: X =Y | sugd(f(m),g(x)) < €}
TEe
be the set of functions g: X — Y such that the distances d(f(z), g(x)) for z € X are bounded
above by a number less than e. If g € B(f,€) let

6 =e—supd(f(z),g(x)).
rzeX
Then B(g,0) C B(f,¢). If g € B(f1,€1) N B(f2,€2) we define similar numbers 1,02 > 0, let
9 = min{dy, d2}, and note that B(g,d) C B(f1,€1) N B(f2,€2). The collection of these subsets
B(f,€) C YX is a basis for the topology of uniform convergence.

Lemma 6.3.4. A sequence (fn)72, of functions fn,: X — Y converges to f: X — Y in the
topology of uniform convergence if and only if the sequence f, converges uniformly to f as
n — oo.

Theorem 6.3.5. The uniform limit of a sequence of continuous functions is continuous. In
other words, if the sequence (fn)o2, of functions fn: X — Y converges to f: X — Y in the
topology of uniform convergence, and each f, is continuous, then f is continuous.

The topology of uniform convergence is finer than the topology of pointwise convergence.
There is an intermediate topology, of compact convergence, or uniform convergence on compact
sets, which also has the property that the limit of a sequence of continuous functions is con-
tinuous, at least for reasonable X. If X is compact, then the topology of compact convergence
equals the topology of uniform convergence.

Definition 6.3.6. For f: X — Y, C C X compact, and € > 0 let

Be(f,e) ={g9: X =Y | iggd(f(x),g(x)) <e}

be the set of functions g: X — Y such that the distances d(f(x),g(x)) for x € C are bounded
above by a number less than e. If g € Bo(f,€) let

d=e—supd(f(x),g(z)).
zeC

Then Bco(g,0) C Be(f,€). The collection of these subsets Bo(f,¢) C YX is a basis for the
topology of compact convergence, also known as the topology of uniform convergence on compact
subsets.

Lemma 6.3.7. A sequence (fn)>2, of functions fn,: X — Y converges to f: X — Y in the
topology of compact convergence if and only if for each compact subset C C X the sequence
falC: C =Y converges uniformly to f|C: C —Y asn — oo.

Example 6.3.8. Consider functions R — R. The Taylor polynomials

n mk
k=0

converge pointwise, and uniformly on compact subsets, but not uniformly, to the exponential
function f(z) = e*.
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If (fn)52 is a sequence of continuous functions f,: X — Y that converges uniformly on
compact subsets to f: X — Y, we get for each compact C' C X that (f,|C)22, is a sequence of
continuous functions f,|C: C' — Y that converges uniformly to f|C: C' — Y. Hence f|C: C —
Y is continuous, for each such C.

In order to deduced that f itself is continuous, we make the following mild assumption about
the space X. For any open subset A C X we have that AN C is open in the subspace topology
on C, for each compact subset C' C X We are interested in spaces where the converse holds:

Definition 6.3.9. A topological space X is compactly generated if the following condition holds:
a subset A C X is open if (and only if) AN C' is open in C for each compact subspace C' C X.

Lemma 6.3.10. X is compactly generated if and only if the following condition holds: a subset
B C X is closed if (and only if) BN C is closed in C for each compact subspace C C X.

Proof. Suppose that the condition of the lemma holds. Let A C X be such that AN C is open
in C for each compact subspace C C X. Let B=X — A. Then BNC =C — (ANC) is the
complement of an open set in C, hence is closed in C', for each compact subspace C' C X. By
the lemma B is closed in X, hence its complement A is open in X. O

Lemma 6.3.11. Let X be a compactly generated space, and let Y be any topological space. A
function f: X —'Y is continuous if (and only if) the restriction f|C: C — 'Y is continuous for
each compact subspace C C X.

Proof. Let U C Y be open. We prove that f~!(U) is open in X, by checking that f~*(U)NnC
is open in C' for each compact C' C X. In fact,

) ne = (flo)y~(u)
is open in C since f|C: C — Y is continuous. O

Theorem 6.3.12. Let X be compactly generated and let (Y, d) be a metric space. If a sequence
of continuous functions f,: X — Y converges uniformly on compact subspaces to a function
f: X =Y, then f is continuous.

Proposition 6.3.13. If X is locally compact, or first-countable (as is every metrizable space),
then X 1is compactly generated.

((Proof: Munkres page 284.))

6.3.2 Mapping spaces
The uniform, compact and pointwise topologies on Y restrict to give topologies on the subspace
C(X,Y)={f: X = Y| f is continuous} C YX

of continuous maps f: X — Y. Other notations for this mapping space are F(X,Y) and
Map(X,Y). It turns out that the topology of compact convergence on € (X,Y") will not depend
on the choice of metric on Y, and can be extended to the case of arbitrary topological spaces

Y.
Let X and Y be topological spaces.

Definition 6.3.14. For C C X compact and U C Y open, let
S(C.U) = {f € €(X.,Y)| J(C) C U}.

The collection of these subsets S(C,U) C €(X,Y) is a subbasis for the compact-open topology.
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The compact-open topology on € (X,Y) is finer than the topology of pointwise convergence,
since one-point sets are compact.

