
410 ARCH. MATH. 

A Union Theorem for Cofibrations 

By 

JoxcHI~ Lm~m 

1. Results. We work in the category J-off  of topological spaces and continuous 
maps. I f  A is a subspace of  X, we denote the closure of  A b y  A and the interior of  

A by  A. Let  I be the uni t  interval.  We say  tha t  a map  i : A --> X has the h o m o t o p y  
extension proper ty  (HEP)  with respect to Z if, given maps [:  X -> Z and  q~: A • I--->Z 
such t h a t  [ ( x ) =  r  0) for x e A ,  there exists a map  qS:X•  such tha t  

t X • 0 = [ and  tb ] A x I = 9. We call i : A -~ X a cofibration ff i t  has the H E P  
~4th respect to every  space Z and a closed eofibration if  in addit ion i (A )  is closed. 
We consider subspaces A and B of  a space X such t h a t  the inclusion maps  A c X 
and B c X have the  H E P  w.r.t. Z, and investigate under  wha t  assumptions A w B o X  
has the H E P  w. r . t .Z .  

Theorem 1. Assume  that A c X has the H E Y  w.r.t. Z .  Assume  there exists a continuous 
map  u: X --> I with A c u -1 (0) and (u ] B) -1 (0) = A n B.  I / B  • l c  X • I and ( A n  B) • 
• I c B • I have the H E P  w.r.t. Z ,  then A w B c X has the t t E P  w.r.t. Z .  

(Independently,  A. Dold has proved the same result.) 
I f  we assume A and B separated, then we obtain a symmetr ic  result. We define 

an  equivalence relation ~ in X •  I by  identifying (x, t) and  (x, 0) for t o  I and  
x e A  n B.  Let  [x, t] denote the class of  (x, t) in X •  and let pr :  X •  - ->X 
be given by  pr  Ix, t] = x. 

Definition. We call two subspaces A and B of  X separated f f there  exists a continuous 
map  j : X -+ X • I / , , ,  such tha t  p r o  j = id (X) and ~ (x) = [x, 0] for x ~ A, j (x) = [x, 1 ] 
for x e B .  

In  section 3 we show tha t  closed cofibrations are separated. 
Now we can state a symmetr ical  var iant  of  theorem 1 : 

Theorem 2. Assume  that A c X ,  B c X have the H E P  w.r.t.  Z.  I] ( A n  B) • I r X • I 
has the H E P  w.r.t .  Z and A and B are separated, then A u B c X has the H E P  w.r.t .  Z .  

Reformulated for cofibrations, we obtain the 

Union Theorem. Let A c X and B c X be co/ibrations. Let 
either (a) A n B c B be a cofibration and .4 n B = A n B,  
or (b) A (~ B c X be a cofibration and A ,  B separated. 
Then A ~1 B c X is a cofibration. 
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This theorem follows immediate ly  f rom theorem 1 and theorem 2. I n  case (a) note 
t h a t  i f A  c X  is a cofibration then so is . 4 c X  [2 ; Cor. 5]. Moreover a closed cofibration 
is a Null~tellen-set (i.e. a subspace .4 of  a space X is a Nullstellen-set i f  there exists 
a continuous map  u : X  --> I with u -1 (0) = A) (see [1; Satz 3.26]). 

F r o m  the union theorem we deduce the produc t  theorem for cofibrations: 

Corollary 1. Let A c X and B c Y be co/ibrations. Let A be closed in X .  Then 
(X  • B) u (A • Y)  r X x Y is a co/ibration. 

One deduces immedia te ly  from the assumptions tha t  X x B c X x Y, A x Y c X x Y 
and (X x B) • (A x Y) ~- A x B c X x t" are cofibrations. Since A is closed in X, we 

have (A x Y) (~ (X x B) ----- (A • Y) (~ (X x B), and case (a) proves the corollary. 
Since closed cofibrations are separated (see section 3), we have 

Corollary 2. 1[ A c X and B c X are closed co/ibrations and i / A  n B c X is a co- 
]ibration, then A u B c X is a co/ibration. 

B y  induct ion we obtain 

Corollary 3. Let A1 c X . . . . .  An  c X be closed co[ibratione. For all (~ c {1 . . . . .  n} let 
n 

Aa = ( ' ~ A l  c X be a co/ibration. Then U A l  c X is a co/ibration. 
le~ l = l  

Corollary 3 does not  hold in general for countably  m a n y  cofibrations. For  let 

X = 1, At  = {0, l/ l} for l ~-- 1, 2 . . . .  and  A ---- U A z -  The set A is closed in X. The 
l = l  

inclusion maps  A~ c X are obviously closed cofibrations. For  all finite a, Aa  c X are 
cofibrations bu t  A c X is no t  a eofibration [1 ; Beispiel 3.14 (3)]. 

