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CHAPTER 1

Introduction

Chromatic homotopy theory is the name given by Doug Ravenel to the study
of the stable homotopy category of spectra through its relation

Ho(Sp) — QCoh(Myy)

to the category of quasi-coherent sheaves on the moduli stack of formal groups. The
chromatic filtration of stable homotopy theory corresponds to the height filtration of
this moduli stack. In more elementary algebraic terms, these quasi-coherent sheaves
correspond to comodules for the Hopf algebroid (MU,, MU, MU) associated to
complex bordism.

Bordism Formal Groups Elliptic Cohomology
Spaces — Spectra K-Theory
l x
(Co-)Homology Theories Abelian Groups

1.1. Homotopy theory

In homotopy theory we study properties of based topological spaces that are
invariant under weak homotopy equivalences. Letting 7 denote the category of
based spaces and basepoint preserving maps, the homotopy category Ho(T) is the
localization

T — Ho(T)
that turns all weak homotopy equivalences into isomorphisms. We write

[X, Y] =Ho(T)(X,Y)

for the morphisms sets in this category. If X¢ — X is a CW approximation, then
[X,Y] can be calculated as the homotopy classes of maps X¢ — Y. We then have
useful isomorphisms

H"(X;G) 2 [X,K(G,n)] and m(Y) 2 [S", Y],

where K(G,n) is an Eilenberg-MacLane complex of type (G,n), and S™ is the n-
dimensional sphere. We can view a space Y as a single geometric object underlying
the sequence of (sets and) groups

’/To(Y),’]Tl(Y),’JTQ(Y), PN

1



2 1. INTRODUCTION

Conversely, we can reconstruct a (simple) space Y from its homotopy groups and
additional information, called Postnikov k-invariants, which are cohomology classes.
Many questions in topology can be formulated as

extension problems A——Y or lifting problems E
b 7
{ 7 7 Jp
7 7/
X X ——B,

and these can be resolved in the homotopy category if i is a “good” inclusion (a
cofibration) or if p is a “good” projection (a fibration).

The category T can be enriched, in the sense that there is a mapping space
Map(Y, Z) of maps Y — Z, such that composition is continuous. Moreover, there
is a natural bijection

(XAY — Z} <=5 {X — Map(Y, 2)},

called an adjunction, where
X xY

XVvY
is the smash product of spaces. This product is associative and unital, with unit
S0, and there is a symmetry isomorphism

T XANY=2YANX.

XANY =

We say that A, S and Map make T a closed symmetric monoidal category.
Each map f: X — Y is equivalent to a cofibration

i X — Mf=YUx XAI,,

where I = [0,1] and M f is called the mapping cylinder of f. The cofiber Cf =
Mf/X =Y Ux X AT is called the mapping cone, or homotopy cofiber, of f, and
X NI =CX is the cone on X. The inclusion j: Y — Cf is already a cofibration,
so its homotopy cofiber Cj is equivalent to its cofiber C'f/Y = X A S = ¥X,
i.e., the suspension of X. Moreover, the homotopy cofiber Ck of the projection
k: Cf — XX is equivalent to Y. The resulting Puppe cofiber sequence

x Ly Lior Eiex Xy
is coexact, in the sense that

X, 21 L [v.2) & (0f.2) & [2x,2) L 2y, 7]
is exact for each space Z, and can be extended arbitrarily far to the right. (Here
exactness means that the image of one function equals the preimage of 0 for the
next function.) This often allows computation of [C'f, Z]. from [X, Z]. and [Y, Z].,
where
(X, Z], = [E"X, Z]

for n > 0. These sets are groups for n > 1, which are abelian for n > 2. We might
say that the Puppe cofiber sequences make Ho(7) a proto-triangulated category.
Dually, each map g: Y — Z is equivalent to a fibration

p: Ng=Y xzMap(I,2) — Z.
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The fiber Fg = p~1(¥) = Y xz Map(l, Z) is called the homotopy fiber of g,
and PZ = Map(I, Z) is the path space of Z. The projection ¢q: Fg — Y is al-
ready a fibration, so its homotopy fiber Fgq is equivalent to its fiber ¢ '(x) =
Map(St, Z) = QZ, i.e., the loop space of Z. Moreover, the homotopy fiber of the

inclusion r: Q7 — Fg is equivalent to QY. The resulting Puppe fiber sequence
Qv Moz " pg Ly Lz
is exact, in the sense that
X, QY] =% [X,02] I [X, Fg] 5 [X,¥] 25 [X, Z]
is exact for each space X, and can be extended arbitrarily far to the left. Again,
this often allows computation of [X, Fygl. from [X,Y]. and [X, Z].. Note that
"X, Z] = [X,0"Z]

in view of the natural bijection {X A S™ — Z} 2 {X — Map(S™, Z)}. We can say
that the Puppe fiber sequences make the opposite Ho(7)% a proto-triangulated
category.

The Freudenthal suspension theorem implies that the Puppe cofiber sequence
is partially exact, in the sense that

T, X] L5 (1Y) 25 (1, 0f) £ 1 nX) =5 1,35y
is exact when X and Y are k-connected and dim(7) < 2k. Under these conditions,
the suspension homomorphisms
T, X] — [XT,XX] and S:(T,Y] — [XT,XY]

are isomorphisms, and we say that these mapping sets are in the stable range. Note
that further suspensions will not take us out of the stable range, and if dim(7T’) is
finite then some finite number of suspensions will bring us into the stable range.

Exercise: Prove that im(f.) = j;1(0) when ¥ from [T, X] is surjective and 3

from [T,Y] is injective.
References: See [Hatcher, §4.3].

1.2. Stable homotopy theory
Stable homotopy theory studies the target of a stabilization functor
¥°°: Ho(T) — Ho(Sp)

that turns all suspension homomorphisms ¥ into isomorphisms. Extension and
lifting problems that occur in the stable range, such as the “Hopf invariant one”,
“Vector fields on spheres” and “Kervaire invariant one” problems, can equally well
be resolved in the stable homotopy category Ho(Sp).

For finite CW complexes X and Y, the stabilization functor ¥ satisfies

Ho(Sp)(2*° X, X°Y) = colim [E" X, ¥"Y],
n
where the colimit is formed over the suspension homomorphisms
o [BrX, Y] S (BT, S Y] L

Note that these colimits are abelian groups. Historically, the first approximation
to the stable homotopy category was the Spanier—Whitehead (1953) category SW,
with (integer shifts of) finite CW complexes as objects and the abelian groups



4 1. INTRODUCTION

Ho(Sp)(X°° X, ¥°Y") as morphisms. It is closed symmetric monoidal, with a smash
product pairing A satisfying

NPXAL®Y 2 E®(X AY)

and unit the sphere spectrum S = $°°5°. It admits function objects F(X>°Y, $°°2)
such that there are natural isomorphisms

(E°X = F(S®Y,5°7)} = {E®°X AS®Y - 5% 7}

of morphism groups. Moreover, the Spanier—-Whitehead category is triangulated,
with distinguished triangles given by Puppe cofiber sequences.

While concrete, this category is too small to be really useful. Boardman (1965,
unpublished) constructed a closed symmetric monoidal and triangulated category
Ho(Sp), containing the Spanier—Whitehead category as a full subcategory, but large
enough to contain “all interesting” constructions. This is (still) what we mean by
the stable homotopy category. We write

[D, E] = Ho(Sp)(D, E)

for the abelian group of morphisms D — FE in this category. It is stable in the
sense that

¥: [D,E] = [£D,SE]

is always an isomorphism.
Adams (1974, Part III) gave a more elementary presentation of Ho(Sp) as a
category of spectra and suitable morphisms. To first approximation a spectrum

E=(E, o)
is a sequence of spaces F,, and structure maps
0:YE, — E,41,
for n > 0. Its homotopy groups are given for k € Z by the colimit
™ (E) = colimmyyn(En),
formed over the suspension homomorphisms

by Oy
e — '/Tk—i-n(En) — 7Tk+n+1(EEn) — 7rk+n+1(En+1) —_— ...

(ranging over the n with k +n > 0 or k 4+ n > 2). We write m.(E) or F, for the
resulting graded abelian group.

The stabilization functor X°° takes X to the suspension spectrum X°°X given
by the sequence of spaces (X*°X),, = "X and the identity maps

id: 2(2"X) — utlx.

The groups XX = colim,, 7+, (X" X) are the stable homotopy groups of X.
Other examples are given by the Eilenberg—MacLane spectra HG, with n-th space
HG,, = K(G,n) and structure map

o: XK(G,n) — K(G,n+1)
adjoint to an equivalence

5: K(G,n) = QK(G,n+1).
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Here 7, HG = G is concentrated in degree 0. For nontrivial G, these are never
suspension spectra. Following Whitehead (1962), this category is large enough to
(co-)represent ordinary homology and cohomology:

Hy(X;G) = m,(HGAX®X) = [2FS, HG A 2% X]
H*¥(X;G) = n_,F(S°X,HG) = [2*X,2FHG].

Moreover, by Brown’s representability theorem (1962), each generalized cohomol-
ogy theory X — E*(X) is represented by a spectrum F, so that

EM(X) = [2>X,2*E].
The associated homology theory X +— E,(X) is then given by
En(X) =m(EAS®X).

The unreduced theories are given by E*(X) = E¥(X,) and Ep(X) = Ep(Xy).
The coefficient groups of these theories are recovered as

m(E) 2 Ep(x) = E(S°) = E7F(x) = E(59).

Any natural transformation of cohomology theories f*: D*(X) — E*(X) arises
from a morphism f: D — FE in Ho(Sp), so that f* takes z: ¥°X — ¥*D to X¥fo
z: L°X — SFE. Let IF), denote the field with p elements, for any prime p. Steenrod
constructed cohomology operations Sq¢*: H* (X;Fy) — ﬁ*+i(X;F2), arising from
morphisms

Sq': HFy — X' HT,
in Ho(Sp), and similarly for odd p. These generate a graded non-commutative
Fp-algebra A, called the Steenrod algebra, and H*(X; F,) naturally becomes a left
A-module for each space X. In particular,

A= H*(HF; Fy) = [HF,, HFp|

is the graded endomorphism ring of HF, in Ho(Sp). The module theory and
homological algebra over [F, is very simple, but that over A is very complicated.
Nonetheless, if H*(E;F,) is a free A-module, one can represent its generators by a
set of morphisms {g: £ — X" HF,}, and often deduce that their product

g: E— [[="HF,
[

is an equivalence, inducing an isomorphism 7, (F) = [[, £"F,. Hence, in these
favorable cases one can pass from cohomology as an .A-module to homotopy. Dually,

H,(X;F,) becomes a left A,-comodule, where A, denotes the coalgebra dual to
the Steenrod algebra, given in Ho(Sp) as

A= H,(HF,;F,) = n.(HF, A HF),).
Its structure (as a Hopf algebra) was determined by Milnor (1958). For example,
for p = 2 there is an isomorphism
A 2G| ¢ > 1]
where |¢;| = 2° — 1. Working with homology as an A.-comodule often avoids
unnecessary finiteness hypotheses that would arise from a double dualization when

working with cohomology as an 4-module.
References: See [Hatcher, §4.E, §4.F and §4.L].
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1.3. Bordism

Thom (1954) developed ideas of Poincaré to construct a new homology theory,
now denoted X — MO, (X) and called (unoriented) bordism. Here

MOL(X)={f: M" — X}/ ~

where M is a closed, smooth k-manifold, f is a continuous map, and f ~ g: N¥ —
X if there exists a bordism F: W**! — X ie., a compact, smooth (k + 1)-
manifold W and a continuous map F, with a diffeomorphism OW = M [[ N such
that F|M = f and F|N = g. The k-th coefficient group

MOy, = {closed, smooth k-manifolds M}/ ~

of this theory is the set of bordism classes of closed, smooth k-manifolds, so its
determination is already an interesting problem in manifold topology. The pair-
ings induced by disjoint union and cartesian product of manifolds make MO, a
graded commutative Fo-algebra. To determine its structure, Thom viewed MO, =
7m«(MO) as the homotopy groups of a ring spectrum MO = {n — MO,,, 0}, now
called a Thom spectrum, and calculated these by first computing

H,(MO;Fy) = colim H, ,,,(MO,,; Fy) = Fylay, | k > 1]

as an A,-comodule algebra. Here H,,(MO,;F3) = H,(BO(n);Fy) is known from
the theory of Stiefel-Whitney characteristic classes, and |ax| = k. It turns out that
the dual H*(MO;Fs) is free as a left A-module, so that the proof strategy above
applies, and

T (MO) = Fylzy, | k # 20 — 1]

with zj in degree |z;| = k. For example, m3(MO) = 0, so each closed, smooth
3-manifold is the boundary of a compact, smooth 4-manifold. Note that this strat-
egy depends on thinking of the bordism ring MO, as the coefficient groups of a
homology theory, represented by a spectrum, so that it makes sense to also talk
about the (co-)homology groups of that spectrum.

As is often the case, algebra works out better over algebraically closed ground
fields. Milnor (1960) and Novikov studied the homology theory X — MU, (X),
called (almost) complex bordism, where each manifold in the theory comes equipped
with a complex structure on its stable normal bundle, i.e., on the formal negative
of its tangent (real vector) bundle. The representing ring spectrum MU = {n —
MU, o} plays a central role in chromatic homotopy theory. Here

H.(MU) = colim Heyon(MUy,) 2 Zlby | k> 1]
is again an A,-comodule algebra. Now H, o, (MUs,) = H,(BU(n)) is known from
the theory of Chern characteristic classes, and |by| = 2k. This time H*(MU;TF,) is
not free as a left A-module, but it is induced up from a well-understood (exterior)
subalgebra of the Steenrod algebra. A refinement of Thom’s argument above, called
the Adams spectral sequence, applies to show that

T (MUY 2 Zzy, | k> 1],

with |zx| = 2k.
Already in the 1930s, Pontryagin studied (stably) framed bordism, where each
stable normal (or tangent) bundle is assumed to come with a trivialization. He
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showed that the associated homology theory is the same as that given by the (unre-
duced) stable homotopy groups, X — S,(X) = 7,X°° (X ), hence is represented by
the sphere spectrum S. In this case the homological algebra behind the A-module

H,(S;F,)=F,
is maximally complicated, so that the Adams spectral sequence

Ey" = Ext4(F,,F,) = m.(S))

P
is far from fully understood. The framed bordism classification of k-manifolds,
or equivalently, the calculation of the stable homotopy groups m(S) of spheres,
is a fundamental open problem in stable homotopy theory, and is often used as
a yardstick for measuring progress in the computational aspects of the theory.
Nonetheless, it is perhaps similar to the problem of enumerating all prime numbers,
which may not be the best formulation of the issue at hand. For the time being
there are other, more conceptual, questions and results whose answers seem to be
more enlightening. The chromatic homotopy connection between stable homotopy
and formal group laws is one example of this.

1.4. Formal group laws

Novikov (1967) proposed to replace mod p cohomology and the algebra of
Steenrod operations, used for the analysis of homotopy groups through the Adams
spectral sequence, by complex cobordism MU*(X) viewed as a left module over
the algebra

MU*(MU) = [MU,MU]_.
of MU-cohomology operations. In hindsight it is better to work with the homology
theory MU, (X) as an MU,-module with a left coaction

v: MU (X) — MU.(MU) @py, MUL(X)
by the (almost) coalgebra
MU, (MU) =m.(MUANMU) = MU, b, | k > 1]

of MU,-homology cooperations.
More precisely, MU, MU = MU,(MU) is a Hopf algebroid, with left and right
unit homomorphisms

ny: MU, - MU.MU and nr: MU, - MU.MU

induced by the maps MU =2 MU A S — MU A MU and MU = S AN MU —
MU A MU, respectively. In algebro-geometric terms, the M U,-module MU, (X) is
the same as a quasi-coherent sheaf

MU, (X)~ | Spec(MU,)

over the affine scheme Spec(MU,). From the functor of points perspective, this
scheme is the functor taking any commutative ring R to the set Hom(MU,, R) of
ring homomorphisms 6: MU, — R. The MU,MU-coaction v corresponds to a
(coherent) isomorphism

[0 =

Ny MU(X)~ 2 npMU(X)™ | Spec(MU.MU)
of the quasi-coherent sheaves obtain by pullback along the two maps

nL,Mr: Spec(MU,MU) — Spec(MU.,).
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Equivalently, the coaction v shows that MU, (X)™ descends to, i.e., is pulled back
from, a quasi-coherent sheaf MU, (X)™ over a quotient (pre-)stack that we might
denote

Spec(MU.) — Spec(MU.)/(nr ~ nR) -
The target of 7 is the functor that takes any commutative ring R to the groupoid
G(R) with objects
objG(R) = Hom(MU,, R)
and morphisms
mor G(R) = Hom(MU,MU, R) .

The source and target functions s,t: morG(R) — objG(R) are induced by 7y,
and ng, respectively, and the Hopf algebroid coproduct induces the composition of
morphisms.

A fundamental insight of Quillen is that obj G(R) can be reinterpreted as the set
of (commutative, 1-dimensional) formal group laws F' defined over R, and mor G(R)
can be identified with the set of strict isomorphisms h: F' — F’ between such formal
group laws. Hence R — G(R) equals the moduli (pre-)stack Mg, of formal group
laws and strict isomorphisms, and for each space or spectrum X the MU, MU-
comodule MU, (X) corresponds directly to the quasi-coherent sheaf

MU (X)~ | Mgg .
Here, a formal group law F' over R is a formal power series

F(y17y2) € R[[ylay2]]
such that

o F(y1,y2) = F(y2,y1) (commutativity),
e F(y1,0) = y1 (unitality) and
o F(F(y1,vy2),y3) = F(y1, F(y2,y3)) (associativity).
The associated R-algebra homomorphism
R[[y)] — Rl[y1,y2]] = Rl[y1]@rR[y2]]
y— F(y1,v2)

specifies an abelian group structure on the formal affine line over Spec(R) given by
the colimit

A = Spf(RI[y]]) = colim Spec(R[y]/(y" 1)),

which is a formal neighborhood of the origin Spec(R) in the affine line AL =
Spec(R[y]). We write G for this formal group. A strict isomorphism h: F — F’
over R is a formal power series

h(y) € R[[y]]
such that
e h(y) =y mod y? (strictness) and
® h(F(y1,y2)) = F'(h(y1), h(y2)) (additivity).
The associated R-algebra homomorphism
R[[y]] — R[y]]

y — h(y)
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specifies a group isomorphism Gr— G pr, restricting to the identity on the tangent
space Spec(R[y/(y?))-
Some examples of formal group laws are given by the additive formal group law
Fa(yla y2) =Y+ Y2,

the multiplicative formal group law

Fr(yi,y2) = 1+ y1)(1+y2) —1=y1 +y2 + v1ye
and Lazard’s universal formal group law
Frlyg2) =y +y2+ Y aiyiv)
1,521
defined over a ring L = Z[a;; | 4,j > 1]/(~) that Quillen identified as MU,. There

is a strict isomorphism h: F' — F, for any formal group law F' of the form

F(y1,y2) = h™ (h(y1) + h(y2)) |

in which case h(y) = logr(y) is called the logarithm of F'.

The algebraic geometry of My, was studied by Dieudonné and by Lazard
(1955), and translated into algebraic topology by Morava and Landweber. This
motivated a set of conjectures formulated by Ravenel (1977/1984), many of which
were proved by Devinatz, Hopkins and Smith. Very roughly speaking, these assert
that the functor

MU, : Ho(Sp) — {MU,MU-comodules} ~ QCoh(Myg)
X s MUL(X) & MU.(X)~

is an equivalence up to nilpotence. An almost injectivity part of Ravenel’s conjec-
tures is the following.

THEOREM 1.4.1 (Devinatz—Hopkins—Smith nilpotence theorem (1988)). Let
f:yx — X

be a degree d self map of a finite CW spectrum. If MU, (f) = 0, then f is nilpotent,
i.e., fIN ~0 for some N > 0.

This includes Nishida’s nilpotence theorem (1973), that any class f € m.(S) of
degree # 0 is nilpotent. Hence the space Spec(m«(S)) is homeomorphic to Spec(Z),
and does not know anything about the higher homotopy groups of spheres.

1.5. The height filtration

Let F be a formal group law defined over R. Multiplication by any integer k
in the abelian group structure G is represented by a formal power series

(kr(y) € R[[y],

such that [k]#(y) = ky mod y?, called the k-series of F. Fix a prime p, and suppose
that R is a Zp)-algebra. Then [(]r(y) is an isomorphism for all primes ¢ # p, but
the p-series [p|r(y) is either zero, or of the form

Plr(y) = va(F) -y + ...

for some well-defined integer n > 0 and nonzero element v, (F') € R. Here n is called
the height of the formal group law F'. It measures how exceptional the formal group
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is, or how closely it approximates the additive formal group law. Clearly n = 0 if
p # 0 in R. The multiplicative formal group law has height 1 over [, since

PlF,, (y) = (1+y)" —1=y” € T[]l

There are universal elements v, € MU, for n > 0, with |v,| = 2p™ — 2, such that
the homomorphism representing F' € obj G(R) = Hom(MU,, R) sends vy, to v, (F):

MU, — R
U — U (F)

Let I, = (vg,v1,...,0n—1) C MU, be the ideal generated by the first n of these uni-
versal elements. It is invariant under the left MU, MU-coaction. We let G="(R) C
G(R) be the full subgroupoid generated by the formal group laws of height > n.
The sequence

G(R)D---DG="(R) D> G=""TY(R) D> --- D G=(R)
then defines a filtration of Mgy by closed substacks
Mg D+ D MET D METH 5 D Mgg,
called the height filtration. Here
objG="(R) = Hom(MU,/I,, R)

and
mor G="(R) = Hom(MU,MU/I,, R)

(suitably interpreted).

For each n > 1, Lubin and Tate (1965) constructed a formal group law over
Z, with p-series [p](y) = py + y?". Its mod p reduction to F, is usually called
the height n Honda (1970) formal group law H,,, with p-series [p]s, (y) = y*" . Let
F, C F, be the algebraic closure. Lazard (1955) had proved that any height n formal
group law over F,, is strictly isomorphic to H,. In our graded situation, we view
H,, as the formal group law over F,[v;71] corresponding to the ring homomorphism

0: MU, — F,[v!]
Up > Up, )

with p-series [p|m, (y) = vp - P . The map

Spec(F,[vE!]) — Spec(MU,) — Mg

then gives a geometric point in ./\/l?gl C Mfi? \Mfé?ﬂ that is essentially unique

up to (non-unique) isomorphism.

The n-th Morava K-theory spectrum K (n) is a ring spectrum defining a multi-
plicative homology theory X ~ K(n).(X), with coefficient ring K(n). = F,[v;F1],
and there is a ring spectrum map MU — K(n) inducing the homomorphism
0: MU, — K(n), above representing the Honda formal group law H,,.

For n = 0 we set K(0) = HQ. For n =1, K(1) is a direct summand of mod p
complex K-theory, i.e., KU/p, which may be the origin of the name “Morava K-
theory”. In general, K(n) is close to a spectral field at the prime p and height n.
Beware, however, that K (n) is not commutative in the structured sense, i.e., does
not admit an E, ring structure.

We say that a p-local finite CW spectrum X has (chromatic) type n if n is
minimal such that K (n).(X) # 0. Then K (m).(X) = 0 for all m < n, and Ravenel
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(1984) proved that K (m).(X) # 0 for all m > n. In this case the quasi-coherent
sheaf MU, (X)® | My is supported on the closed substack Mfzg?, meaning that
its restriction to the open complement

Mgt \ MY

fg
is zero.

Let SW=" be the full subcategory of Ho(Sp) generated by the p-local finite
CW spectra of type > n. Then SW=" is a thick subcategory, i.e., a triangulated
subcategory that is closed under passage to homotopy cofibers and retracts. The
filtration

SWD .- DSW2" D SWa"F 5 o SWe

of the p-local Spanier—Whitehead category by thick subcategories matches the
height filtration of Mg,.

THEOREM 1.5.1 (Hopkins—Smith thick subcategory theorem (1998)). The thick
subcategories of SW are precisely the SW=" for 0 < n < occ.

Multiplication by v,, defines an MU, MU-comodule homomorphism
v B®" 2 MU, /I, — MU, /I, ,

hence acts on any quasi-coherent sheaf over Mfzg? An almost surjectivity part of
Ravenel’s conjectures is the following.

THEOREM 1.5.2 (Hopkins-Smith periodicity theorem (1998)). Let X be a fi-
nite CW complex of type n. Then there exists a self map f: 21X — X inducing
multiplication by v on K(n).(X) for some N > 0.

For example, the mapping cone
S5 op-Lsss
defines the mod p Moore spectrum Cp = S/p, which has type 1. For p = 2 it
admits a self map
f:¥288/2 — S/2
inducing multiplication by v} on K(1).(S/2), while for p odd it admits a self map
f:3*72S/p — S/p

inducing multiplication by v; on K(1).(S/p). These maps were first constructed
by Adams (1966). Each power f~ induces a nontrivial isomorphism K (1).(fV),
so fV is never null-homotopic. In other words, f is a periodic self map. For p odd
the a-family (the first Greek letter family)

ag € T(2p—2)k—1(5)
consists of the composites
. ke .
ap: D@Eg Ly s@-2kgy, S gy Ty 5g
for kK > 1. The homotopy colimit
S/p N »T2IS8/p S N »-Cr=2ig/, = vy 'S/p

is called the telescopic localization of S/p. The periodicity theorem extends these
constructions to all higher types/heights n.
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1.6. Automorphisms and deformations
The geometric point
Spec(IF‘p[vfl]) — Spec(K (n).) — Miy

given by the Honda formal group law H,, over ]F‘p spans a substack, corresponding to
the groupoid G"(FF,,) of height n formal group laws over F, and their isomorphisms.
Its classifying space is connected, but has a fundamental group given by the group
Aut(H,) counsisting of the automorphisms h: H,, — H,. These are all defined
over [F,», and the extended Morava stabilizer group

Gn = Aut(]Fpn s Hn)

is the profinite group of pairs (g, h), where g € Gal(Fp /F,) = Z/n and h: H,, —
g*H,.

We cannot realize the elements (g, h) of G,, as self maps of K(n). However,
Lubin and Tate (1966) showed that there is a universal deformation LT, of H,,
which is a formal group law defined over a (complete noetherian) local ring

LT(H,,Fpn) = W(Fpu)[[ug, .. tun_1]] = Fpn

with #*(LT,,) = H,. Here W(F,) denotes the ring of Witt vectors, which is a
degree n unramified extension of Z,. This defines a formal neighborhood

SpeC(]Fpn) — Spf(LT(Hn, ]Fpn)) — Mfg]

of the closed point given by H,, and by the Landweber exact functor theorem
there exists a homology theory X — (E,).(X) and spectrum E,, = E(H,,F,n)
with coefficient ring

Tx(Bn) = W (Fp)[ur, .., up—1]][u™]

where |u| = 2. Moreover, there is a ring spectrum map MU — E,, inducing the
homomorphism MU, — m.(E,) representing the Lubin—Tate universal deformation
of the Honda formal group law. It maps

Vg — P

mo__
Uy — Umu? 1

vy — uP L
so LT, is supported at all heights 0 < m < n.

The following result lifts flat or étale topological features of My, to stable
homotopy theory. It requires a better underlying category Sp of spectra, with
homotopy category Ho(Sp), than that provided by Adams. Following Bousfield
(1979), a spectrum E is K(n)-local if E*(Z) = 0 for all Z with K(n).(Z) = 0.
There is a K (n)-localization functor Ly, left adjoint to the forgetful functor
from K (n)-local spectra to Ho(Sp).