Theorem 6.3.15. Let X be a topological space and (Y,d) a metric space. On €(X,Y) the
compact-open topology equals the topology of compact convergence.

Proof. If ACY and € > 0 let
B(4,¢) = | Blp.e)

pEA
be the e-neighborhood of Ain Y. If A C U C Y with V open then the distance

zd(z,Y —U)

to the complement of U is a continuous, positive function on A. If A is compact, then its
minimum is attained, so there is an € > 0 with B(A,¢) C U.

Claim: The topology of compact convergence is finer than the compact-open topology.

Let S(C,U) C ¥(X,Y) be a subbasis element for the compact-open topology, and let
f€S(C,U). We will find a neighborhood B¢ (f,¢€) of f in the topology of compact convergence
that is contained in S(C,U).

Because f is continuous, f(C) is a compact subset of the open set U. Hence there is an
e > 0 so that B(f(C),e) C U. For any g € Bc(f,e) we have g(C) C B(f(C),e), hence
f € Bo(f,e) C S(C,U).

Claim: The compact-open topology is finer than the topology of compact convergence.

Let f: €(X,Y). Any open neighborhood of f in the topology of compact convergence
contains a basis element of the form Bg(f,€) for some compact C C X and € > 0. We shall
find a neighborhood

S(Cl, Ul) n---N S(Cn, Un)

of f in the compact-open topology that is contained in Be(f,€).

Each point z € X has a neighborhood V, such that f(V}) lies in an open subset U, C Y of
diameter < €. For example, choose z € V,, C f~Y(B(f(x),€/4)). Then f(V,) C B(f(x),€/4) so

f(V2) € f(Va) C Uz = B(f(x),¢/3)

has diameter < 2¢/3 < e.

The collection {V, | * € X} is an open covering of C, and admits a finite subcover
{Varyo 3 Vi, 3. Let C; = Vo, NC and U; = U,,, for 1 < i < n. Then C; is a closed sub-
set of the compact space C, hence is compact.

Since f(C;) C f(Va,) C U; for each i we have

fe S(Cl,Ul) N---N S(Cn,Un) .

On the other hand, if g € S(C1,U;) N---NS(Cp,U,) then we claim that g € Be(f,€).

For each = € C there is an i such that z € C; C V. Since g € S(C;, U;) we have g(C;) C U;.
Hence g(x) € U;. We also have f(z) € f(C;) C U;. Since U; has diameter < 2¢/3, we get that
d(f(x),g(x)) < 2¢/3. Thus

sup d(f(z), g(x)) <2¢/3 <e

so that g € Bo(f,¢€). O

Corollary 6.3.16. Let Y be a metric space. The compact convergence topology on € (X,Y) only
depends on the underlying topology on Y. If X is compact, the uniform topology on € (X,Y)
only depends on the underlying topology on Y .
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6.3.3 Joint continuity

A function
F: XxY—Z7

corresponds to a function
f: X -2z

defined by the equation f(z)(y) = F(z,y), and conversely. In this situation, we may call F' the
left adjoint and f the right adjoint
If F' is continuous, each function f(x): Y — Z is continuous, so that f is a function

fiX 56, 2).

In fact, f is then continuous if we give € (Y, Z) the compact-open topology. The converse holds
e.g. if X is locally compact Hausdorff.

Theorem 6.3.17. Let X, Y and Z be spaces, and give € (Y, Z) the compact-open topology. If
F: X xY — Z is continuous, then so is the right adjoint function f: X — € (Y, Z).

Proof. Consider a point p € X and a subbasis element S(C,U) C € (Y, Z) that contains f(p),
so that f(p)(C) C U, or equivalently, F({p} x C) C U. We wish to find a neighborhood V" of p
such that f(V) c S(C,U).

By continuity of F, F~}(U) is an open subset of X x Y that contains {p} x C. Then
F~Y(U)N X x C is an open subset in X x C that contains {p} x C. By compactness of C,
using the “tube lemma” of §26, there is a neighborhood V of {p} such that V x C c F~1(U).
Then for ¢ € V we have F({¢} x C) C U, so f(q)(C) C U and f(q) € S(C,U). Hence
) € (V) € S(CU). O

Proposition 6.3.18. LetY be a locally compact Hausdorff space, and give € (Y, Z) the compact-
open topology. The evaluation map

e: Y, Z)xY - Z
given by e(g,y) = g(y) is continuous.

Proof. Let (g,p) € €(Y,Z) x Y and consider any neighborhood U of e(g,p) = g(p) € Z. We
wish to find a neighborhood W of (g,p) such that e(W) C U.

By the continuity of g, the preimage ¢g~!(U) is a neighborhood of p € Y. By the assumption
that Y locally compact and Hausdorff (recall the local nature of local compactness, in §29),
there is a neighborhood V' of p with compact closure V C ¢g~*(U). Then

W=SWV,UyxVceéY,Z)xY

is an open subset containing (g,p), since g(V) C U and p € V. Furthermore, if (h,q) €
S(V,U) x V then e(h,q) = h(q) € U, so e(W) C U. O

Theorem 6.3.19. Let X, Y and Z be spaces, with Y locally compact and Hausdorff, and give
C (Y, Z) the compact-open topology. If f: X — € (Y, Z) is continuous, then so is the left adjoint
function F: X XY — Z.