2. Proof of theorem 1. We will need the lemma (a generalization of  a special case 
of  the produc t  theorem for cofibrations) : 

Lemma 1. I / i :  A x I c X x I has the H E P  w.r.t. Z, then (A X 1) u (X  x a I) --> X x I 
and (A x 1) W ( X  x O) --~ X X I have the H E P  w.r.t. Z.  Here (A x I )  w (X  • aI)  is not 
considered as a subsTace o / X  • 1, but as a quotient space o/the topological sum (A • I)  u 
u ( X •  obtained by identi]ying (a, 0) with i(a, O) and (a, 1) with i(a, 1). Similarly 
/or (A X 1) u (X x 0). 

P r o o f .  Assume given a commuta t ive  d i a ~ a m  

. X x l x O  

( ( A x I ) u ( X x a I ) ) x  X x I x I  Z 

x i ) u  (x  x . i;_j  t 

Let  Q: I x I --~ I x I be a homeomorphism ~dth 

Q((IxO) u ( 0 I •  IxO. 
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Define maps g ~ = g o ( ( i d x Q - 1 ) [ X x l x O )  and 

y~=- ~ o  ((idx Q-l)I (A x / x / )  u ( X x a l x I ) ) .  

Let ~pq = ~ ] A x I x I and let gQ : X X I x 0 ---> Z be given by 

gQ] ( idxQ -1) ( X •  =gQ and 
t 

gQ ] (id x Q-l) (X x a I  x I) = ~aQ [ (id x Q-l) (X x 0I  x I ) .  

We obtain the commutative diagram: 

X • 2 1 5  o ~  

A x l x I  

Since A • I c X • I has the H E P  w.r.t. Z, there exists a continuous map ~Q : X • I • 
• completing the diagram eommutatively. Now we define ~ :  X • 2 1 5  I---~Z 
by ~ = ~Q o (id • Q). One cheeks that  ~ is the desired extension of ~ and g. Ana- 
logously one proves the second part  of the lemma using a homeomorphism P : I x 
• 2 1 5  with P ( ( I • 2 1 5 2 1 5  | 

We also need the following lemma: 

Lemma 2. Let A c X be a 1Vullstellen.set. Let ], g: X --+ Z be continuous maps with 

: f __ g rel A. Then there exists a homotopy ~:  f ~_ g rel A with 

~ (z, t) = ~(x ,  u(x)) = qb(x, 1) /or x e X and t >= u(x). 

P r o  o f. Let  u: X --+ I be a map with u -1 (0) =- A. We define ~): X x I --+ Z by 

~(x ,  1) for t >= u(x) ,  

~ ( x , t ) =  qS(x,t) for u(x) = O, 

~5 x, for t=<u(x) and u ( x ) # 0 .  

Obviously ~ is well-defined; the continuity of ~ is proved in [1; Satz 3.26]. | 

P r o o f  o f  t h e o r e m  1. Assume ~ven  a commutative diagram 

A U B _  / / t X X l  Z,. 

" ~ ( A  u B ) •  ~ q ,  

The inclusion map A c X has the H E P  w.r.t. Z, and consequently there exists an 
extension ~b: X x I--+Z of ~[A • I and [. Now define maps 

qD:XxI•  by qb(x,s,O)=qD(x,s), 

q ~ : B x I x I - + Z  by ~(b,s, 1)----q~(b,s), 

2 ' : X x 0 •  by 2"(x, O, t) = /(x) for every t e I  and 
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y ~ : ( A ( ~ B )  x I x I - - > Z  by ~ v ( a , s , t ) = v 2 ( a , s , O ) = 9 ( a , s  ) 

for a e A n B  and t � 9  S i n c e ( A n B ) • 2 1 5  has the I-ZEP w.r.t. Z, there 
exists, by  lemma 1, a homotopy k~: BX I x  I - * Z  with 

T(b ,  s, O) = r (b, s) ,  

T (b ,  s, 1) = 9(b, s) ,  

k~(b ,O , t )=] (b )  for b � 9  and 

~ ( a , s , t ) - - - - ~ v ( a , s , t ) ~ - 9 ( a , s  ) for a e A n B  and t e I .  

In  view of lemma 2 we can deform h v to ~ :  B x I x I --> Z with u' : B x I ---> Z defined 
by u' (b, s) = u (b). The map  B x I c X • I has the H E P  w.r.t. Z;  hence, by  lemma t,  
there exists a continuous map D : X x l x  I --> Z with 

s (x, s, 0) = �9 (x, s, 0),  

f2 (x, 0, t) ~- • (x, 0, t) and 

Q ( b , s , t ) = ~ ( b , s , t )  for b e B .  

We now define the desired extension H :X  x I---~Z of 9 and ] by H (x, s) = [2 (x, s, u (x)). 
I t  is clear tha t  H is continuous and tha t  H I X x 0 ----- / and H I (A u B) x I = 9- I 

3. Proof of theorem 2. In  this section we shall first give several criteria for the 
separation of two subspaces of a space X. 