THEOREM 1.6.1 (Hopkins—Miller (Rezk 1998), Goerss—Hopkins (2004)). The
Lubin—Tate spectrum E,, is a K(n)-local Eo, ring spectrum, and the Morava stabi-
lizer group G,, acts on E, through E~ ring maps.

When n = 1, the Morava stabilizer group is G1 = Z,', with k € Z — (p) C Z)
corresponding to [k]g, € Gi. The Lubin-Tate deformation ring is LT(Hq,F,) =
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Zyp — Fp, and B = K UpA is p-complete complex K-theory. The action by k € Z)
on F is the action by the Adams operation 1)* on K UPA. Its homotopy fixed points

LgwyS = J) = (KUM"E
is the p-complete image-of-J spectrum. The homotopy groups 7, (K UPA) = Zp [ut!]
and the action ¢*(u) = ku by the Adams operations are well known, so . (J)')
and 7, (J/p) are also well known.
The following theorem compares the telescopic and chromatic localizations at
height 1.

THEOREM 1.6.2 (Mahowald (1981), Miller (1981)).
v 'S/p = L 1)S/p

so (for p odd)
vp ' (S/p) 2 m(J/p) = Aan) @ Fplun].

Ravenel’s telescope conjecture (published 1984) asserts that for X of type n

the map
’U;lX — LK(n)X

from the telescopic to the chromatic localization is an equivalence. Since 1990, it
has been expected that the telescope conjecture is false for n > 2, cf. Mahowald—
Ravenel-Shick (2001), but no definitive (dis-)proof has been found. Beaudry—
Behrens-Bhattacharya—Culver—Xu (2021) is a recent contribution suggesting that
the conjecture fails for n = 2 and p = 2.

MU — MU,y — L,MU LiMU ————————— MUQ
h ~ N > N
~ N
N >
E, KU}
G zﬁ
S Ste) LS LS HQ

HZ — HZy, HQ






CHAPTER 2

The Steenrod algebra and its dual

2.1. Cohomology and Eilenberg—MacLane spaces

See |Hat02] §4.3] and [May99, Ch. 22].
Let G be an abelian group. For each n > 0 let K(G,n) be an Eilenberg—
MacLane complex of type (G,n), i.e., a CW complex such that

G for k =n,

0 else.

K (G,n) = {

Concrete examples include K(Z,1) ~ S', K(Z/2,1) ~ RP>®, K(Z/p,1) ~ L
(mod p lens spaces) and K(Z,2) ~ CP. The latter three arise as orbit spaces of
the contractible space S°°. The adjoint structure map

5: K(G,n) — QK(G,n+1)

is an equivalence. By the universal coefficient and Hurewicz theorems there are
isomorphisms

H"(K(G,n); G) 2 Hom(H,(K(G,n)),G) 2 Hom(m, K(G,n),G) =2 Hom(G, G) .
The class
tn € H"(K(G,n), Q)

corresponding to id: G — G is called the fundamental class. Each map f: X —
K(G,n) induces a homomorphism

[T HY(K(G,n);G) — H"(X;G)
that only depends on [f].
THEOREM 2.1.1 (Eilenberg-MacLane (1940/1954)). The homomorphism
(X, K(G,n)] — H"(X;G)
[f]— " (en)

is a natural isomorphism. The adjoint structure map induces the suspension iso-
morphism

H"(X;G) H" M (2X;G)

:J Jz

[X,K(G,n)] — [X,QK(G,n+1)] — X, K(G,n + 1)].

o

IR | ™

1

IR

The proof is by a comparison of cohomology theories.

15
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2.2. Cohomology operations

By a cohomology operation of type (G,n) — (G’,n’) we mean a natural trans-
formation /
0: H*(X;G) — H" (X;G")
of functors from spaces X to sets. Examples include
a: H'(X;G) — H"(X;G)
induced by a given group homomorphism «: G — G’, the Bockstein homomorphism
Ba: H'(X;G") — H"H(X; @)
associated to a group extension G’ — G — G”, and the cup squaring operation
& H"(X;R) — H*™(X;R)
rr— a2l =zUz

defined for rings R. The latter is a homomorphism if 2 = 0 in R. By the Yoneda
lemma, any natural transformation

0:[X,K(G,n)] — [X,K(G',n)]
is induced by composition with a map
0: K(G,n) — K(G',n'),
corresponding to a cohomology class
0] € HY (K(G,n);G").
The classification of all cohomology’ operations of type (G,n) — (G',n’) is thus
equivalent to the computation of H™ (K (G, n); G').
2.3. Steenrod operations

See [Hat02] §4.L], [Ste62].
Let Fy = Z/2. Steenrod (1947/1962) constructed cohomology operations Sq’
of type (F2,n) — (F2,n +4) for all n > 0. These are natural transformations

Sq': H"(X;Fy) — H" (X ;TFy)
corresponding to cohomology classes
Sq' € H" (K (F2,n); Fo)

for all i > 0 and n > 0. Let 8 = 87,4 denote the Bockstein for the group extension
Fy — Z/4 — Fs.

THEOREM 2.3.1 (Steenrod, Cartan).

) .
) Sq'(z) = 22 fori=|z|.

) Sqi(x) =0 fori > |z| (instability).
)

Fzuy) = Z Sq'(x) U S¢’ ()
i+j=k

(Cartan formula,).
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The potentially nonzero operations on z € H"(X;Fy) are the S¢‘(x) for 0 <
i < n, of degree less than or equal to that of x2, so the Sq¢’ are often called the
reduced squaring operations. The inhomogeneous sum

Sq(x) = Sq'(x) € H*(X;F2)
i>0
is called the total squaring operation, and the Cartan formula can be written as
Sq(z Uy) = Sq(x) U Sq(y) -
It follows from the Cartan formula that
Sq'(Xx) = £8¢'(z): H"(X;Fy) — H" M H(2X;Fy),

so that the Sq’ for varying n are compatible. This is why we leave “n” out of the
notation. This also means that the collection of operations Sq* for all n defines a
morphism of cohomology theories

Sq': H*(X;Fy) — H*TH(X;Ty)
represented by a degree —i map of Eilenberg—MacLane spectra
Sq': HFy — XHF, .
Recall that H*(RP>;Fy) = Fy[z] with |z| = 1.
LEMMA 2.3.2. The Steenrod operation
Sq': H*(RP*™;Fy) — H*T(RP>;F,)

is given by

PROOF. By instability, Sq(z) = z + 2% = 2(1 + ), so by the Cartan formula
Sq(a™) = (z+x?)" = 2" (142)". In degree n+i we read off that S¢(z") = 2" ()",
from the binomial theorem. Here the binomial coefficient is read mod 2. (I

We outline a construction of the Steenrod squares. Let K, = K(F2, m) for all
m > 0. The smash product (= reduced cross product) in cohomology

H™(X;Fy) @ H'(Y;F,) 2 H>(X AY;F)
is induced by composition with a map
w: Kp NK, — Ko,
representing ¢, A . Let Co = {£1} act antipodally on S°°, and by the symmetry
isomorphism on K,, A K,,. Form the balanced smash product
Dy (Ky) =S Ny K A Ky,

by setting (s,p,q) ~ (—s,q,p) for s € S, p,q € K,,. This is also known as the
“quadratic construction” on K,,. Note that K, A K, = Sg Aoy, Kn A K, Commu-

tativity of the cup product implies that p extends (uniquely, up to homotopy) to a
map [i, as below.

K, NK, —— S1 Ac, K,y AN K, — Dy(K,,)

T | T

K2n
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The diagonal map A: K,, — K,, A K,, extends to a map
A: RPN K, — Dy(Ky,)

sending ([s],p) to [(s,p,p)]. The composite gA: RPN Ky, — Kj, represents a
class in
H*™(RP{® A K,,;Fp) = @) H" 7 (RP™;Fa) @ H" (K3 Fa) .
i=0

Writing this as

specifies well-defined classes

Sqi c H”J’_i(Kn;]FQ)
for all 0 < i < n. Composition with the corresponding maps Sq¢': K,, — K,
induces the Steenrod cohomology operation Sq°.

For odd primes p, let F, = Z/p. Steenrod also constructed reduced power
operations P of type (F,,n) — (Fp,n + (2p — 2)i). These are stable natural trans-
formations

P': H"(X;F,) — H"T2P=2i(X F,)
for all n > 0, represented by a degree —(2p — 2)i map
P': HF, — 2*»=2HF,
of Eilenberg—MacLane spectra.

THEOREM 2.3.3 (Steenrod, Cartan).

Prauy)= > P'x)UP(y).

Let 8 = Bz/p2 be the Bockstein for the extension ), — Z/p* — Fp. Recall that
H*(L>;Fp) = A(x) @ Fyly] with [z] =1, |y[ = 2, () = y and S(y) = 0.

LEMMA 2.3.4. The Steenrod operation
Pt H*(L*®;F,) — H**2P=2i([>.F )

is given by

. n 1)
Pi(y") = <.)y”+“’ 2

(3
1 n n n —1)%
Pla) = (7 )0

ProOOF. The total power operation P = Zizo P is given by P(z) = & and
P(y) = y+y” = y(1+y7~1), s0 P(y") = y" (1+y?~)" and P(y") = y"- (7)y =",
Here (%) is read mod p. Moreover, P(zy") = 2P(y"), so P(zy™) = 2P(y"). O
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One construction of Steenrod’s power operations involves the p-th extended
power construction

Dy(Ky) = EXpy Ay, K)P

where EY, is a contractible space with free ¥,-action.

2.4. The Steenrod algebra

The Steenrod squares generate an associative Fo-algebra under composition,
called the mod 2 Steenrod algebra /. We might write & = &/(2) to emphasize
the prime 2, or &/ = &/* to emphasize the cohomological grading. It turns out that
only composites

Sqi1sqi2 . Sqiz
with 41 > 2i9,...,4,_1 > 2i, are needed to obtain an additive basis for <, in view
of the following Adem relations.

THEOREM 2.4.1 (Adem (1952)). If a < 2b then

Sq*Sq" = ( , )San’JSqJ.
g a—2j

For example, Sq'Sq't = 0, Sq¢'Sq® = Sq°, Sq2Sq¢? = S¢3Sq' and Sq¢2Sq¢? = 0.
Very briefly, this arises from noting that the source of the composite

b )
Do(Da(E)) 2% Dy(Kop) 2 Kun

involves the wreath product Cy ! Cy of order 8, and can be extended over a con-
struction involving the symmetric group 34 of order 24. The extra symmetry forces
certain relations, which can be rewritten as above.

For I = (i1,12,...,1¢) a finite sequence of positive integers we write

Sql = Sq¢'1Sq* - Sq't .

We say that [ is admissible if i3 > 2is,1 for each 1 < s < £. The admissible basis
for &7 begins

1

Sq'

Sq?

Sq3, Sq¢*Sq

Sq*, Sq¢*Sqt

Sq°, Sq*Sqt

S48, Sq°Sqt, Sq*Sq?
Sq",8¢°Sqt, Sq°Sq?, Sq*Sq?Sq*
Sq®,Sq"Sq*, Sq°Sq?, Sq°Sq?Sq*

in degrees 0 < x < 8.
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Serre inductively calculated the mod 2 cohomology algebra of each Eilenberg—
MacLane complex, by means of the Serre spectral sequence

Ey" = H(K(F2,n +1); H*(K(F2,n); F3))
= H*(PK(Fa,n+1);Fy) @ Ty
associated to the fibre sequence
K(Fy,n) — PK(Fy,n+1) 2 K(Fg,n+1).
The excess of I is e(J) =iy — (ig + -+ + 1¢).
THEOREM 2.4.2 (Serre (1952)).
H*(K(Fq,n);Fy) = Fa[Sq’ (1) | I admissible with e(I) < n]

is the polynomial algebra on the classes Sq’ (1), where I ranges over the admissible

sequences Of excess < n.

The induction begins with H*(K (F3,1);Fa) = Fa[t1], which is the known case
K(Fo,1) ~ RP. It follows that every cohomology operation of type (Fa,n) —
(F,n') can be presented as a polynomial, with respect to the cup product algebra
structure, of (some of) the iterated Steenrod operations Sq’.

Since suspension annihilates cup products, it follows that

Fo{Sq’ | I admissible} —> lim H"** (K (Fy, n); Fy)
Sql L (SqI(Ln))n

is an isomorphism, so that the mod 2 Steenrod algebra is precisely the algebra of
all stable cohomology operations in mod 2 cohomology:

o = (HFy)*(HF3) = [HFy, HFo]_, .

(Until we construct the stable homotopy category, the middle and right hand sides
here can be viewed as notation for the limit in the previous display.)

For odd primes p, the Bockstein and the Steenrod power operations generate
an associative IF,-algebra under composition, called the mod p Steenrod algebra
o/ = o/ (p). An additive basis is given by the admissible composites

Bel Pil Bez Piz . ﬁsg Pig
with €; € {0,1}, €5 + (2p — 2)is > 0 and is > €541 + pisy1 for each 1 < s < £. We
write P! for this composite, where I = (e1,41, €2, 12, .., €, 4¢). These monomial
suffice, in view of the following Adem relations.

THEOREM 2.4.3 (Adem (1953)). If a < pb then
Pan _ Z(_l)a+j ((p - 1)(b _.7) - 1)Pa+b—jpj )

i a—pj

If a < pb then
Paﬂpb _ Z(_l)aJrj <(p - 1)(b — ]) — 1> BPCH*bijj

7 a—pj

a—pj—1

_ Z(_l)a+j ((p - 1)(b - ]) - 1> Pa+b_jBPj )



2.5. MODULES OVER THE STEENROD ALGEBRA 21

The admissible basis for &/ begins
1
B
pl
BP', P
BP'B
pr
pP?, PPj
pPPp
prtt prpl
5pp+1, P”'Hﬁ, Bpppl’ Ppplﬂ
BPPHB, BPPPS

in degrees 0 < * < 2p?.
THEOREM 2.4.4 (Cartan (1954)). H*(K(F,,n);F,) is the free graded commuta-

tive Fp-algebra on the classes P!(v,) for admissible I, subject to an excess condition
depending on n.

(We omit to introduce the notation needed for the excess condition at odd
primes.) It follows that

F,{P’ | I admissible} —> lim H"*(K (F,, n); F,)
Pl — PI(1,)

is an isomorphism, so that the mod p Steenrod algebra is equal the algebra of stable
mod p cohomology operations:

o = (HF,)" (HF,) = [HFy, HFp) ., .
2.5. Modules over the Steenrod algebra

By construction, the evaluation of a cohomology operation on a cohomology
class defines a natural pairing

A/ @ H (X Fy) — H*(X;Fa)
Sq' @ x— Sql ()
making H*(X;Fsy) a left «7-module, for each space X. Since the Steenrod oper-

ations are stable, this also applies for each spectrum X, in which case the action
above can be expressed as the composition pairing

[HF2, HF5|_, @ [X, HFs)_, — [X, HF,]_,
[0] @ [f] — [0/].
The resulting contravariant functor
H*(—;F2): Ho(Sp) — (&/— Mod)°?
X — H*(X;TFy)
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to the (abelian) category of (graded) «7-modules carries far more information about
a spectrum X than the underlying mod 2 cohomology functor to graded Fs-vector
spaces.

THEOREM 2.5.1. Letn > 1. Then

1) = (2) = @) = @) = (5 = (6)

n € {1,2,4,8}.
R"™ admzts a division algebra structure over R.
"= is parallelizable.
L admits an H-space structure.
There is a map S*" ' — S™ of Hopf invariant %1.
n is a power of 2.

S
STL

PROOF (ADEM, 1952) oF (5) = (6). If f: S?"~! — S™ has Hopf invariant
+1, then

H*(Cf;Fa) = Fa[a]/(a?)

with |z| = n, so Sq"(x) = 22 # 0. If n is not a power of n then Sq™ is decomposable
as a sum of products of operations S¢* with 0 < i < n, by the Adem relations. But
Sq*(x) = 0 for each such i, giving a contradiction. O

Likewise, for each odd prime p the mod p cohomology H*(X;F),) of a space (or
a spectrum) X is naturally left module over the mod p Steenrod algebra .

2.6. Bialgebras
The external version

Flany) = ZSq ) A S¢ (y)

i+j=k
of the Cartan formula extends over Fo{S¢* | k > 0} C & as follows.

LEMMA 2.6.1 (Milnor (1958)). Let p be any prime. There is a unique algebra
homomorphism

VA — A QA
given by
qu — Z Sq' @ S¢’
i+j=k

forp=2, and by

br—R14+1®3

Pr—s Y PP
i+j=k
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for p odd, making

o @ H'(X;F,) @ H'(Y;F,) — " o @ H'(X AY;F)

Pid ® idl JA

o @ @ H (X;F,) ® H*(Y;F,) H* (X AY;F,)

(23)Ju MTA

o @ H(X;F,) ® o @ H*(Y;F,) -2 H*(X;F,) ® H*(Y;F,)

commute. Here (23) =1d®@7 ® id.

DEFINITION 2.6.2. Let k be a (graded) commutative ring, and write ® = ®j.
A k-algebra is a (graded) k-module A with a unit map

nk— A
and a (multiplication =) product map
p: ARA— A
satisfying left and right unitality

Eo A2 40 A% Ak

N3P

A

and associativity

A A A Aw A

id ®¢l l¢>
®

ARA——A.

The algebra is commutative if

ARA——F A®A
commutes. A k-algebra homomorphism from A to B is a k-module homomorphism
a: A — B (of degree 0) such that

k
7N
A—>* B

and
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commute. The tensor product A ® B of two k-algebras A and B is the k-algebra
with unit

E=kok™ A9 B
and product
AeBo Ao B A9 Ao BB A0 B.

It is commutative if A and B are commutative, in which case it is the coproduct
(= categorical sum) of A and B in the category of commutative k-algebras.

DEFINITION 2.6.3. Let A be a k-algebra. A left A-module is a (graded) k-
module M with an action map

NAQM — M

satisfying unitality

koMY Ae M

and associativity

A A0 M2\ A0 M

ooia| |

AoM —2— M.
An A-module homomorphism from M to N is a k-module homomorphism f: M —
N (of degree 0) such that

Ao M2 Ao N

AJ P
M—7 N

commutes. The category of left A-modules is abelian, with ker(f) ¢ M, M/ker(f) =
coim(f) =2im(f) C N and cok(f) = N/im(f) defined in the usual way at the level
of (k-modules or) graded abelian groups. There are analogous definitions for right
A-modules.

DEFINITION 2.6.4. A k-coalgebra is a (graded) k-module C' with a counit map
(= augmentation)
e: C— k
and a (comultiplication =) coproduct map

v:C—C®C
satisfying left and right counitality

e

k®C<€®7idC®CT®E>C®k

R
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and coassociativity

c—Y scwcC

wl llﬁ@id
id ®

CRC——CRCxC.

The coalgebra is cocommutative if

e

C®C ——CxC

Q

commutes. A k-coalgebra homomorphism from C to D is a k-module homomor-
phism v: C — D (of degree 0) such that

c———D

NS

c—2 D
wJ( lw
coc L peD

commute. The tensor product C'® D of two k-coalgebras C' and D is the k-coalgebra
with counit

and

CoD S kok~k
and coproduct
cep*™ceceonep P cepeceD.
It is cocommutative if C and D are cocommutative.

DEFINITION 2.6.5. Let C be a k-algebra. A left C-comodule is a (graded)
k-module M with a coaction map

viM —CeM
satisfying counitality
M-—~=CeoM

J(e@id

koM

IR

and coassociativity

M—Y sCoM

Vl lid Qv
P Rid

COIM—CCM.
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A C-comodule homomorphism from M to N is a k-module homomorphism f: M —
N (of degree 0) such that

M—' N

J id@f J

CeoM—C®N

commutes. If C' is flat as a k-module, so that C'®j, (—) is an exact functor, then the
category of C-comodules is abelian. Flatness is needed for the existence of kernels
within this category, since it ensures that C' @ ker(f) — C ® M is injective, so that
there is a unique dashed arrow making the following diagram commute.

0 —— ker(f) M—1 N

|
+ def

0— Cker(f) —COM ——CQN

DEFINITION 2.6.6. A k-bialgebra is a (graded) k-module B that is both a k-
algebra and a k-coalgebra, and these structures are compatible in the sense that
€: B— kand ¢: B— B® B are k-algebra homomorphisms.

eRe

k BeB-Lkek E—= s kek
n id
200 R I CR A
B— 3k B— .k B—YBwB
BeBY*,BoBwB®B
(23)
p B&@B@B® B
l¢®¢
B v B® B

This is equivalent to asking that n: ¥ — B and ¢: B ® B — B are k-coalgebra
homomorphisms.

A k-bialgebra homomorphism from B’ to B is a k-module homomorphism
B: B’ — B that is both a k-algebra homomorphism and a k-coalgebra homomor-
phism. A left B-module is a left module over the underlying k-algebra of B. A left
B-comodule is a left comodule over the underlying k-coalgebra of B’.

COROLLARY 2.6.7 (Milnor (1958)). Let p be any prime. The mod p Steenrod
algebra o is a cocommutative bialgebra over IF,,, with product ¢ given by composition
of operations and coproduct i given as above.

2.7. The dual Steenrod algebra

For k-modules M and N write Hom(M, N) = Homy (M, N) for the k-module
of (graded) k-linear homomorphisms, let MY = Hom(M, k) denote the linear dual,
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and let fV: NV — MV be the homomorphism dual to f: M — N. There is a
natural transformation

6: MY @ NV — (M @ N)Y
given by
0(f @ 9)(z @y) = (=) f(2)g(y)
for fe MV, ge NV, z € M and y € N. It is an isomorphism, for example, if k is
a field and both M and N are bounded below and of finite type.

LEMMA 2.7.1. The dual CV of a k-coalgebra C is a k-algebra, with unit map
n: k= kY <5 oV
and product
p: VoY L a0V LoV,
The dual MV of a left C-comodule M is a left C -module, with action map
A CY oMY L (oMY X MY,
LEMMA 2.7.2. Let A be a k-algebra such that 6: AV @ AV — (A® A)Y is an
isomorphism. Then the dual AV is a k-coalgebra, with counit map
e: AY n—v> EV =k
and coproduct
b A 25 (A A)Y LAY @AY,
Furthermore, let M be a left A-module such that 0: AV @ MY — (A® M)V is an
isomorphism. Then the dual MV is a left AV -comodule, with coaction map
vi MY X5 (A M) 5 AV o MY

The (mod p Steenrod) cocommutative bialgebra 27 is connected (hence bounded
below) and of finite type over F,. Hence its dual &7V is a commutative bialgebra.
More directly, the colimit

o, = colim H, ,,(K(F,,n);F,) = (HF,),(HF,) = m.(HF, A HF,)

is connected and of finite type over F,. By the universal coefficient theorem, its
dual is

()" = (colim H, ., (K (Fp,n); Fp))

= lim (H. (K (F, . n): F,)")

> lim H**" (K (F,,n):F,) = o
Therefore 7 is isomorphic to its double dual (&)Y = &V which we just saw is
a commutative bialgebra. Adapting Milnor’s work, we shall soon make its algebra

and coalgebra structures explicit.
For any space (or spectrum) X, we shall construct a natural «7.-coaction

v: H(X;F,) — . @ H.(X;F,)
making H.(X;F,) a left oZ.-comodule. The dual 7-action
o) @ Ho(X;Fp)" — Ho(X:Fp)"
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is the usual left «/-module structure
\: o/ @ H*(X;F,) — H*(X;F,)

from the construction of &/ as an algebra of cohomology operations. Hence, if
H,(X;F,) is bounded below and of finite type, then we can recover (or introduce)
the <,-coaction v on H,(X;TF,) as the dual

H*(X;F,)" — «¥ @ H*(X;F,)"

of the left «/-action on H*(X;F,). The conclusion will be that the lift of the
mod p cohomology functor can be refined one step further as the covariant homology
functor

H,.(—;F,): Ho(Sp) — . — coMod
X — H.(X;TF,)
followed by the contravariant dualization functor
(—)": o—coMod — (o — Mod)? .

When H,(X;F,) has finite type, the two approaches are equivalent, but for general
X working with the homology as an 7.-comodule is more powerful.

The Cartan formula and Milnor’s lemma dualize to prove that the 7,-coaction
is compatible with the smash product of spaces (and spectra), via the Kiinneth
isomorphism. This means that for an H-space or ring spectrum X, the homology
H,(X,F,) is an /.-comodule algebra.

LEMMA 2.7.3. The diagram

H.(X:Fy) ® Ho(Y5F,) =5 of, @ Ho(X;F,) © o @ Ho(Y;Fp)

/\lﬂ mJ/(23)

H. (X NY;F,) o, @ o, ® Hy(X;F,) @ H,(Y;F,)

UJ Jd)@id ®id

Ao H(X NY3Fy) 2" o, © H(X;F,y) © Ho(Y3F,)

commutes.

More generally, the Steenrod operations can be viewed as giving an action
by < or a coaction by &, from the left or from the right, on homology or on
cohomology. This leads to a total of eight incarnations, all discussed by Boardman
in |Boa82]. Four of these involve the conjugation = involution = antipode x on
the Steenrod algebra and its dual, which makes these bialgebras into Hopf algebras
(to be discussed later). The four that do not require x are the following left or right
actions or coactions.

A=¢r: & QH"(X;F,) — H"(X;F,)
v=1yr: H(X;Fp) — o @ H (X;Fp)
p=¢r: H(X;F,) @ &/ — H.(X;F,)
N =g H*(X;F,) — H*(X;F,) ® o .
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For each 0 € & the homomorphism

0-=¢r(0®—): H(X;F,) — H*(X;Fp)
is the dual of the homomorphism

0: pr(—®0): H (X;F,) — H.(X;TF,)
up to the usual sign:
0-z,0)=(-1)1z,a-0)
for 0 € o, 2 € H*(X;F,) and a € H.(X;F,). The sign is (—1)/?1Uzl+lel) = (—1)I0
since 0] + |z| = |a/| for ordinary (co-)homology. If §- = Sq* or P? one usually writes
Sqi or P! for -0, so that (Sq*S¢®), = Sq¢®Sq?, and so on. The (formal) right
copairing \* = ¢ p is the dual of the pairing ¢r. Hence we have the identities
(0-2,0) = (0@ 2,v(a)) = (~1)¥ (@, ) = (-1 (X*(@),a @)

Milnor observes that the Cartan formula (discussed for A and v in Lemmas
and respectively) has two further interpretations. The result for \* = ¢ is
particularly convenient for elementwise calculations.

LEMMA 2.7.4. For any space X,
p: H.(X;F,) ® & — H.(X;F,)

is a coalgebra homomorphism with respect to the diagonal coproduct A, in homology,
and

N HY(XF,) — HY(X;F,) & o

is an algebra homomorphism with respect to the cup product U = A* in cohomology.

2.8. The structure of &,
Consider p = 2. Recall that K(Fq, 1) ~ RP>® with H*(RP*>;F3) = Fy[z] with
|x] =1, and let
H*(RPOO,FQ) = FQ{O&H | n Z 0}

with «,, in degree n dual to ™. The left and right <7-actions are given by

Sq'(z"™) = (n) it and Sqt(am) = (m B Z) Oyp—i -

] ]

DEFINITION 2.8.1. Let (j, € <7 in degree |(x| = 2F — 1 be characterized by the
identity

N (z) = Yr(x) :Zka QG =21+ +1' @G +...
k>0
in H*(RP>;Fy) ® o/ In particular {; = 1.
This is the original notation from [Mil58|, but many later authors write &

in place of (x. Some of these then use () to denote the so-called conjugate class
X (&) = &, which can be confusing.