Proof. This follows from the proposition, since F' is the composite

xxy%ew,2yxy % 7.
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The unit interval I = [0, 1] in the subspace topology from R is compact and Hausdorff, and
in particular is locally compact Hausdorff.

Corollary 6.3.20. There is a one-to-one correspondence between continuous maps

F: XxI—Y
[+ X —=%(,Y)
G:IxX—=Y

(and
g: I - €(X,)Y)

if X is locally compact and Hausdorff) subject to the relations

F(a,t) = f(2)(t) = G(t,2) = g(t)(z) .

FEach of these maps constitutes a homotopy between the maps g(0): X — Y and g(1): X — Y.
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Chapter 7

The Fundamental Group

7.1 (§51) Homotopy of Paths

7.1.1 Path homotopy
Let X and Y be topological spaces. Recall that I = [0, 1].

Definition 7.1.1. Two maps f,g: X — Y are homotopic if there exists a map
F: XxI—>Y

with F'(z,0) = f(z) and F(z,1) = g(x) for all x € X. In this case we write f ~ g, and call F' a
homotopy from f to g.

Remark 7.1.2. We often use t € [ to indicate the homotopy parameter. For each ¢ € I let
ft: X =Y be given by fi(z) = F(x,t). Then each f; is continuous, and the rule ¢ — f; defines
amap I — €(X,Y), connecting f = fp to f1 = ¢g. If X is locally compact and Hausdorff we
can conversely recover the homotopy F' from this map.

We are particularly interested in the case when X = I, so that f,g: I — Y are pathsin Y.
We often use s € I as the path parameter.

Definition 7.1.3. Let yo,y1 € Y. A path in'Y from yg to y; isamap f: I — Y with f(0) = yo
and f(1) =y

Definition 7.1.4. Two paths f,g: I — Y in Y from yg to y1, are path homotopic if there is a
map
F:IxI—-Y

with F(s,0) = f(s) and F(s,1) = g(s) for all s € I, and F(0,t) = yp and F(1,t) = y; for all
t € I In this case we write f ~, g, and call F' a path homotopy from f to g.

Lemma 7.1.5. The relations ~ and ~, are equivalence relations.

Proof. f ~ f by the constant homotopy F(z,t) = f(x).

If F is a homotopy from f to g, then F': X x I — Y given by F(z,t) = F(x,1 —t) is a
homotopy from g to f.

If F'is a homotopy from f to g and G is a homotopy from g to h then H = FxG: X xI - Y
given by
F(z,2t) for 0 <t<1/2
G(z,2t —1) for1/2<t<1

(FxGQ)(z,t) = {
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is a homotopy from f to h. Note that F(z,1) = g(x) = G(z,0), so the two maps agree along
t =1/2, and F % G is continuous by the pasting lemma.

In the case X = I, the constant homotopy is a path homotopy, if F' is a path homotopy
then so is F, and if F and G are path homotopies then so is F' x G. O

Definition 7.1.6. We write [f] for the homotopy class of a map f: X — Y. If X = I, so that
f is a path, we shall instead let [f] denote its path homotopy class.

Example 7.1.7. Let f,g: X — R? be any two maps to the plane. Then f ~ ¢ via the
straight-line homotopy

F(x,t)=(1—1t)f(z) +tg(zx).
For each z, the rule t — F(z,t) parametrizes the straight line in R? from F(x,0) = f(z) to
F(z,1) = g(z).

If X = I and f,g are both paths from yg to yi, then the straight-line homotopy is a
path homotopy, since F(0,t) = (1 —t)f(0) + tg(0) = (1 — t)yo + tyo = yo and F(1,t) =
(1=t)f(1) +tg(1) = (1 —t)yy +tyr = y1 for all t € I.

More generally, if Y C R" is any convex subspace of R", so that (1 —t)a +tb € Y for all
a,b€Y and t € I, then any two maps f,g: X — Y are homotopic.

Example 7.1.8. Let Y = R% — {(0,0)} be the punctured plane. The paths
f(s) = (cos(ms),sin(7s))
g(s) = (cos(ms), 2sin(7ws))

are path homotopic; the straight-line homotopy in R? factors through Y. However, the straight-
line homotopy from f to the path

h(s) = (cos(ws), —sin(ws))

passes through the origin at s = ¢ = 1/2, hence does not give a (path) homotopy from f to
h as paths in Y. We shall prove later that f and h are not path homotopic in Y. (They
are homotopic as maps, ignoring the endpoint conditions, which is one reason why it is path
homotopy that is the interesting relation.)

7.1.2 Composition of paths

We now only consider maps from I, and change the name of the target space from Y to X.

Definition 7.1.9. If f: I — X is a path from zg to z1, and g: I — X is a path from x; to xo,
the product f*g: I — X is defined to be the path

f(2s) for 0 <s<1/2
g(2s—1) for1/2<s<1

U*@@Z{

from xg to x9. Note that f(1) = z1 = g(0), so f * g is continuous by the pasting lemma.

