
Chapter 1

Introduction

What is algebraic K-theory?

Here is a preliminary discussion, intended to lead the way into the subject
and to motivate some of the constructions involved. Such a preamble may be
useful, since modern algebraic K-theory relies on quite a large body of technical
foundations, and it is easily possible to get sidetracked by developing one or
more of these foundations to their fullest, such as the model category theory of
simplicial sets, before reaching the natural questions to be studied by algebraic
K-theory.

There may not even be a common agreement about what these natural ques-
tions are. Algebraic K-theory is in some sense a meeting ground for several other
mathematical subjects, including number theory, geometric topology, algebraic
geometry, algebraic topology and operator algebras, relating to constructions
like the ideal class group, Whitehead torsion, coherent sheaves, vector bundles
and index theory.

It is quite possible to give a course that outlines all of these neighboring
subjects. However, the aim for this course will instead be to focus on algebraic
K-theory itself, rather than on these applications of algebraic K-theory. In
particular, we will focus directly on “higher algebraic K-theory”, the definition
of which requires more categorical and homotopy theoretic subtlety than the
simpler algebraic group completion process that is most immediately needed for
some of the applications.

After giving a first overview of the subject matter, we will therefore spend
some time on necessary background, starting with category theory and contin-
uing with homotopy theory. The aim is to spend the minimal amount of time
on this that is needed for an honest treatment, but not less. Then we turn to
the construction and fundamental theorems of higher algebraic K-theory. Here
we will reverse the historical order, at least as it is visible in the published
record, by first working with Waldhausen’s simplicial construction of algebraic
K-theory, called the S•-construction, and only later will we specialize this to
Quillen’s purely categorical construction, known as the Q-construction.

The specialization may turn out to only be an apparent restriction, as ongo-
ing work by Clark Barwick and the author extends the Q-construction to accept
∞-categories as input, but this is work in progress.
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1.1 Representations

Many mathematical objects come to life through their representations by actions
on other, simpler, mathematical objects. Historically this was very much so for
groups, which were at first realized as permutation groups, with each group
element acting by an invertible substitution on some fixed set. We now say
that the group acts on the given set, and this gives a discrete representation
of the group. Similarly, one may consider the action of a group through linear
isomorphisms on a vector space, and this leads to the most standard meaning of
a representation. Concentrating on the additive structure of the vector space,
we may also consider actions of rings on abelian groups, which leads to the
additive representations of a ring through its module actions.

[[Retractive spaces over X.]]

Example 1.1.1. In more detail, given a group G with neutral element e we may
consider the class of left G-sets, which are sets X together with a function

G × X → X

taking (g, x) to g · x = g(x), such that (gh) · x = g · (h · x) and e · x = x for all
g, h ∈ G and x ∈ X. These are discrete representations of groups.

Example 1.1.2. Similarly, given a ring R with unit element 1 we may consider
the class of left R-modules, which are abelian groups M together with a homo-
morphism

R ⊗ M → M

taking r ⊗ m to r · m = rm, such that (rs) · m = r · (s · m) and 1 · m = m for
all r, s ∈ R and m ∈ M . These are additive representations of rings.

Example 1.1.3. Given a group G and a field k, we can form the group ring k[G],
and a left k[G]-module M is then the same as a k-linear representation of G,
since the scalar action by k ⊂ k[G] on M makes M a k-vector space. Most of
the time G and k will come with topologies, and it will then be natural to focus
on topological modules with continuous actions.

Example 1.1.4. [[Retractive spaces over X.]]

1.2 Classification

A basic problem is to organize, or classify, the possible representations of a given
mathematical object. This way, if such a representation appears “in nature”,
perhaps arising from a separate mathematical problem or construction, then
we may wish to understand how this representation fits into the classification
scheme for these mathematical objects.

In this context, we are usually willing to view certain pairs of representations
as being equivalent for all practical purposes. For example, two G-sets X and
Y , with action functions G×X → X and G×Y → Y , are said to be isomorphic
if there is an invertible function f : X → Y such that g · f(x) = f(g ·x) in Y for
all g ∈ G and x ∈ X. Functions respecting the given G-actions in this way are
said to be G-equivariant. This way any statement about the elements of X and
its G-action can be translated into a logically equivalent statement about the
elements of Y and its G-action, by everywhere replacing each element x ∈ X by
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the corresponding element f(x) ∈ Y , and likewise replacing the G-action on X
by the G-action on Y . Since f is assumed to be invertible, we can equally well
go the other way, replacing elements y ∈ Y by their images f−1(y) ∈ X under
the inverse function f−1 : Y → X.

We are therefore usually really asking for a classification of all the possible
mathematical objects of a given kind, up to isomorphism. That is, we are
asking for an understanding of the collection of isomorphism classes of the given
mathematical object.

Example 1.2.1. If G = {e} is the trivial group, then a G-set is the same thing
as a set, and the classification of G-sets up to isomorphism is the same as the
classification of sets up to one-to-one correspondence of their elements, i.e., up
to bijection. More-or-less by definition, this classification problem is solved by
the theory of cardinalities. As a key special case, if we are only interested in
finite sets, then two finite sets X and Y can be put in bijective correspondence
if and only if they have the same number of elements, i.e., if #X = #Y , where
#X ∈ N0 = {0, 1, 2, . . . } denotes the non-negative integer obtained by counting
the elements of X. In this case the counting process establishes a one-to-one
correspondence between the elements of X and the elements of the standard set

n = {1, 2, . . . , n}

with n elements, so the classification of finite sets up to bijection is given by
this identification between the collection of isomorphism classes and the set of
non-negative integers.

Example 1.2.2. Returning to the case of a general group G, to each G-set X
and each element x ∈ X, we can associate a subset

Gx = {g · x ∈ X | g ∈ G}

of X, called the G-orbit of x ∈ X, and a subgroup

Gx = {g ∈ G | g · x = x}

of G, called the stabilizer subgroup of x ∈ X. There is a natural isomorphism

fx : G/Gx

∼=
−→ Gx

from the set of left cosets gGx of Gx in G to the G-orbit of x, taking the coset
gGx to the element g · x ∈ X. Here G/Gx is a left G-set, with the G-action
G × G/Gx → G/Gx that takes (g, hGx) to ghGx, and the isomorphism fx

respects the G-actions, as required for an isomorphism of G-sets.
Given two elements x, y ∈ X, the G-orbits Gx and Gy are either equal

or disjoint, and in general the G-set X can be canonically decomposed as the
disjoint union of its G-orbits. In the special case when there is only one G-
orbit, so that Gx = X for some x ∈ X, we say that the G-action is transitive.
To classify G-sets we first classify the transitive G-sets, and then apply this
classification one orbit at a time, for general G-sets.