LEMMA 2.8.2. The right o, -coaction A = ¢p on H*(RP*;Fq) satisfies
Y= 3 e,

i1500in 20
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Proor. Clearly

Ma = ea) = Y M @G, G,

k>0 1 yeenyin >0
since A* = 9y p is an algebra homomorphism. O
LEMMA 2.8.3 ([Swi73|). Let Z = Zkzo (o = 14+¢G+C+.... The left
ol -coaction v =1, on H,(RP>;Fy) is given by
v(am) = Z(Zn)m—n @ ap
n=0

for each m > 0, where (Z™),—n denotes the homogeneous degree (m — n) part of
the n-th power Z™. In particular,

v(ags) = @ag + -+ 1@ agk
for each k > 0.
ProoF. Note that Z" =3, . (¢, -, so that
(Phn= 5 GG
201 44 2in=m
Hence v(auy,) is characterized by
(0@ ", v(am)) = (A" (2"), am @ 6)
= Y @ ) (0.6, Gy)

i1 yeenyin =0
= > .G G = (0.2
2%1 4...42in =m
for all # € & and n > 0. Comparing coeficients, this implies

v(am) =3 (Z")m-n® an.

n

O

LEMMA 2.8.4. For each k > 0 the class ( € . is the image of agr €
H, (RP%°;Fy) under the structure homomorphism

H,1(RP*;Fq) — colim H, 1, (K(Fa,n); Fo) & o,
Aok — Ck .
PROOF. The structure homomorphism is .o7-colinear, so the diagram

H,11(RP*;Fy) —— o, ® H.11(RP>;F>)

| |

o, oy ® oy
\ Jid Re

id
s

commutes. In v(agr) the summand (; ® a3 maps to {, € &, while the other
summands map to 0. Hence the left hand vertical map takes aqr to (. [
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LEMMA 2.8.5. For admissible sequences I = (i1, ...,1%),

1 Gf I = (21,2872 2.1),
(Sq", ¢) = (. )
0 otherwise.
Proor. This follows from
22" i I = (21 262 2.1),
0 otherwise
in H*(RP>;Fy). O
THEOREM 2.8.6 (Milnor (1958)).
o 2 Fa[C | k 2> 1]

is a polynomial algebra on the generators ( for k > 1.

SKETCH PROOF. Milnor shows that evaluation of the Serre-Cartan admissible

basis elements Sq! for </ on the monomials
CR _ 1“1 ;’2 .

in 4, for finite length sequences R = (r1,r2,...), gives a triangular, hence invert-
ible, matrix in each degree. Hence the latter form a basis for <7,. O

The basis for 7 that is dual to the monomial basis for <7, is called the Mil-
nor basis. It is different from the Serre-Cartan basis, and admits a non-recursive
description of its product, which is convenient for machine calculations (such as
Bruner’s ext).

THEOREM 2.8.7 (Milnor (1958)). The bialgebra coproduct
v o — A R A,

is the algebra homomorphism given by

) =Y. Feg

i+j=k
k—
=GR+ @0+ +F @G +10.

Notice how the non-commutativity of the composition product in & is reflected
in the non-cocommutativity of ¢ acting on 27.

PROOF. By coassociativity of the right coaction A* on H*(RP>;F53) the sum
AV @)X (2) = (V' ®id) Y _2? @
=SSO eneg=Y "o
J i 4]

is equal to

(dep)r (z) = ([dop) Y 2 @G =Y 2" @ v(G).
k

k

Comparing the coefficients in &, ® 7, of 22" gives the result. O
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To summarize, the combined Steenrod operations on mod 2 (co-)homology
exhibit H,(X;F3) as a left comodule over the commutative bialgebra

A = Fa[C1,C2,C35 - - -]
with coproduct v given by
P =G01+100
() =LO1+G R0 +10(
P(G)=GRI+GERG+(®G+18(

We shall later reinterpret
Spec(,) = Spec(F2[C1, (2, (3, - - - ])

as the group scheme of automorphisms of the additive formal group law over Fs.

((ETC: For p odd, agpr = 7 and B,x + &. Requires K (F,, 1), K(Z,2) and
maybe K(F,,2).))

THEOREM 2.8.8 (Milnor (1958)). For p an odd prime,

A N1y | k2 0)@Fp & | k > 1]
is a free graded commutative algebra on odd degree generators T and even degree
generators &, with |1| = 2p* — 1 and || = 2p* — 2. The bialgebra coproduct
U o — A ® A,
is the algebra homorphism given by
Y(p) =1 @1+ Z Efj QR T;
itj=k

and

ey =Y & e,
i+j=k
where & = 1.



CHAPTER 3
Classifying spaces

See |Ste51|, [Hus66|, Part 1], [Seg68] and Hatcher (2003).

3.1. Equivariant topology

Let G be a topological group, with unit element e and multiplication m: G x
G — G. A left G-space is a space X with a unital and associative left G-action

AMGExX — X
(9,7) — gx.

If X has a base point xg, then we assume that gzrg = zq for all ¢ € G. The G-fixed
points of X is the subspace

X9={reX|gr=uxforallgeG}
of X, and the G-orbits of X is the quotient space
X/G=X/{x~gxforallze X, geG}.

(If one needs to deal with both left and right G-actions, it might be better to write
G\X for this orbit space.) For G-spaces X and Y, a G-map from X to Y is a map
f: X — Y that is G-equivariant, in the sense that

GxX-2,Xx

s lf

GXxY 2,V

commutes, i.e., such that f(gz) = ¢gf(z). We give X AY the diagonal G-action,
with

9(x Ay) =gz Ngy,
and we give Map(X,Y’) the conjugate G-action, with

(9f)(x) = gf(g~ " a).
The homeomorphism

Map(X AY, Z) = Map(X,Map(Y, Z))
fef,

where f(z Ay) = f'(x)(y), is then G-equivariant. Moreover, the G-fixed points
Map(X,Y )% is the space of G-maps f: X — Y.

33
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DEFINITION 3.1.1. A G-CW complex is a G-space X with an exhaustive skele-
ton filtration

@ZX(*DCX(O)C...cX(nfl)CX(n)C...CX

where
II,G/Hy x 0D —— [[, G/H, x D™

‘| o
Xy 0y x®)

is a pushout for each n. Here each H, C G is a closed subgroup.

We say that G is a free G-CW complex if each H, = {e} is trivial.

3.2. Principal G-bundles
DEFINITION 3.2.1. Let P be a G-space. The projection
m: P— P/G=X

is a principal G-bundle if each point x € X has a neighborhood U such that there
exists a G-equivariant homeomorphism

ty:m  (U) = UxG

over U. Here n~(U) is a sub G-space of P, U x G has the G-action g(u,g’) =
(u,gg’), and the “over U” condition asks that

commutes, where pr(u,g’) = u.

We say that ty is a local trivialization of 7: P — X over U. Note that the
G-action on P must be free, in the sense that gp = p for p € P only if g = e, since
this is the case for the G-action on U x G. For point set topological reasons we
should assume that the covering of X by the neighborhoods U admits a partition
of unity, but this is no condition for reasonable X.

A map of principal G-bundles from 7: P — X to 7: @ — Y is a G-map
f: P — Q. We write f: X — Y for the induced map of base spaces, so that the
diagram

p—1 9
| |
X=rP/G—L5qQG=Y
commutes. Conversely, given a principal G-bundle 7: @ — Y and a map f: X —
Y, let

[fRQ=XxyQ={(r,q) € X xQ[ f(z) =7(q)}
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be the fiber product, with the G-action g(z,q) = (x, gq). The map
ffrm: ffQ — X
(,q) — @
is then a principal G bundle, called the pullback of 7: @ — Y. If f is the inclusion
of a subspace, we write Q| X — X for the pullback, then called the restriction.
The local trivializations ¢y show that locally over X a principal G-bundle
m: P — X and the product bundle pr: X x G — X are isomorphic, but this

will often not be true globally over X.
We write

Bung(X) = {principal G-bundles 7: P - P/G = X}/ &

for the (set of) isomorphism classes of principal G-bundles over a fixed base space X.
The pullback construction makes this a contravariant functor of X. It is a homotopy
functor, because of the following lemma.

LEMMA 3.2.2 ([Ste51), §11]). Let m: Q — X x [0,1] be a principal G-bundle
over a cylinder. Then the restricted bundles

QIX x {0} = QX x {1}

are isomorphic.

3.3. Classifying spaces

DEFINITION 3.3.1. A principal G-bundle 7: P — X is said to be universal if P
is (non-equivariantly) contractible. We write 7: EG — BG to denote a universal
principal G-bundle, and call BG a classifying space for the group G.

We postpone the proof that universal principal G-bundles exist. Examples
include R — S* for G = Z, S*®° — RP* for G = Z/2, S*° — L™ for G = Z/p, and
5% — CP> for G = S'.

THEOREM 3.3.2 ([Ste51) §19]). Let m: EG — BG be a universal principal
G-bundle. The natural function

o

[X, BG] — Bung(X)
[f]— [f*m: f[fEG — X]

is a bijection for all CW complexes X.

FEG L EG
]
x—' .Bc

PROOF. We first prove surjectivity. Let m: P — X be a given principal G-
bundle. Then P admits the structure of a free G-CW complex, with P(™ =
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71 (X™). Suppose by induction on n that there is a G-map foo1: P11 5 EG.
1I,G xoD™ ——1],G x D"

e |

pn-1)_____ , p)

The obstruction to extending it over the pushout to a G-map fn: P 5 EG is
the a-indexed collection of homotopy classes of G-maps

fro1¢a: G x D™ —s EG.

These correspond bijectively to homotopy classes of (non-equivariant) maps D™ —
EQG, all of which lie in the trivial group m,—1(EG). Hence there is no obstruction,
and we obtain a G-map f: P — EG. Let f: X — BG be the map of G-orbits.
Then P = f*EG over X.

The proof of injectivity is similar, starting with a map foUf1: X x{0,1} — BG
and an isomorphism fjm = fi'm of principal G-bundles over X. This lifts to a G-
map foU fi: P x {0,1} — EG, and there is no obstruction to extending it to
a G-map F: P x [0,1] — EG giving a G-homotopy from fo to fi. The map
F: X x[0,1] — BG of G-orbits gives the desired homotopy fo ~ fi. O

COROLLARY 3.3.3. Any two universal principal G-bundles are weakly homotopy
equivalent.

PROOF. They represent isomorphic functors. O
LEMMA 3.3.4. There is a homotopy equivalence
G ~ Q(BG),
so the classifying space BG is a (connected) delooping of G.
PRrOOF. Consider the Puppe fiber sequence
QEG — QBG — G — EG — BG,

where EG is contractible by assumption. ([l

3.4. Fiber bundles
Let F be a fixed space.
DEFINITION 3.4.1. An F-bundle, or a bundle with fiber F', is a map
m FE— X
from the total space F to the base space X, together with local trivializations
ty: 7w H(U) S UXF
for all U in an open cover of X. Here ¢y is a homeomorphism over U.

It is also common to write B (in place of X) for the base space. This is the
origin of the notations FG and BG. Let G be a group acting on F.
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DEFINITION 3.4.2. An F-bundle 7: F — X has structure group G if each

composite
—1

UnV)x F Y wnv) i wnvyx F
has the form
(:L‘,f) — (xngV(x)f)
forz e UNV, f € F and a map

quv - uonv — G,
satisfying the cocycle condition
guvlogvw|=guow|: UNVAW — G

for all U, V, W in the open cover. If G acts effectively on F', so that only the unit
element g = e acts as the identity map, then the cocycle condition is automatically
satisfied.

EXAMPLE 3.4.3. Every bundle with fiber F' admits Homeo(F') as a structure
group.

ExXAMPLE 3.4.4. A principal G-bundle is a bundle with fiber G and structure
group G, for the left action G x G — G given by the group multiplication.

EXAMPLE 3.4.5. Let GL,(R) act by linear transformations on R™, and let
the orthogonal group O(n) act as the subgroup of Euclidean isometries. An R"-
bundle with structure group GL,(R) is a real vector bundle of rank n. A choice
of Euclidean inner product on the vector bundle is equivalent to a reduction of the
structure group to O(n).

EXAMPLE 3.4.6. Let GL,(C) act by linear transformations on C”, and let the
unitary group U(n) act as the subgroup of Hermitian isometries. A C"-bundle
with structure group GL,(C) is a complex vector bundle of rank n. A choice of
Hermitian inner product on the vector bundle is equivalent to a reduction of the
structure group to U(n).

DEFINITION 3.4.7. Let F be a G-space. To each principal G-bundle 7: P — X
we associate an F-bundle n: E — X with structure group G by setting

E=(PxF)/G
and 7: [p, f] = w(p). Here G acts diagonally on P x F, so

(p, f) ~ (gp, 9f)

are identified in E forallp € P, f € Fand g € G. If ty: 7} (U) 2 U x G is a
local trivialization for the principal G-bundle, then

(ty x F)/G: m~ ' (U) = (Ux G x F)/G=U x F
is a local trivialization over U for the associated F-bundle.

If we view the left G-space P as a right G-space via the action through the
group inverse, defined by pg = ¢~ 'p, then
E=P Xa F

where X denotes the balanced product, given by the equivalence classes with
respect to

(pg, ) ~ (p,9f)-
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Let
Bung g(X) = {F-bundles 7: E — X with structure group G}/ =
be the set of isomorphism classes of F-bundles over X with structure group G.

PROPOSITION 3.4.8. Let F' be a G-space. The associated bundle functor defines
a natural bijection

o

Bung(X) — Bung g(X)
[r: P—= X]—[n: E=P xgF — X].
Hence BG is also a classifying space for F-bundles with structure group G.

ExXAMPLE 3.4.9. The inclusion O(n) — GL,(R) is a homotopy equivalence,
with homotopy inverse given by the Gram-Schmidt process. Hence BO(n) —
BGL,(R) is also a homotopy equivalence, and the classification of principal O(n)-
bundles is the same as the classification of principal GL, (R)-bundles. Hence the
classification of real vector bundles over a CW complex X is the same as the
classification of Euclidean vector bundles, i.e., real vector bundles with a continuous
choice of Euclidean inner product on each fiber. We write

Vect,, (X) = Vects (X) = Bungr o) (X)

for the set of isomorphism classes of R™-bundles over X, which is in bijective cor-
respondence with
BunO(n) (X) = [Xv BO(“)] .

EXAMPLE 3.4.10. The inclusion U(n) — GL,(C) is a homotopy equivalence,
with homotopy inverse given by the Gram-Schmidt process. Hence BU(n) —
BGL,(C) is also a homotopy equivalence, and the classification of principal U(n)-
bundles is the same as the classification of principal GL, (C)-bundles. Hence the
classification of complex vector bundles over a CW complex X is the same as
the classification of Hermitian vector bundles, i.e., complex vector bundles with a
continuous choice of Hermitian inner product on each fiber. We write

Vect, (X) = VectS(X) = Bungn 7(n) (X)

for the set of isomorphism classes of C™-bundles over X, which is in bijective cor-
respondence with
Buny ) (X) = [X, BU(n)].

3.5. Direct sum and tensor product of vector bundles

Let ¢ be an R”-bundle 7: £ — X and let n be an R™-bundle n: F' — Y. Their
product bundle, or external direct sum, is the R"*™-bundle & x 1 = £&n given by

Txm: ExF—XXxY.

The fiber above (z,y) € X xY is the direct sum of vector spaces E, @ F, = E; X F,,.
The external tensor product of £ and 7 is the R"™-bundle {&n with fiber E, @ F,
over (z,y).

If X =Y we can pull £ x 7 back along A: X — X x X, to obtain the Whitney
sum, or internal direct sum,

Eon=A%¢xn)
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with fiber E, ® F, over x € X. We also restrict £&n along the diagonal, giving the
(internal) tensor product £ ® n with fiber E, ® F, over x.

Let & be an C™-bundle 7: E — X and let  be an C"-bundle 7: F' — Y. Their
product bundle, or external direct sum, is the C**™-bundle £ x 1 = £&n given by

nxm: EXF—XxY.

The fiber above (z,y) € X xY is the direct sum of vector spaces E, & F, = E; x F,,.
The external tensor product of € and 7 is the C"™-bundle £®n with fiber E, ®¢ Fy
over (z,y).

If X =Y we can pull £ x n back along A: X — X x X, to obtain the Whitney
sum, or internal direct sum,

§on=A%Exn)
with fiber E, ® F, over x € X. We also restrict &7 along the diagonal, giving the

(internal) tensor product £ ® n with fiber E, ® F, over x.
These operations induce natural pairings of isomorphism classes

x = @&: Vect, (X) x Vect,(Y) — Vect, ym(X xY)
@: Vect, (X) x Vect, (Y) — Vect,m,(X xY)
with internal variants
@: Vect, (X) x Vect,,(Y) — Vect,m (X)
®: Vect, (X) x Vect,,(Y) — Vectym (X).
In the real case these are classified by maps
e . : BO(n) x BO(m) — BO(n +m)
(s s BO(n) x BO(m) — BO(nm) .
In the complex case they are classified by maps
s BU(n) x BU(m) — BU(n+m)
(1 s BU(n) x BU(m) — BU (nm) .
Their effect on (co-)homology will be studied later.

3.6. Geometric realization of categories

We will construct the spaces BG and EG as the “geometric picture” of certain
categories BG and £G. Following [Seg68| this will be encoded using simplicial
methods, which generalize the classical study of simplicial complexes, and the par-
tial generalization called A-complexes in [Hat02]. These ideas go back to the
Eilenberg-MacLane bar construction, where “bar” refers to the notation [g|f]a ap-
pearing below.

Given a (small) category C, we shall form a space |NC| called its geometric
realization. We start with a point [Ja for each object a on C. We view each
morphism f: a — b in C as a relation between a and b, and exhibit this by adding
an edge [f]a to |NC| connecting [|a and []b.

a

1o+

(Note that this geometric edge can be traversed in either direction, even if the
categorical morphism is not an isomorphism.) If g: b — ¢ is a second morphism,
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so that gf: a — c is defined, we now have the boundary of a triangle, with vertices
[la, []b and [Jc and edges [f]a, [g]b and [gf]a, and we record this in our space by
filling in any such triangle with a 2-simplex denoted [g|f]a.

[QJ/ \
g]b

Given a third morphism h: ¢ — d, associativity of composition in C implies that
we have assembled the boundary of a tetrahedron. We fill this in with a 3-simplex,
denoted [h|g|f]a.

\

(7]

1

[hg fla ]b l9f]a
[hg

a

[h]c

In the definition of a Category, coherence for the cartesian product of sets ensures
that no further axioms are required regarding g¢-fold compositions of morphisms
for ¢ > 4, but in our geometric picture we need to make these higher coherences
explicit. Therefore, for each ¢ > 0 and each sequence

f
co&c1<f—2...<—cq,1<—ch

of ¢ composable morphisms in C we add a g-simplex denoted

o= [filfzl-.-|fqleq

to our space |[NC|. It is to be glued to the previously constructed union of simplices
of dimensions < ¢ by identifying the i-th face, opposite to the i-th vertex, with the
(g — 1)-simplex

di(o) = [fi] .. |fifixal- .- |falcq

associated to the (¢ — 1)-tuple of morphisms

f fifi f
o i T e g

obtained by deleting the object ¢; and composing the morphisms f; 1 and f;. Here
0 <7 < q. In the case with ¢ = 0 no composition is required; we simply forget f;.

do(o) = [fa| .- |fqleq
In the case with ¢ = ¢ we forget f, and replace ¢, with c¢,—; as the “initial source”
object.
dg(o) = [fi] .- | fg—1leg—1
We also want to take the unitality property of the identity morphisms into account,
by collapsing the edge [id]a associated to id: a — a, which so far appears as a loop
from [Ja to itself, to a single point. More generally, if f;11 = id in a chain

f1 fi id fi+2 fa
Co$— ... & Cj & Cjp1 & ... & Cq,
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for some 1 < j + 1 < ¢, we squash the g-simplex

s;(7) = [ful- - 1f51id [ fira] - [faleq
down to the (¢ — 1)-simplex

T=[f1l--Afilfixel - | fqleq

associated to

i I3 f
co<f—1...<—1(cj:cj+1)<1—“...<—ch.

The resulting space is the geometric realization |[NC| of the category C.
To formalize the construction above, we let

[f={0<1<---<qg—1<gq}

be the linearly ordered set with (¢ + 1) elements. (This is a different notation than
the bar notation [|a, [f]a, [f|g]a, ... used just above.) We view this as a category,
with a unique morphism ¢ «+ j for each ¢ < j. A functor o: [¢q] — C is then a
diagram
Co < ClL <t "% Cqg—1 < Cq
in C, corresponding precisely to the g-simplices in our construction. Let a: [p] — [q]
be any order-preserving function, meaning that (i) < «(j) for all i < j. In terms
of categories, this is the same as a functor from [p] to [¢]. Right composition with
« takes a ¢-simplex o: [q] — C as above to the p-simplex oa: [p] = C given by the
diagram
Ca(0) £ Ca(1) 0 4 Ca(p-1) < Calp) -
When « equals the (order-preserving) injection
8"t [q—1] — ]
that does not contain ¢ in its image, this encodes the deletion-of-object operation

o — di(0) = ()" (o)

that specified how the i-th face of o was to be identified with a (¢ — 1)-simplex.
When « equals the (order-preserving) surjection

ol [q) — [q—1]
that maps j and j + 1 to the same element, it encodes the insertion-of-identity
operation
T 5;(1) = (07)*(7)
that specified how g-simplices involving identity morphisms were to be flattened
down to (¢ — 1)-simplices. Any order-preserving «a: [p] — [g] is a composition of

these face (6%) and degeneracy (o7) operators, and the former give a convenient
formalization of the composition laws satisfied by the latter.
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3.7. Simplicial sets

As the notation suggests, the geometric realization | NC| of a category is formed
in two steps. First we form a simplicial set X = NC called the nerve of C. Thereafter
we form the geometric realization |X| of this simplicial set. We discuss these two
steps in turn. See [May67] and |[GJ99| for treatments of simplicial sets.

DEFINITION 3.7.1. Let A be the category with one object
[ff ={0<1<--<g-1<gqg}
for each integer ¢ > 0, and morphisms

A([p], [q]) = {order-preserving a: [p] — [g]} .
DEFINITION 3.7.2. A simplicial set is a (contravariant) functor
X: AP — Set
la] — X4
(a: [p] = [q)) ¥— (& Xy — X))
We call X, the set of g-simplices in X, and sometimes write X, to indicate the

position of the simplicial degree. A map of simplicial sets from X to Y is a natural
transformation

[ X—Y
fo: Xg — Y,

of such functors. We write s Set for the category of simplicial sets.
More generally, a simplicial object in a category & is a functor

X: AP — &,
and a map of simplicial objects is a natural transformation. We write s€ for the
category of simplicial objects in &£.
DEFINITION 3.7.3. The nerve of a category C is the simplicial set NC = N,C
with g-simplices
NyC = Fun([g],C)
:{co<f—lcl <— ...<—cq_1<f—ch}.
For each a: [p] — [¢] the simplicial operator a*: N,C — N,C is given by composi-
tion
a*: Fun([g],C) — Fun([p],C)
ocr—a*(0) =oa.
Let Cat be the category of (small) categories and functors. We can view A as
the full subcategory of Cat generated by the objects [g] for ¢ > 0. The nerve NC
is then the restriction to A°P of the functor Fun(—,C): Cat®” — Set represented

by C.
Let F: C — D be a functor of categories. The induced map of nerves

NF: NC— ND
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has ¢-th component given by the composition

N,F = F,: Fun([q],C) — Fun([q], D)
or— F.(o)=Fo.

DEFINITION 3.7.4.

q
A9 ={(to,tr, ..., 1) | D _ti =1,each t; > 0}
1=0

be the standard geometric g-simplex in R4t for each ¢ > 0, spanned by the vertices
Vo, ..., Vq. For each a: [p] — [¢] in A let

. AP —5 A4
Vi > Va(4)
be the affine linear map taking the i-th vertex to the a(i)-th vertex. If a = §, this

is the inclusion of the i-th face. If o = o7, this is the projection that collapses the
edge [v;_1,v;] to a point.

Let U denote the category of (unbased) topological spaces. The rule [¢] — A?
defines a (covariant) functor A®: A — U, which is an example of a cosimplicial
space.

DEFINITION 3.7.5. The geometric realization of a simplicial set X is the quo-
tient space

X] =] Xq x A1/ ~

q>0

where

(@ (), &) ~ (2, 2.(€))
for all a: [p] = [¢], z € Ay and £ € AP. Amap f: X — Y of simplicial sets defines
a map

[fl: 1 X[ — Y]
[z,&] — [fq(2), €]
for all ¢ > 0, v € X, and £ € A?. Geometric realization defines a functor

| —|: sSet — U.

PROPOSITION 3.7.6. Let X be a simplicial set. The geometric realization | X|
is a CW complex, with n-skeleton

x| = [T %, x A1/ ~
q=0
and one n-cell with characteristic map
d,: D" = A" — | X|)
§— [z,¢]

for each non-degenerate n-simplex x, i.e., each x € X,, not of the form s;(y) for
anylgjgnf]-}yGXn—l'
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COROLLARY 3.7.7. The geometric realization |NC| of the nerve of a category C
is a CW complex, with one g-cell [fi]...|fqlcq for each chain of ¢ composable non-
identity morphisms

f
co<f—1...<—ch

inC.
EXAMPLE 3.7.8. The nerve of C = [1] = {0 < 1} has g-simplices
Ng[1] = Fun([g], [1]) = A([g], [1]) -
The 0O-simplices are given by the objects 0 and 1, corresponding to §': [0] — [1]
and 6°: [0] — [1], respectively. The only non-degenerate 1-simplex is given by the
morphism
0<+—1,
corresponding to id: [1] — [1]. Hence the geometric realization |[N[1]| is Al =

[vg, v1], with the CW structure with O-skeleton {wvg,v1}. More generally, the geo-
metric realization of (the nerve) of C = [¢] is AY.

3.8. Singular simplicial sets

DEFINITION 3.8.1. Let Y be a space. The singular simplical set sing(Y") has
set of ¢g-simplices
sing(Y), = {maps 0: A? — Y}
equal to the set of singular g-simplices in Y. The simplicial operators are
a”: sing(Y), — sing(Y),
or— a’ (o) = oa.,
where oo, is the composite
AP 25 AT Ty
PROPOSITION 3.8.2. | —| is left adjoint to sing, meaning that there is a natural
bijection
U(X],Y) = sSet(X,sing(Y))
for simplicial sets X and topological spaces Y. The adjunction counit
e: |sing(Y)| =Y
is a weak homotopy equivalence, and provides a functorial CW approzimation to

any space Y .

3.9. Products

In addition to accounting for the unitality of identity morphisms, the degener-
acy operators o7 in A are also needed for | — | to respect products. The product of
two simplicial sets X and Y is given by

(X xY),=X,xY,
with simplicial operators a* x a*.
THEOREM 3.9.1 (|Mil57]). The natural map
X x Y| = |X]| x |Y]

is a homeomorphism.
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SKETCH PROOF. The key case to check is X = Np| and Y = N][g], in which
case X XY = N([p] x [g]), where [p] x [¢] has the product partial ordering.

0,9) «— (p,q)

||

(0,0) «—— (,0)

Passing to classifying spaces, |N([p] x [¢])| presents the product AP x A? = |N|[p]| x
|N[q]| as a union of AP*9-simplices, indexed by the (p:q) shuffle permutations of

type (p,q)- u

Let C and D be categories, F,G: C — D functors, and 0: F' — G a natural
transformation. We can view 6 as a functor

H:Cx[l] — D

(¢,0) — G(c)
(¢, 1) — F(c)
where
H(f,0)=G(f): G(a) — G(b)
H(f,1) = F(f): F(a) = F(b)

for f: a - band cin C.