Lemma 7.1.10. If fy ~, f1 are path homotopic paths from xg to x1, and go ~, g1 are path
homotopic paths from x1 to xa, then the products fo * go ~p f1 * g1 are path homotopic paths
from xg to xo. Hence there is a well-defined product of path homotopy classes

[f] % [g] = [f x gl

when f is a path to x1 and g is a path from xy.
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Proof. Let F': I x I — I be a path homotopy from fy to fi, and let G: I x I — I be a path
homotopy from gg to g1. Then F « G: I x [ — I defined by

F(2s,t) for 0 <s<1/2
G(2s—1,t) for1/2<s<1

(F*xG)(s,t) = {

is a path homotopy from fq * go to fi * g1. O

Theorem 7.1.11. The operation * on path homotopy classes in a space X has the following
properties:

1. (Associativity) If f is a path to x1, g a path from x1 to x2, and h a path from xo, then
(Lf1+ [g]) * [n] =[] (lg] = [h]) -

2. (Left and right units) For v € X let e,: I — X denote the constant path at y, with
ey(s) =y for all s € I. If f is a path from xo to x1 then

[exo] * [f1 = [f] = [f] * [ea, ]

3. (:Tnverse) For f: I — X a path from xq to x1 let f be the reverse path from 1 to zg, with
f(s)=f( —s) forallse 1. Then

1 f] =lewo]  and  [f]#[f] = [ex,]-
Proof. (1) The product ([f]*[g]) *[h] is the path homotopy class of the path (f xg)*h given by

f(4s) for0<s<1/4
((fxg)xh)(s)=1<g(4s—1) for1/4<s<1/2
h(2s—1) for1/2<s<1

while [f] * ([g] * [h]) is the path homotopy class of the path f * (g * h) given by

f(2s) for 0 <s<1/2
(f*(g*h))(s) =< g(4s —2) for 1/2 <s<3/4
h(4s —3) for3/4 <s<1.

Give a homotopy F' from (f * g) x h to f x (g % h) that at time ¢ traverses f for
0<s<(1—1)(1/4)+t(1/2) =(1+1)/4,
then traverses g for
(1+t)/4<s<(1—-1t)(1/2) +t(3/4) =(2+1t)/4,
and finally traverses h for (2+1t)/4 <s < 1:

f(4s/(1+1)) for0<s<(1+1t)/4
F(s,t) =1 g(4s —1—1) for (1+1¢)/4<s<(2+1)/4
h((4s —2—1t)/(241)) for (2+1t)/4<s<1

[ETC]] O
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7.2 (§52) The Fundamental Group

7.2.1 The fundamental group
Definition 7.2.1. A path in X from xg to xg is called a loop in X based at zg. Let
U (Xa 'IO)

be the set of path homotopy classes of loops in X based at xg. For [f],[g] € m1(X,x0) note that

[f]* 9] = [f *d]
is an element of (X, zg).

Lemma 7.2.2. The set m(X,xg) with the composition operation * is a group, called the fun-

damental group of X (based at xg), with neutral element e = [ey,] and group inverse [f]~1 = f.

Example 7.2.3. If A C R" is convex, and xg € A, then (A4, z9) = {e} is the trivial group.

7.2.2 Functoriality

Definition 7.2.4. Let h: X — Y beamap, ¢ € X and yo = h(zg). Write h: (X, z0) — (Y, v0).
Let
h*: 7T1(X7 1’0) - 7T1(Y7 yO)

be defined by h.([f]) = [ho f].
Lemma 7.2.5. h, is a group homomorphism, called the homomorphism induced by h.
Theorem 7.2.6. If h: (X, z0) — (Y,yo) and k: (Y,y0) — (Z,20), then
(koh), =k, oh,.

Ifi: (X,20) — (X, x0) is the identity map, then i, is the identity homomorphism of m (X, x¢).
Corollary 7.2.7. If h: (X, x0) — (Y,y0) is a homeomorphism then

hi: m (X, o) — m1(Y, 50)
s a group isomorphism.

In this sense the fundamental group is a topological invariant of based spaces (= spaces with
a base point).
Let so = (1,0) € S* € R2. We shall show that (S, s9) is a nontrivial group.

Theorem 7.2.8 (Brouwer’s fixed point theorem). Each map f: B> — B? has a fived
point, i.e., a point p € B2 such that f(p) = p.
7.2.3 Dependence on base point

Definition 7.2.9. Let ov: I — X be a path from zg to x1, with reverse path & from z; to xg.
Define

~

(67N 7T1(X,1‘0) — 7T1(X,1‘1)
by a([f]) = [ax f * .

Theorem 7.2.10. & is a group isomorphism.
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Lemma 7.2.11. If o ~, 3 then & = 3.

Corollary 7.2.12. If X is path connected and xg,x1 € X then there exists an isomorphism
7T1(X, .%'0) = 7T1(X,1‘1).

Note that different paths give conjugate isomorphisms, which will be different if 71 (X, )
is not abelian.