If X is a transitive G-set, choosing an element x ∈ X we get an isomorphism
fx : G/Gx → Gx = X, as above. Hence we would like to say that X corresponds
to the subgroup Gx ⊂ G. However, the stabilizer subgroup Gx will in general
depend on the choice of element x. If y ∈ X is another element, then there



4 CHAPTER 1. INTRODUCTION

is also an isomorphism fy : G/Gy → Gy = X, so we should also say that X
corresponds to the subgroup Gy. What is the relation between Gx and Gy?
Well, since the G-action is transitive, we know that y ∈ Gx, so there must exist
an element h ∈ G with h · x = y. Then

Gy = hGxh−1

since g ·y = y is equivalent to gh ·x = h ·x, hence also equivalent to h−1gh ∈ Gx

or g ∈ hGxh−1. Hence it is the conjugacy class (Gx) of Gx as a subgroup of
G that is a well-defined invariant of the transitive G-set X. Checking a few
details, the conclusion is that the classification of transitive G-sets is given by
this identification with the set of conjugacy classes of subgroups of G. The
inverse identification takes the conjugacy class (H) of a subgroup H ⊂ G to the
isomorphism class of the transitive left G-set X = G/H.

For example, if G = Cp is cyclic of prime order p, the possible subgroups are
H = {e} and H = G, and the transitive G-sets are G/{e} ∼= G and G/G ∼= ∗ (a
one-point set).

Exercise 1.2.3. Let G be a finite group. Let ConjSub(G) be the set of conjugacy
classes of subgroups of G. Show that the isomorphism classes of finite G-sets X
are in one-to-one correspondence with the functions

ν : ConjSub(G) → N0 .

The correspondence takes such a function ν to the isomorphism class of the
G-set

X(ν) =
∐

(H)

ν(H)∐
G/H .

What about the case when G is not finite?

Example 1.2.4. For a general ring R, the classification of all R-modules up to R-
linear isomorphism is a rather complicated matter. For later purposes we are at
least interested in the finitely generated free R-modules M , with are isomorphic
to the finite direct sums

Rn = R ⊕ · · · ⊕ R

with n copies of R on the right hand side, and the finitely generated projective R-
modules P , which arise as direct summands of finitely generated free R-modules,
so that there is a sum decomposition

P ⊕ Q ∼= Rn

of R-modules. Note that the composite R-linear homomorphism

Rn ∼= P ⊕ Q
pr
−→ P

in
−→ P ⊕ Q ∼= Rn

is represented by an n × n matrix B, which is idempotent in the sense that
B2 = B. Projective modules are therefore related to idempotent matrices. We
are also interested in finitely generated R-modules M , for which there exists a
surjective R-linear homomorphism

f : Rn → M
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This notion is most interesting for Noetherian rings R, since for such R the
kernel ker(f) will also be a finitely generated R-module.

[[Reference to coherence for non-Noetherian R.]]
When R = k is a field, an R-module is the same as a k-vector space, and

the notions of finitely generated, finitely generated free and finitely generated
projective all agree with the condition of being finite dimensional. In this case
the classification of finite dimensional vector spaces is given by the dimension
function, establishing a one-to-one correspondence between isomorphism classes
of finite dimensional vector spaces and non-negative integers.

When R is a PID (principal ideal domain), the classification of finitely gen-
erated R-modules is well known. In this case, a finitely generated R-module is
projective if and only if it is free, so finitely generated projective R-modules are
classified by their rank, again a non-negative integer.

When R is a Dedekind domain, e.g. the ring of integers in a number field, the
classification of finitely generated projective R-modules is due to Ernst Steinitz,
see John Milnor’s “Introduction to algebraic K-theory” [5, §1]. Every nonzero
projective module P of rank n is isomorphic to a direct sum Rn−1 ⊕ I, where I
is a non-zero ideal in R, and I ∼= ΛnP is determined up to isomorphism by P .

Example 1.2.5. [[For retractive spaces over X, classification up to homotopy
equivalence may be more realistic than classification up to topological isomor-
phism, or homeomorphism.]]

1.3 Symmetries

The classification question, as posed above, only asks about the existence of
isomorphisms f : X → Y between two mathematical objects X and Y . Taken
in isolation, this may be the question one is principally interested in, but as
we shall see, when trying to relate several such classification questions to one
another, it turns out also to be useful to ask about the degree of uniqueness of
such isomorphisms. After all, if X is somehow built out of X1 and X2 along
a common part X0, and similarly Y is built out of Y1 and Y2 along a common
part Y0, then we might hope that having an isomorphism f1 : X1 → Y1 and an
isomorphism f2 : X2 → Y2 will suffice to construct an isomorphism f : X → Y
that extends f1 and f2. In many cases, however, this will require that both f1

and f2 restrict to isomorphisms from X0 to Y0, along the common parts, and
furthermore, that these restrictions agree, i.e., that

f1|X0 = f2|X0 : X0

∼=
−→ Y0 .

This means that we do not just need to know that X0 and Y0 are isomorphic,
by some unknown isomorphism, but we also need to be able to compare the
different possible isomorphisms connecting these two objects.

The reader familiar with homological algebra may recognize that this clas-
sification of all possible isomorphisms between two objects X and Y is roughly
a derived form of the initial problem of classification up to isomorphism.

The classification of isomorphisms can easily be reduced to a classification of
self-isomorphisms, or automorphisms, which express the symmetries of a mathe-
matical object. Given two isomorphic objects X and Y , choose an isomorphism
f : X → Y . Given any other isomorphism g : X → Y between the same two
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objects, we can form the composite isomorphism h = f−1g : X → X, which is
a self-isomorphism of X.

Xh
77

f
))

g

55 Y

Conversely, given any self-isomorphism h : X → X we can form the composite
isomorphism g = fh : X → Y between the two given objects. This sets up a one-
to-one correspondence between the different choices of isomorphisms g : X → Y
and the self-isomorphisms h : X → X. The correspondence does depend on the
initial choice of isomorphism f , but this is of lesser importance.

Hence we are led to ask the secondary classification problem, of understand-
ing the symmetries, or self-isomorphisms h : X → X of at least one object in
each isomorphism class for the problem at hand. Note that two such symmetries
can be composed, hence form a group Aut(X), called the automorphism group
of X.

Example 1.3.1. The automorphism group of a typical finite set n = {1, 2, . . . , n}
is the group of invertible functions σ : {1, 2, . . . , n} → {1, 2, . . . , n}, i.e., the
symmetric group Σn of permutations of n symbols.

Example 1.3.2. The automorphism group of a typical transitive G-set G/H is
the group of G-equivariant invertible functions f : G/H → G/H. Any such
function is determined by its value at the unit coset eH, since f(gH) = f(g ·
eH) = g · f(eH) for all g ∈ G. Let us write wH = f(eH) for this value in G/H.
In general, not all w ∈ G are realized in this way: since gH = ghH for all h ∈ H
we must have g ·wH = f(gH) = f(ghH) = gh ·wH for all g ∈ G, h ∈ H, which
means that w−1hw ∈ H for all h ∈ H, i.e., that w is in the normalizer NG(H)
of H in G. This condition is also sufficient, so wH can be freely chosen in the
quotient group

WG(H) = NG(H)/H ,

called the Weyl group of H in G. The automorphism group of the transitive G-
set G/H is thus the Weyl group WG(H). Note that NG(H) = G and WG(H) =
G/H when H is normal in G, e.g. when G is abelian.