LEMMA 3.9.2. Let 0 : F — G be a natural transformation of functors F,G: C —

D. The composite
NC x N[1] = N x [1]) 22 ND,

with H as above, induces a homotopy

INC| % [0,1] = [NC| x [N[1]| = |NC x N[1]] Y2 | nD|
from |[NF|: |NC| — |ND| to |[ING|: |[NC| — |ND|.

Notice that even if we only have a natural transformation in one direct, the
resulting homotopy goes both ways, in the sense that it can be viewed as a path
that can be reversed.

COROLLARY 3.9.3. Suppose that F': C — D and G: D — C are mutually in-
verse equivalences of categories, or more generally form an adjoint pair. Then
INF|: |[NC| — |ND| and |NG|: |[ND| — |NC| are mutually inverse homotopy
equivalences. Hence equivalent categories have homotopy equivalent geometric real-
1zations.

Proor. The adjunction unit n: id — GF and counit e: FG — id induce
homotopies id ~ |[NG| o [NF| and |[NF| o |[NG| ~ id. O
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3.10. The bar construction

DEFINITION 3.10.1. Let G be a topological group and X a left G-space. We
view each point x € X as an object in a topological category C = B(G, X), and
each pair (g,2) € G x X as a morphism

gr < z.
Hence
objC =X
morC =G x X.

The source and target rules are
s,t: morC — objC
s(g,z) ==
t(g,x) = gz,
while the identity rule is
id: objC — morC
id(z) = (e, x).
The composition of two morphisms
ghx Iohr g
is
ghz LS x,
so the composition rule is
o: morC Xgpje morC — morC
(g, hz) o (h,z) = (gh,x).
EXAMPLE 3.10.2. When X = {x¢} is a one-point space, we can omit x € X

from the notation. The category BG = B(G, {xo}) has a single object, and the
group G as the morphism space

BG(Z'(),{I?()) =G.

All morphisms are automorphisms of xg.

gsxooh
)

gh

ExXAMPLE 3.10.3. When X = G with left G-action given by the group mul-
tiplication, the category £G = B(G, G) has object space G and there is a unique
morphism

hg~?!
h—g
from any object g to any other object h. Note that there the right action of G on
X = @G, also given by the group multiplication, defines a right action of G on the
category EG.
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LEMMA 3.10.4. The category EG is equivalent to the category E{e}, i.e., the
terminal category with only one object {e} and only one morphism id: e — e.

PRrROOF. There is a (unique) natural transformation 6 from the composite func-
tor

EG — E{e} C EG
to the identity of £G, with components

Gg:ei>g.

The nerve NB(G, X) is the simplicial space with g-simplices
NB(G, X)=GTx X
={lol---lgglz 1 91,...,94 € G.w € X}
the space of diagrams
gng~'-gqx<g—192-~-gqm<g—2 ...%;ngxg—qm.

EXAMPLE 3.10.5. When X = {x¢}, the nerve NBG is the simplicial space with
g-simplices

N.BG = G1
={lo1l---lggl [ 91,94 € G}
viewed as a chain of ¢ automorphisms of z.

ExXAMPLE 3.10.6. When X = G, the nerve NEG is the simplicial space with
g-simplices
NG =G xG
= {[gl| ‘gq]g ‘ g1,---,9q¢,9 € G}

The right G-action on X = G commutes with the simplicial structure maps, and
makes this a simplicial right G-space. The right action is given by

N,EG x G — N,EG

([g1]- - 1919, k) — [onl - - 19qlgk

The right G-action is free, in the sense that [g1]...|g4]g = [g1].-.|g4]gk only if
k=e.

LEMMA 3.10.7. There is a natural isomorphism of simplicial spaces

NEG xqg X 2 NB(G,X).

In particular, (NEG)/G = NBG.

DEFINITION 3.10.8. Let X be a left G-space. The bar construction

B(G, X) = [B(G, X)|
is the geometric realization of (the nerve of) the category B(G, X). When X =
is a one-point space we call
BG = B(G, %)

the (bar construction of the) classifying space of G. When X = G, the bar con-

struction

EG = B(G,G)
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is contractible. The right G-action on X induces a free right G-action on EG, and
there is a natural homeomorphism

EG x¢ X 2 B(G,X).
In particular, EG/G = EG x¢ * = BG, and the projection
m: EG — BG

is a universal principal G-bundle.

To be precise, some mild topological hypotheses on (G,e) are required for
EG — BG to be locally trivial. It suffices that G is a CW complex with cellular
multiplication. If desired, the right G-action on EG can be converted to a left
G-action, via the group inverse.

EXAMPLE 3.10.9. If G and X are discrete, the bar construction B(G, X) is a

CW complex with one g-cell for each
(g1 ... |gqlz € GT x X
with g; # e for each 1 < i < ¢. In particular the classifying space BG is a CW
complex with one g¢-cell for each
[g1] .. lgq) € G7

with g; # e for each 1 < ¢ < ¢, and EG is a free G-CW complex with one G-
equivariant g-cell covering each g-cell in BG.

((Orbits and homotopy orbits.))
((Cech covers, hypercovers.))



CHAPTER 4

Characteristic classes

See |[Hus66|, Part II1], [MS74], [May99, Ch. 23] and Hatcher (2003).

4.1. Characteristic classes for line bundles

DEFINITION 4.1.1. Let G be a topological group and R an abelian group. A
fixed cohomology class

c€ H*(BG; R)
specifies an R-valued characteristic class for principal G-bundles, or for F-fiber

bundles with structure group G. Writing £ for 7: P — X or n: E — X, this is the
natural transformation

Bung(X) 2 [X, BG] — H*(X;R)
Eor [flr— fr(e) =c(§),
assigning to ¢ the cohomology class ¢(¢) = f*(z), where
f* H*(BG;R) — H*(X;R)
is the homomorphism induced by the classifying map f: X — BG.

EXAMPLE 4.1.2. For G = O(1) with EO(1) ~ S and BO(1) ~ RP*>® ~
K (Fq,1) each class
™ € H"(RP*;Fy)
defines an Fo-valued characteristic class for real line bundles. The case n = 1 is
most interesting, when x = ¢7 is the fundamental class, so that

Vecty (X) = [X, BO(1)] = H'(X;TF>)
[f]— f*(x)

is a natural bijection. Here Vect;(X) = Vect}(X) = Bung o(1)(X) = Bunp(1)(X)
denotes the set of isomorphism classes of real line bundles over X. This character-
istic class is called the first Stiefel-Whitney class, and usually denoted

wi(§) € H'(X;Fa2).

The bijection shows that real line bundles are classified up to isomorphism by the
first Stiefel-Whitney class.

LEMMA 4.1.3. The fiberwise tensor product £ @1 of two line bundles over X is
again a line bundle over X. The first Stiefel-Whitney classes satisfy

w1 (§ @n) = wi(§) +wi(n)
in HY(X;TFs).

49
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PROOF. Let v' = 44 denote the tautological line bundle
E(y') = 8% xo1) R — RP>®

with wy(y!) = z, and let ¢! = e} : R>® x R — RP> denote the trivial line bundle
with w1 (€') = 0. Then the external tensor product

vt =pri(y!) @ pri(v)
over RP>° x RP is classified by a map

m: RP* x RP*® — RP*.
In terms of the bar construction, m is the map

BO(1) ® BO(1) 2 B(O(1) x O(1)) — BO(1)

induced by the (commutative) group multiplication O(1) x O(1) — O(1). Since
'@ el 2yl 2 el @41 it follows that m restricted to RP> x %, or to * x RP™, is
homotopic to the identity. This implies that

m*(z) =2z x1+1xz€ H (RP® x RP®;Fy) = Fo{x x 1,1 x x}.
Let f: X — RP* and g: X — RP classify £ and 7, respectively. Then £ ® 7 is
classified by
X 2 X x X DY RP® x RP® ™ RP™,
SO
wi(§@n) = A™(f" x g")m"(z) = fH(x) UL +1Ug"(x) = w1 (§) + wi(n) .
([l

EXAMPLE 4.1.4. For G = U(1) with EU(1) ~ S* and BU(1) ~ CP*® ~
K (Z,2) each class

y" € H*"(CP*) = H*"(CP>;Z)
defines a Z-valued characteristic class for real line bundles. The case n = 1 is most
interesting, when y = ¢ is the fundamental class, so that

Vect (X) = [X, BU(1)] = H*(X) = H*(X;7Z)
[fl— f*(y)

is a natural bijection. Here Vecty(X) = Vect(lc(X) = Bung y(1)(X) = Buny1)(X)
denotes the set of isomorphism classes of complex line bundles over X. This char-
acteristic class is called the first Chern class, and usually denoted

ci1(§) € HA(X).

The bijection shows that complex line bundles are classified up to isomorphism by
the first Chern class.

LEMMA 4.1.5. The fiberwise tensor product £ @1 of two line bundles over X is
again a line bundle over X. The first Chern classes satisfy

ci(§®@n) =ci(§) +eci(n)
in H*(X).
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PROOF. Let v! = ¢ denote the tautological line bundle
E(y') = 8% xXy1) C — CP™

with ¢1(y!) =y, and let €' = e{.: C*° x C — CP*> denote the trivial line bundle
with ¢;(e!) = 0. Then the external tensor product

&yt =pri(yh) @ pry(v')
over CP>° x CP® is classified by a map

m: CP*® x CP* — CP*.
In terms of the bar construction, m is the map

BU(1)®@ BU(1) 2 B(U(1) xU(1)) — BU(1)

induced by the (commutative) group multiplication U(1) x U(1) — U(1). Since
' ®el At =l @4l it follows that m restricted to CP> x *, or to * x CP>, is
homotopic to the identity. This implies that

m*(y) =y x1+1xye€ H(CP® x CP®) =Z{y x 1,1 x y}.
Let f: X — CP* and g: X — CP® classify £ and 7, respectively. Then £ ® 7 is
classified by
X 2 x x X 29 cpe xcpx ™ cp>,
SO
c(§®@n) =A%(f" x g )m*(y) = f(y) U1+ 1Ug"(y) = cr(§) + ea(n).-

(There is a choice of sign convention here, namely whether ¢; (y!) is y or —y, which
is related to whether the fundamental class of CP" is dual to (—y)™ or y".) O

4.2. Characteristic classes for real vector bundles

Fix n > 0. The Stiefel space
VH(ROO) = {(’Ul, Ce ,’Un) | v; € Roo, <’UZ‘,UJ‘> = (5”}

of orthogonal n-frames in R* is contractible. Viewing it as the space of isometries
v: R™ — R* it has a free (right) O(n)-action (v, A) — vA given by precomposition
by any isometry A: R™ — R"™. The orbit space

Gr,(R*) = V,(R*)/O(n) = {V C R*® | dimg(V') = n}
is the Grassmannian of n-dimensional real subspaces of R*°. Hence
m: Vo (R®) — Gr, (R™)
(V1,0 y0n) — R{v1,..., 0}

is a universal principal O(n)-bundle, and Gr,(R*) ~ BO(n) is a classifying space
for O(n)-bundles, hence also for GL,,(R)-bundles, R™-vector bundles and Euclidean
R™-vector bundles. The associated R"-bundle

72 Vi (R) Xo(n) R" — Gr,, (R™)
is isomorphic to the tautological vector bundle v"* = Ay, with total space
EX")={(V,z) |V € Gr,(R*®),z € V'}.

When n = 1, Gry(RP>) = RP classifies real line bundles, as discussed before.
The R-valued characteristic classes of real vector bundles correspond to ele-
ments of H*(BO(n); R) =2 H*(Gr,(R>); R). This is best understood for R = Fy
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and R = Z[1/2], separately, and we focus on the first of these. Let O(1)" C O(n)
be the diagonal subgroup, which is elementary abelian of order 2". The inclusion
induces a map

in: (RP®)" ~ BO(1)" — BO(n) ~ Gr,(R™)

classifying the external direct sum of n real line bundles. In other words,

*

() At X x !
with n copies of v'. We obtain an induced homomorphism
iy H*(BO(n);Fy) — H*(BO(1);Fo) 2 Falz] @ - - - @ Falz] &2 Falz1, ..., 20,
where we have used the Kiinneth theorem, there are n copies of H*(RP>;Fy) =
Fy[z], and
;=10 R1IRKrR1IxR---®1

with z in the i-th entry, for 1 < i < n. Each z and z; has cohomological degree 1.
Each permutation o € ¥,, in the symmetric group on n letters acts on O(1)" by
permuting the n factors. (This is the Weyl group action for O(1)" inside O(n),
since the normalizer of O(1)" is X,, x O(1)™ = £, 10(1) C O(n), where we view
¥, as a group of permutation matrices, within O(n).) The induced map

o: (RP*®)" ~ BO(1)" — BO(1)" ~ (RP>)"
also acts by permuting the factors. Hence

0" (61 X -+ X &n) 2oy X o X Eo(n)

for any n line bundles &1, ..., &,. In particular, when & = --- = &, = 7', we get an

isomorphism

o* (Yt x e x )y =2yl o xAt,

This means that the triangle

BO(1)" Z BO(1)”

commutes up to homotopy, so that

H*(BO(n);Fq)

H*(BO(1);F2) d H*(BO(1);F3)
commutes. In other words, i} factors through the ¥, -invariants
H*(BO(n): Fa) - H*(BO(1)";F2)®" = Folzy, ... 00" C Falr1,...,2n].
These invariants are the symmetric polynomials in x1,...,x,.

DEFINITION 4.2.1. For 1 <k <n let

ek(xl,...,xn)z Z Tiy v+ Ty,

1<ip <--<ipg<n
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be the k-th elementary symmetric polynomial. (Milnor and Stasheff write o in

place of ex.) If each z; has degree 1, then eg(x1,...,x,) has degree k. In par-
ticular, e1(z1,...,2,) = 1 + - + Ty, €2(1,...,Tn) = T122 + -+ + Tp_1T, and
en(T1, ..., &n) =21 T

The following theorem on symmetric polynomials is classical.
THEOREM 4.2.2.
Fsler,...,en]) = Falxq,... ,xn]E" )
where e, = eg(T1,...,Tn).
THEOREM 4.2.3 ([Bor53]).
it H*(BO(n);Fa) — Falzy, ..., 20> 2 Faler, ..., €]
is an tsomorphism.
DEFINITION 4.2.4. For 1 < k < n the k-th Stiefel-Whitney class
wy, € H*(BO(n); Fy)
is characterized by
i (w) = eg(z1,...,T,) -
Hence
H*(BO(n);F2) = Fawy, ..., wy]

with wy in degree k.

4.3. Characteristic classes for complex vector bundles
Fix n > 0. The Stiefel space
Vn((COO) = {(’017 . 7’Un) | V; € (COO, <’U7;,Uj> = (SU}

of unitary n-frames in C*> is contractible. Viewing it as the space of isometries
v: C" — C™ it has a free (right) U(n)-action (v, A) — vA given by precomposition
by any isometry A: C™ — C™. The orbit space

Gr, (C%) = Vo (C%)/U(n) = {V € C* | dime(V) = n}
is the Grassmannian of n-dimensional complex subspaces of C*>°. Hence
m: Vo (C*) — Gr, (C™)
(v1,...,0,) — C{v1,...,0,}

is a universal principal U(n)-bundle, and Gr,,(C*) ~ BU(n) is a classifying space
for U(n)-bundles, hence also for GL,,(C)-bundles, C"-vector bundles and Hermitian
C"-vector bundles. The associated C"-bundle

T Vn((coo) XU(n) CcC" — Grn((coo)
is isomorphic to the tautological vector bundle 4" = 1¢, with total space
E@")={(V,2) |V € Grp,(C®),z € V}.

When n = 1, Gr;(CP*®) = CP* classifies complex line bundles, as discussed
before.
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The integer valued characteristic classes of complex vector bundles correspond
to elements of H*BU (n) = H* Gr,,(C*>). Let U(1)™ C U(n) be the diagonal torus.
The inclusion induces a map

in: (CP®)" ~ BU(1)" — BU(n) ~ Gr,(C™)
classifying the external direct sum of n complex line bundles. In other words,
(Y =t xxyt
with n copies of v'. We obtain an induced homomorphism
ir: H*BU(n) — H*BU(1) 2 Zly| @ - - - Q Z[y] = Zly1,- - - 1 Yn) s

where we have used the Kiinneth theorem, there are n copies of H*(CP>) = Z[y],
and
=19 10y®1®---®1

with ¢ in the i-th entry, for 1 < ¢ < n. Each y and y; has cohomological degree 2.
Each permutation o € ¥,, in the symmetric group on n letters acts on U(1)" by
permuting the n factors. (This is the Weyl group action for U(1)" inside U(n),
since the normalizer of U(1)" is X, x U(1)" = ¥, U(1) C U(n), where we view
¥, as a group of permutation matrices, within U(n).) The induced map

o: (CP>®)" ~BU(1)" — BU(1)" ~ (CP>)"
also acts by permuting the factors. Hence

o (61 X - X &) Z o1y X X Eo(n)

for any n line bundles &1, ..., &,. In particular, when & = --- = &, = 7', we get an

isomorphism

o (Yt x e xyt) 2aylxxat

This means that the triangle

1) BU(1)
S~ o
BU(n)

commutes up to homotopy, so that

H*BU(n

/\

H*BU(1 H*BU(1)

commutes. In other words, i} factors through the ¥, -invariants
* ;:L £ ~J
H*BU(n) == H*(BU(1)™)™ 2= Zly1, ..., yn)"" C Zy1, ..., yn].
These invariants are the symmetric polynomials in y1, ..., Y.

DEFINITION 4.3.1. For 1 <k <n let

ek(yla"'ayn): Z Yiy o Yiy

1<ip<--<ixg<n
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be the k-th elementary symmetric polynomial. (Milnor and Stasheff write o in
place of eg.) If each y; has degree 2, then ep(y1,...,y,) has degree 2k. In par-
ticular, e1(y1,.--»Yn) = Y1 + -+ Un, €2(¥1,-- - Yn) = Y1Y2 + -+ + Yn—1yn and
en(Y1:-- 3 Yn) = VY17 Un.

The following theorem on symmetric polynomials is classical.

THEOREM 4.3.2.
Zlei,....en) =Zlyi, ..., yn]>" .
where e, = ex(Y1, -+, Yn)-
THEOREM 4.3.3 ([Bor53]).
it H*BU(n) — Zly1, ..., yn|™" 2 Z[es,. .. en
is an tsomorphism.
DEFINITION 4.3.4. For 1 < k < n the k-th Chern class
cr € H*BU (n)
is characterized by
i;(ck) = ek(yla s 1yn) .
Hence
H*BU(n) = Zley, . . ., ]
with ¢ in degree 2k.

4.4. Thom complexes

DEFINITION 4.4.1. Let ¢ be an Euclidean R™-bundle w: E = E(¢) — X, with
fibers E, = E(£), = 7 '(x). Let m: P — X be the associated principal O(n)-
bundle, so that E'= P xg(,) R". We write

D(§) ={ve E ||| <1} = P xo@ D"
and
5 ={ve Bl =1} = P xoum 5"
for the unit disc and sphere subbundles of £. We have inclusions
SEcDhEcE

of fiber bundles over X, all with structure group O(n). Let

Th(¢) = D(£)/5(8)
be the Thom space of €.

The disc and sphere bundles, and the Thom space, are natural for maps of
Euclidean vector bundles.

DEFINITION 4.4.2. Let R be a commutative ring. An R-orientation class of £
is an element y
U=Us € H"(Th(¢); R) = H"(D(£), S(§); R)
whose restriction to
H"(D(€),S(€)2; R) = H*(D", 8"\, R) = R

is a unit for each z € X. Here D(§), = D(§) N E, and S(§), = S(§) N E, are the
fibers of D(§) and S(§) over .
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LEMMA 4.4.3. A choice of Z-orientation class Us € H™(Th(€);Z) is equivalent
to a continuous choice of orientations of the fiber vector spaces E,. There is a
unique choice of Fa-orientation Us € H™(Th(§);Fa).

SKETCH PROOF. If X is a CW complex, then (D(§),S(§)) is a relative CW
complex with one (k + n)-cell for each k-cell of X. Hence Th(¢) is a based CW
complex with one (k + n)-cell for each k-cell of X, in addition to the base point
0-cell. Tt follows that H*(Th(¢)) = 0 for % < n.

In neighborhoods on X where £ admits a trivialization, the result follows from
the Kiinneth isomorphism. Let A, B C X. The Mayer—Vietoris sequence

0 — H"(D({|AUB), S(§|AUB)) — H"(D(£|A), S(]A)) ® H"(D(E|B), S(£|B))
— H"(D(¢|AN B),S(¢§|AN B))

shows that choices of orientation classes Ug|4 and Ug|p over A and B, respectively,
can be (uniquely) extended to an orientation class Ug|aup if and only if their re-
strictions over A N B agree, and this compatibility is what a choice of orientation
provides. (I

The Thom complex is monoidal for the external direct sum of vector bundles.

LEMMA 4.4.4. Let & be as above, letn be an Euclidean R™-bundle n: E(n) = Y,
and let £ x 1 be the external direct sum R -bundle E(§) x E(n) — X xY. There
is a homotopy equivalence

Th(§) A Th(n) =~ Th(§ x n)

that is natural up to (coherent) homotopy. If & and n are R-oriented, then the
smash product homomorphism

H"(Th(¢); R) @5 H™(Th(n); R) = A" (Th(¢ x 1); R)
takes Ue @ U,, to an R-orientation class
Uexn = U AU,
for & xn.
SKETCH PROOF. There is an O(n) x O(m)-equivariant homeomorphism
D" x D™ == pntm
that scales each vector by a positive factor, so as to restrict to a homeomorphism
S"lx DMUDM x §m e grtmel

(I

EXAMPLE 4.4.5. For each complex n-dimensional vector space V', the under-
lying real 2n-vector space has a canonical orientation, given by the ordered real
basis

(V1, W4y -« oy Uy iUy)
where (v1,...,v,) is any choice of complex basis for V. Hence the underlying

R?"-bundle of any C"-bundle n has a preferred integral orientation class U, €
2 (Th(n); Z).
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4.5. Euler classes
There is a homotopy cofiber sequence
S(¢) 5 X =5 Cn = Th(¢)

expressing Th(§) as the mapping cone of the sphere bundle projection : S(¢) — X.
The map z: X — Th(&) is the composite gsg of the zero-section

so: X — D(&) C E(§)

mapping each x € X to the zero vector 0 € E,, in the (unit disc and) vector space
fiber over z, followed by the collapse map

q: D(§) — D(£)/5(&) = Th().

(Transversality of maps S — Th(¢) with respect to z: X — Th(§) plays a key
role in Thom'’s classification of manifolds up to bordism.)

DEFINITION 4.5.1. The Euler class of an R-oriented R™-bundle £ is the pullback
e(§) =2"(U¢) € H*(X; R)
of the orientation class along the zero-section.

REMARK 4.5.2. The Euler class for Z-oriented R™-bundles is a characteristic
class for oriented real vector bundles, i.e., R™-bundles with structure group

SO(n) ={A € O(n) | det(4) =1} C O(n).
The classifying space
BSO(n) ~ Gr, (R™)

is equivalent to the Grassmannian of oriented n-dimensional real subspaces of R*|
which is the universal (double) cover of Gr,(R>). The universal (integral) Euler
class is thus an element

e € H"(BSO(n);Z).

THEOREM 4.5.3 ([MS74], Cor. 11.12]). Let M be a smooth, closed and oriented
n-manifold, with tangent bundle Tp; and fundamental class [M] € H,(M;Z). Then

{e(mar), [M]) = x (M)
is equal to the Euler characteristic of M.

REMARK 4.5.4. The universal Fo-valued Euler class for (not necessarily ori-
ented) R™-bundles is an element

e € H"(BO(n);Fs).

PROPOSITION 4.5.5. Let £ and n be oriented R"- and R™-bundles over X and
Y, respectively. The Euler classes of £, n and the external direct sum £ X 1 satisfy

e(§ xn) =e(§) xe(n).
If X =Y and E®n = A*(E xn) is the fiberwise direct sum (= Whitney sum), then
e(€on) =e(§)Ue(n).
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PROOF. The zero-sections are compatible, and induce the following commuta-
tive square.

H™ Th(¢) @ H™ Th(n) —>— H™™ Th(¢ x 1)

z*®z*l lz*

H"(X)® H™(Y) —=— H""™(X x Y)

Chasing Ue ® U,, both ways gives the result for £ x 7. The result for £ & n (when
X =) follows by pullback along A: X — X x X. a

EXAMPLE 4.5.6. The group isomorphism U(1) = SO(2) induces an equivalence
BU(1) = BSO(2), and the universal Euler class e € H?(BSO(2);Z) corresponds
to the first Chern class ¢; € H2(BU(1);Z). The universal Fo-valued Euler class
e € HY(BO(1);Fy) equals the first Stiefel-Whitney class w; € H*(BO(1);Fs).

4.6. The Thom isomorphism

THEOREM 4.6.1 ([Thob4]). Let & be an R™-bundle w: E'— X, with R-orientation
class Ue € H™(D(€), 5(€); ) = A" (Th(€); R).
(a) The cup product with Ue defines an isomorphism

HY(X;R) = H'(D(); R) — H*™(D(¢), S(€); R) = H'*"(Th(€); R)
r— xUU;

for each i, combining to the (cohomological) Thom isomorphism
®c: H*(X; R) — H**"(Th(¢); R).

(b) The cap product with U defines an isomorphism

H,1i(Th(€); R) = Hywi(D(€), S(€); R) — Hi(D(€); R) = Hi(X; R)
o — Ug N«

for each i, combining to the (homological) Thom isomorphism

®c: Hoyn(Th(€); R) — H.(X;R).

SKETCH PROOF. (a) In neighborhoods on X where ¢ admits a trivialization,
this follows from the Kiinneth isomorphism. Let A, B C X. The map of Mayer—
Vietoris sequences induced by cup product with R-orientation classes, see Fig-
ure and the five-lemma, give the inductive step from the case of £|A, £|B and
§JAN B to (]AU B.

(b) The same proof works, using the map of Mayer—Vietoris sequences induced
by cap product with R-orientation classes. (]

The relative cup product can be replaced by the external smash product fol-
lowed by pullback along the Thom diagonal map

Th(€) — D(€)4 A Th(€) ~ X+ A Th(E)
taking v to m(v) A v for v € D(€). This is the base point when v € S(§).
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H (A @ H-\(B) —222%92, fict4n(Th(¢|A); R) @ [+ (Th(¢|B); R)
H~'(AN B) Pelans -147(Th(¢|AN B); R)
) )
Hi(AU B) Teinon H+7(Th(¢|AU B); R)
Hi(A) & Hi(B) —2%%0 _, frisn(Th(¢|A); R) & A" (Th(¢| B); R)
PeianB

H'(ANB) H*"(Th(¢|]AN B); R)

FIGURE 4.1. Map of Mayer—Vietoris sequences

4.7. The Gysin sequence

THEOREM 4.7.1 ([Gys42]). Let { be an R-oriented R"-bundle m: E — X, with
Euler class e(§) € H"(X; R).

(a) The long exact cohomology sequence of the pair (D(£),S(§)) is isomorphic
to the (cohomological) Gysin sequence

S HYXGR) 2 gt (X R) T HIT(S(€); R) —s HY(X:R) - ... .