[ETC]]

[[zo € P C X path component, 71 (P, zg) = 71 (X, z¢)]]

[[Define X simply-connected. If X is simply-connected then any two paths f, g from z( to
x1 are path homotopic.]]

7.3 (8§53) Covering Spaces

Definition 7.3.1. Let p: £ — B be a surjective map. We call E the total space and B the base
space. An open subset U C B is said to be evenly covered by p if the preimage p~—1(U) is the
disjoint union [, Vi of a collection of open subsets V, C E, such that for each « the restricted
map p|Vy: Vo — U is a homeomorphism. The open subspaces V,, are called the slices, or sheets,
of the covering.

Definition 7.3.2. Let p: E — B be a surjective map. If each point z € B has a neighborhood
U that is evenly covered (by p), then p is called a covering map and E is said to be a covering
space of B.

Example 7.3.3. Let B be any space and let F' be a discrete set. Let p: £ = B x F' — B be
the projection that takes (b, f) to b. Then B is evenly covered, since p~!(B) = E is the disjoint
union of the sheets V,, = B x {a} for a € F, and each restricted map p|V,,: B x {a} — Bisa
homeomorphism.

Lemma 7.3.4. If p: E — B is a covering map, then for each x € B the preimage p~'(x) is a
discrete subspace of E.

Proof. By assumption, some neighborhood U of z is evenly covered, so p~!(z) is a subspace of
p 1 (U) 2], Va. Each point y € p~1(x) lies in a unique V4, and {y} = p~1(z) N V4, hence {y}
is open in the subspace topology. O

Lemma 7.3.5. Fach covering map p: E — B is an open surjection, hence a quotient map.

Proof. We prove that p is an open map. Let A C E be open. To prove that p(A) C B is
open, consider any point x € p(A). There is an evenly covered neighborhood U of z, with
p Y (U) 2 ][, Va- Choose a point y € A with p(y) = =z, and let Vjz be the sheet containing
y. The set AN V3 is open in V3, since A is open, hence p(A N Vp) is open in U, since p is a
homeomorphism. Hence p(A N Vjp) is a neighborhood of = contained in p(A). O

Theorem 7.3.6. The map p: R — S given by
p(t) = (cos 27t, sin 27t)
18 a covering map.

Each unit interval [n,n + 1] C R gets wrapped once around the circle.
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Proof. Let U C S' be the open subset of (x,7) € S! with > 0. We claim that U is evenly
covered. Note that

p H(U) :JEIz(n_ Z’TH—Z)'

Let V,, = (n —1/4,n + 1/4). Then each V,, is open in R, and we claim that p|V,,: V;, = U is a
homeomorphism. A continuous inverse is given by

1 .
(x,y) — n+ — arcsiny.
2m

Alternatively, we may use that V,, = [n—1/4,n+1/4] is compact, U is Hausdorff, and p|V;,: V;, —
U is a continuous bijection, hence a homeomorphism. It restricts to the desired homeomorphism
p|Vp: Vi, = U.

Similar arguments show that the parts of S' where y > 0, z < 0 or y < 0 are also evenly
covered, and these four open subsets cover S'. ]

Definition 7.3.7. A map p: E — B is a local homeomorphism if each point y € E has a
neighborhood V' such that p(V') is open in E and p|V: V — p(V) is a homeomorphism.

Lemma 7.3.8. Fach covering map p: E — B is a local homeomorphism.

Proof. For each y € E the image z = p(y) is contained in an evenly covered neighborhood
U C B, and the sheet Vg C E that contains y is then a neighborhood of y that p maps
homeomorphically to U. U

Example 7.3.9. Let £ = (0,00) C R. The restricted map ¢ = p|E: E — S! is a local
homeomorphism but not a covering map. No neighborhood of x = (1,0) € S! is evenly covered.

Example 7.3.10. Let n € N, and consider the map
P St — S1
given by p,(z) = 2" in complex coordinates z = x + iy,
pn(cos b,sin @) = (cosnb, sinnd)
in polar coordinates, or

pn(z,y) = Rz +iy)", S(z +iy)"™)

SO G (g ) T C0f(y, 0 )

0<2k<n 0<2k+1<n
in real coordinates. (For example, pa(x,y) = (22 — 32, 2zy).) Each p, is a covering map.

Proposition 7.3.11. Let p: E — B be a covering map, and By C B a subspace. Let Ey =
p~Y(By) C E. Then py = p|Ey: Eyg — By is a covering map.

Proof. Let © € By. If U is an evenly covered neighborhood of x in B then By NU is an evenly
covered neighborhood of z in By, since

py (BonU)=Eonp {(U) = Egn[[ Va2 [[EonVa

and each Ey NV, is open in Fy, with the homeomorphism p|V,: V,, — U restricting to a
homeomorphism Fyg NV, — ByNU. ]
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Proposition 7.3.12. Ifp: E — B and p': E' — B’ are covering maps, then pxp': E x E' —
B x B’ is a covering map.