Exercise 1.3.3. Let X =
∐n

i=1 G/H be the disjoint union of n ≥ 0 copies of
G/H. Show that the automorphism group of the G-set X is the semi-direct
product

Σn ⋉ WG(H)n ,

where σ ∈ Σn acts by permuting the n factors in WG(H)n. Such a semi-direct
product is also called a wreath product, and denoted Σn ≀ WG(H).

What is the automorphism group of X(ν) =
∐

(H)

∐ν(H)
G/H of the disjoint

union, for H ranging over the conjugacy classes of subgroups of G, of ν(H) copies
of G/H?

Example 1.3.4. Consider a finitely generated free R-module M = Rn with n ≥ 0.
The R-module homomorphisms f : Rn → Rn can be expressed in coordinates
by matrix multiplication by an n × n matrix A with entries in R. For f to be
an isomorphism is equivalent to A being invertible, so the automorphism group
of Rn is the general linear group GLn(R) of n × n invertible matrices.

[[Describe automorphism group of a finitely generated projective R-module
P , given as the image of an idempotent n × n matrix B, as a subgroup of
GLn(R).]]
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1.4 Categories

We now turn to the abstract notion of a category, which encodes the key prop-
erties of the examples of discrete or additive representations considered above.
Our main reference for category theory is Mac Lane [4].

A category C consists of a class obj(C ) of objects, and for each pair X, Y of
objects, a set C (X,Y ) of morphisms from X to Y , usually denoted by arrows
X → Y . Given three objects X, Y and Z, and morphisms f : X → Y and
g : Y → Z, there is defined a composite morphism gf : X → Z. Furthermore,
for each object X there is an identity morphism idX : X → X. These are
required to satisfy associative and unital laws.

A morphism f : X → Y is called an isomorphism if it admits an inverse
f−1 : Y → X, such that f−1f = idX and ff−1 = idY . A category where all
morphisms are isomorphisms is called a groupoid.

Example 1.4.1. For each group G there is a category G−Set with objects G-
sets and morphisms f : X → Y the G-equivariant functions. Here not every
morphism is an isomorphism, but there is a smaller category iso(G−Set) with
the same objects, and with only the invertible G-equivariant functions. That
category is a groupoid.

Example 1.4.2. For each ring R there is a category R−Mod with objects R-
modules and morphisms f : M → N the R-linear homomorphisms. Again not
every morphism is an isomorphism, but there is a smaller category iso(R−Mod)
with the same objects, and with only the invertible R-linear homomorphisms.
That category is a groupoid.

Note that the category C contains all the information needed to ask the
classification problem for the objects of C , up to the notion of isomorphism
implicit in C . We can introduce an equivalence relation ∼= on the objects of
C , by saying that X ∼= Y if there exists an isomorphism f : X → Y in C ,
and we can let π0(C ) be the collection of equivalence classes for this relation.
We often write [X] ∈ π0(C ) for the equivalence class of an object X in C .
The classification problem is to determine π0(C ) in more effectively understood
terms.

Furthermore, given any object X in C the set C (X,X) of morphisms f : X →
X is a monoid (= group without inverses) under the given composition. The sub-
set of invertible elements is precisely the subgroup Aut(X) of automorphisms, or
symmetries, of X in C . Hence also the refined classification problem, including
not only the existence but also the enumeration of the isomorphisms between
two given objects, is encoded in the category.

1.5 Classifying spaces

Following an idea of Alexander Grothendieck, it is possible to represent cate-
gories by topological spaces in a way that, especially for groupoids, retains all
the essential information. These constructions are explained by Graeme Segal
in [8].

The idea is to start with a category C , and to form a topological space |C |,
called the classifying space of C , that amounts to a “picture” of the objects,
morphisms and compositions of the category.
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To visualize this space, start with drawing one point for each object X of
the category. Then, for each morphism f : X → Y in the category, draw an
edge from the point corresponding to X to the point corresponding to Y . If
there are several such morphisms, there will be several such edges with the same
end-points.

X
))
//
55 Y

(We do not actually draw in edges corresponding to the identity morphisms idX ,
or more precisely, these edges are collapsed to the point corresponding to X.)

Now, for each pair of composable morphisms f : X → Y and g : Y → Z,
with composite gf : X → Z, we have already drawn three points, corresponding
to X, Y and Z, and connected them with three edges, between X and Y , Y
and Z and X and Z. The rule is now to insert a planar triangle, with boundary
given by those three edges, for each such pair (g, f).

X

f
ÃÃ

@@
@@

@@
@

gf
// Z

Y

g

??~~~~~~~

(If f or g is an identity morphism, this triangle is actually collapsed to the edge
corresponding to the other morphism.)

So far we have a 2-dimensional picture. Continuing, for each triple of com-
posable morphisms f : X → Y , g : Y → Z and h : Z → W , we have already
drawn in four triangles, corresponding to the pairs (g, f), (h, g), (h, gf) and
(hg, f). These meet in the same way as the four faces of a tetrahedron, and the
rule is to insert such a solid tetrahedron for each composable triple (h, g, f).

W

X

f
ÃÃ

BB
BB

BB
BB

hgf
>>}}}}}}}}
___

gf
//___ Z

h

``AAAAAAAA

Y

g

>>}}}}}}}}

hg

OO

(Again, if f , g or h is an identity morphism, then this solid shape is flattened
down to the appropriate triangle.)

To generalize, we think of points, edges, triangles and tetrahedra as the cases
n = 0 though 3 of a family of convex spaces called simplices. The n-dimensional
simplex ∆n can be taken to be the convex subspace

∆n = {(t0, . . . , tn) ∈ In+1 |

n∑

i=0

ti = 1}

of the (n+1)-cube that is spanned by the (n+1) vertices ei = (0, . . . , 0, 1, 0, . . . , 0)
for 0 ≤ i ≤ n. Topologically, ∆n is an n-disc, with boundary ∂∆n homeomor-
phic to an (n − 1)-sphere.

At the n-th stage of the construction of C , we insert an n-simplex ∆n for
each n-tuple of composable morphisms (fn, . . . , f1) in C , along a copy of the
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boundary ∂∆n of the n-simplex, which was already added at the (n−1)-th stage.
If any one of the fi is an identity morphism, the n-simplex only appears in a
squashed form, already contained in the previous stage. Taking the increasing
union of this sequence of spaces, as n → ∞, we obtain the classifying space |C |.