(b) The long exact homology sequence of the same pair is isomorphic to the
(homological) Gysin sequence

o Hipy (X3 R) — Hosi(S(€); R) ™ Hoyo(X:R) "8 Hi(XR) - ... .
PRrROOF.
H'(X)

/*&w

H#=1(S(€)) —— HI(D(€)) ——— H*+(X) ——— H*7(5(€))

_UU§ - SSTZJJT‘-*

H#=1(S(€)) —s HH7(D(€), S(€)) —— H+™(D(€)) —— H*"(S(€))
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4.8. Cohomology of BU(n)

Consider the linear action of U(n) on S?"~1 = S(C"). The subgroup U(n — 1)
fixes the last unit vector e,, = (0,...,0,1), so that

Un)/U(n—1) = §27~1
A-Un—1)+— Ae,.

Hence we have an equivalence

BU(n—1)=EU(n—1)/U(n—1) = EU(n)/U(n—1)
= EU(n) Xym) Un)/U(n —1) = EU(n) Xy 2=l — §(4™)
where 7" = ¢ is the tautological C™-bundle over BU(n) ~ Gr,,(C>). The inclu-
sion ¢: BU(n — 1) — BU(n) corresponds to the projection w: S(y™) — BU(n).
The underlying R?"-bundle of the C"-bundle 7" is canonically Z-oriented, so
we have a long exact Gysin sequence
S HBU®) 29V B+ BU(n) s HYBU(n—1) — H'BU(n) — ... .
Note that ¢* is an isomorphism for ¢ + 2n < 2n — 2, i.e., for i < —2.
DEFINITION 4.8.1. Suppose, by induction on n > 1, that the Chern classes
cx € H¥*¥(BU(n —1);Z)
have been defined for 1 < k < n. Then we define
cr, € H*(BU(n); Z)
for 1 < k < n by the condition ¢*(c) = ¢x. Finally, we define
¢, € H*(BU(n);7Z)

to be equal to the Euler class e(y") of the canonically oriented R?"-bundle under-
lying the tautological C™-bundle over BU(n).

PROPOSITION 4.8.2.
Zlcy,. .. cn) — H*BU(n).

PROOF. Assume, by induction, that Z[cy,...,cnp—1] =2 H*BU(n—1). Then the
ring homomorphism ¢* is surjective, so the Gysin sequence breaks up into a short
exact sequence

0— H*"2"BU(n) -2 H*BU(n) - H*BU(n — 1) = 0.
It follows by induction on degrees that this is isomorphic to

0= X2Zlct,. .. cn] -5 Zle, ... en] — Zlcry ...y cn1] = 0.

PROPOSITION 4.8.3.
gfl H*BU(n) — Z[y1, - - - ,yn]E”
ek > k(Y15 Yn)

maps ci to the k-th elementary symmetric polynomial

ek(yla"'ayn): Z Yiy »Yiy, -

1<i; < <ipg<n
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PRrROOF. For 1 < k < n this follows by induction, since

H*BU(TI,) 471) Z[yla R yn]xn

L*J J{yn —0
Tk
tn—1

H*BU(n—1) "= Z[y1,...,yn-1]""

commutes and the right hand vertical map is an isomorphism below degree 2n,
sending e (y1,...,Yn) to ex(y1,...,yn—1) for each 1 < k < n. It remains to prove
that

(cn) =y1-Yn =y X --- xy € H*(BU(1)™)>" .
It suffices to prove that that
ir(cn)=yx---xye€H(BU)").

This follows from ¢, = e(v"), i}

5 (y") = 4! x -+ x 4! and the product formula for
the Euler class:

in(cn) = ine(y") = elipy™) = e(y' x - x 41

Theorem follows, in view of Theorem
REMARK 4.8.4. At this point, we have available the “splitting principle” for

characteristic classes of complex vector bundles. To prove a statement about a natu-
ral class ¢(§) € H*(X; R) for a C"-bundle over X, it suffices by naturality to handle
the case of ¢ = ¢(y") € H*(BU(n); R). To verify an identity in H*(BU(n); R) it
suffices to verify it after applying the injective ring homomorphism
i%: B (BU(n); ) — H*(BU(1)"; R) = Rly, ..,y
Hence it suffices to check the condition for ¢(€) = i (c) in the case of
E=in(Y") =7 xxyl =priyt @ @pry
which is a Whitney sum of n complex line bundles over BU(1)™ ~ (CP*>°)™. Hence

we may effectively assume that £ splits as a direct sum of line bundles.

For a C™bundle & we set ¢p(§) = 1 and ¢x(§) = 0 for k > n, and write
c(§) = D> > ck(§) for the total Chern class of {. The Whitney sum formula for
Chern classes follows.

THEOREM 4.8.5. Let & and n be complex vector bundles over X. Then
c@n) =Y al€)Uen) e H*(X)
itj
Hence
c(@n) =c()Uecln) € H(X).
Proor. By naturality, it suffices to prove that

(" x v = 3 @) x cx(y™) € H*(BU(n) x BU(m)).
i+j=k
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This can be verified using the injectivity of ¢} : H*BU(n) — H*BU(1)™ for all n,
i.e., by the splitting principle. The diagram

Tn Xim

BU(1)" x BU(1)™ X% BU(n) x BU(m)

gl J“
in«#wn

BU(1)™m — " BU(n +m)

commutes, where the right hand vertical map pp m = ui‘im is induced by the block
sum inclusion U(n) x U(m) — U(n+ m) mapping (A, B) to (4 %), and represents
the external direct sum 7™ x v™. Then

(in X im) cp(Y" x4™) = i’tL—'rka =er(Y1,- - Yntm)
and
(in X im)" Z ci(y") x ¢;(v"™) = Z inCi X i Cj
i+ji=k itj=k
= > e, tn) X € (Unstse s Yngm) -
i+i=k

The claim thus follows from the identity
6k(y15 ce- ayn+m) = Z ei(yh s »yn)ej(yn+1v s 7yn+m)
itj=k
in Z[y17"'7ynvyn+1;--'ayn—‘rm]' d

As in Milnor’s lemma on the Cartan formula for the Steenrod operations, we can
express the Whitney sum formula for Chern classes as a coproduct homomorphism.

COROLLARY 4.8.6. i m: BU(n) x BU(m) — BU(n + m) induces
P H*BU(n +m) — H*(BU(n) x BU(m)) = H*BU(n) @ H*BU(m)
Cp ——> Z C; ¢y
i+j=k

EXAMPLE 4.8.7. Let 7cpn, . and €' be the tangent bundle, tautological line
bundle and trivial line bundle over CP", respectively. Let v* = Hom(v},€!) be
the linear dual of the tautological line bundle. There is a canonical short exact of
complex vector bundles

0 — e — Hom(y},e"™) — 7cpn — 0,
so that 7cpn @ €' = (n + 1)7*. Hence the total Chern classes satisfy
c(repn) = c(repr @ €') = c((n+ 1)y") = c(y)" ™

in H*(CP") = Z[y]/(y™*!). With the convention ¢1(v}) = y we have ¢;(v*) = —y
and c(y*) = 1—y, so that c(rcpn) = (1—y)" " = 1+(n+1)(—y)+- - -+ (n+1)(—y)".

Hence
atrern) = ("7 ) 0y

for 1 < i < n. In particular, ((—y)", [CP™"]) = 1 with this convention. For this
reason, many authors change the sign of y, so that y = ¢1(v*), c(rcpn) = (1 + y)"
and ¢;(rcpn) = ("T)yl.
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4.9. Cohomology of BO(n)

Consider the linear action of O(n) on "~ = S(R"). The subgroup O(n — 1)
fixes the last unit vector e, = (0,...,0,1), so that
O(n)/O(n — 1) = 1
A-On—1)— Ae,.
Hence we have an equivalence
BO(n —1) = EO(n —1)/O(n — 1) = EO(n)/O(n — 1)
=~ EO(n) Xo(m) O(n)/O(n—1) = EO(n) xo@m S" " = S(v")
where v = 4 is the tautological R"-bundle over BO(n) =~ Gr,(R*°). The inclu-
sion ¢: BO(n — 1) — BO(n) corresponds to the projection w: S(y™) — BO(n).

The R™-bundle 4™ is canonically Fa-oriented, so we have a long exact Gysin
sequence

S HY(BO(n):Fa) ~ 297 Hi+n(BO(n): Fy)

L HH(BO(n — 1);Fy) — HTH(BO(n);Fa) — ... .
Note that ¢* is an isomorphism for ¢ +n <n — 2, i.e., for i < —2.

REMARK 4.9.1. At this point, an argument is needed for why +*: H"~1(BO(n); F2) —
H"1(BO(n — 1);F3) is an isomorphism, in the case corresponding to i = —1 in
the Gysin sequence above. It is clearly injective, and by exactness, surjectivity
is equivalent to knowing that (") # 0 in H"(BO(n);F2). Milnor and Stasheff
[MS74] resolve this by directly constructing the classes wy, € H*(BO(n);Fs) using
Thom’s formula _

wy = 0,1 (Sq"(Ug)) € H*"(Th(£); F2)
in the universal case £ = 4™, and checking that t*(wy) = wy, for all 1 < k < n.
((ETC: We omit to discus this in more detail.))

DEFINITION 4.9.2. Suppose, by induction on n > 1, that the Stiefel-Whitney
classes
wy € H*(BO(n — 1);Fy)
have been defined for 1 < k < n. Then we define
wy, € H*(BO(n); Fy)
for 1 < k < n by the condition ¢*(wy) = wy. Finally, we define
wy, € H*(BO(n); Fa)

to be equal to the Fa-valued Euler class é(y™) associated to the canonical Fa-
orientation of ™.

PRrOPOSITION 4.9.3.
Folwy, ... ,w,] —> H*BO(n).

PROOF. Assume, by induction, that Falws,...,w,—1] =2 H*BO(n — 1). Then
the ring homomorphism ¢* is surjective, so the Gysin sequence breaks up into a
short exact sequence

0 — H*"BO(n) % H*BO(n) ~— H*BO(n — 1) — 0.



64 4. CHARACTERISTIC CLASSES

It follows by induction on degrees that this is isomorphic to

0— Z"Fg[wl,...,wn] MFQ[wl,...,wn] —>F2[w1,.. .,wn_l} — 0.

PRrROPOSITION 4.9.4.
57*1 H*BO(n) — Faxy,... ,xn]x"
wi — e (X1, ..., Ty)
maps wy, to the k-th elementary symmetric polynomial
ep(T1,...,xn) = Z Ty + v Ty, -
1<ip <+ <ip<n

PRrROOF. For 1 < k < n this follows by induction, since

H*BO(n) —=—— Faa1,. .., x0]""
T
H*BO(n—1) g) Folzy,. .., 2n_1]5n 1
commutes and the right hand vertical map is an isomorphism below degree n,
sending ey (z1,...,Ty) to ex(z1,...,2n—1) for each 1 < k < n. It remains to prove
that

in(wn) =21 @y = X -+ xx € H(BO(1)")™"
It suffices to prove that that
in(wy) =a x - x x € H(BO(1)").

This follows from w,, = &(y"), i%(y") = 4! x --- x 4! and the product formula for
the Euler class:

Theorem follows, in view of Theorem

For a R"-bundle £ we set wo(§) = 1 and wg(§) = 0 for k& > n, and write
w(§) = D o wi(§) for the total Stiefel-Whitney class of &.

The Whitney sum formula for Stiefel-Whitney classes follows.

THEOREM 4.9.5. Let & and n be real vector bundles over X. Then

we(§Bn) = wi(€) Uw;(n) € H*(X;Fy)
i+j
Hence
w(®n) =w(§)Vw(n) € H*(X;F,).
PROOF. By naturality, it suffices to prove that

w7 x 3" = 3 wiy™) x wi(y™) € HE(BO(n) x BO(m);Fy)
iti=k
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This can be verified using the injectivity of i¥ : H*(BO(n);F2) — H*(BO(1)™; F2)
for all n, i.e., by the splitting principle. The diagram

In Xlm

BO(1)" x BO(1)™ BO(n) x BO(m)

:J Jm

BO(1)"™ — " BO(n + m)

commutes, where the right hand vertical map i, m = g ,, is induced by the block
sum inclusion O(n) x O(m) — O(n+ m) mapping (A, B) to (4 %), and represents
the external direct sum 4™ x ™. Then

(in X i) we(Y" X Y™) =i f Wk = €x(Z1, - . Tpgm)
and
(in X i) Z wi(y") x w;(y™) = Z Wi X T Wj
i+ji=k itj=k
= Z ei(x1, ..., Tn) X € (Tnt1,y. s Trgm) -
itj=k

The claim thus follows from the identity
er(T1, .., Tngm) = Z ei(1, ., Zn)ej (Tngi, - s Tngm)
i+j=k
in Folxy, ..., Tny Tty - v Togm)- O
As in Milnor’s lemma on the Cartan formula for the Steenrod operations, we

can express the Whitney sum formula for Stiefel-Whitney classes as a coproduct
homomorphism.

COROLLARY 4.9.6. ppm: BO(n) x BO(m) — BO(n + m) induces
o s H*BO(n +m) — H*(BO(n) x BO(m)) = H*BO(n) ® H*BO(m)
W —> Z w; @ Wy .
itj=k

EXAMPLE 4.9.7. Let Tgpn, . and € be the tangent bundle, tautological line
bundle and trivial line bundle over RP", respectively. Let v* = Hom(v., ¢!) be the
linear dual of the tautological line bundle, which in this (real) case is isomorphic
to L. There is a canonical short exact of real vector bundles

n+1)

1 1
0 — ¢ — Hom(vy,,€ — Trpn — 0,

so that 7gpn @ €' = (n + 1)7*. Hence the total Stiefel-Whitney classes satisfy

U/(T]an) = ’lU(Tan b 61) — 'lU((’rL + 1)'}’*) _ w(/y*)n-i—l

in H*(RP™;Fy) = Falx]/(z"*1). Here wi(y}l) = wi(y*) = z, so that w(tgpn) =
1+2)"t=1+m+1Dz+- -+ (n+1)a". Hence
n+1\ ;
wi(Tan) = i x

for 1 < i < n, read modulo 2.
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4.10. (Co-)homology of BO and BU as a bipolynomial bialgebras

DEFINITION 4.10.1. Let

0=Jom)
U=Jum)

be the infinite rank orthogonal and unitary groups. Their classifying spaces are
BO =~ Gro (R*) = colim Gr,, (R*)
n
BU =~ Gro(C*) = colim Gr,, (C*).

The maps fy,,, induce pairings

BO x BO =~ colim Gr,,(R>®) x Gr,,(R*®) - colim Gr,, 4 (R® @ R®) ~ BO

n,m n,m
and

BU x BU = colim Gr,,(C*°) x Gr,,(C>®) - colim Gr,, ;,,(C>® & C®) ~ BU ,

which are unital, associative and commutative up to homotopy. ((ETC: These
define E, structures on BO and BU, in these sense of spaces with operad actions.))

THEOREM 4.10.2. H*(BO;F3) = Falwy | k > 1] is a bicommutative Fo-
bialgebra with coproduct ¥ = u* given by

Ylwp) = Y wi ®w
i+j=k
where wy = 1.

THEOREM 4.10.3. H*BU = Z[ci, | k > 1] is a bicommutative Z-bialgebra with
coproduct ¥ = p* given by

dle) = Y c®e
ii=k

where ¢ = 1.

PRrOOF. This follows by a passage to limits from the results for H*BU(n),
since

H*BU = lim H* BU (n)
n
maps isomorphically to H*BU (n) for x < 2n + 1. O

DEFINITION 4.10.4. Let ay € Hi(BO(1);F3) be dual to 2% € H*(BO(1);F»),
and let By € Hop(BU(1);Z) be dual to y* € H**(BU(1);Fy), so that

H,(BO(1);F2) = Fao{ay [ k > 0}
H.(BU(1);Z) = Z{Bk | k = 0} .
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Let ar = wx(ag) € Hp(BO;F3) be the image of ag, and let by = 1. (Br) €
Hs,(BU;Z) be the image of S, under the homomorphisms

ts: Hp(BO(1);Fy) — Hy(BO;TFs)
ap — ag
Lot Hy(BU(1):Z) — Hy(BU;Z)
Br — by,
induced by ¢: BO(1) — BO and v: BU(1) — BU, respectively.
The corresponding results in homology follow by (non-trivial) algebraic dual-

ization. See [Mil60, §3], [Liu62} §3], [MS74} §16] and [MP12, Thm. 21.4.3] for
expositions of this classical result. Note that

A(ag) = Z o ® oy
i+j=k
A (Br) = Z Bi ® B;
i+j=k
in H,(BO(1);Fq) and H,(BU(1);Z), respectively, where A: X — X x X generically

denotes the diagonal map.

THEOREM 4.10.5. H.(BO;Fs) = Fslay | k > 1] is a bipolynomial Fo-bialgebra
with coproduct 1 = A, given by
blar) = Y a®a
i+j=k
where ag = 1. Here (wf,ar) = 1, while (w! ax) = 0 for any other monomial
wl =wit - wy of Stiefel-Whitney classes.
THEOREM 4.10.6. H.BU = Z[b;, | k > 1] is a bipolynomial Z-bialgebra with
coproduct 1 = A, given by
Y(be) = Y b @b
itj=k
where by = 1. Here ek, b) = 1, while (c!,by) = 0 for any other monomial ¢! =
et ¢yt of Chern classes.
Here a “bipolynomial” bialgebra B means one such that both the underlying

algebra B and the dual BY of the underlying coalgebra are polynomial algebras.
In particular, such B are bicommutative.

4.11. Symmetric functions

DEFINITION 4.11.1. For k > 1 let

pr= g =i+ b+ € Zllynwe,. ).
i>1
be the k-th formal power-sum series. It projects to the k-th power-sum symmetric
polynomial

k
Pe(Y1s - Yn) = Dy € Zlyr,... Y] = H*BU(n)
=1
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for each n, hence defines a class p, € H**BU.
THEOREM 4.11.2 (Girard (1629), Newton (1666)). p; = c1, p2 = ¢3 — 2co and
Pn =Pn-1€1 — Pp—2c2 + -+ + (=1)"p1ep—1 — (=1)"nc, .

By a partition of k¥ we mean an unordered sequence T = {t1,...,t,} of positive
integers with t; +--- +t, = k.

DEFINITION 4.11.3. Two monomials in y1, 2, ... are equivalent if some permu-
tation of these variables takes one to the other. For any partition T' = {t1,...,t,}
let

pr=7) 4"y € H'BU
be the (formal) sum of all monomials that are equivalent to y!" - - - y». For example,

ey = pr and pyy, 1y = cx (where {1,...,1} has k copies of 1).

The classes pr give a Z-basis for H*BU, different from that given by the
monomials ¢! in the Chern classes.

LEMMA 4.11.4.
H*BU =Z{pr | T any partition} .
The concatenation of two partitions R = {ry,...,r¢} and S = {s1,...,8m} is
the partition RS = {ry,...,7¢,81,...,8m}.
LEMMA 4.11.5 (Thom, [MS74| Lem. 16.2]). For any partition T,

U(pr) = Y PR®Ds

RS=T

in H*BU ® H*BU, where the sum ranges over all pairs (R,S) of partitions with
concatenation T'.

ProoOF. Given T' = {t1,...,t,} we can detect ¢(pr) in H*BU (n)® H*BU (n),
hence also in H*BU(1)" @ H*BU (1)".

H*BU v H*BU ® H*BU

| |

22
H*BU(2n) —"— H*BU(n) ® H*BU(n)

227[ Iln®ln

~

Z[?/17~-~7y2n] ;>Z[y177yn] ®Z[yn+17' --aan} .

Any monomial in yq, ..., y2, that is equivalent to yil -+ yln corresponds under the
lower isomorphism to the tensor product of a monomial equivalent to y;* - - - 3,* and
a monomial equivalent to y;' | - - - yop', where R = {ry,...,r;}and S = {s1,...,5,}

range over all possible partitions with RS = T. Hence pr = > ps_7Pr®@ps. O
A class z € C in a coalgebra is primitive if ¥(z) =2 ® 1+ 1® z.
COROLLARY 4.11.6. The coalgebra primitives in H*BU are
Zipk | k = 1}.
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PROOF. The partition {k} can only be written as the concatenation of {k} and
{}, in either order. O

((ETC: We may discuss coalgebra primitives, and the dual notion of algebra
indecomposables, in more detail later, perhaps in the context of Tor; and Ext'.))

ProOOF OF THEOREM [£.10.6l The monomial basis {pr | T any partition} for
H*BU determines a dual basis {py. | T any partition} for (H*BU)". The coprod-
uct from Lemma dualizes to the product

Pk Ps =Dhs -

Hence

PT =P} Plray
for T'= {t1,...,t,}, and the p! = pf{/k} freely generate (H*BU)Y as a (graded)
commutative ring (= Z-algebra). In other words

ZlpY | k > 1) = (H*BU)" = H,BU .

In fact, p) = by. This follows from the calculation
1 if T ={k},
0 otherwise,

(pr,bi) = (pr, 1+ (Br)) = (pr, Br) = {

where t*pr = 0 if n > 2, and +*pr = y* if n = 1. The formula for +(by) follows by

naturality for the one for ¥ (). O
REMARK 4.11.7. To each finite sequence I = (iy,...,%) of non-negative in-
tegers we assign the partition R = {ry,...,7,} where u occurs i, times, for each

1 < wu < ¢. This gives a bijective correspondence. For example, I = (0,...,0,1)
(with 1 in the k-th position) corresponds to the partition T = (k), and I = (k)
corresponds to the partition T'= {1,...,1} (with k copies of 1). If I corresponds to
R, J corresponds to S and K = [+ J is the coordinatewise sum of finite sequences,
then K corresponds to the concatenation T'= R.S.






CHAPTER 5

Topological K-theory

See |Ati67], [Hus66|, Part IT], [May99, Ch. 24] and Hatcher (2003).

5.1. The Grothendieck group of vector bundles
We work in the category U of unbased topological spaces.
DEFINITION 5.1.1. For a connected CW complex X let
Vect(X) = H Vect, (X)
n>0
be the set of isomorphism classes of (real or complex) finite-dimensional vector
bundles over X. (There is also a story for quaternionic bundles, which we mostly
omit to discuss.) Then
Vect™(X) = [X, [ BO()]
n>0
Vect®(X) = [X, [] BU(n)].
n>0
For non-connected X we take the right hand side as the definition of Vect(X). This

is the set of isomorphism classes of (real or complex) vector bundles over X, where
the fiber dimension is allowed to vary between the components of X. Let

V= HBO(n) or V= HBU(n)
n>0 n>0

according to the case.
The Whitney sum of vector bundles defines a pairing
@: Vect(X) x Vect(X) — Vect(X),

written additively, making Vect(X) a commutative monoid (= group without neg-
atives). The neutral element is the class of the 0-dimensional bundle. This pairing
is induced by a unital, associative and homotopy commutative map

p: VXV -—V

where u® =11, . 1 -
The tensor product of vector bundles defines another pairing
®: Vect(X) x Vect(X) — Vect(X),

written multiplicatively, making Vect(X) a commutative semiring (= ring without
negatives). The neutral element is the class of the trivial 1-dimensional bundle.
This pairing is induced by a unital, associative and homotopy commutative map

pe:VxVv-—V

71
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where 4 =[], ,, #7,,. The homotopy multiplication u® distributes over u® up
to homotopy, making V' a commutative ring space up to homotopy.

There is a theory of E, spaces, and F, ring spaces, where coherent choices of
these commuting homotopies have been made. These were said to be “homotopy
everything”, and the E stands for “everything”. Calling these F., semiring spaces
might have been more consistent. The F., (ring) spaces admitting additive inverses
up to homotopy are usually said to be grouplike. See work by Boardman—Vogt
and May.

Calculations in commutative monoids or semirings are simplified by the intro-
duction of additive inverses, turning these into abelian groups or rings. This idea
was introduced by Grothendieck (1957) in the context of algebraic vector bundles,
for his generalization of the (Hirzebruch—)Riemann-Roch theorem. The idea was
adapted to topological vector bundles by Atiyah-Hirzebruch [AH59].

Let CMon and Ab denote the categories of commutative monoids and abelian
groups, respectively.

LEMMA 5.1.2. The full inclusion Ab — CMon has a left adjoint

(=)9: CMon — Ab
M — M

called group completion, or the Grothendieck construction. The adjunction unit
t: M — M9P
is the initial monoid homomorphism from M to an abelian group.

PROOF.
MIP = (M x M)/ ~

where (a,b) ~ (c,d) if there exists an e € M with a+d+e =b+c+e. We
formally write @ — b for the class [a,b] of (a,b). The adjunction unit maps a to
a—0=]a,0]. O

The group completion R of a commutative semi-ring R is a commutative ring,
with product [a,b] - [¢c,d] = [ac + bd, ad + bc].

DEFINITION 5.1.3. For a finite CW complex X let
KO(X) = Vect®(X)9?
KU(X) = Vect®(X)9P

be the commutative ring of virtual (real or complex) vector bundles over X. We
write £ —n = [£,n] for the formal difference between (the classes of) £ and 7.

Many authors write K in place of KU; I prefer to reserve K for algebraic
K-theory.

EXAMPLE 5.1.4. If X = % is a single point then Vect(x) = Ny via the vector
space dimension, and KO(x) = Z and KU (x) = Z.

EXAMPLE 5.1.5. When X = $? = CP!, we have

1%

0 forn=0
Vect®(S?) = [S2, BU(n)| & mU ’
ect,, (57) = [S%, BU(n)] = mU(n) {Z forn > 1,
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so that
Vect®($%) = {0} u [] .
n>1
For n = 1 we use that U(1) = S'. The claim for n > 2 follows by induction, using
the exact sequence
7T252n71 — 7r1U(n — ].) — 7T1U(7’L) — 7T1.S2n71 .

A generator for Vectt(CP') 2 Z is the class of the Hopf line bundle ] = ~!|CP*.
Hence VectS(CP') is generated by 4] + (n — 1) for each n > 1. It follows that

KU(S?) =~ HZgZxZ.
neZ

is freely generated by the classes of v and 1 = €.
PROPOSITION 5.1.6. KU(S?) = Z[u]/(u?) where u = v} — 1.

PROOF. Additively, KU(S%) = Z{1,7}} = Z{1,u} with u € KU(S?). Cup
products of reduced classes vanish in the (cohomology and) K-theory of any sus-
pension, since

§% 55 8% x 82 %5 52 A 52

2 = wUwu = 0. Alternatively, one can construct an isomor-

is nullhomotopic, so u

phism
NOEN =N @Y @

of C2-bundles over S?. O

LEMMA 5.1.7. Let X be a finite CW complex. For each vector bundle n over X
there exists a vector bundle ¢ over X such that n ® ( is trivial.

PROOF. Suppose X is connected and n = dim(n). We discuss the complex
case. The classifying map f: X — BU(n) ~ Gr,(C>) for n, for which f*(y™) =
n, factors through Gr, (C"*™) for some finite m. The tautological bundle ~7,
over Gr,(C"*™) is a subbundle of the trivial C*™ bundle, hence has a unitary

complement (2, ,,.)*. Let ¢ = f* (7)) O

LEMMA 5.1.8. Let X be a finite CW complex. FEach element of KO(X) or
KU(X) has the form & — k for some £ € Vect(X) and k > 0. Moreover, £ — k is
equal to n — £ if and only if €+ 0+ m =n+ k+m for some m > 0.

