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A Union Theorem for Cofibrations

By

Joacuin Lorie

1. Results. We work in the category J 24 of topological spaces and continuous
maps. If 4 is a subspace of X, we denote the closure of 4 by 4 and the interior of

A by 4. Let I be the unit interval. We say that a map ¢: 4 — X has the homotopy
extension property (HEP) with respect to Z if, given maps f: X > Zand g: AX I —>Z
such that f(x) = g@(z, 0) for x € A, there exists a map @: X xXI—Z such that
DX x0=fand @|AXI = @. We call ¢: 4 - X a cofibration if it has the HEP
with respect to every space Z and a closed cofibration if in addition 7(4) is closed.
We consider subspaces 4 and B of a space X such that the inclusion maps 4 ¢ X
and B ¢ X have the HEP w.r.t. Z, and investigate under what assumptions AU BcX
has the HEP w.r.t. Z.

Theorem 1. Assume that AcX has the HEP w.r.t. Z. Assume there exists a continuous
map u: X —I with Acu~1(0) and (u|B)2(0) = ANB. If BxIcXxIand (AN B)x
X IcBxI have the HEP w.rt. Z, then AV BcX has the HEP w.r.t. Z.

(Independently, A. Dold has proved the same result.)

If we assume 4 and B separated, then we obtain a symmetric result. We define
an equivalence relation ~ in XX I by identifying (z, t) and (x, 0) for te I and
zeA N B. Let [x, t] denote the class of (x,t) in X X I/~ and let pr: X x I/~ > X
be given by pr(z, t] = z.

Definition. We call two subspaces A and B of X separated if there exists a continuous
map j: X — X X I/~ such that proj=id(X)and j(z) = [2, 0] forz € 4, j (z) = [z, 1]
for xe B.

In section 3 we show that closed cofibrations are separated.

Now we can state a symmetrical variant of theorem 1:

Theorem 2. Assume that A c X, Bc X havethe HEPw.rt. Z. If (A N B)yxIcXxI
has the HEP w.rt. Z and A and B are separated, then 4 U B c X has the HEP w.rt. Z.

Reformulated for cofibrations, we obtain the

Union Theorem. Let 4 c X and B c X be cofibrations. Let
either (a) A N Bc B be a cofibration and A N B= AN B,
or (b} A N BcX be a cofibration and 4, B separated.
Then AV Bc X is a cofibration.
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This theorem follows immediately from theorem 1 and theorem 2. In case (a) note
that if A c X is a cofibration then so is 4 ¢ X [2; Cor. 5]. Moreover a closed cofibration
is a Nullstellen-set (i.e. a subspace 4 of a space X is a Nullstellen-set if there exists
a continuous map u: X — I with v~1(0) = 4) (see [1; Satz 3.26]).

From the union theorem we deduce the product theorem for cofibrations:

Corollary 1. Let Ac X and Bc Y be cofibrations. Let A be closed in X. Then
(XxBYu(AdxY)cXxX7Y isa cofibration.

One deduces immediately from the assumptionsthat X x Bc X x ¥, AxYcXxY
and (XXB)N(AXY)=AXBcXXY are cofibrations. Since 4 is closed in X, we
have (AX Y)N (XX B)= (4 X Y)N (XX B), and case (a) proves the corollary.

Since closed cofibrations are separated (see section 3), we have

Corollary 2. If A c X and B c X are closed cofibrations and if A N Bc X is a co-
ftbration, then 4 U B c X 1s a cofibration.

By induction we obtain
Corollary 3. Let A1 c X, ..., 4y c X be closed cofibrations. For all o c {1, ..., n} let
n
Ag= mAl c X be a cofibration. Then UA 1C X s a cofibration.
=1

leo

Corollary 3 does not hold in general for countably many cofibrations. For let
X=1I14,={0,1/1} for I=1,2,... and 4 =|_J4;. The set 4 is closed in X. The
=1

inclusion maps A4; c X are obviously closed cofibrations. For all finite ¢, A5 c X are
cofibrations but 4 ¢ X is not a cofibration [1; Beispiel 3.14 (3)].