Lemma 3. (a) Given subspaces A and B o] X and a continuous map u : X --  ( A n  B)--+ I 
with A -- (A ~ .B) c u - l ( 0 )  and B --  (A n B) c u-1 (1), then A and B are separated and 
aA ~ aB z A n B. (aA is the boundary o / A . )  

(b) i) I /  A and B are IYullstellen-sets, then a map u exists satis/ying the hypothesis 
in (a). 

I n  particular: i / A  c X and B c X are closed co/ibrations, then A and B are separated. 
ii) I1 .~ and 1~ are Nullstellen-sets and i/ aA n a B  c A n B, then a map u exists 

satis/ying the hypothesis in (a). 
I n  particular: i / A  c X and B c X are colibrations and i / a A  ~ aB c A n B,  then 

A and B are separated. 

P r o o f .  (a) We define ] : X - ~ X x l / ~  by 

[x,u(x)] for x ~ A n B ,  

j(x)---- [x, 0 ] -~ [x , t ]  for x � 9  and t e I .  

(b) The case i) follows from ii) because 0A n a B  c A n B. Now let ~,/~ : X --> I 
be continuous maps with A = 2-1(0) and J~ ~-/~-1(0). We define a map u: X - -  

- -  ( A  ~ B )  --> 1 by 

~(x) 
). (x) + / ~  (xi for x ~ A n B ,  

u ( x ) :  1 for x � 9  A) n / ~ ,  

0 for xe(B--  B) n .4 .  



414 J. LILLIG ARCH. MATH. 

I t  is obviously sufficient to show cont inui ty  in the points of  ,4 n (B --  B). Bu t  
o o 

this is clear because, for an a rb i t ra ry  x e A r~ (/~ - -  B), a neighborhood U of  A can 
be chosen such tha t  u (x) ----- 0 for ever 3- x e U. | 

Remark.  I f  A and B are separated then there need not  exist a continuous map  
u:  X - -  (A n B) -+ I satisfying ]emma 3 (a) as following example of  D. Puppe  shows : 
Take X = {a, b, c} with the open sets 0, {a}, {a, c}, X. Le t  A = {a, c} and B ---- {b, c}. 
Then j :  X --> X • I/,,~ is continuous bu t  there is no continuous u : X --  {c} --> I .  

For  the proof  of  theorem 2 we need the following lemma. 

Lemma 4. Let A be a subspace o / X  such that A x I c X x I has the H E P  w.r.t. Z. 
Let K, L: X x I --> Z be homotopies with Ko = Lo and K ] A x I---- L ] A x I. Then there 
exists a homotopy q~: K ~_ L tel (A x I)  u (X • 0). 

P r o o f .  We define maps  g: ( X x I x O I )  w ( X x 0 x I )  -->Z by  

JK(x,s)  for t - - - 0  or s = 0 ,  
g (x, s, t) = [L (x, s) for t----1 

and  y~: A x I x I - > Z  by  ~ (a, s, t) ----- K (a, s) = L (a, s) for every t e I .  Since g is de- 
fined by  continuous maps  on closed subspaees, i t  is continuous.  The map  A x I c X x I 
has the H E P  w.r.t. Z, and consequently,  by  lemma 1, there exists a continuous map  
r  with q b l A x I •  and r  u ( X x 0 •  I t  is 
clear t ha t  ~b satisfies all the required conditions. | 

P r o o f  o f  t h e o r e m  2. Assume given a h o m o t o p y  ~: (A u . B ) x I - - > Z  with 
~00 = ] :  X -->Z. The maps  A c X and B c X have the H E P  w.r . t .Z .  Hence there exist 
extensions ~bA : X x I--> Z of  9 ] A x I and  qiB: X • I--> Z of  9~ I B x I with 0584 = q~0 B = ]. 
Then CA [ (A C~ B) X I = 91 (A n B) • I = r  [ (A ("1 B) X I .  Since (A (~ B) x I c X x I 
has the H E P  w.r.t. Z, there exists a h o m o t o p y  ~ :  qSA _~ ~bB rel((A Ch B) X 1) t3 (X X0), 
by  lemma 4. By  assumptions,  we have a continuous map  j :  X-->  X x I / ~  with 
~" (x) = Ix, 0] for x e A and ~" (x) = Ix, 1 ] for x e B. We consider the diagram 

X x I x l  ~ X x I x I ~  Z 

( X x Z l , , , ) x I  " 

where p :  X X I ---> X X I/,, ,  is the identification map and T :  I x I --> I x I switches 
the factors. The composite T o (id x T) factors through p x id and hence induces a 
map  tQ: (X • I~ ~ ) X I -+ Z. A required extension of  9 and / is given by Q o (j X id) : 
X X I - - > ( X • 2 1 5  | 

This paper is a condensation from m y  diplom thesis wri t ten under  the supervision 
of  Prof.  T. t om Dieck and Dr. R. Vogt  to whom I am indepted for advice and sug- 
gestions contr ibuting to this work. 
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