PRrROOF. Here k denotes the class of the trivial bundle €*. The virtual bundle
E—nisequal to (§+¢)— (n+m)if n@ ¢ = "™, Similarly, E+ 0+ Xn+k+C
for some ( if and only if & + ¢ 4+ m = n+ k + m for some m > 0. (]

COROLLARY 5.1.9. Let X be a finite CW complex. The group completion
t: Vect(X) = Vect(X)9% = KO(X) or KU(X) equals the localization that inverts
the stabilization & — £ + 1:

colim (Vect(X) RN Vect(X) R ) 2 Vect(X)97 .

Recall the notation V =[], -, BO(n) or [],~, BU(n). The stabilization £ —
£ + 1 is represented by the map B

v: v =[] Bom) & T Botm +1) = [] BOm) ¢ [] Bom) =V

n>0 n>0 n>1 n>0
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or its complex analogue.
DEFINITION 5.1.10. Let Z x BO or Z x BU be the (homotopy) colimit
colim (V —=» V -5 ...).
The structural maps
vV =]]BO(n) — Zx BO
n>0
V=][BU(n) —ZxBU
n>0
are given on the n-th summands by the inclusions BO(n) C BO and BU(n) C BU.
The maps u®: VxV — Vand u®: V xV — V extend to maps making Z x BO and

Z x BU grouplike commutative ring spaces up to homotopy, and these structures
can be made E,, coherent.

PROPOSITION 5.1.11. There are natural isomorphisms of commutative rings
KO(X) ¢ [X,Z x BO|
KU(X) 2 [X,Z x BU]
for all finite CW complexes X .

When X is infinite, we shall hereafter take this as the definition of KO(X) and
KU(X). This is called represented K-theory.

REMARK 5.1.12. Using the Atiyah—Hirzebruch spectral sequence, we will ex-
tend Proposition to calculate that

KU(CP™) 2 Z[t]/(t"") and  KU(CP>)=Z[[],
where t = 4! — 1.

((ETC: Could also define or describe Z x BO as QBgV where BgV denotes
the bar construction on V' =[], ., BO(n) with the additive topological monoid
structure given by u®: V x V — V. Likewise in the complex case. This uses the
group completion theorems of Segal and McDuff.))

ProrosITION 5.1.13.
7«(Z x BU) = (Z,0,72,0,Z,...)
m(Z x BO) = (Z,2/2,7/2,0,...)
m(Z x BSp) = (Z,0,0,0,Z,...).

PRrROOF. Since BU is connected, we have mo(Z x BU) = Z and m;(Z x BU)
7;_1U for i > 1. The map S' =2 U(1) — U is 2-connected, so moU = 0, mU =
and U = 0. The fiber sequence SU — U — U(1) admits a section, and S3
SU(2) — SU is 4-connected, so m3U = Z.

Since BO is connected, we have mo(Z x BU) = Z and m;(Z x BO) = m;_1 0 for
i > 1. The map O(3) — O is 2-connected. The fiber sequence SO(3) — O(3) —
O(1) admits a section, and the universal cover S® =2 Spin(3) — SO(3) is a double
covering, so moO = Z/2, 11O = Z/2 and 730 = 0.

Since BSp is connected, we have mo(Z x BSp) = Z and 7;(Z x BSp) = w;_1.Sp
for i > 1. The map S® = Sp(1) — Sp is 6-connected, so mSp = 0, 1. Sp = 0,
moSp = 0 and 73.5p = Z. O

RN IR
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The calculation of the homomorphisms
7= 71'30(3) — 730(4) — 7T30(5) = 71'30
is interesting; see [Ste51, §23].

5.2. Bott periodicity

A first glimpse of chromatic periodicity, beyond algebra, is given by the Bott
periodicity theorem [Bot57]. In its complex version this is a homotopy equivalence

U~ QU
while in its real and symplectic version it is a pair of homotopy equivalences
O~ Q4Sp and Sp~Q10,
which combine to homotopy equivalences
0 ~0%0 and Sp~Q8Sp.
Here is a more definite formulation, in terms of K-theory.

THEOREM 5.2.1 (Bott periodicity). The external tensor product induces iso-
morphisms

&: KU(X)® KU(5%) — KU(X x $?)
&: KO(X)® KO(S%) — KO(X x §%).
For based spaces X we define the reduced K-groups by
KU(X) = ker(KU(X) — KU(x))
KO(X) = ker(KO(X) — KO(x)) .
Then KU(X) = Z & KU(X), KU(S?) 2 Z® KU(S?) and KU(X x $?)
7o KU(X)® KU(S?) @ KU(X A S?), since the cofiber sequence
XVS — X x5 —XAS?

Il

splits after a single suspension. Hence we can rewrite the periodicity theorem as
follows.

THEOREM 5.2.2. The reduced external tensor product induces isomorphisms
&: KU(X)® KU(S?) = KU(X A S?)
®: KO(X)® KO(5%) — KO(X A S®).

Recall that KU(S2) = KU(CP') = Z{1,~}}, so that KU(S?) = Z{~} — 1}.
(There are similar results for KO(S®).)

DEFINITION 5.2.3. Let u = 4} =1 € KU(S%) = Z and B € KO(S®) ~ Z
denote generators.

THEOREM 5.2.4. Product with the generators u € I/(T](SQ) and B € I/(VO(SS)
induces isomorphisms

u: I?(j(X) =
B: KO(X) =

(22X)
(Z8X).

3l &l
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Working in based spaces, we have I/(TJ(X) = [X,Z x BU] and I/(VO(X) =
[X,Z x BO], so the theorem asserts that there are natural isomorphisms
u: [X,Z x BU] — [%2X,Z x BU|
B: [X,Z x BO] — [£*X,Z x BO).
The right hand sides are [X,Q%(Z x BU)] and [X,Q8(Z x BO)], so yet another

reformulation of Bott’s theorem is that multiplication with w: 2 — Z x BU and
B: S8 — Z x BO induce (weak) homotopy equivalences

u: Z x BU =5 Q*(Z x BU)
B: 7 x BO = Q¥%Z x BO).

Their left adjoints are the composites

a: (Z x BU) A S® X% (Z x BU) A (Z x BU) “5 7 x BU

8 1IAB u®
B: (Z x BO)AS® — (Z x BO) A (Z x BO) — Z x BO.
Since Q(Z x BU) = QBU ~ U it suffices to prove that Z x BU ~ QU. Here
mU = Z and the universal cover of U is SU = colim,, SU(n) where
SU(n) ={Ae€U(n)|det(4) =1},
so the key point in the complex case is to prove that BU ~ QSU. This is what
Bott originally proved.

DEFINITION 5.2.5. Let

eiﬂt[ 0
D(t) = ( 0 " eiﬂ'tln)

for t € [0,1] define a path in SU(2n) from I3, to —Iz,. Let
U(2n)
U(n) x U(n)
[Cl— (t— [C,D(t)] = CD#)C~'D(t)~")
map C' € U(2n) to the indicated loop in SU(2n). If C = (4 %) then C and D(t)
commute, so the loop u,(C) only depends on the coset [C] of C in U(2n)/(U(n) x

U(n)). The identification with Gr,(C?") takes C to C{Cey,...,Ce,} C C?". The
maps u, and u,4; are compatible under suitable stabilization maps.

THEOREM 5.2.6 (Bott). The map u,: Gr,(C*) — QSU(2n) is (2n + 1)-
connected. Hence

Up: Gr, (C*) = — QSU(2n)

u: BU ~ Groo (C®) = QSU

is a (weak) homotopy equivalence. Hence

Z x BU fori even,

OYZ x BU) =~
(Z ) {U for i odd.

Raoul Bott’s original proof [Bot59] is an application of Morse theory for the
energy functional on a space of piecewise smooth paths in SU(2n). The critical
points are given by geodesic curves. This gives a cell complex of the homotopy type
of that space of loops, containing Gr, (C?") as a subcomplex, with all remaining
cells of dimensions * > 2n + 2. John Milnor’s exposition [Mil63] is recommended.
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The loop space QSU has the homotopy type of a CW complex by |[Mil59|, so u is
in fact a homotopy equivalence.

A purely homological proof of Bott’s theorem, due to John Moore, was pre-
sented by Henri Cartan in his 1959-1960 seminar. Recall that H.BU = Z[by | k >
1] is a polynomial algebra on degree |b| = 2k generators. Moreover H,SU = A(ey, |
k > 1) is a primitively generated exterior algebra on degree |ex| = 2k+1 generators,
cf. [Hat02| Prop. 3D.4]. The Eilenberg-Moore spectral sequence for the loop—path
fibration QSU — PSU — SU collapses at the E?-term Cotorf;SU (Z,7) = Z|wey, |
k > 1], with |wey| = 2k. A compatibility check then shows that BU — QSU is a ho-
mology isomorphism of 1-connected spaces, hence is a weak homotopy equivalence.
See also [MP12| §21.6].

A more analytic proof (for X compact) was given by Atiyah-Bott |[AB64],
cf. [Ati67, §2.3] and Hatcher (2003, §2.1). They view vector bundles over X x S
as being glued together from bundles E x Di — X X Di and E x D> — X x D%
along X x S*, where $? = D2 U D% and DI N D? = S*. The gluing is specified
by a continuous clutching function f that assigns to each (x,2) € X x S! a linear
automorphism of F,. By Fejér’s theorem one may replace f by a Cesaro mean g of
Fourier polynomial approximations, where g(z,z) = > a,(z)z" now is a Laurent
polynomial in z € S'. Linear algebra manipulations lets one reduce to the case
where g(x, z) = bo(z) + b1(2)z is linear in z. For such clutching functions there is a
canonical splitting of E as a sum of vector bundles over X, and this gives the two
components in K(X)® K(S?).

Mark Behrens [Beh02|, [Beh04] gave a proof of Bott periodicity using explicit
quasi-fibrations.

In the real case, the eight steps in the periodicity are as follows. We have
inclusions

O-5U— Sp
induced by R ¢ C C H and

Sp—U -0
induced by H =2 C? and C = R2. The homogeneous spaces U/O, Sp/U, U/Sp and
O/U are formed with respect to these inclusions.

THEOREM 5.2.7 (Bott). There are homotopy equivalences as in Figure ,
Hence

Z x BO fori=0 mod 8,
O fori=1 mod 8,
o/u fori=2 mod 8,
Q'(Z x BO) ~ U/Sp fori=3 mod 8,
Z x BSp fori=4 mod 8,
Sp fori=5 mod 8,
Sp/U fori=6 mod 8,
U/oO fori=7 mod 8.

COROLLARY 5.2.8. Fori >0
KU(S") = m,(Z x BU) = (Z,0,...)
repeats with period 2, so that
7 (Z x BU) = Z]u)
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7 x BO = Q(U/O)
U/O = Q(Sp/U)
Sp/U = QSp
Sp — Q(Z x BSp)
7 x BSp = Q(U/Sp)
U/Sp = Q(0O/U)
0/U = Q0
O = Q7 x BO).

FIGURE 5.1. Bott equivalences

with |u| = 2. Similarly,
KO(S") = m,(Z x BO) = (%,7,/2,7./2,0,7,0,0,0, ...)
repeats with period 8, so that
7.(Z x BO) = Z[n, A, B]/(2n,1,nA, A> = 4B)
with |n| =1, |A| =4 and |B| = 8.
Complexification ¢: Z — BO — Z x BU takes A to 2u? and B to u*, which
implies the relation A% = 4B.

5.3. The Chern character

A first glimpse of transchromatic phenomena, connecting different periodicities,
is given by the Chern character [Hir56, §10].

DEFINITION 5.3.1. For n > 0 let the Chern character
Pk
ch=n+>" o€ [1 22" (BU(x);Q)
k>1 E>1

be the characteristic class specified by

n

k n
ineh) =33 % =Y e’ €Qllys,. .-, yall.
' i=1

i=1 k>0
It is represented by a map
{n} x BU(n) < T] K(Q,2k).
E>1
LEMMA 5.3.2. Let & and n be complex vector bundles over X. Then
ch(§ ®n) = ch() + ch(n)
ch(§ ®@n) = ch(§) Uch(n),
so the Chern character extends to a natural ring homomorphism

KU(X) < T #(x;Q)
k>0
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represented by a map

z x BU - T[ K(Q,2k)
k>0
of ring spaces up to homotopy.

PROOF. We have ch(y™ x y™) = ch(y™) x 1 + 1 x ch(7™) in

[[ 2*(BU(®) x BU(m))
E>0

since i7" eV = 3L, e @ 1+ 1@ 30 e in
[T #(BU)™™5Q) = Qllys. - Y]
k>0

Hence ch(€ xn) = ch(§) x 1+ 1 x ch(n) by naturality, and ch(§®n) = ch(§) +ch(n)
by restriction to the diagonal.
(Recall that ¢1(§ ® 1) = ¢1(§) + ¢1(n).) For line bundles ¢ and 1 we have

ch(€®@n) = ec1(€emn) — gei(@+er(n) — ger(€) eerln — ch(€) U ch(n) .

By additivity of ch, the same formula holds for £ and 7 sums of line bundles, and
the general case then follows by the splitting principle. O

PROPOSITION 5.3.3. For X = 52", the Chern character
ch: KU(S™) — [] H*(5*"; Q)
E>1
maps ﬁ(SZ") = Z{u"} isomorphically to Z{12,} = H*"(S*";Z) C H*"(S*";Q).
Hence the n-th Chern class
cn: KU(S?) — H?™ (5" Z)

maps u™ to (n — 1)! times a generator.

PROOF. When n = 1, KU(S2) = Z{u} where u = 4} — 1, c1(4}) = 15 €
H?%(S?;Z) and ¢1(1) = 0, so ch(u) = ch(yi) —ch(1) = €2 — 1 = 15. The cases n > 2
follow by multiplicativity of the Chern character. By the Girard—Newton formula

n!-ch=p, =—(-1)"n-c, € H"(S*"; Z)

so n - ¢, (u™) is n! times a generator, as claimed. O

An almost complex structure on a smooth manifold M is a complex vector
bundle structure on its tangent bundle 7,;. The dimension of M must obviously
be even. It is classical that S? = CP! and S, but not S*, admit almost complex
structures. Borel-Serre (1953) showed that there are no further examples. It is a
famous open problem whether S admits a complex structure.

THEOREM 5.3.4 (|BS53, Prop. 15.1]). S*" cannot admit an almost complex
structure if n > 4.

PrOOF. We have
(e(Ts2n), [S%"]) = x(5°") = 2.
If 7g2n = ng is the underlying real vector bundle of a complex vector bundle 7, then
e(Tg2n) = £en(n), so
{en(n), [S7"]) = £2.
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But ¢, () is a multiple of ¢, (u™), hence is divisible by (n —1)!, so this is impossible
if n>4. O

PROPOSITION 5.3.5. The Chern character induces an isomorphism
KUX)®Q — [[ H*(X;Q)
k>0
for all finite CW complexes X .
SKETCH PROOF. This follows from the fact that the ring homomorphism
m.(ch): m(Z x BU) = Z[u] — m.(] [ K(Q,2k)) = Q{ear | k > 0}
k>0

induces an isomorphism upon rationalization, i.e., after tensoring with Q. (]

REMARK 5.3.6. It follows by a passage to limits that the map 4,,: BU(1)" —
BU(n) induces an injective homomorphism
KU(BU(n)) — KU(BU(1)")
for each n, leading to a splitting principle also for topological K-theory.

REMARK 5.3.7. For each prime p, the first Morava K-theory, K (1), captures
the mod p behavior of KU, which is not seen by the Chern character.

5.4. Topological K-theory spectra

Working in the category 7 of based spaces, we can define the negative half of
a reduced cohomology theory KU (X) by setting

KU "(X)=KU(X"X) = [S"X,Z x KU] = [X,Q™(Z x KU))

for all m > 0 and spaces X. By the Bott periodicity theorem, this functor only
depends on m mod 2, hence can be extended periodically to a full cohomology
theory, as follows.

DEFINITION 5.4.1. For based spaces X, let
I/(T]n(X) _ [X,Z x BU] for n even,
[X, U] for n odd,

where n ranges over all integers. This defines a contravariant homotopy functor,
called the reduced complex K-theory, or K-cohomology, of X. There are suspension
isomorphisms
—n ——n+1
o: KU (X)2 KU (ZX)

given by the Bott equivalence

[X,Z x BU] 2 [X,QU] 2 [2X,U]
for n even, and by the elementary equivalence

[X,U] 2 [X,QZ x BU)| 2 [E£X,Z x BU]

for n odd. For unbased spaces X, let KU"(X) = If(\l/]n(XJr) be the unreduced
complex K-theory of X. Here X denotes X with a disjoint base point. Note that

—0 — — %
KU(X)=KU%X) and KU (X)= KU(X). We write KU (X) and KU*(X) for
the combined graded abelian groups.
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DEFINITION 5.4.2. For based spaces X, let
KO"(X) = [X,Q/(Z x BO)|
where n = 8k — ¢ with 0 < ¢ < 7 and k an integer. This defines a contravariant
homotopy functor, called the reduced real K-theory, or K-cohomology of X. There
are suspension isomorphisms
—~n —~n+1
o KO"(X) = Ko" " (zx)
given by the Bott equivalence
[X,Z x BO|] = [X,0%(Z x BO)] = [X,QQ"(Z x BO)] = [£X,Q7(Z x BO)]
for i = 0, and by the identification
[X,Q4Z x BU)] = [X,Q0YZ x BU)| = [2X, Q" YZ x BU))
for 1 < ¢ < 7. For unbased spaces X, let KO™(X) = I/(\én(X+) be the unreduced
—0 —
real K-theory of X. Note that KO(X) = KO°(X) and KO (X) = KO(X). We
write KO (X) and KO*(X) for the combined graded abelian groups.
REMARK 5.4.3. The essential data allowing the definition of KU*(X) is the
sequence of spaces KU,, for n > 0, with

KU, = Z x BU for n even,
U for n odd,
together with the homotopy equivalences
G: KU, — Q(KUy,1).
The latter correspond to (non-equivalences)
o: XN(KU,) — KUpt1 .
This data defines a (sequential) spectrum, which corresponds to a new object in the
stable homotopy category Ho(Sp). This is the complex K-theory spectrum KU. It
is not of the form X*°X or HG for any space X or abelian group G.
Likewise, the real K-theory spectrum KO is the sequence of spaces KO,,, for
n > 0, with 4
KO, =Q(Z x BO)
for n = 8k — i with 0 < ¢ < 7, together with the homotopy equivalences
G: KOp — QUKOp41)
or their adjoints
0:3(KO,) — KOpy1 .
REMARK 5.4.4. The product structures in KU (X) and KO(X) extend to prod-
uct structures in KU*(X) and KO*(X), which are induced by maps
Gnm: KU, N KUy, — KUpq,
Gnm: KOy NKOp — KOpqm
that are suitably compatible with the structure maps o. These define products
¢: KUNKU — KU and ¢: KON KO — KO, making KU and KO into ring

spectra. These can be viewed as the objects in Ho(Sp) that represent multiplicative
cohomology theories, i.e., cohomology theories with a natural product, but with the
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modern categories of spectra they can also be viewed as coherently structured ring
spectra, with well-behaved module categories, etc.

LEMMA 5.4.5. The coefficient groups m.(KU) = KU, = KU™* form the graded
ring
KU, = Z[u*"]
with |u] = 2. The coefficient groups 7.(KO) = KO, = KO™* form the graded ring
KO, = Z[n, A, B¥']/(2n,n%,nA, A> = 4B)
with |n| =1, |A| =4 and |B| = 8.
((Chern character as a map KU — \/, 2*HQ ~ [[, ¥**HQ.))

REMARK 5.4.6. Complexification V — ¢V = C ®g V induces group homomor-
phisms O(n) — U(n), maps BO(n) — BU(n) and Z x BO — Z x BU and natural
transformations ¢: Vect® (X) — VectS(X) and ¢: KO*(X) — KU*(X). The latter
is represented by a map c: KO — KU of topological K-theory ring spectra. The
induced homomorphism of coefficient groups is the ring homomorphism given by

c: KO, — KU,
n—0
A—s 22
B—ut.

Realification W — rW = Wg induces group homomorphisms U(n) — O(2n),
maps BU(n) — BO(2n) and Z x BU — Z x BO and natural transformations
r: VectS (X) — Vects, (X) and r: KU*(X) — KO*(X). The latter is represented
by a map r: KU — KO of (KO-module) spectra. The induced homomorphism of
coefficient groups is the K O,-module homomorphism given by

r: KU, — KO,
1+—2
u — n°

u? — A
ud — 0.
((Wood’s theorem: There is a homotopy cofiber sequence
2 —1
SKO L KO % KU ™% $2K0

of KO-modules. This is a reinterpretation of the Bott equivalence Q(U/O) ~
Z x BO.))

((Also mention complex conjugation V — tV, where z € C acts on tV as z
acts on V, inducing group homomorphisms U(n) — U(n), maps BU(n) — BU(n)
and Z x BU — Z x BU and natural transformations ¢: Vects(X) — VectS(X)
and t: KU*(X) — KU*(X). The induced ring homomorphism ¢: KU, — KU, is
given by t(u) = —u. In each case t ot = id. We note that toc=cand rot =r.
Together with a self-conjugate K-theory KT(X), these form the united K-theory
of Bousfield.))
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5.5. Adams operations

Topological K-theory gains in power when enriched by natural operations,
much in the same way as mod p cohomology becomes more powerful when viewed
as a module or algebra over the mod p Steenrod algebra.

((ETC: We focus on the complex case. The real case is entirely similar, and
the natural transformations ¢: KO(X) — KU(X), r: KU(X) — KO(X) and
t: KU(X) — KU(X) are compatible with the (real and complex) Adams opera-
tions.))

DEFINITION 5.5.1. The k-th exterior power of a complex vector space V is the
space of coinvariants

AV =V - ®V)®s, C(sgn)

where ¥, acts from the right on V®---®V = V®* by permuting the tensor factors,
and from the left on C(sgn) by the sign representation. We write

ViAo A VE

for the image of v1 ® --- ® v ® 1, s0 that vy(1) A+ A vy =sgn(o) vy A -+ A vg.
If {v1,...,v,} is a basis for V then the (}) elements

{vi, Ao Ay, | 1<y < -+ < <}

form a basis for A*V. In particular, A°V = C{1}, A'V = V and A*V = 0 for
k>n=dimV. We call A"V = C{v; A--- Av,} the determinant line of V, since a
linear map A: V — V induces det(A4): A"V — A™V. The direct sum

AV =P Aty
k>0
is the exterior algebra on V', of total dimension 2™.

LEMMA 5.5.2. There are natural isomorphisms

NVew)= P AVeNW

i+j=k
and
Mne aV)2 fH Ve-al,
1<ip<+<ip<n
where we assume dimVy = --- =dimV,, = 1 in the latter formula.

DEFINITION 5.5.3. The k-th exterior power A\*¢ of a C™-bundle 7: £ — X is
given by the fiberwise k-exterior powers, so that

E(X'€), = AE(6),
for all x € X. This defines a natural operation
M Vect, (X) — Vet () (X) .
LEMMA 5.5.4. Let £ be a C™-bundle and n a C™-bundle over the same base

space X. Then \O¢ = €', )\15 =&, N¢E=0 for k> n=dim¢,
Fean) = @ M@ M

i+j=k
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and

Moo o6& P ek,

1<iy < <ip<n

where we assume that each &; is a complex line bundle.

One can use this sum formula to extend A\* to virtual bundles, i.e., to formal
differences £ — 7, giving a non-additive operation

M KU(X) — KU(X).
((Grothendieck or earlier?)) Taking a cue from the power-sum polynomials py

and Chern character ch, expressed in terms of Chern classes ¢, we instead follow
Adams |[Ada62, §4] and construct an additive operation

Y KU(X) — KU(X)
that will also be multiplicative. We use notation from |[MS74| §16].

DEFINITION 5.5.5. For each 1 < k < n let si(ey,...,ex) be the polynomial
determined by
Pk = Sk(ela e aek) S Z[yh e ayn]E" 3
where pi and ey denote the k-th power-sum and elementary symmetric polynomials,
respectively.

The polynomial s; does not depend on n, as long as n > k. For example,
s1(e1) = e1, sa(e1,e2) = €2 — 2ey and si(eq,0,...,0) = ek for all k. Note that
si(c1y ... cx) =pr in H*BU(n).

DEFINITION 5.5.6. For k£ > 1 and & any vector bundle over X, let
UR(E) = s (N6, N € KU(X).
This defines an operation
YF: Vect(X) — KU(X).

LEMMA 5.5.7. ¢1(&) = & for any vector bundle . If € = & & -+ @ &,, where
the &; are line bundles, then

YEE =€+t 6
is the class of f?k @ DSk,
PROOF. In the second case we have \¢ = ey (£1,...,&,) for each k, so

PE(E) = sp (M€, N = pr(&rs. . &) = EF + -+ €k

LEMMA 5.5.8. ¢¥(€ @ n) = ¢*(&) + ¢*(n) and F(€ @ n) = Y*(€) - ¥ (n).

Proor. For additivity, we appeal to the K-theory splitting principle and as-
sume that E = & B --- B &, and n = &1 D -+ - D Entm, Where each &; is a line
bundle. Then

n+m

WrEon =Y &
i=1
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is equal to the sum

WO+t m) ka +an+J
For multiplicativity, we may assume £ and 7 are hne bundles, in which case

YrE@n) = (@) =EnF =R () - yFm).

DEFINITION 5.5.9. The k-th Adams operation
Y*: KU(X) — KU(X)
is the unique ring homomorphism
PP (E —m) =" (&) —¥*(n)

extending the semi-ring homomorphism 1% : Vect(X) — KU (X) defined above.

Recall from Proposition that KU(S?) = Z[u]/(u?).

PROPOSITION 5.5.10. The k-th Adams operation satisfies

VF(u) = ku

in KU(S?) 2 mKU, and ¥*(u™) = k™u™ in KU(S*) = 79, KU.

PROOF. Since u =~ — 1 and u? = 0, we have

) = () =01 = (1) 1= (u+ 1) —1
=uP 4+ k4t kut+1—1=Fku

in KU (S?). The case of u™ follows (for all integers n) by multiplicativity. O

5.6. Hopf invariant one

Let n = 2m be an even positive integer. Recall that the Hopf invariant of a
map f: S?"~1 — S" is the integer H(f) defined by

o = H(f)b € B> (Cf)
where C'f = S"Uye?" is the mapping cone of f, a € H"(C f) restricts to a generator
of H*(S™) and b € H*"(C'f) is the image of a (chosen) generator of H*"(52"). This
defines a homomorphism
H: 7r2n_1(S") — 7.
The cofiber sequence
sm Ly of £ g

and the Chern character induce a map of short exact sequences
0 — KU(5?) — 5 KU(Cf) —— KU(S™) —— 0
0 —— H>(52,Q) X5 A*(Cf; Q) — s H"(5™Q) —— 0.
Here KU(S™) = Z{u™} and KU(5?") = Z{u*™}, so KU(Cf) = Z{a, 8} with
7 (a) =u™ and E*(u®™) =13.
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Then ch(a) = a mod b and ch(f) = b, so
o =H(f)B € KU(CY).
In other words, H(f) can equally well be computed using topological K-theory.
LEMMA 5.6.1. Fyf(€) = ¥ (¢) and
PP(§) =& mod p
for any prime p.

PROOF. Both claims are clear when £ is a line bundle, and follow in general
since all terms are additive in £. This uses the congruence

€+mP =& +n" modp
which follows from p | (’;) for 0 < i < p. O
Here follows the Adams—Atiyah “postcard proof” from [AA66] of the Hopf in-
variant one theorem, first proved by Adams in [Ada60] using secondary cohomol-
ogy operations, refining Adem’s proof [Ade52| (using primary Steenrod operations)

that n must be a power of 2. Topological K-theory, with its product structure and
Adams operations, is remarkably useful for this problem.