The precise definition goes in two steps: first one forms a simplicial set NC

called the nerve of C , with n-simplices NnC the set of n-tuples of composable
morphisms (fn, . . . , f1) in C , and appropriate face and degeneracy maps. Then
one defines the classifying space |C | to be the geometric realization |NC | of this
simplicial set, given as an identification space

|C | =
∐

n≥0

NnC × ∆n/≃ .

We shall return to these constructions later.
A key point now is that if C is a groupoid, so that all morphisms are iso-

morphisms, then the classification problem in C becomes a homotopy theoretic
question about the classifying space |C |. For the isomorphism classes of objects
in C correspond bijectively to the path components of |C |:

π0(C ) ∼= π0(|C |)

and the automorphism group Aut(X) = C (X,X) of any object X in C is
isomorphic to the fundamental group of |C | based at the point corresponding
to X:

C (X,X) ∼= π1(|C |,X) .

Hence an understanding of the homotopy type of the classifying space |C | is
sufficient, and in some sense more-or-less equivalent, to an understanding of the
refined classification problem in C .

To motivate these formulas, note that if X and Y are isomorphic in C ,
then the edge corresponding to any chosen isomorphism shows that the points
corresponding to X and Y are in the same path component of |C |. Also, if
f : X → X is an automorphism of X, then the edge corresponding to f is in
fact a loop based at X, which determines an element in the fundamental group
π1(|C |,X). Given another automorphism g : X → X, the loop corresponding
to the composite morphism gf is not equal to the loop sum g ∗ f of the loops
corresponding to g and f , but the two loops are homotopic, by a homotopy run-
ning over the triangle corresponding to (g, f). Hence the two group structures
agree.

X

f

LL

g

ll

gf

¦¦

[[If C is not a groupoid, these formulas fail, but the homotopical data on the
right hand side is still of categorical interest.]]

Example 1.5.1. Let iso(Fin) be the groupoid of finite sets and invertible func-
tions. The classifying space | iso(Fin)| has one path component for each non-
negative integer, with the n-th component containing the point corresponding
to the object n = {1, 2, . . . , n}. Each permutation σ ∈ Σn specifies a loop
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in | iso(Fin)| at n, and the fundamental group of that path component is iso-
morphic to Σn. It turns out that the universal cover of that path component
is contractible, so that the n-th path component is homotopy equivalent to a
space called BΣn, given by the bar construction on the group Σn. Hence there
is a homotopy equivalence

| iso(Fin)| ≃
∐

n≥0

BΣn .

Exercise 1.5.2. Let G be a finite group, and let iso(G−Fin) be the groupoid
of finite G-sets and G-equivariant bijections. Convince yourself that there is a
homotopy equivalence

| iso(G−Fin)| ≃
∐

ν

B Aut(X(ν)) ,

where ν ranges over the functions ConjSub(G) → N0. Using Exercise 1.3.3, can
you see that there is a homotopy equivalence

| iso(G−Fin)| ≃
∏

(H)

∐

n≥0

B(Σn ≀ WG(H))

where (H) in the product runs through ConjSub(G)? [[Forward reference to
Segal–tom Dieck splitting.]]

Example 1.5.3. Let iso(F (R)) be the groupoid of finitely generated free R-
modules and R-linear isomorphisms. Under a mild assumption on R, satisfied
e.g. if R is commutative, the classifying space | iso(F (R))| has one path com-
ponent for each non-negative integer, with the n-th component containing the
point corresponding to the object Rn. Each invertible matrix A ∈ GLn(R)
specifies a loop in | iso(F (R))| at Rn, and the fundamental group of that path
component is isomorphic to GLn(R). It again turns out that the universal
cover of that path component is contractible, so that the n-th path component
is homotopy equivalent to BGLn(R). Hence there is a homotopy equivalence

| iso(F (R))| ≃
∐

n≥0

BGLn(R) .

In general, for a discrete group G the bar construction BG is a space such
that its (singular) homology equals the group homology of G, which again can
be expressed as the Tor-groups of the group ring Z[G]:

H∗(BG) ∼= Hgp
∗ (G) = TorZ[G]

∗ (Z, Z) .

To see this, arrange that BG is a CW-complex, and note that its universal cover
EG = B̃G is then a contractible CW-complex with a free, cellular G-action. The
cellular complex for BG can then be computed from that of EG, by

C∗(BG) ∼= C∗(EG) ⊗Z[G] Z ,

and since C∗(EG) is a free Z[G]-module resolution of Z, the claim follows by
passing to homology.
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Hence, in the examples above, we have isomorphisms

H∗(| iso(Fin)|) ∼=
⊕

n≥0

Hgp
∗ (Σn)

and
H∗(| iso(F (R))|) ∼=

⊕

n≥0

Hgp
∗ (GLn(R)) .

Remark 1.5.4. As proposed by Jacques Tits in 1956, the symmetric group Σn

might be interpreted as the general linear group GLn(F1) over the “field with
one element”. From this perspective, Fin is a special case of F (R). The idea
has been carried further by Christophe Soulé, Alain Connes and others, to define
varieties, zeta-functions, etc. over this hypothetical field. This is apparently part
of a take on the Riemann hypothesis.

1.6 Monoid(-al) structure

So far, the introduction of categorical language and the formation of the classify-
ing space has only amounted to a process of rewriting. The original classification
problem in a groupoid C is basically equivalent to the problem of determining
the homotopy type of |C |.

The basic idea of algebraic K-theory is to consider a modification of the
classifying space |C | to form a new space K(C ). On one hand the resulting
space K(C ) should be better-behaved, more strongly structured and possibly
more easily analyzed than |C |. On the other hand, the difference between the
spaces |C | and K(C ) should not be too great, so that any information we obtain
about K(C ) will also tell us something about |C | and the classification problem
in C .

The kind of structure that we have in mind here, which is to be strengthened
in K(C ) as compared to |C |, is usually some form of sum operation on the
objects of C .

Example 1.6.1. In the groupoid iso(Fin) of finite sets and bijections, we can
take two finite X and Y and form their disjoint union, to obtain a new finite
set X ⊔ Y . This defines a pairing of categories

⊔ : iso(Fin) × iso(Fin) −→ iso(Fin) ,

or more precisely, a bifunctor, giving iso(Fin) a (symmetric) monoidal structure.
In the larger category Fin of finite sets and arbitrary functions, the disjoint
union X ⊔ Y , equipped with the two inclusions X → X ⊔ Y and Y → X ⊔
Y expresses X ⊔ Y as the categorical sum or coproduct of X and Y . The
isomorphism class of X ⊔ Y only depends on the isomorphism classes of X and
Y , so we get an induced pairing +: N0 × N0 → N0 on the set

π0(iso(Fin)) ∼= N0

of isomorphism classes of finite sets. This is simply the usual addition of non-
negative integers, since #(X⊔Y ) = #X+#Y . Hence the disjoint union pairing
lifts the sum operation on N0 to a refined sum operation on iso(Fin). Note that
this structure makes both sides of the displayed equation into commutative
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monoids, and the isomorphism is now not just a one-to-one correspondence of
sets, but an isomorphism of commutative monoids.