2. Proof of theorem 1. We will need the lemma (a generalization of a special case
of the product theorem for cofibrations):

Lemmal. Ifs: AXIc X X1 hasthe HEP w.r.t. Z, then (A X I) U (X x08I) =X x I
and (A x 1)U (X Xx0)— X XI have the HEP w.ri. Z. Here (4 xI) U (X x9I) is not
considered as a subspace of X X I, but as a quotient space of the topological sum (4 x 1) U
U (X x 0I) obtained by identifying (a, 0) with i(a, 0) and (a, 1) with i(a, 1). Similarly
for (AxI)U (X x0).

Proof. Assume given a commutative diagram

XxIx0 \
(AxI)u (XxaI)x0 \XxIxI zZ
(Ax 1) u(anI))xI/ v
Let @: IxI— IxI be a homeomorphism with
QUUIx0OU@IxD)=Ix0.
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Define maps gg = go((idx@1)|XxIx0) and

wo=10 ({IdX Q)| (AXIXI)U (X xdIxI)).
Let pg=yo| A xIxI and let go: XX IX0—Z be given by

go| (idx Q1) (X x IX0) =g, and
go | (idx @) (X xdIx I) = w4 | (idx Q1) (X x I x I).

We obtain the commutative diagram:

XxIx0

/
\AXIXI

Since 4 X I ¢ X x I has the HEP w.r.t. Z, there exists a continuous map @g: X X I X
X I ->Z completing the diagram commutatively. Now we define @: XX IxI —»>Z
by @ = ®g o (id X Q). One checks that @ is the desired extension of y and g. Ana-
logously one proves the second part of the lemma using a homeomorphism P: Ix
XI—IxI with P((Ix0)w (0x1I))=1IxO0. ]

We also need the following lemma:

|

AxXIx0 XxIxI Z.

Y

Lemma 2. Let A c X be a Nullstellen-set. Let f, g: X — Z be continuous maps with
D:f ~ grel A. Then there exists a homotopy &: [ ~ grel A with

D (z,t) = Bz, u(z) =Dz, 1) for v X and t = u(x).
Proof. Let u: X — I be a map with 4~1(0) = 4. We define &:XxI1—>Z by

Dz, 1) for t=u(x),
= D(z,t) for uw(x)=0,

Dz, t) =
@(x,u—(tx7> for t=u(x) and wu(x)+0.

Obviously @ is well-defined ; the continuity of @ is proved in [1; Satz 3.26]. §

Proof of theorem 1. Assume given a commutative diagram
P o A
AV B \ /Xx I
(AU B)xI /

The inclusion map 4 ¢ X has the HEP w.r.t. Z, and consequently there exists an
extension @: X xI—Z of ¢|Ax1I and f. Now define maps

O:XxIx0—>Z by P(x,s,0=>(,s),
p:BXIx1-—+Z by ¢(b,s1)=pb,s),
F: Xx0xI-+Z by F(x,0,t)=Ff(x) forevery tel and

z.
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v (ANBYXIXI—>Z by wla,st)=yp(as0)=g¢,s)

for ae AN B and tel. Since (AN B)XxIcBXI has the HEP wr.t. Z, there
exists, by lemma 1, a homotopy ¥:BxIxI—~+Z with

Wb, s,0)=Db,s),

W(b,5,1) = ¢(b,s),

Yb,0,6)y=f(b) for beB and
Y(a,s,t)=1vp(a, i) =gpla,s) for acANnB and tel.

Tn view of lemma 2 we can deform ¥ to ¥: Bx Ix I - Z with «’: Bx I —> Z defined
by u’(b, s) = u(b). The map Bx I c X x I has the HEP w.r.t. Z; hence, by lemma 1,
there exists a continuous map £2: X X I X I —Z with

Q(x,5,0)=D(z,s,0),
2(x,0,t) = F(x,0,t) and
Qb,s,t)=W(b,st) for beB.

We now define the desired extension H:X x I—+Z of g and f by H (z,s) = Q(x, s, u (x))-
It is clear that H is continuous and that H|{ X X0 = fand H|(AUB) xI=¢. §

3. Proof of theorem 2. In this section we shall first give several criteria for the
separation of two subspaces of a space X.