Proof. Let v € Band 2’ € B'. If 1 € U C B and 2/ € U’ C B’ with U and U’ evenly covered,
then (z,2') € U x U’ C B x B’ is evenly covered, since

(pxp) U xU)=p ' (U) x @)U = [ Va x [TV5 = [T Ve x V3
o B a,8

is a disjoint union of open subsets V,, x Vé C E x E’, and the restricted map
pX p)|(Vo x V) : Vo x Vi —-U x U’
B B

is the product of the homeomorphisms p|Vy: Vo, — U and p/|V5: Vi — U’, hence is a homeo-
morphism. O

Example 7.3.13. Let 72 = S' x S! be the torus. The product map
pxp:RZ=RxR— S'x s =712

is a product over covering map, hence is a covering map. Each unit square [n,n+1] x [m,m+1]
gets wrapped once around the torus.

Example 7.3.14. Let so = (1,0) € S! be a base point, and consider the one-point union
By = (S x {so}) U ({s0} x S') c T?
of two circles. Let Eg = (p x p)~'(Bp) C R2. It is the subspace
Ey= R xZ)U(Z x R) C R?

consisting of (z,y) € R? with 2 € Z or y € Z. The restricted map py: Ey — By is a covering
map of the figure-eight space By by the infinite grid Fj.

Example 7.3.15. The complex exponential map
exp: C — C — {0}
given by exp(z) = € is given in real coordinates by
p: R? —R* —{(0,0)}
with p(x,y) = (e® cosy, e siny). Under the homeomorphism
h: R x S'=R? - {(0,0)}

taking (¢, (z,y)) to (e'z, e'y) we see that p factors as hogq, where ¢: R> — R x S! is the product
of two covering maps R — R and R — S'. Hence exp and p are covering maps.

7.4 (§54) The Fundamental Group of the Circle

[[See Munkres.]]

7.5 (§55) Retractions and Fixed Points

[[See Munkres.]]
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7.6 (§58) Deformation Retracts and Homotopy Type

Let j: A — X be the inclusion of a subspace. Recall that a retraction of X onto A is a map
r: X — A such that rj = id4 is the identity on A.

A S L7 SN A
X BT S— X
Definition 7.6.1. A deformation retraction of X onto A is a homotopy H: X x I — I from

idx to jr: X — X, such that H(a,t) =a foralla € Aand t € I.

Example 7.6.2. For n > 1let A= 8" and X = R"*! — {0}. Let j: " — R"*! — {0} be the
inclusion, and let r: R"*! — {0} — S™ be given by r(x) = z/||z|. Clearly rj(a) = a for each
a € S". The composite jr: R*T1 — {0} — R — {0} is homotopic to the identity map by the
straight-line homotopy

H(zt) = (1 - ) + ta/ 2]

and H(a,t) = (1 —t)a+ta/l = afor all a € S™ and t € I. Hence H is a deformation retraction
of R**1 — {0} onto S™.

Lemma 7.6.3. Let h,k: (X,z9) — (Y,y0) be maps. If H: X x I — Y is a homotopy from h
to k, with H(xg,t) = yo for all t € I, then the induced homomorphisms

hye = ky: 7T1(X, x(]) - 7T1(Y, yo)
are equal.

We might say that H is a homotopy from h to k relative to xg.

Proof. Let f: I — X be aloop in X at g, so that [f] € m1(X,x0). Then h.([f]) = [hf] and
k«([f]) = [kf], so we need to show that hf,kf: [ — Y are path homotopic. The composite

H(f xid): IXxI - X xI—-Y
is such a path homotopy. O

Theorem 7.6.4. Let A be a deformation retract of X. The inclusion map j: A — X induces
an isomorphism
j*: 7T1(A, ao) — 7T1(X, ao)

of fundamental groups, for any ag € A.

Proof. Let H: X x I — X be the deformation retraction, with associated retraction r: X — A.
Then rj = idg so (7])« = 7T«J« is the identity on 71(A, ap). We must prove that (jr), = jurs is
the identity on 71 (X, ag). But H: X x I — X is a homotopy from idx to jr with H(ag,t) = ag
for all ¢t € I, so by the lemma above, (idx ). and (jr). are equal. O

Example 7.6.5. Let X = C — {0} = R? — {(0,0)} be the punctured plane. The inclusion
St — C — {0} induces an isomorphism

71'1(51, bo) = 1 (C — {0}, bp)

for any by € S'. Both of these groups are infinite cyclic, i.e., isomorphic to the additive group
of integers Z.
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Example 7.6.6. Let X = C — {+4,—i} 2 R%? - {(0,1),(0,—1)} be the doubly punctured plane.
Let 8 C X be the figure eight space given by the union of the circle of radius 1 with center at +1
and the circle of radius 1 with center at —i. The two circles meet at 0, so 8 = (+i+S1)U(—i+S!)
is the one-point union of two circles, often denoted S' Vv St.

There exists a deformation retraction of C — {+i, —i} onto 8. Hence the inclusion induces
an isomorphism of fundamental groups

7'('1(8,0) = 7'('1(@ — {—i—i,—i},O) .

Let f: I — 8 be the loop winding once around +i + S', and let g: I — 8 be the loop winding
once around —i + S!. Let 2 = [f] and y = [g] be their path homotopy classes in m1(8,0).