Passing to classifying spaces, there is also an induced pairing

| ⊔ | : | iso(Fin)| × | iso(Fin)| −→ | iso(Fin)|

that makes | iso(Fin)| into a topological monoid. It is not strictly commutative,
since X ⊔ Y is isomorphic, but not identical, to Y ⊔ X. Still, it is homotopy
commutative in a sense that we shall return to.

Under the homotopy equivalence | iso(Fin)| ≃
∐

n≥0 BΣn, the above pairing
can be identified as the map

(∐

k≥0

BΣk

)
×

(∐

l≥0

BΣl

)
−→

∐

n≥0

BΣn

taking the (k, l)-th component to the (k + l)-th component, by the map

BΣk × BΣl → BΣk+l

induced by the group homomorphism Σk × Σl → Σk+l given by block sum of
permutation matrices (σ, τ) 7→ [ σ 0

0 τ ]. Associativity for the block sum pairing
shows that this makes

∐
n≥0 BΣn a topological monoid.

Remark 1.6.2. This process of lifting a structure from the set π0(C ) to a the
category C is known as categorification, while the process of lowering a structure
on C to the set of isomorphism classes π0(C ) is known as decategorification. It
is the former process that requires creative thought.

Example 1.6.3. In the groupoid iso(F (R)) of finitely generated free R-modules
and R-linear isomorphisms, we can take two R-modules M and N and form
their direct sum, to obtain a new R-module M ⊕ N . This defines a pairing of
categories

⊕ : iso(F (R)) × iso(F (R)) −→ iso(F (R)) .

In the larger category F (R) of finitely generated free R-modules and arbitrary
R-linear homomorphisms, the direct sum M ⊕N , equipped with the two inclu-
sions M → M ⊕ N and N → M ⊕ N expresses M ⊕ N as the coproduct of
M and N . The isomorphism class of M ⊕N only depends on the isomorphism
classes of M and N , so under the same mild hypothesis on R as above, we get
an induced pairing +: N0 × N0 → N0 on the set

π0(iso(F (R))) ∼= N0

of isomorphism classes of finitely generated free R-modules. Again, this is usual
addition of non-negative integers, since rank(M ⊕ N) = rank(M) + rank(N).
Hence the direct sum pairing lifts the sum operation on N0 to iso(F (R)).

Passing to classifying spaces, there is also an induced pairing

| ⊕ | : | iso(F (R))| × | iso(F (R))| −→ | iso(F (R))|

that makes | iso(F (R))| into a topological monoid. It is homotopy commutative,
but not strictly commutative, since M ⊕ N is isomorphic, but not identical, to
N ⊕ M .
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Under the homotopy equivalence | iso(F (R))| ≃
∐

n≥0 BGLn(R), the above
pairing can be identified as the map

(∐

k≥0

BGLk(R)
)
×

(∐

l≥0

BGLl(R)
)
−→

∐

n≥0

BGLn(R)

taking the (k, l)-th component to the (k + l)-th component, by the map

BGLk(R) × BGLl(R) → BGLk+l(R)

induced by the group homomorphism GLk(R)×GLl(R) → GLk+l(R) given by
block sum of invertible matrices (A,B) 7→ [ A 0

0 B ] This makes
∐

n≥0 BGLn(R) a
topological monoid.

Example 1.6.4. Let P(R) be the category of finitely generated free R-modules
and R-linear homomorphisms, and let iso(P(R)) be the groupoid where the
morphisms are R-linear isomorphisms. Again the direct sum of R-modules
defines a pairing

⊕ : iso(P(R)) × iso(P(R)) −→ iso(P(R)) ,

which induces a sum operation on the set

π0(iso(P(R)))

of isomorphism classes of finitely generated projective R-modules. This pairing
makes π0(iso(P(R))) a commutative monoid.

Passing to classifying spaces, there is also an induced pairing

| ⊕ | : | iso(P(R))| × | iso(P(R))| −→ | iso(P(R))|

that makes | iso(P(R))| into a homotopy commutative topological monoid.

Example 1.6.5. When R = C(X) is the ring of continuous complex functions
on a (compact Hausdorff) topological space X, there is a correspondence be-
tween the finite-dimensional complex vector bundles E → X and the finitely
generated projective R-modules P , taking E to the module of continuous sec-
tions P = Γ(E ↓ X). In this case the classification of isomorphism classes
of finitely generated projective R-modules is the same as the classification of
finite-dimensional vector bundles over X, so that

π0(iso(P(R))) ∼= Vect(X) ,

where Vect(X) denotes the set of isomorphism classes of such vector bundles.
This is an isomorphism of commutative monoids, where the direct sum of R-
modules on the left corresponds to the Whitney sum of vector bundles on the
right. For example, when X = Sk+1, Vect(Sk+1) is the disjoint union over n ≥ 0
of the homotopy groups πk(U(n)), which are not all known. This shows that the
structure of π0(iso(P(R))) can in general be rather complicated. [[Reference to
Serre and Swan?]]
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1.7 Group completion

Note that the monoids N0 and π0(iso(P(R))) are not groups, since most ele-
ments lack additive inverses, or negatives. After all, there are no sets with a
negative number of elements, and no R-modules of negative rank.

A fundamental idea of Grothendieck was to strengthen the algebraic struc-
ture on commutative monoids, like π0(C ), by adjoining additive inverses to all
its elements, so as to obtain an actual abelian group.

Algebraically, this is an easy construction. Given a commutative monoid
M , written additively with neutral element 0, view elements (a, b) of M ×M as
formal differences a− b, by introducing the equivalence relation (a, b) ∼ (c, d) if
there exists an f ∈ M such that a + d + f = b + c + f . (If the cancellation law
x + f = y + f =⇒ x = y holds in M , one may omit all mention of f .) Then
the set of equivalence classes

K(M) = (M × M)/∼

becomes an abelian group, with componentwise sum. The negative of the equiv-
alence class [a, b] of (a, b) is [b, a], and there is a monoid homomorphism

ι : M → K(M)

that takes a to [a, 0]. In a precise sense this is the initial monoid homomorphism
from M to any abelian group, so K(M) is the group completion of M . For
example, K(N0) ∼= Z. We also call K(M) the Grothendieck group of M .

Example 1.7.1. Let G be a finite group, and let M(G) = π0(iso(G−Fin)) be the
commutative monoid of isomorphism classes of finite G-sets, with sum operation
[X] + [Y ] = [X ⊔ Y ] induced by disjoint union. Let A(G) = K(M(G)) be the
associated Grothendieck group. The identification of M(G) with the set of
functions ν : ConjSub(G) → N0 is compatible with the sum operation, since
X(ν) ⊔ X(µ) ∼= X(ν + µ). Hence A(G) = K(M(G)) is isomorphic to the
abelian group of functions ν : ConjSub(G) → Z. From another point of view,
M(G) is the free commutative monoid generated by the isomorphism classes
of transitive G-sets G/H, and A(G) is the free abelian group generated by the
same isomorphism classes.