Lemma 3. (a) Given subspaces A and B of X and a continuous mapu:X — (AN By—I
with 4 — (AN B)cu1(0) and B — (AN B)cu1(l), then A and B are separated and
0A NoBc AN B. (04 is the boundary of 4.)

(b) i) If A and B are Nullstellen-sets, then a map wu exists satisfying the hypothesis
in (a).

In particular: if A ¢ X and B c X are closed cofibrations, then A and B are separated.

iiy If 4 and B are Nullstellen-sets and if A N 9B c A N B, then a map u exists
satisfying the hypothesis in (a).

In particular: if A c X and B c X are cofibrations and if 64 N 9B c A N B, then
A and B are separated.

Proof. (a) We define j: X - X X I/~ by

[z, u(x)] for z¢ANB,

7(x)={[x,0]=[x,t] for 2zedNnB and tel.

(b) The case i) follows from ii) because 94 N 0Bc AN B. Now let 4, u: X - I
be continuous maps with 4 = A-1(0) and B = u~1(0). We define a map u: X —
—(ANnB)y—1by

Ax)

m for x¢AﬂB,
1

for xe(A—A)nf?,
0 for xe(B—B)n4d.

u(x) =
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It is obviously sufficient to show continuity in the points of An (B — B). But

this is clear because, for an arbitrary = ‘;1) N (B — B), a neighborhood U of Ao can
be chosen such that «(z) = 0 for every x e U. |

Remark. If 4 and B are separated then there need not exist a continuous map
u: X — (4 N B) — I satisfying lemma 3 (a) as following example of D. Puppe shows:
Take X = {a, b, ¢} with the open sets @, {a}, {a, ¢}, X. Let 4 = {a, ¢} and B = {b, c}.
Then j: X — X X I/~ is continuous but there is no continuous u: X — {c} - I.

For the proof of theorem 2 we need the following lemma.

Lemma 4. Let A be a subspace of X such that A X I c X X I has the HEP w.r.t. Z.
Let K, L: X x I — Z be homotopies with Ko= Lo and K |4 X I=L|AxI. Then there
exists a homotopy @: K ~ L rel(4 x I)uU (X x0).

Proof. We define maps ¢: (X XIXxdI) U (XX0xI)—=Z by

t_JK(x,s) for t=0 or s=0,
g(x’s’)—[L(:r,s) for t=1

and p: AXIXI—>Z by y(a,s,t)=K(a,s) = L(a, s) for every t e I. Since ¢ is de-
fined by continuous maps on closed subspaces, it is continuous. The map AxIcX x I
has the HEP w.r.t. Z, and consequently, by lemma 1, there exists a continuous map
D: XxIxI—~>Z with @|AXxIxI=1vp and P[(XxIXOI)U (X x0xI)=g. Itis
clear that @ satisfies all the required conditions. |

Proof of theorem 2. Assume given a homotopy ¢: (4 U-B)xI —Z with
o= f: X —>Z. The maps 4 c X and B c X have the HEP w.r.t. Z. Hence there exist
extensions @4: X x I>Z of | AX I and @B: X x I > Z of ¢ | Bx I with = Df =f.
Then @4 (ANB)XI=¢@|(ANB)XxI=PB|(ANB)x1. Since (ANB)xIcXxI
has the HEP w.r.t. Z, there exists a homotopy ¥': @4 ~ @Brel((A N By x I U (X x0),
by lemma 4. By assumptions, we have a continuous map j: X — X X I/~ with
j(x) = [z, 0] for x € 4 and j(x) = [, 1] for x € B. We consider the diagram

XxIxIWXxIxI—,;;Z

pxid —

-

-8

XxI[~)xI~~

where p: X x I — X X I/~ is the identification map and T': X I — Ix I switches
the factors. The composite ¥ o (id x T') factors through p xid and hence induces a
map Q: (X xI/~)x I —Z. A required extension of ¢ and f is given by £ o (j xid):
XXxI—->XxI[~xI—>Z. |

This paper is a condensation from my diplom thesis written under the supervision
of Prof. T. tom Dieck and Dr. R. Vogt to whom I am indepted for advice and sug-
gestions contributing to this work.
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