It is possible to prove that m1(8,0) is the free (non-abelian) group on the two generators
x and y, often denoted Fy = (z,y). Every element of F, can be written as a finite product of
copies of z, 7!, y and y~ !, and the only relations satisfied by these finite products are those
required by the axioms of a group. We prove a little less:

Proposition 7.6.7. The fundamental group of the figure eight space is not abelian.

Proof. Let B = 8 be the figure eight space, with a loop f traversing one circle and a loop g
traversing the other circle. It has a path-connected threefold covering space p: £ — B where
the part above each circle is a disjoint union of a onefold and a twofold covering space.

DD . 9
U U

Starting at the intersection of the two twofold covering spaces, the lifts of the paths f * g and
g * f have different endpoints. Hence the lifting function

¢: m1(8,0) — p~1(0)

takes different values at [f] * [g] and [g] * [f]. In particular, [f] [g] # [g] * [f], so 71(8,0) is not
an abelian group. O

7.7 (859) The Fundamental Group of S"

Theorem 7.7.1. Suppose that X = U UV is covered by two open, simply-connected subspaces
U and V', and that U NV is path connected. Then X s simply-connected.

Proof. (It is clear that X is path connected.)

Choose a base point zg € U NV. Consider any loop f: I — X in X based at xg. The
open subsets f~1(U) and f~1(V) cover the compact metric space I, so by the Lebesgue number
lemma there exists a finite partition

O=sp<s1<--<s,=1

of I such that f maps each subinterval [s;_1, s;] into U or V' (or both). Consider any 0 < i < n.
If f(s;) € X -V =U-UnNYV then f maps [s;_1,s;] and [s;, s;+1] into U, hence we can delete
s; from the finite partition. Likewise, if f(s;) € X —U =V —U NV then we can delete s; from
the partition. Repeating as often as possible, we may assume that each f(s;) € UNV.
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Choose a loop g: I — X with image in U NV such that g(s;) = f(s;) for each 0 < i < n.
This is possible since U NV is path connected.

For each 1 < i < n the two paths f|[s;—1,s;] and ¢|[s;—1, s;] have the same beginning and
the same end, and lie in one of the simply-connected spaces U and V. Hence there is a path

homotopy
Hi: [si_l,si] xI —X

between these paths. The glued map
H:IxI—X

with H|[s;—1,s;] x I = H; is then a path homotopy between f and g. But [g] is in the image
of the homomorphism induced by the inclusion U N V' — X, which factors through 7 (U, ),
which is the trivial group.

m(UNV,z) — (U, o) — (X, o)
Hence [f] = [g] = e. Since f was arbitrary, m (X, z¢) is the trivial group. O
Let S? C R? be the unit sphere.

Theorem 7.7.2. The sphere S? is simply-connected.

Proof. Let N = (0,0,41) and S = (0,0,—1) be the north and south pole, respectively. Let
U=252—-{S}and V = 52 — {N} be open neighborhoods of the upper and lower hemisphere,
respectively.

There is a homeomorphism

h: U = R?

given by straight-line projection from the south pole, called stereographic projection. In coordi-
nates,

h(z1,x2,23) =

1
e

for (x1,22,23) € U. The inverse h~! is given by
h=(y1,y2) = (0,0, =1) + £(y)(y1,y2, 1)
for y = (y1,y2) € R?, t(y) = 2/(1 + [[y|*).

Similarly, there is a homeomorphism V = R2. The intersection U NV corresponds under h
to R? — {(0,0)}, which is path connected. O

7.8 (§60) Fundamental Groups of Some Surfaces

Recall that a surface is the same as a 2-dimensional manifold, i.e., a second-countable Hausdorff
space X such that each point p has a neighborhood U that is homeomorphic to R2.

7.8.1 Cartesian products

Definition 7.8.1. The cartesian product of two groups G and H is the set G x H with the
product structure given by

(g,h) - (¢, 0)=(g-g,h-1).

The neutral element is (e, e), and the group inverse is given by (g,h)~! = (g7, A7 1).
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Let (X, z0) and (Y,yo) be based spaces, with cartesian product X x Y based at (zg, o).
The projection maps
p=prx: (X XY, (z0,40)) = (X, 0)
and
q=pry: (X xY,(z0,50)) — (Y,50)

induce group homomorphisms
px: T (X XY, (20,90)) — m1(X, z0)

and
g ™ (X X Y, (20,90)) — m1(Y,%0) -

These are the components of a group homomorphism

® = (ps,qs): T (X XY, (z0,90)) — m1(X,z0) x m1(Y, yo)

taking [h] to
O([h]) = (p«([1]), g« ([1])) = ([ph], [gh])
for any loop h: I — X x Y based at (xg,yo).

Theorem 7.8.2. ®: m (X XY, (x0,50)) — m1 (X, z0) X m1(Y,y0) is a group isomorphism.

Proof. Any element of 71(X,z¢) X m1(Y,yo) has the form ([f],[g]), where f: I — X is a loop
at o and g: I — Y is a loop at yp. Let h: I — X x Y be given by h(s) = (f(s),g(s)). Then
ph = f and gh = g, so ®([h]) = ([f],[g]) and P is surjective.