The abelian group A(G) has a natural commutative ring structure, and is
therefore known as the Burnside ring. (Another common notation is Ω(G).)
The cartesian product X × Y of two finite G-sets X and Y is again a finite
G-set, with the diagonal G-action g · (x, y) = (g · x, g · y), and this pairing
M(G)×M(G) → M(G) extends to the ring product A(G)×A(G) → A(G). By
linearity, the ring product on A(G) is determined by the product [G/H] · [G/K]
of two transitive G-sets. Here

G/H × G/K ∼=
∐

x

G/(H ∩ xKx−1)

as G-sets, where x ranges over a set of representatives for the double coset
decomposition G =

⋃
x HxK, so

[G/H] · [G/K] =
∑

x

[G/(H ∩ xKx−1)]
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in the Burnside ring.
For example, if G = Cp is cyclic of order p, the 1-element set G/G = ∗ acts as

the ring unit in A(Cp), while the free G-set G/{e} = G satisfies G×G ∼=
∐p

G,
hence

A(Cp) ∼= Z[T ]/(T 2 = pT )

as a commutative ring. Here T denotes the class of G.

Definition 1.7.2. Let R be any ring. The zero-th algebraic K-group of R is
defined to be the group completion

K0(R) = K(π0(iso(P(R))))

of the abelian monoid of isomorphism classes of finitely generated projective
R-modules, under direct sum.

Remark 1.7.3. The use of the letter ‘K’ here, and hence the name K-theory,
appears to stem from the construction of the group completion in terms of
equivalence classes of pairs, viewed as formal differences. To refer to these classes
Grothendieck might have used the letter ‘C’, but since notations like C(X) were
already in use, he chose ‘K’ for the German word ‘Klassen’. [[Reference?]]

Example 1.7.4. Consider a finite CW complex X, with cellular complex C∗(X)
and cellular (= singular) homology H∗(X). In each degree n the n-th homology
group Hn(X) is a finitely generated abelian group, or Z-module, whose rank
bn(X) is known as the n-th Betti number of X. This is obviously a non-negative
integer. Knowledge of the number of n-cells in X for each n determines the rank
of the cellular complex C∗(X) in each degree, but in order to determine the Betti
numbers, knowledge of the ranks of the boundary maps dn : Cn(X) → Cn−1(X)
in the cellular complex is also needed. However, there is one relation between
these numbers that does not depend upon the boundary maps. Namely, the
Euler characteristic χ(X) =

∑
n≥0(−1)nbn(X) of X is given by both sides of

the equation

∑

n≥0

(−1)n rankHn(X) =
∑

n≥0

(−1)n rankCn(X) .

Of course, this is now an equation that takes place in Z, not in N0, even if each
individual rank is non-negative.

As a consequence, the Euler characteristic satisfies some useful relations in
a number of cases. For example, if Y → X is a k-fold covering space, then
χ(Y ) = k · χ(X), since there are k n-cells in Y covering each n-cell in X, so
rankCn(Y ) = k · rankCn(X). More generally, if F → E → B is a fiber bundle
(or fibration) with F , E and B finite CW complexes then χ(E) = χ(B) · χ(F ).
In general there is no equally simple relation between the Betti numbers, since
there may be many differentials in the Serre spectral sequence

E2
∗,∗ = H∗(B;H∗(F )) =⇒ H∗(E) .

Example 1.7.5. Here is a more elaborate version of the same example. Suppose
for simplicity that X is a path-connected CW complex, with universal covering
space p : X̃ → X. Fix a base point in X, and let π = π1(X) be the fundamental

group. Then π acts freely by deck transformations on X̃. The CW structure



16 CHAPTER 1. INTRODUCTION

on X lifts to a CW structure on X̃, and π permutes the cells of X̃ freely.
Hence the cellular complex C∗(X̃) of X̃ is a complex of free Z[π]-modules.

Since X is the orbit space for the free π-action on X̃, we have the isomorphism
C∗(X) ∼= Z ⊗Z[π] C∗(X̃) previously mentioned.

If X is a finite CW complex, then there are finitely many free π-orbits of cells
in X̃, and C∗(X̃) is a bounded complex of finitely generated free Z[π]-modules.

In other words, each Cn(X̃) is a finitely generated free Z[π]-module, which is

nonzero only for finitely many n. For each n the isomorphism class of Cn(X̃)
therefore defines an element in the commutative monoid

π0(iso(F (Z[π])))

which we may map, by viewing free modules as projective, to the commutative
monoid

π0(iso(P(Z[π]))) .

Now, the precise cellular modules C∗(X̃) depend on the particular choice of CW
structure on X. However, as for the Euler characteristic above, the alternating
sum

[X] =
∑

n≥0

(−1)n[Cn(X̃)] ∈ K0(Z[π])

is in fact independent of the CW structure. Of course, in order to form this alter-
nating sum [X], we had to go from the commutative monoid π0(iso(P(Z[π])))
to its group completion K0(Z[π]).

In this case the added complexity does not tell us something new. After
all, if X has cn n-cells, then Cn(X) is the free Z-module on cn generators

and Cn(X̃) is the free Z[π]-module on equally many generators. Hence we can

obtain Cn(X̃) from Cn(X) by base change along the unique ring homomorphism

Z → Z[π]. (This only works one degree at a time. The boundary maps in C∗(X̃)
are usually not induced up from those in C∗(X).) It follows that the alternating
sum [X] ∈ K0(Z[π]) is the image of the ordinary Euler characteristic χ(X) ∈ Z,
under the natural map

Z ∼= K0(Z) → K0(Z[π])

that takes an integer c to the class of the Z-module Zc, and then to the Z[π]-
module Z[π]c.

Definition 1.7.6. Let R be any ring. The projective class group K̃0(R) is
the cokernel of the natural homomorphism K0(Z) → K0(R), or equivalently,
the quotient of K0(R) by the subgroup generated by R viewed as a finitely
generated free, hence projective, R-module of rank 1.

Here is an extension of the previous example, due to C.T.C. Wall [10], which

involves the projective class group K̃0(Z[π]) in a much more essential way. A
first step towards the classification of compact manifolds is to determine which
homotopy types of spaces are realized by manifolds. A second step is then to
determine how many different manifolds there are of the same homotopy type,
and a third step is to understand the symmetries of each of these manifolds.

Staying with the first step, every compact manifold M can be embedded in
some Euclidean space Rk, and is then a retract of some open neighborhood in
Rk. Such a space is called an Euclidean neighborhood retract, abbreviated ENR.
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Each compact ENR is a retract of a finite simplicial complex, hence of a finite
CW complex. See [2, App. A] for proofs of these results. So when searching
for manifolds, we need only consider those homotopy types of spaces that are
homotopy equivalent to retracts of finite CW complexes. It is convenient to
relax the ‘retraction’ condition as follows.