THEOREM 5.6.2. Let f: 2~ 1 — S, If H(f) = £1 then n € {1,2,4,8}.
PROOF. If n is odd then a? = 0 unless n = 1. If n = 2m is even then
PF(a) = kma+ B and YR (B) = k™3

in I/(\(/J(Cf), for some integer pj depending on f. If H(f) is odd then po must be
odd, since

2™+ B = 1p*(a) = a® = H(f)B mod 2.

For any k we calculate

VPPF(a) = P (K" + pB) = K™ (2" a + p2fB) + 122"

PP () = P RMa + paf) = 27 (K" a4 g B) + k™.
These are both equal to ¥2*, so k™ ug + 112%™ = 2™y, + pgk®™, which we rewrite
as

2M(2™ — Vg = E™(E™ — Vs .

If k is odd, it follows that 2™ | k™ — 1, so that k™ =1 mod 2™. We may assume

m > 2. Taking k = 3 (or k = 5), the order of k in (Z/2™)* =2 Z/2 x Z/2™~? is
2m=2 50 this implies 2™~ 2|m, which only happens for m € {2,4}. O

5.7. Stable Adams operations

Let *: Z X BU — Z x BU be a map of ring spaces representing the natural
operation ¢*: KU(X) — KU(X). Since ¥*(u) = ku the square

S2 " 7 x BU

17

S? 7 x BU
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commutes up to homotopy, where k: $? — S? denotes a map of degree k. Hence

so do

(Zx BU)AS®> —Z 7 x BU

kakl J{wk

(Z x BU)AS*> —Z+ 7 x BU
and

Z x BU —Z— Q*(Z x BU)

w’vl{ JQ"‘(W)

Z x BU —2 5 0*(Z x BU)

~

In order to extend 9* to a natural transformation KU*(X) — KU*(X) of coho-

mology theories, or a map of spectra KU — KU, we need to be able to divide by k,

so that 1% ~ Q2(¢* - 1/k), and more generally ¢* ~ Q" ()% - 1/k™) for all n > 0.
For any abelian group A we call the colimit

A[1/k] = colim (A 5 A 5 A — )

the localization of A away from k. Since localization away from k is exact, the
functor X — KU*(X)[1/k| defines a cohomology theory, which is represented by a
spectrum KU|[1/k] with 7. (KU[1/k]) = (7. KU)[1/k]. The spaces of this spectrum

are localizations
KU[1/klan = (Z x BU)[1/k]  and  KU[1/k]on_1 = U[1/k]

that can be constructed using Postnikov sections (following Sullivan [Sul74]) or by
cosimplicial methods (following Bousfield-Kan [BK72]).

DEFINITION 5.7.1. Let the stable Adams operation
v*: KU (X)[1/K] — KU (X)[1/K
be the morphism of cohomology theories induced by
YF - 1/k": (Z x BU)[1/k] — (Z x BU)[1/k]
for * = 2n and by Q(¢* - 1/k™) for * = 2n — 1. The corresponding map of spectra
Y*: KU1 /K] — KU[1/kK]
has components (¢*)a, = ¥ - 1/k™ and (¢¥*)2,_1 = Q% - 1/k™).

Let p be a prime, and let A,y = A[l/q | ¢ # p| be the localization of A at p,
i.e., away from all primes ¢ # p. There are then stable Adams operations

W KU (X)) — KU (X))
for all k£ > 1 relatively prime to p, induced by maps of p-localized spectra
Yr: KUy — KUy,

with 1! = id and ¥y = ** (at least up to homotopy). Note that 1P is not
a stable operation at p, so the (essentially 2-local) Adams—Atiyah argument is
intrinsically unstable.
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For any abelian group A we call the limit

AN =1lim(--- — A/pA — A/p*A — A/pA)

14

the p-completion of A. Let Z, = Z;) denote the ring of p-adic integers. When A is
finitely generated, A ® Z, = A7, so

X = KU*(X)® Z, 2 KU (X))

behaves as a cohomology theory for finite CW complexes X. To define this coho-
mology theory for general X we need to perform a construction in the category of
spectra. Let

pn+1

KU —— KU —— KU/p"*! —— YKU

p id p

KU KU/p" —— SKU

be a tower of Puppe cofiber sequences in spectra, where p”: KU — KU represents
multiplication by p™. We define the p-completion of KU

KU) = ho}Lim KU /p"

as the homotopy limit of this tower. The same construction works to define Ezf for
any spectrum F.

Adams showed that for a fixed n the operation ¥ mod p™ only depends on the
congruence class of k& mod p™, for some m. Hence there are Adams operations 1)*
for all p-adic integers k € Z,, acting compatibly on mod p" topological K-theory,
hence also on p-complete topological K-theory. See e.g. Atiyah-Tall [AT69, §I.5,
§III.2]. This gives Adams operations

Yr: KU (X) — KUDN(X)

for all k € Z,. In particular, 1~! = t equals the complex conjugation operation.
For k relatively prime to p, so that k € Z; is a p-adic unit, these define stable
Adams operations, induced by maps of p-completed (ring) spectra

k.
YF: KU) — KU .

This action of 1/* on K U, for k € Z) equals the action of the first Morava stabilizer
group S; = G on the first Morava E-theory = Lubin-Tate spectrum E7, and is
generalized to general heights n by the work of Hopkins—Miller and Goerss—Hopkins.
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5.8. The image-of-J spectrum

For odd p, let g be a topological generator of Z. The continuous Z, -homotopy
fixed points of K UpA is then the homotopy equalizer
1[)9
J) —— KU} KU}

P —
id

of ¥9: KU} — KU and the identity id = 1. We get a homotopy (co-)fiber
sequence
s kup 2 J) — KU S KU

There is a unit map S — J;', and Adams ((ETC: or Milnor-Kervaire?)) proved
that m.(S,) — m.(J,') is surjective in degrees * > 0, split by the Whitehead J-
homomorphism. For any spectrum X let X/p = X A S/p denote the homotopy
cofiber of p: X — X. By a theorem of Miller, m,(S/p) = m.(J/p) = Ala1) @Fp[v1]
is the localization homomorphism inverting a self-map v;: $?=25/p — S/p, so
that N

vy ' (S/p) — m(J/p) -
When p = 2, the group Z5 = 7Z/2 x Zs requires two (topological) generators,
e.g., —1 and 3. Taking homotopy fixed points for the Z/2-action by ¢~ on KU}
gives K04, so the continuous ZJ homotopy fixed points of KU is the homotopy
equalizer

,‘/)3
J5 —— KOY KO}

2 —
id

of ¥*: KO} — KO and the identity id = 1. We get a homotopy (co-)fiber
sequence

3_
sk0) L Jp — KO) U5 KOS
There is again a unit map S — J4', and the Adams conjecture, proved by Quillen
(and Sullivan, Becker-Gottlieb), shows that m.(S5) — m.(J2') is split surjective in

degrees * > 2. By a theorem of Mahowald, m.(5/2) — m.(J/2) is the localization
homomorphism inverting a self-map vi: £85/2 — S/2, so that

07 (S/2) = . (J/2).
Here 7.(KO/2) = (...,Z/2,Z/2,Z/4,Z/2,Z/2,0,0,0,...) starting in degree 0

and repeating 8-periodically, so m.(J/2) = (...,Z/2,(Z/2)*,2)2 & Z/4,Z]4 &
7)2,(Z/2)% 7/2,0,0,...), starting in degree —1 and also repeating 8-periodically.

These results correspond to the cases n = 1 of Ravenel’s (overly optimistic)
telescope conjecture. At each height n > 1, the continuous homotopy fixed points
for the action of the extended Morava stabilizer group G,, on the Lubin—Tate spec-
trum F), recovers the Bousfield localization L ,)S of the sphere spectrum S with
respect to the n-th Morava K-theory K (n). The homotopy fiber sequences above
turn into a descent spectral sequence

Ey' = H:(Gp;mEy) = m_sLg(m)S

and the target provides invariants of the v,-periodic homotopy of (finite spectra
closely related to) S.
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SV
SV
/

FIGURE 5.2. Adams spectral sequence chart for the fundamental
domain of 7, (J/2)



CHAPTER 6

Smooth bordism

See [Tho54], [Ati61], [CF64), [Sto68), [MS74], [MM79, Ch. 1], [May99
Ch. 25].

6.1. Bordism classes of manifolds

DEFINITION 6.1.1. Let M and N be closed, smooth d-manifolds. A bordism
from M to N is a compact, smooth (d + 1)-manifold W such that

OW=ZMUN.

If such a bordism exists, we say that M and N are cobordant. This defines an
equivalence relation. Let Ny = Qg be the set of cobordism classes of closed,
smooth d-manifolds, and let N, = Q*O denote the associated graded set.

LEMMA 6.1.2. The disjoint union and Cartesian product of manifolds make
N, = Q9 a graded commutative Fy-algebra.

PRrROOF. The sum and product are given by [M]+[N] = [MUN] and [M]-[N] =
[M x NJ]. Let I =[0,1]. Since 9(M x I) = M U M we have [M] + [M] = 0 for
each M. g

THEOREM 6.1.3 (Thom (1954)) N* = Fg[&i ‘ ) 75 2]'—1} = FQ[&Q, Qy, 05,06, A8, - - -
with |a;| = 1.

We may also consider manifolds with additional structure, such as an orien-
tation, an almost complex structure, or a stable framing. We assume that the
boundary of such a manifold again has such a structure, with

A(M x I) = MU (—M).

Here —M denotes the opposite structure of that of M. Moreover, we assume that
the disjoint union and Cartesian product of two such structured manifolds again
has this structure.

EXAMPLE 6.1.4. An orientation of a d-manifold M is equivalent to an orienta-
tion of the tangent R%bundle 737, or of the normal R”-bundle vy, for any choice
of embedding M — R+, Here

E(var)e = RY™ /T, M .

Any two choices of embeddings become isotopic for n sufficiently large, so the stable
class of vy € KO(M) is well-defined. An orientation of vy amounts to a lift of

91
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the classifying map M — BO(n) through EO(n)/SO(n) ~ BSO(n).
BSO(n)

-
M — BO(n)

We write Q4 = sto for the group of cobordism classes of closed, oriented, smooth
d-manifolds, with additive inverse —[M] = [~ M], and €2, = Q5© for the associated
graded commutative ring.

THEOREM 6.1.5 (Thom, Milnor, Averbuch). Q.[1] = Z[2][y; | i > 1] with
lyil = 4.

The precise structure of the 2-torsion was determined by Wall (1960).

EXAMPLE 6.1.6. An almost complex structure on a manifold M is given by a
complex structure on the normal bundle v,;, for any choice of embedding M —
R+ Here n = 2m must be even, so vy = r(n) = ng for some C™-bundle 7
over M. A complex structure on vy, corresponds to a lift of the classifying map
M — BO(2m) through EO(2m)/U(m) ~ BU(m).

BU(m)

-

M —— BO(2m)

We write QY for the group of cobordism classes of almost complex d-manifolds, and
QU for the associated graded commutative ring. Every (smooth, closed) complex
manifold is almost complex, but the converse does not hold for d = 4. Shing-Tung
Yau has conjectured that for even d > 6 each almost complex d-manifold admits a
complex structure. This is unknown for M = S6.

THEOREM 6.1.7 (Milnor (1960), Novikov (1960)). QU = Z[z; | i > 1] with
‘l‘i| = 21.
In particular, each odd-dimensional almost complex manifold is a boundary.

EXAMPLE 6.1.8. A stable framing of M is given by a trivialization vys = €},
of the normal bundle of any embedding M — R¥*t". This is equivalent to giving a
stable trivialization 757 @ €™ = €@ for some n. A stable framing of M is equivalent
to giving a nullhomotopy of the classifying map M — BO(n), or a lift through the
contractible space EO(n) ~ B{e}.

EO(n)
/ lﬂ
We write Qg for the group of cobordism classes of stably framed d-manifolds, and

QI for the associated graded commutative ring.

THEOREM 6.1.9 (Pontryagin (1936/1950)). QF = x,(5) = (Z,Z/2,Z/2,...).
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((ETC: Other bordism theories. h- and s-cobordism theorems. Exotic spheres.))

6.2. Bordism theories

Following Atiyah (1961) we can realize the rings Q2, Q9 QU QfF etc. as coef-
ficient rings of multiplicative homology theories Q9 (—), Q59(—), QY (), QF (-) =
S((_
75((—),) ete.

DEFINITION 6.2.1. For a space X, consider maps
oM — X and 7: N — X

from closed, smooth unoriented (resp. oriented, almost complex, stably framed,
etc.) d-manifolds M and N to X, and say that (M, o) is cobordant to (N, ) if
there exists a map

oW — X

from a compact, smooth (d 4+ 1)-manifold unoriented (resp. oriented, almost com-
plex, stably framed, etc.) W to X, such that OW = M UN and ¢|0W = o U 7. Let
Q9(X) (resp. 25°(X), QU(X), QF(X), etc.) be the set of cobordism classes [M, o]
of such maps o: M — X. Given f: X — Y let f.: Q9(X) — QF(Y) map [M, o]
to [M, fol.

For a pair (X, A) consider maps of pairs

o: (M,0M) — (X, A) and 7: (N,ON) — (X, A)

from compact, smooth unoriented (resp. oriented, almost complex, stably framed,
etc.) d-manifolds M and N to X, and say that these are cobordant if there exists
a map of pairs

¢ (W, 0W) — (X, A)

where OW = MUgpn VUpn N with ¢lOW =2 oUpUr. Let QF (X, A) (resp. 25°(X, A),
OY(X, A), QI(X, A), etc.) be the set of cobordism classes of such maps of pairs.

Given f: (X, A) — (Y, B) let f.: Q9(X,A) — QQ(Y,B) map [M, 0] to [M, fo].

Let 0: Q9 (X, A) — QF ,(A) map the bordism class of o: (M,0M) — (X, A) to

the bordism class of ¢|0M: OM — A.

PROPOSITION 6.2.2. The functor (X, A) — QO (X, A) (resp. Q5°(X, A), QY (X, A),
QO (X, A), etc.) defines a multiplicative homology theory, called unoriented (resp. ori-
ented, almost complex, stably framed, etc.) bordism.

PrROOF. The operations [M, o]+ [N, 7] = [MUN,cU7] and —[M, o] = [-M, 0]
give Qg(X ) a group structure. To prove homotopy invariance use W = M x I.
Transversality for smooth maps implies that there is a natural isomorphism

0F(X,A) = Q9 (X UCA, %),

which implies excision.

For 7: N — Y the operation [M, o] - [N,7] = [M x N, o x 7] defines a bilinear
pairing Q7 (X) x Q2 (Y) — QF, (X x Y). In the case Y = x, this makes Q¢ (X)
a (right or left) Q¢-module. There are also relative pairings, compatible with the
boundary homomorphisms, making Q9(—) a multiplicative homology theory.

The oriented, almost complex, stably framed, etc. cases work the same way. O
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6.3. Thom spectra

Recall that Th(§) = D(£)/S(§) denotes the Thom complex of a Euclidean
vector bundle £: F — X, and that

Th(§ x n) = Th(£) A Th(n)

if n: F — Y is a second Euclidean vector bundle. In the special case = ¢! over

Y =% we have £ x n = £ @ ¢! and Th(n) = D'/S° = S! so
Th(¢ @ €') = Th(¢) A ST = £ Th(¢).

For a bundle map

E(¢) —— E(n)

|, |

X—1 5y,

with £ 2 f*n, we write Th(f): Th(¢) — Th(n) for the induced map of Thom
complexes.

DEFINITION 6.3.1. Let 4™ = g denote the tautological R"-bundle
m: E(y") = EO(n) xom) R" — BO(n).

Recall that y"*1|BO(n) = 4™ @ ¢!, where we view ¢: BO(n) — BO(n + 1) as the
inclusion of a subspace. Let
EO(TL) XO(n) D"
MO(n) =Th(y") = ~ FO A S™.

(TL) ('Y ) EO(?’Z) X 0(n) gn—1 (n)+ O(n)
Here O(n) acts on D™/S™~1 22 §™ as on the one-point compactification R™ U {oo}.
Let MO denote the unoriented Thom spectrum, with n-th space MO,, = MO(n)
and n-th structure map XMO,, - MO,,+1 given by the composite

o: STh(y") = Th(y" ® ') = Th(y" ' [BO(n)) =¥ Th(y"+).

DEFINITION 6.3.2. Let 4™ denote the tautological oriented R™-bundle
m: E(3") = ESO(n) Xs0(n) R" — BSO(n).
Let
MSO(n) = Th(y") = ESO(n)4+ Asom) S™-
Let M SO denote the oriented Thom spectrum, with n-th space M .SO,, = M SO(n)
and n-th structure map XM SO,, - M SO, 41 given by the composite

ot DTh(7") = Th(3" & €') = Th(3"*|BSO()) =¥ Th(7"*").

DEFINITION 6.3.3. Let 4" = 1¢ denote the tautological C"-bundle
m: E(y") = EU(n) xym) C" — BU(n).
Recall that v" "1 BU(n) = 4™ @ €', where ¢! = ¢/ and we view ¢: BU(n) —
BU(n + 1) as the inclusion of a subspace. Let
EU(n) XU (n) D3

MUm) =Th(v") = g5 o S21 U Ay 5™
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Here U(n) acts on D?"/S§2"~1 =2 §2" a5 on the one-point compactification C*U{oo}.
Let MU denote the complex Thom spectrum, with 2n-th space MUs,, = MU (n),
(2n+1)-th space MUy, +1 = XMU (n), 2n-th structure map the identity SMUs,,, =
MUsp 41, and (2n + 1)-th structure map S MUs, 11 = X2MUs, — MUs, 12 given
by the composite

o: T2 Th(y") & Th(y" @ ¢!) = Th(y"*!|BU(n)) =% Th(y"+1) .

DEFINITION 6.3.4. The tautological R”-bundle over B{e} = x is m: R™ — x,
with Thom complex D"/S"~1 2 §" The framed bordism Thom spectrum M{e}
has n-th space M{e}, = S™ and n-th structure map XM {e},, = M{e},+1 equal
to the identity XS™ = S"*1. Hence M{e} = S is equal to the sphere spectrum.

The Thom spectrum MO (resp. MSO, MU, S, etc.) defines a reduced homol-
ogy theory MO, (—) by

MO4(X) = colimmgyn (MO, A X),

where the colimit is formed over the homomorphisms

Tasn(MOn A X) = Taini1 S(MO, A X)
> Mgt 1 (MO, A X) T 1y 1n1(MOyy A X).

The suspension isomorphism E]\/J\ad(X ) = J\%dH(EX ) is given by

colim Ty (MOy, A X) — colim Tgyp 1 5(MO, A X)
=~ colim 44140 (MO, ANXX).

The associated unreduced homology theory is defined by MO4(X) = ]\%d(X+)
and MOd(X, A) = MOd(X U CA)
The bundle map

E(y") x B(y™) =2y pyntm)

| J

BO(n) x BO(m) 2" BO(n + m)

induces a pairing

Th(l‘n,mr)
—

MO, N MO,, = Th(y") A Th(y™) Th(y"t™) = MOy ym

that makes MO into a ring spectrum.
Likewise, the Thom spectra M.SO, MU, M{e} = S, etc. are ring spectra that
define multiplicative homology theories M SO, (—), MU.(—), S«(—), etc. Note that

Sa(X) = colim gy, (S™ A Xy) =75 (X)),

so that S,(—) is given by the unreduced stable homotopy groups.
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6.4. The Pontryagin—Thom construction and transversality

THEOREM 6.4.1. There are natural isomorphisms of multiplicative homology
theories

Q9(X,A) = MO, (X, A)
Q99(X, A) = MSO, (X, A)
QY(X,A) = MU, (X, A)
O (X, A) = 5,(X, A)
etc. In particular
N, =Q9 =, (MO)
Q. = 099 =7, (MSO)
QU > 7, (MU)
O >~ 7.(9).

The case of framed bordism is due to Pontryagin (ca. 1936), that of unoriented
and oriented bordism is due to Thom |[Tho54].

PROOF. We discuss the case (X, A) = (*,0) for complex bordism.

Let [M] € Qg be represented by an almost complex d-manifold M C Ré+27,
Its normal bundle vy, is classified by a map g: M — BU(n), which is covered by a
bundle map

E(vy) —— E(Y")

-

M —2— BU(n).

The disc bundle can be embedded as a tubular neighborhood D(vy;) C RI+2" C
Sd+2n of M. Let
Sd+2n D(VM)
girem 2, = = Th(v
ST D)\ S0a)) - Sean) )
be the Pontryagin—Thom collapse map, taking the complement of the open disc
bundle D(vyr) \ S(var) to the base point. The composite

S92 2 Ph(ag) 29 Th(ym) = MU,y
determines a homotopy class in
wa(MU) = colim g2, MUs,, .
n

Conversely, let [f] € mq4(MU) be represented by a map f: S92 — MU,, =
Th(y™). It may be deformed slightly to become transverse to the zero-section

2 =gso: BU(n) =% D(y") = Th(y"),
whose normal bundle is isomorphic to y". Let

M = fﬁl(BU(TL)) C Rd+2n c Sd+2n
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be the preimage of this zero-section, which is then a closed, smooth d-manifold (by
a generalization of the regular level set theorem). Moreover, there is a bundle map

E(vy) —— E(Y")

JW |

M2 BU®),

which implies that vy = (f|M)*(y™) has a complex structure. Hence M is almost
complex, and determines a bordism class in QdU.

To complete the proof, one verifies that these two constructions define mutual
inverses

QU <= mq(MU) .
O

REMARK 6.4.2. Thom worked with smooth (DIFF) manifolds, in order to have
transversality available. For piecewise-linear (PL) manifolds, or topological (TOP)
manifolds in dimension d # 4, transversality will hold in sufficiently large codimen-
sion by results of Williamson (1966) and Kirby—Siebenmann (1977).

See [Swi75, Lem. 14.40] or [May99, §25.5] for the proof that p has degree 1,
which we can state as follows. (In the unoriented case, this must be interpreted
with Fa-coefficients.)

PRrROPOSITION 6.4.3. The Hurewicz image of the Pontryagin—-Thom collapse
map corresponds under the Thom isomorphism to the fundamental class of M :
_ P,
Ta2n(Th(var)) = Hason(Th(M)) = Ha(M)
[0] — ®uh([p]) = [M].

6.5. Unoriented bordism

To calculate the commutative Fo-algebra N, = QO = m(MO), Thom com-
pared the homology of MO with the homology of spectra X such that m.(X) is
known, namely (wedge sums of suspensions of) Eilenberg-MacLane spectra. The
argument was streamlined by Liulevicius, using the multiplicative structure. Note
that [Liu62, (3.27)] is corrected in |[Liu68, Prop. 9] and improved by [Swi73,
Thm. 1(i)].

Recall that o, = Fo[(y, | k > 1] with || = 2F — 1. Let

H.(MO;Fs) = CO}}ID Hiyn(MOy,;Fa),
with the induced #Z.-coaction. The Fa-linear dual
H*(MO;Fs) = lignH*J“"(MOn;]Fg)
has the dual 7-action.
THEOREM 6.5.1 (|[Thob4], [Liu62]). The 27 -comodule algebra
H.(MO;Fy) = Falap, | m > 1]
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is isomorphic to <. ® PH,.(MO;Fsy), where PH,(MO;Fy) C H,(MO;Fs) is the
subalgebra of o, -comodule primitives. Here
PH,(MO;Fy) = Fya,, | m # 28 —1],
with @y, = @y, modulo algebra decomposables for all m # 2F — 1.
PRrROOF. Recall that
H.(BO;F3) = Falay, | m > 1]

is generated as a commutative algebra by the images of the additive generators ay,
of H.(BO(1);F2) = Fa{a;, | m > 1} under the inclusion RP*> ~ BO(1) — BO.
The colimit over n of the Thom isomorphisms

Uyn N =: Hyyn(MOp; F2) = Ho i (Th(y"); F2) — H,(BO(n); F2)
defines a stable Thom isomorphism
®: H,(MO;Fy) — H,(BO;F,).
We first calculate the Z,-coaction on H,,i(MO;;F,). Note that S(y') =
EO(1) xo() S% >~ EO(1) ~ * is contractible, so in the homotopy cofiber sequence
S(v') = BO(1) = Th(y") = MOy

the zero-section z is a homotopy equivalence. It follows that z, maps a,,+1 €
ﬁm+1(BO(1);]F2) to the generator z,(cu,4+1) of fImH(MOl;IFg) that corresponds
to o € Hp (BO(1);F2) under the Thom isomorphism U, N—, and which therefore
stabilizes to a,, € H,,(MO;Fs).

~ Za ~ U,Y1ﬂ—
H*+1(BO(1)7 Fg) ? H*+1(M01; Fz) ? H*(BO(1>, Fg)

y |

U n -
o (MO, Fy) 5 H.(BO(n); F)

| |

H,(MO;Fy) ——— H,(BO;F,)

=

1R

From [Swi73|, see Chapter 2, Lemma 8.3, we know that v: H,(BO(1);Fy) —
ot @ H.(BO(1);F2) satisfies

m
V(aerl) - Z(ZnJrl)mfn ® Ap+1,
n=0

where Z = 14+(1+(2+. .. isaformal sum in o7,. This implies that v: H,(MO;Fy) —
ot @ H (MO;F3) satisfies

m

v(am) = Z(Zn+1)m—n @ On ,

n=0
where ap = 1. Modulo decomposable products, this equals

(am) GR1+1®a, ifm=2F—1,
v(ay,) =
1® an, otherwise.
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Let f: H.(MO;Fq) — Fala,, | m # 2¥ —1] be the algebra homomorphism given by
0 ifm=2F-1,
Q) =
f(am) {am otherwise.
The composite
¢: H (MO;Fsy) 5 of, @ H,(MO;F3) 2L o, @ Fyla, | m # 2% — 1]
is then a left @7,-comodule algebra homomorphism

Folam | m > 1] — Fo[¢ | k > 1] @ Faa,, | m # 28 — 1]

¢(am)z{<k®1 if m=2"-1,

1® a,, otherwise

satisfying

modulo decomposables, and is therefore an isomorphism. Let
PH,(MO;F;) ={z € H(MO;F;) | v(z) = 1® x}
be the subalgebra of «7,-comodule primitives. It maps isomorphically by P¢ to
P(ol, @ Falty, | m # 28 —1]) = Fola,, | m # 2F — 1],
hence has the form
PH,.(MO;Fy) = Fala,, | m # 2" — 1] ¢ H.(MO;F,)
where @,, = a,, modulo decomposables, for each m # 2% — 1. a

COROLLARY 6.5.2. H*(MO;Fs) = o @ PH*(MO;F3)V is a free & -module of
];gitelz]fype, with basis dual to the monomial basis for PH,.(MO;Fy) = Fala,, | m #
THEOREM 6.5.3 (|Thob4]). The mod 2 Hurewicz homomorphism
h: 1.(MO) — H.(MO;F2)
maps the Fo-algebra m,(MO) = Q9 isomorphically to
PH,(MO;Fy) = Fya,, | m # 2~ —1].
PrOOF. Let {@’}; be the monomial basis for PH,(MO;F5), and let {a}}; be

the dual basis, corresponding to an &/-module basis for H*(MO;F3). For each I
let |I] denote the degree of ay, and let

gr: MO — SV HF,

be a map of spectra representing ay. Let
HgI; MO — HZ'”HFQ
I I

be the product of these maps. Since there are only finitely many basis elements
below any given degree, the inclusion

\/ =VHF, = [[ S HF,
I I
is an equivalence of spectra. The resulting chain of maps

g: MO — [[ =" HF, ~ \/ S HF,
I I
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induces an isomorphism of 2/-modules
H*(g;F2): @ H* (S HF,) = [[ B (S HF,) = H*(\/ S/ HF,; F,)
I I I
Ly H*(MO;Fy)
and can therefore be shown to be an equivalence. It must therefore also induce an
isomorphism in homotopy

m(g): T (MO) — w*(\/ SUIHF,)
I

=~ P . (S HF,) = Fo{a'}; = PH.(MO;Fy).
I
O

6.6. Complex bordism

To calculate the graded commutative ring QU = 7,(MU), Milnor |[Mil60]
and Novikov [Nov60] again compared the homology of MU with the homology of
spectra X such that m,(X) is known. More precisely, they follow Adams [Ada58|
and resolve MU by a tower of spectra

S Yo Y, S S Yo MU
such that each cofiber
Yoy1 — Y 2 Kk, YYs11

is a wedge sum of suspensions of Eilenberg—MacLane spectra. This leads to a
case of the Adams spectral sequence. A posteriori, this amounts to a comparison
with (wedge sums of suspensions of) the Brown—Peterson spectra BP, one for each
prime p.