If h: I - X xY is aloop at (zg,yp) with ®([h]) = 0 then ph: I — X is path homotopic
to the constant loop ez, and gh: I — Y is path homotopic to the constant loop e,,. Let
F:IxI— X and G: I x I —Y besuch path homotopies. Then H: I x I — X x Y given by
H(s,t) = (F(s,t),G(s,t)) is a path homotopy from h = (ph, qh) to e(y; o) = (€xq,€y,). Hence
[h] = e and @ is injective. O

Example 7.8.3. The fundamental group of the torus 72 is
i (T?) = m (S x SN 27 (SY) x m(SY) 2 Z x Z =72

the free abelian group on two generators.
The inclusion 8 = S1 v §1 ¢ S' x S' = T2 induces the canonical surjection

Fy = (8) — m(T?%) = 72

from the free group on two generators to the free abelian group on two generators.

The commutator zyz~'y~! in Fy = (x,7) maps to 0 (the additively neutral element), since in
the model for T? as a quotient space of I?, the path f * g * f * g representing xyx "ty
by the boundary of I2, and this loop is nullhomotopic in I2.

is given
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7.8.2 A retraction

Let the double torus T?>#T? be the quotient space of the octagon with the following identifica-
tions along the boundary:

Cutting along the dashed line, each part becomes a torus with a disc removed. The dashed line
becomes the boundary circle in each part. Gluing together again along the dashed line, we get
the connected sum of the two tori.

Theorem 7.8.4. The fundamental group of the double torus is not abelian.

Proof. Let X = T?#T?. The subspace A C X given by taking only the edges labeled a and ¢

is homeomorphic to the figure eight space A = 8. Furthermore, there is a retraction r: X — A

given by first collapsing the dashed line, to get the one-point union 72 V T? of two tori, and

then retracting each torus onto a circle, to get the one-point union S' Vv S of two circles.
Hence the inclusion j: 8 — T?#7T? induces an injective homomorphism

m1(8) — m(T*#T?),
showing that 7 (T?#71?) has a non-abelian subgroup. O

We can now distinguish between three different compact, connected surfaces.

Theorem 7.8.5. The 2-sphere 52, the torus T? and the double torus T?#T? are all topologically
distinct.

Proof. The fundamental groups 71(5?) = 1 and 71(T?) = Z? are abelian, while 71 (T?#T?) is
not abelian. Since these groups are pairwise not isomorphic, it follows that the spaces S2, T2
and T?#T7T? are pairwise not homeomorphic. O

7.8.3 3-manifolds

Any compact 3-manifold is the disjoint union of a finite set of compact, connected 3-manifolds.
A compact, connected 3-manifolds is said to be irreducible if each embedded sphere (52) bounds
an embedded ball (B3). Otherwise the 3-manifold is reducible and can be simplified by cutting
it open along the embedded 2-sphere and gluing in a ball on each side. This process stops after
finitely many steps.

Here is a post on irreducible 3-manifolds and their fundamental groups, by Bruno Martelli
on mathoverflow.net:

Perelman has proved Thurston’s geometrization conjecture, which says that every
irreducible 3-manifold decomposes along its canonical decomposition along tori into
pieces, each admitting a geometric structure. A “geometric structure” is a nice
riemannian metric, which is in particular complete and of finite volume.

91



There are eight geometric structures for 3 manifolds: three structures are the con-
stant curvature ones (spherical, flat, hyperbolic), while the other 5 structures are
some kind of mixing of low-dimensional structures (for instance, a surface 3 of genus
2 has a hyperbolic metric, and the three-manifold ¥ x S! has a mixed hyperbolic
xS1 structure).

The funny thing is that geometrization conjecture was already proved by Thurston
when the canonical decomposition is non-trivial, i.e., when there is at least one torus
in it. In that case the manifold is a Haken manifold because it contains a surface
whose fundamental group injects in the 3-manifold. Haken manifolds have been
studied by Haken himself (of course) and by Waldhausen, who proved in 1968 that
two Haken manifolds with isomorphic fundamental groups are in fact homeomorphic.

If the canonical decomposition of our irreducible manifold M is empty, now we
can state by Perelman’s work that M admits one of these 8 nice geometries. The
manifolds belonging to 7 of these geometries are well-known and have been classified
some decades ago (six of these geometries actually coincide with the well-known
Seifert manifolds, classified by Seifert already in 1933). From the classification one
can see that the only distinct manifolds with isomorphic fundamental groups are
lens spaces (which belong to the elliptic geometry, since they have finite fundamental
group).

The only un-classified geometry is the hyperbolic one. However, Mostow rigidity
theorem says that two hyperbolic manifolds with isomorphic fundamental group
are isometric, hence we are done. Some simple considerations also show that two
manifolds belonging to distinct geometries have non-isomorphic fundamental groups.

Therefore now we know that the fundamental group is a complete invariant for
irreducible 3-manifolds, except lens spaces.

~— — — END OF NOTES — — —
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