Definition 1.7.7. A space X is dominated by a space Y if there are maps
d : Y → X and s : X → Y such that ds : X → X is homotopic to the identity
on X.

Y
d

ÃÃ
@@

@@
@@

@

≃

X =
//

s

>>~~~~~~~

X

In other words, X is a ‘retract up to homotopy’ of Y . We say that X is finitely
dominated if it is dominated by a finite CW complex Y .

It is known that all compact manifolds are homotopy equivalent to finite
CW complexes. This is clear for piece-wise linear manifolds (since these admit
a triangulation as a finite simplicial complex), hence also for smooth manifolds,
but is a deep fact due to Rob Kirby and Larry Siebenmann [3] for topological
manifolds.

This leads to the question whether a finitely dominated space X, i.e., a
space dominated by a finite CW complex, must itself be homotopy equivalent
to a finite CW complex. The answer is ‘yes’ for simply-connected X, as follows
from [2, Prop. 4C.1]. However, for general X the answer involves an element in

the projective class group K̃0(Z[π]), known as Wall’s finiteness obstruction.

Example 1.7.8. Suppose that X is dominated by a finite CW complex Y . We
may assume that both X and Y are path connected, and that X has a univer-
sal covering space p : X̃ → X. Let d : Y → X be the dominating map, with
homotopy section s : X → Y . Let q : Ỹ → Y be the pullback of p along d. The
pullback of q along s is then the pullback of p along a map homotopic to the
identity, hence is isomorphic to p. We get a commutative diagram:

X̃
s̃ //

p

²²

Ỹ
d̃ //

q

²²

X̃

p

²²

X
s // Y

d // X

Note that the fundamental group π = π1(X) acts freely on both X̃ and Ỹ
through deck transformations, so that d̃ and s̃ are π-equivariant maps. Let
b : Y → Y be a cellular approximation to the composite map sd : Y → Y , i.e.,
a cellular map such that b ≃ sd. Since the composite ds : X → X is homotopic
to the identity, it follows that b2 = bb is homotopic to b, i.e., that b is homotopy
idempotent. Likewise, there is a π-equivariant cellular map b̃ : Ỹ → Ỹ covering
b, with b̃ ≃ s̃d̃. The induced map of bounded chain complexes

b̃∗ : C∗(Ỹ ) → C∗(Ỹ )

of finitely generated free Z[π]-modules is then chain homotopy idempotent, in
the sense that (b̃∗)

2 = b̃∗b̃∗ is chain homotopic to b̃∗. Wall uses this to show that
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the singular chain complex of X̃, as a complex of Z[π]-modules, is chain homo-
topy equivalent to a bounded chain complex P∗ of finitely generated projective
Z[π]-modules

S∗(X̃) ≃ P∗ .

(If b̃∗ were strictly idempotent, we could let P∗ be the image of b̃∗ in C∗(Ỹ ),
with complementary summand Q∗ the image of id − b̃∗. Since b̃∗ is only chain
homotopy idempotent, the precise construction is a bit more complicated.) Here
each Pn is a finitely generated projective Z[π]-module, with an isomorphism
class [Pn] in π0(P(Z[π])), and only finitely many Pn are nonzero. However, the
interesting, well-defined, quantity is the alternating sum

[X] =
∑

n≥0

(−1)n[Pn] ∈ K0(Z[π])

and its image θ(X) ∈ K̃0(Z[π]). If X is itself a finite CW complex, we saw in the
previous example that this class [X] is in the image of K0(Z) in K0(Z[π]), hence

maps to zero in the projective class group K̃0(Z[π]). Wall’s theorem in this con-
text is that the converse holds: a finitely dominated X is homotopy equivalent
to a finite CW complex if and only if the class θ(X) is zero in K̃0(Z[π]). This
class is therefore called Wall’s finiteness obstruction. For our purposes, the
main thing to note is that this theorem requires the zero-th algebraic K-group
to form the alternating sum [X], which maps to the finiteness obstruction θ(X)
in the projective class group. For further references, the survey [1] is a good
place to start.

Example 1.7.9.

[[Also for total right derived direct image functor f! =
∑

q≥0(−1)qRqf∗
associated to a proper morphism f : X → Y of smooth quasi-projective schemes.
Starting with a coherent sheaf over X, each Rqf∗ produces a coherent sheaf over
Y , but in order to form the alternating sum defining f!, it is necessary to group
complete the commutative monoid of isomorphism classes of coherent sheaves
over Y , i.e., to map to K0(Y ). Once this is done, f! extends additively to
K0(X).]]

1.8 Loop space completion

The fundamental idea of higher algebraic K-theory, as created by Quillen, is to
strengthen the algebraic structure on topological monoids, like |C |, by topolog-
ically adjoining homotopy inverses in a systematic manner, along a map

ι : |C | → K(C ) .

The well-behaved way of specifying this is a topological process of loop space
completion, since loop spaces have homotopy inverses realized by reversing the
direction of travel around a loop. In this case the details of the definition
require more topological sophistication than in the algebraic definition of K0.
The algebraic construction and the higher, topological one, will be compatible
after decategorification, in the sense that

K(π0(C )) ∼= π0(K(C )) .
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[[Sometimes we give a sum structure on π0(C ) by setting [X] + [Y ] = [Z]
whenever there is a suitable extension 0 → X → Z → Y → 0, not just when
Z = X ⊕ Y . Then the starting data on |C | is more than just the monoid
structure induced by | ⊕ |, and K(C ) is not just the group completion of that
monoid structure.]]

[[In the case of Waldhausen’s S• construction, the starting data is given by
a category with cofibrations and weak equivalences. In the case of Quillen’s
Q-construction, this is specialized to an exact category.]]

1.9 Group homology

[[H∗(BΣn), or H∗(BGLn(R)) in a stable range.]]

1.10 Grothendieck–Riemann–Roch

[[Chern character defined on K0.]]

1.11 Ideal class groups

[[The Vandiver conjecture p ∤ h+
p .]]

1.12 Étale cohomology

[[Finite generation of étale cohomology groups.]]

1.13 Vector fields on spheres

[[Using topological K-theory.]]

1.14 Automorphisms of manifolds

[[Whitehead torsion and the s-cobordism theorem.]]
[[Parametrized form, using Waldhausen’s algebraic K-theory of spaces.]]
[[Congruence subgroups? Serre’s conjecture? Classification of (sub-)factors.]]

1.15 Tara

We can represent a group G or a ring R through their actions on sets or abelian
groups. This gives rise to the notions of G-sets and R-modules. Conversely,
it is often possible to recover the group or the ring from the class of all such
discrete or additive representations. More precisely, one can recover G from
the category of G-sets together with the forgetful functor to sets, and one can
recover R from the additive category of R-modules together with the forgetful
functor to abelian groups. It is also possible to recover G and R just from the
subcategories of finite G-sets or finitely generated projective R-modules. We
shall therefore study such categories of representations, as well as other, similar,
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categories, that do not come directly from a group or a ring. For example, for a
topological space X the category of spaces containing X as a retract, plays an
important role.

For each group G we may classify all finite G-sets, up to G-equivariant bijec-
tion, and for each ring R we may try to classify all finitely generated projective
R-modules, up to R-module isomorphism. The passage to isomorphism classes
simplifies matters, which can be both good and bad. If it leads to a more man-
ageable situation, that is usually good. However, the passage to isomorphism
classes looses information about how two objects are isomorphic. For exam-
ple, the set {1, 2, . . . , n} with n elements has the full symmetric group Σn of
bijections with itself. The non-negative integer n does not know about these
symmetries, unless we implicitly go back to sets, by associating to n the set
{1, 2, . . . , n}. When only considering one n at a time, this substitution may
work fine, but in a moment we shall see that such an implicit passage from
numbers back to sets has its limitations. [[Follow up on this, e.g. by lack of
strict lifts of rig axioms.]] One of our aims will be to retain more information
about each category than just its set of isomorphism classes. For example, we
would also like to retain some information about the symmetry groups of each
object.

In each of the examples above, the set of isomorphisms classes has a sum
operation that makes it a commutative monoid. For example, if G is the trivial
group, the finite sets are classified up to bijection by their number of elements,
or cardinality, which gives a non-negative integer in N0 = N∪{0}. The ordinary
sum of non-negative integers makes N0 a commutative monoid. In fact this sum
operation comes from a structure on the category of finite sets: the cardinality
of a disjoint union of sets is the sum of the cardinalities. Similarly, if R is a
field, so that an R-module is a vector space, then the finite-dimensional vector
spaces are classified up to linear isomorphism by their dimension, which also
gives a non-negative integer in N0. In this case, it is the direct sum of vector
spaces that models the sum of non-negative integers: the dimension of a direct
sum is the sum of the dimensions. When X is a one-point space, the category
of spaces containing X as a retract is the same as the category of based spaces.
The classification of (suitably) finite based spaces up to homeomorphism is very
complex, but for many applications we can aim for less, and be satisfied with
the invariant of finite based spaces given by the reduced Euler characteristic in
Z. Now the wedge sum of two based spaces models the sum of integers: the
reduced Euler characteristic of a wedge sum is the sum of the reduced Euler
characteristics.

When working with non-negative integers, for example when solving equa-
tions like x + a = b for an unknown x, it is a great advantage to introduce
additive inverses, or negative integers, so as to obtain the solution as x = b− a.
In the group and ring examples above, we saw that the categories of represen-
tations had natural pairings (disjoint union, direct sum) that model the sum
of non-negative integers at the level of isomorphism classes. However, there is
no immediate model in G-sets or R-modules for the negative integers. A ba-
sic question is therefore if there is a way to introduce additive inverses to the
categories of G-sets or R-modules, by somehow extending the categories in a
way analogous to how the non-negative integers N0 are extended to the integers
Z. In other words, we would like to be able to work with negative, or virtual,
G-sets and R-modules.
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At the level of isomorphism classes, this is straightforward. There is a alge-
braic construction, called group completion, that to each commutative monoid
associates an abelian group, just by introducing additive inverses to all ele-
ments and extending the monoid structure. When applied to N0, this pro-
duces Z. When applied to the commutative monoid of isomorphism classes of
a category of representations as above, the resulting abelian group is called the
Grothendieck group, or K0, of the category. In special cases the group has other
names: the Grothendieck group of the category of finitely generated projective
R-modules is also known as the projective class group, for example. Already at
this stage, the need to restrict to suitably finite objects becomes apparent. If
we start with a commutative monoid with an element ∞, such that a+∞ = ∞
for all other elements a, then in the group completion a = ∞−∞ = 0, so the
Grothendieck group becomes trivial.

However, we were also aiming to retain information about how objects were
isomorphic, or equivalently, about their symmetry groups. In one formula-
tion, this means that we are interested in higher algebraic K-theory, not just
K0. It turns out that we can only expect to keep partial information about
these symmetry groups. For example, consider two non-negative integers n,
m ≥ 0, which count the number of elements in the two sets {1, 2, . . . , n} and
{1, 2, . . . ,m}, respectively. The sum of numbers n + m is modeled by the dis-
joint union {1, 2, . . . , n} ⊔ {1, 2, . . . ,m} as well as by the set {1, 2, . . . , n + m}.
These sets are of course in bijective correspondence, but there is a question of
which correspondence to choose. The most obvious choice is perhaps to think
of {1, 2, . . . , n} as a subset of {1, 2, . . . , n + m}, and to take i ∈ {1, 2, . . . ,m} to
n + i ∈ {1, 2, . . . , n + m}. With respect to this fixed bijective correspondence,
each symmetry of {1, 2, . . . , n} extends by the identity on {n+1, n+2, . . . , n+m}
to a symmetry of {1, 2, . . . , n + m}, and there is a preferred group homomor-
phism in,m : Σn → Σn+m. If k ≥ 0 is another non-negative integer, the com-
posite Σn → Σn+m → Σn+m+k is the same as the preferred homomorphism
Σn → Σn+m+k.

How does this extend when we also allow negative n? There is no obvious
symmetric group Σn for n < 0, and if its order is to be predicted by the mero-
morphic Γ-function, which extends the factorial function n! giving the order of
Σn, we run into the fact that the Γ-function has poles at all negative integers.
Less speculatively, we will have to extend the homomorphisms Σn → Σn+m from
the cases n, m ≥ 0 to the case of general integers n, m. If Σ′

n denotes the auto-
morphism group of {1, 2, . . . , n} when viewed as a virtual set, then we shall have
homomorphisms Σn → Σ′

n, taking real symmetries to virtual symmetries, and
homomorphisms i′n,m : Σ′

n → Σ′
n+m for all n, m ∈ Z, extending each virtual sym-

metry by the identity. Then both composites i′n+m,−m◦i′n,m : Σ′
n → Σ′

n+m → Σ′
n

and i′n,m ◦ i′n+m,−m : Σ′
n+m → Σ′

n → Σ′
n+m will be identity maps, which implies

that each homomorphism Σ′
n → Σ′

n+m is an isomorphism. Hence Σ′
0
∼= Σ′

m

receives a homomorphism from Σm for each m ≥ 0, and these combine to a ho-
momorphism Σ∞ → Σ′

0, where Σ∞ =
⋃

n≥0 Σn is the infinite symmetric group.
This shows that after group completion, we cannot expect to remember the au-
tomorphism groups of the individual objects in the category, but there will be
an image of the stable automorphism group given by the union, or direct limit,
of the individual automorphism groups.

[[Use spaces as intermediate between categories and sets, recovering isomor-
phism classes as π0. Study higher homotopy groups πi too. Realize group
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completion at the space level to get grouplike H-spaces, loop spaces, or even
infinite loop spaces.]]

[[ETC]]