We discuss the odd-primary case (the case p = 2 is similar), so that

A =Mri | i 2 0)@Fp[& | i > 1]
with |7;| = 2p® — 1 and |&;| = 2p® — 2. Note that
& =N ]1>0)
is a primitively generated quotient bialgebra of <7, and
P. = F,lti|i>1] = 4 05 F,
is a sub bialgebra of «7,. Dually,
E=AQ;]i>0)
is a primitively generated sub bialgebra of <7, and
P =d ReF,
is a quotient bialgebra, sometimes denoted & = &/ //&. The classes Q; € & C o
are called the Milnor primitives, and can be iteratively defined by Qo = S (the
Bockstein homomorphism) and
Qi1 =[PP, Qi) = PP'Q; — Q. P"'
for ¢ > 0.
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Let
H,(MU;F,) = colim H,1,,(MUp;F,)

with the induced .7,-coaction. The IF)-linear dual
H*(MU;F,) = liranHH"(MUn;IFp)
has the dual 7-action.
THEOREM 6.6.1. The <, -comodule algebra
H,(MU;F,) & Fylby, | m > 1]

is isomorphic to &, @ PH,(MU;F,), where PH,(MU;F,) C H.(MU;F),) is the
subalgebra of o, -comodule primitives. Here

PH,(MU;F,) 2= Fylby, | m #p* = 1],
with by, = by, modulo algebra decomposables for all m # p* — 1.
PRrROOF. Recall that
H,(BU;F,) =Fplby, | m > 1]

is generated as a commutative algebra by the images of the additive generators f3,,
of H,(BU(1);F,) = Fp{Bm | m > 1} under the inclusion CP>* ~ BU(1) — BU.
The colimit over n of the Thom isomorphisms

Uyn 0 = Hapon (MU Fy) = Hepon(Th(y"); Fp) — Ho(BU(n); Fy)
defines a stable Thom isomorphism
®: H,(MU;F,) — H,(BU;F,).
We first calculate the o-coaction on H, o(MUs;F,). Note that S(y') =
EU(1) xy) Sl = FU(1) ~ # is contractible, so in the homotopy cofiber sequence
S(y') = BU(1) = Th(y') = MU

the zero-section z is a homotopy equivalence. It follows that z, maps S,,41 €
Hapmi2(BU(1);F,) to the generator z, (1) of Hapmyo(MUs;F,) that corresponds
to B € Hap (BU(1);Fp) under the Thom isomorphism U,1N—, and which therefore
stabilizes to by, € Hopm (MU;F)).

- U’Yl n—
H*+2(BU(1) F ) ? H*+2(MU2;FP) T H*(BU(l)va)
~ l U,Ynﬂ— J

H,(MU;F,) ——— H,(BU;F,)

&

1R

From [Swi73, Thm. 1(ii)] we know that v: H,(BU(1);F,) — < QH,(BU(1);F,)

satisfies
m

5m+1 Z XnJrl 2m 2n ®6n+1

n=0
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where X = 14+& +& +.... This implies that v: H,(MU;F,) —» o @H,(MU;F),)

satisfies
m

v(bm) = Z(Xn+l)2m—2n ® b,

n=0

where by = 1. Modulo decomposable products, this equals
S ®R1+1® by, if m=pr—1,
v(bm) = :
1® b, otherwise.
In particular, the &7.-coaction factors as
H,(MU;F,) % 2, ® H.(MU;F,) C o, ® H,(MU;F,),

making H.(MU;F,) a @*—com(_)dule algebra.
Let f: H,(MU;F,) — Fu[by, | m # p* — 1] be the algebra homomorphism

given by
0 ifm=pF—1,
f(bm) = {

b, otherwise.
The composite
¢: H,(MU;F,) -2 P, @ H,(MU;F,) 224 2, @ Fp[by | m # pF — 1]
is then a left #,-comodule algebra homomorphism
Fplbm | m > 1] — Fplé | k > 1]®Fp[6m | m#pk —1]
satisfying

¢(bm>z{5k®1 ifm=p"~1,

1®b,, otherwise
modulo decomposables, and is therefore an isomorphism. Let
PH.(MU;F,) ={z € H.(MU;F)p) | v(z) =1®x}

be the subalgebra of «f,-comodule primitives, which is equal to the subalgebra of
P ~comodule primitives. It maps isomorphically by P¢ to

P(P, @ Fplom | m # p* —1]) = Fylbm | m # p* — 1],
hence has the form
PH.(MU;F,) = Fylby | m # p* —1] C H.(MU;F))
where l~)m = b,,, modulo decomposables, for each m # p* — 1. [l
Recall that & = o @s F, = o/ //& is a cyclic «/-module algebra.

COROLLARY 6.6.2. H*(MU;F,) = @ PH*(MU;F,)" is a free Z-module of
finite type, with basis dual to the monomial basis for PH,.(MU;F,) = Fy[b,, | m #
pk —1].

THEOREM 6.6.3.

T (MUY) 2 Lyl | i > 1] ®z, Zplby | m # p* — 1]

where |v;] = 2p' — 2 for each i > 1, and the mod p Hurewicz homomorphism

h: 1 (MU) — H.(MU;F,) maps m.(MU,') onto PH.(MU;F,).
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_ ProOF. This is easiest seen using the mod p Adams spectral sequence. Let
{b'}; be the monomial basis for PH.(MU;F,), and let {b}}; be the dual basis.
We obtain isomorphisms of o7,-comodule algebras

o

H.(MU;F,) — @ xll2,

and of «7-module coalgebras
PP = = (MU;F,).
I

Hence the Adams spectral sequence, in its homological form
Ey' = Exty) (Fp, H(MU;Fp)) =, m—s(MU))
or its cohomological form
Ey' = Bxt (H*(MU;F,),F,) =, m—s(MU))
is an algebra spectral sequence with Fs-term
Ey" = Ext;Z(IFp, P,)® PH,(MU;F,) = Ext.(#,F,) @ PH.(MU;F,).

Since 7 is a bialgebra and & a sub bialgebra, [MIM65, Thm. 4.4, Thm. 4.7] imply
that of is free a left &£-module, and <7 is cofree as a left &,-comodule, so there are
change-of-rings isomorphisms
Extzz (Fp, Z,) = Ext;Z(IFp,m O, Fp) = Extzm’**(]Fw]Fp)

Ext} (2 ,F,) = Ext. (& //&,F,) = Exty"(F,, Fp).
Since & = A(m; | ¢ > 0) and & = A(Q; | @ > 0), standard homological algebra
shows that

EXt:;’f(FP’Fp) = EXtE*(FPva) = Fp[‘]i | P> O]

with ¢; € Ext"? i_l(IFp,IFp) representing an extension detected by @;. Hence
Ey" 2 F,lq | i > 0|® PH,(MU;F,)

is concentrated in even topological degrees t —s. There is therefore no room for non-
zero differentials, since these decrease the topological degree by 1. Hence Ey™" =
E%:*. Since the E-term is free as a graded commutative [F-algebra, there can only
be additive extensions, with multiplication by p in the abutment being represented
by multiplication by gy in the E-term, and it follows that

T (MUD) 2 Zyfos | 2 1) @2, Zylbm | m £ 9 — 1]
with v; in degree |v;| = 2p* — 2 being detected by g¢;, for each i > 1. O

Note that as a Z,-algebra, (M UPA) has one polynomial generator in each

positive even degree 2m, which is of the form v; if 2m = 2p* —2, and of the form b
otherwise. Serre proved that 7.(S) ® Q = Q, so

T (MUg) = 7, (MU) ® Q = H,(MU; Q) = H,(BU;Q) =~ Q[by, | k > 1]
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is also polynomial on one generator in each positive even degree. Further work with
the arithmetic square
MU —— MUy

L]

MUN —— (MUM)g,

where MUgp = MU[1/2,...,1/p,...] denotes the rationalization of MU and MU" =
Hp M Uzﬁ\ denotes its profinite completion, leads to the following integral result.

THEOREM 6.6.4 (|Mil60], [Nov60]).
QU = 7, (MU) = Z]z; | i > 1]

where |z;| = 2i for each i > 1.

THEOREM 6.6.5. The Hurewicz homomorphism

h: m(MU) — H,(MU)
satisfies
h(zn) = {pbm ifm= Pl — 1 for some prime p,
by otherwise,

modulo decomposables, for each m > 1.

Note that m 4+ 1 > 2 can be equal to a prime power p’ for at most one prime p.

6.7. Framed bordism

The o/.-comodule algebra H,(S;F,) = F, has the trivial coaction (via the
coaugmentation n: F, — 47%), and dually the o/-module coalgebra H*(S;F,) =T,
has the trivial action (via the augmentation e: o/ — [Fp).

THEOREM 6.7.1. The mod p Adams spectral sequence

Ey' = Exty) (Fp,Fp) = Extl) (Fp, Fp) =, m—s(S))
converges to the p-completion of QI = 7,(S).

This spectral sequence is only partially understood.



CHAPTER 7

Sequential and orthogonal spectra

Stable homotopy theory was developed by Spanier and J.H.C. Whitehead [SW53],
[SW55], and expressed in terms of spectra, in the sense of algebraic topology, by
Lima [Lim59] and G. Whitehead [Whi60], [Whi62|. The Spanier-Whitehead
homotopy category SW was extended by Boardman (1965, cf. Vogt [VogT70]) to
contain representing objects for all cohomology theories, cf. Brown [Bro62|. A pop-
ular exposition of Boardman’s homotopy category B was given by Adams |[Ada74,
Part III]. The resulting homotopy category is triangulated by Puppe cofiber se-
quences, cf. Verdier’s 1967 thesis [Ver96|, and has a symmetric monoidal smash
product. This allows the study of ring spectra up to homotopy, and module spec-
tra up to homotopy over these, but is not sufficient to give a triangulated structure
on these module categories. More structured versions of ring and module spec-
tra were studied by May and collaborators [May77], [May80|] under the names
of Z,-prefunctors and Z,-prespectra, but these were then only viewed as a source
of examples, rather than as a fully fledged model for the stable homotopy category.
Instead, coherent structures were expressed in terms of operad actions, e.g. in the
context of Lewis—May spectra [LMSMS86].

This changed with the insight by Jeff Smith (1994, see Hovey—Shipley—Smith
[HSS00]) that by adding symmetric group actions to the Lima—-Whitehead (sequen-
tial) spectra, one obtains a stable and symmetric monoidal model category Sp*
of symmetric spectra, whose homotopy category Ho(Sp™) is equivalent to Board-
man’s. It was soon realized that one could equally well use orthogonal groups
in place of symmetric groups, and that this would recover May’s .Z,-prespectra.
Another approach refining Lewis—May spectra was developed at the same time by
Elmendorf-Kriz—Mandell-May [EKMM97|. The different theories were compared
by Mandell-May—Schwede—Shipley [MMSS01]. In the orthogonal case, the sta-
ble equivalences are the same as the m,-isomorphisms, whereas this relationship
is more subtle for symmetric spectra. Hence we shall focus on the category Sp?
of orthogonal spectra as our stable and closed symmetric monoidal model for the
stable homotopy category.

7.1. Sequential and orthogonal spectra

We work in the category T of based (compactly generated weak Hausdorff)
spaces and basepoint-preserving maps.

DEFINITION 7.1.1. A sequential spectrum X is a sequence of spaces X, for
n > 0 and structure maps o: £X,, = X, AS! — X,,;;. Amap f: X — Y of
sequential spectra is a sequence of maps f,,: X,, — Y,, such that f,, 10 = o(f, ASY)
for all n > 0. Let Sp" be the topological category of sequential spectra.

105
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Let O(n) denote the n-th orthogonal group, acting on R™ by isometries, which
extend to the one-point compactification S™ = R™ U {oco}. We view O(n) x O(m)
as a subgroup of O(n + m), compatibly with the isometry R & R™ = R**™ and
homeomorphism S™ A S™ = §™*t™ (A coordinate-free approach, using isometries
between Euclidean inner product spaces, is often more convenient for equivariant
applications.)

DEFINITION 7.1.2. An orthogonal spectrum X is a sequence of O(n)-spaces X,
for n > 0 and structure maps o: XX, = X, A S' — X, 1, such that the m-fold
iterate

o™ X" X, =X, A8 — Xoam

is O(n) x O(m)-equivariant, for all n,m > 0. A map f: X — Y of orthogonal
spectra is a sequence of O(n)-equivariant maps f,: X,, — Y, such that f, 10 =
a(fuASY) for all m > 0. Let Sp® be the topological category of orthogonal spectra.

We shall see that sequential spectra are the same as right S-modules in a
symmetric monoidal category (7T,U,®,7) of sequential spaces, while orthogo-
nal spectra are the same as right S-modules in a symmetric monoidal category
(TO,U,®,7) of orthogonal spaces. In the sequential case S is a non-commutative
monoid, while in the orthogonal case it is commutative. This is why we cannot
expect X AY = X ®g Y to be an S-module in the sequential setting, while it will
be an S-module in the orthogonal context.

((ETC: Consider writing X in place of ® for the convolution products in the
categories TV, 70 SpM and Sp®, so that X ANY = X KgY.))

DEFINITION 7.1.3. The homotopy groups 7.(X) of a sequential spectrum X is
the graded abelian group with

(X)) = colim 740, (X))

in degree k € Z. Here mp1n(Xpn) = Tktnt1(Xnt1) maps the homotopy class of
g: Skt — X, to the class of o(g A S'). The homomorphism f,: m(X) — 7 (Y)
maps the homotopy class of g to the class of f,,g. This defines a functor

e Spi — grAb.
There is a forgetful functor
U: Sp® — Sp&
and the homotopy groups 7.(X) of an orthogonal spectrum are defined to be the

homotopy groups of the underlying sequential spectrum.

DEFINITION 7.1.4. A map f: X — Y of sequential or orthogonal spectra is
a my-isomorphism if the induced homomorphism m,(f): m.(X) — 7. (Y) is an iso-
morphism.

Let Wy C SpN be the subcategory of 7,-isomorphisms. The stable homotopy
category Ho(Sp") of sequential spectra is the localization of Sp" away from the
m.-isomorphisms, i.e., the target of the initial functor

SpN — SpN[ng] = Ho(SpN)

from Sp" that maps each 7,-isomorphism to an isomorphism.
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Likewise, let Wy C Sp® be the subcategory of m,-isomorphisms. The stable
homotopy category Ho(Sp?) of orthogonal spectra is the localization of Sp® away
from the m,-isomorphisms, i.e., the target of the initial functor

Sp® — Sp° Wy '] = Ho(8p°)
from Sp@ that maps each ,-isomorphism to an isomorphism.

It is not obvious that such initial functors exist, but if they do then they are
uniquely determined up to unique isomorphism, by the usual argument involving a
universal property. Quillen’s theory of model categories [Qui67], [Hov99] provides
a way of exhibiting such initial functors, both for sequential and orthogonal spectra.
Moreover, the forgetful functor U is part of a Quillen equivalence, so that the (total
right derived) induced functor

RU: Ho(Sp®) = Ho(Sp")
is an equivalence of categories. By the stable homotopy category we shall mean
either one of these two equivalent categories.
7.2. Sequential and orthogonal spaces

DEFINITION 7.2.1. A symmetric monoidal category is a category C with a unit
object U and a pairing

®:CxC—C
XY +— XY,
together with natural unitality, associativity and commutativity isomorphisms
UY=yY=YRU
(XeY)eZ2Xe (Y ®Z)
7: XY 2YRX,
satisfying some coherence axioms, including v? = id. We call v the symmetry
isomorphism. The category is closed if there is a functor
Hom: C? xC — C
X,Y — Hom(X,Y)
and a natural bijection
C(X®Y,Z)=C(X,Hom(Y, 2)),

e., if the functor (—) ® Y admits a right adjoint Hom(Y, —), for each Y in C. The
adjunction counit €: Hom(Y,Z) ® Y — Z is called evaluation.

See e.g. [Mac71, Ch. VII] for the coherence diagrams.

DEFINITION 7.2.2. A monoid in C is an object R with unit and product maps
n: U — R and ¢: R ® R — R such that unitality and associativity diagrams
commute. It is commutative if

R®R—— s R®R

N A
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commutes. A right R-module in C is then an object M with an action map p: M ®
R — M such that unitality and associativity diagrams commute.

DEFINITION 7.2.3. Let N be the discrete category with objects the integers
n > 0 and only identity morphisms. The usual pairing

NxN-—N
m,n+— m-+mn

is symmetric monoidal, with unit element 0 € N.
Let O be the topological category with objects the integers n > 0 and morphism
spaces

O(m, n) = O(n) for m =n,
0 otherwise.

Composition is given by matrix multiplication. The block sum pairing

O0x0—0

m,m——m-+n

0 B

is symmetric monoidal, with symmetry isomorphism X, : m +n — n + m given

by
(0 I,
Xm,n = I, 0
This is natural, because

(e 56 5= 3G )

DEFINITION 7.2.4. Let

A,B»—)AEBB:(A 0>

TN = Fun(N, 7)
be the topological category of N-spaces, i.e., sequences of based spaces X = (X, )n>0-

A map f: X — Y is a sequence of base-point preserving maps (f,: X, = Y, )n>0.
Let

TN TN — 7N
XY— XY
be the Day convolution product, given by
(X®Y)n: \/ Xi/\Yj
itj=n
for each n > 0. It is the left Kan extension of

Nx NV w7 M7

along +: N x N = N. Let U € TN be given by Uy = S° and U,, = * for n > 0.
Then (TV,U, ®,7) is closed symmetric monoidal, with symmetry given by

i (X @Y )y = (Y @ X),
TANYy——>yANT
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fori+j=mn=j+1i,2 € X; and y € Y;. Let the sphere N-space S € T be given
by S, = S™ for each n > 0, let n: U — S be given by 19 = id, and let ¢: S®S5 — S
be given by
¢n: \[ S'AST— 5"
i+j=n
TNANYy——> TNy
fori+j=n,2recS, yeS andxAyec S'AS/ = 8" The internal Hom functor
is given by
Hom(Y, Z); = [] Map(¥;, Zn).
i+j=n

LEMMA 7.2.5. (S,n,) is a non-commutative monoid in T.

ProoF. Unitality and associativity is straightforward. The pairings ¢ and
¢y:S®S— Smapr Ay €S ASI C(S®S),, fori+j=n,torAyandyAx
in S™ = S,,, which are not generally equal, so S is not commutative. ([

LEMMA 7.2.6. The category Sp~ of sequential spectra is isomorphic to the cat-
egory of right S-modules in N-spaces.

PROOF. Let X be a sequential spectrum. The underlying N-space has the right
S-module structure

c: X®S—X
given in degree n by the map
o (X®S=\ XinS — X,
i+j=n
given by the composite structure maps
O'jl Xi/\Sj ﬂ; L)XH_J‘ :Xn
Each right S-module arises this way, by the associativity of the right action. (I

DEFINITION 7.2.7. Let
T7°% = Fun(Q, 7)

be the topological category of O-spaces, i.e., sequences X = (X,,)n>0, where X, is
a based O(n)-space for each n > 0. A map f: X — Y is a sequence of base-point
preserving maps (fn: X, = Y)n>0, where f,,: X,, — Y, is O(n)-equivariant for
each n > 0. Let

TOXx 7% — 70
XY — XY

be the Day convolution product, given by
(X@Y)u=\ OMm)s Aowxoy Xi AY;
1+j=n
for each n > 0. It is the (continuous) left Kan extension of

OxO0 XXX 7T T
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along +: O x 0 — Q. Let U € T2 be given by Uy = S° and U,, = * for n > 0, with
the only possible O(n)-actions. Then (72, U, ®,7) is closed symmetric monoidal,
with symmetry given by

i (X ®Y)w = (Y © X)n
ANz ANy — Axji Ny Az
for Ae On), z € X;,ye€ Yand i+ j =n = j+ i Let the sphere O-space
S € T© be given by S, = S = R" U {oc} with the O(n)-action extending the

action by isometries on R™ for each n > 0. Let n: U — S be given by 7y = id, and
let ¢: S® S — S be given by the O(n)-equivariant map

:\/ Oy Nogxoi) STA ST — 8™
i+j=n
ANz ANy— A(z Ny)

fori+j=mn, A€O(Mn),xre S, yeS andx Ay € S AS/ = S". The internal
Hom functor is given by

Hom(Y, Z); H Map(Y; O(j) ,
i+j=n
with the O(i)-action from O(i) — O(i) x O(j) C O(n).
LEMMA 7.2.8. (S,n,¢) is a commutative monoid in T©.

ProoOF. Unitality and associativity is straightforward. The pairings ¢ and
¢y: S®S — S map

ANz Ay €0(M)4 Aogyxoi) S'AST C(S®S)n,
for i+ j =n, to A(x Ay) and Ax;:(y Ax) in S™ = S,, which are exactly equal.

Hence S is commutative. O

LEMMA 7.2.9. The category Sp® of orthogonal spectra is isomorphic to the
category of right S-modules in O-spaces.

PROOF. Let X be an orthogonal spectrum. The underlying OQ-space has the
right S-module structure

0 XS —X
given in degree n by the O(n)-equivariant map
(X®S)n=\ Oy rowxoy Xi NS — X,
itj=n
with components
O(n)+ Nowxo) Xi ANST — X,
that are left adjoint to the O(i) x O(j)-equivariant composite structure maps

j o'/\ld

0'] X/\S .L>Xi+j:Xn.

Each right S-module arises this way, by the associativity of the right action. [
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7.3. Model category structures

Let C be a category with all colimits and limits, and let W be a subcategory of
weak equivalences. A model structure [Qui67], [Hov99| on C is given by two addi-
tional subcategories, of cofibrations and fibrations, satisfying a list of axioms. These
ensure that the localization Ho(C) = C[W™1!] can be constructed with morphism
sets

[X,Y] = {morphisms X¢ — Y/ in C}/~

where X¢ — X and Y — Y7 are so-called cofibrant and fibrant replacements, and
~ denotes homotopy classes of maps.

LEMMA 7.3.1. The categories TV, T9, Sp and Sp® have all (small) colimits
and limits.

PROOF. Any diagram « — X (a) of N-spaces, resp. O-spaces, has colimit and
limit
(colim X (v)),, = colim (X («),,)

[

(lim X (a)),, = lim (X(a),)

formed “pointwise” in spaces, resp. O(n)-spaces. If this is a diagram of right S-
modules, then the colimit and limit have right S-module structures given by

colimy o

(colim X (o)) ® S = (colim X (o) ® 5) colim X ()
and
(lim X () ® § % (lim X () ® S) "7 colim X ()
for a canonical exchange map k. (I

LEMMA 7.3.2. The topological categories C = TV, T°, SpV and Sp° are ten-
sored and cotensored over T. There are natural homeomorphisms

Map(T,C(X,Y)) = C(T A X,Y) = C(X AT,Y) 2 C(X,Map(T,Y)).

PRrROOF. Given an N-space, resp. O-space, X and a space T € T define T A X,
X AT and Map(T, X) so that
(TANX),=TNX,
(XAT), =X, AT
Map(T» X)n = Map(T, Xn)
in spaces, resp. O(n)-spaces. If X is a right S-module, then these have right S-
module structures given by

(TAX)®S2TAX®S) XSTAX

oAT

XAT)@SZ(XQS)ANT == XAT

Map(T, X) © S % Map(T, X @ S) 257 Map(T, X)

for a canonical exchange map k. ([



112 7. SEQUENTIAL AND ORTHOGONAL SPECTRA

DEFINITION 7.3.3. For X in C = TV, 72, Sp" or Sp?, let CX = X A1,
X = X A ST and QX = Map(S?, X) be the cone, suspension and loop space or
spectrum. There are natural homeomorphisms

QC(X,Y)=C(S'AX,Y)=C(EX,Y) 2 C(X,QY).

For f: X — Y a map of diagram spaces or spectra, let the mapping cone of f be
the pushout

Cf=Yux(CX.
We call the diagram
x Ly Lortisx
the Puppe cofiber sequence generated by f.

LEMMA 7.3.4. For each m > 0 there are free functors

¥ T — Sp
S T — Sp”

that are left adjoint to the forgetful functors from TV, TC, SpN and Sp® mapping
X to the (non-equivariant) space X, .

Proor. Let
T for m =n,

F.(T), = {
in the sequential case, and let
Fo(T), = {

in the orthogonal case. In either case, let X507 = F,,,(T') ® S with the evident right
S-module structure, so that

*  otherwise

O(n)y AT for m =mn,
* otherwise

TASY™™ forn>m

* for n <m

(ERT)n = {
in the sequential case, and

(5°T),, = {O<”)+ Ao(mm) (T AS™™™) forn>m
forn <m

in the orthogonal case. O

DEFINITION 7.3.5. Let ¥*° = X3 denote the suspension spectrum functor,
from T to Sp™ or Sp®. Then

(E*°T),, =T ANS"=3"T,
with the standard O(n)-action on S™ in the orthogonal case. The structure maps
o: 5(E®T), — (2T 11

are the identity maps.
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DEFINITION 7.3.6. For m > 0 let S™ = £°°5™ and S~ = £2°5° as sequential
or orthogonal spectra. For m = 0 these definitions agree, and S% = £¥>°80 = § is
the sphere spectrum.

LEMMA 7.3.7. The canonical maps ©.8™ — S™1 are isomorphisms for m > 0,
and my-isomorphisms for m < 0.

PRrROOF. This is easy in the sequential case, and amounts to a key calculation
in the orthogonal case. As a representative case, consider A\: ¥.§71 = XS8! — G
given at level n by the O(n)-map

An: O(TL)+ /\0(n71) Sl A Snil — S"
left adjoint to the O(n — 1)-equivariant identity S* A S"~1 = S". The source is
the Thom complex of an R™-bundle over O(n)/O(n —1) = S"~1 and the map is a
(2n — 1)-connected retraction. Hence
() = colim gy (M)
n

is an isomorphism for each k € Z. O

REMARK 7.3.8. For symmetric spectra, A should be a (stable, weak) equiva-
lence, but is not a m,-isomorphism. Hence more maps than the m,-isomorphisms
need to be inverted to pass from Sp* to Ho(Sp*) ~ B.

DEFINITION 7.3.9. Given a map ¢: S™~! — X, we say that C¢ = X UCS™!
is obtained from X by attaching an m-cell along ¢. A spectrum that can be obtained
from * by attaching (transfinitely) many cells is called a cell spectrum. ((ETC: Also
allow $1S7~1 as source of ¢7?))

DEFINITION 7.3.10. A sequential or orthogonal spectrum X is called an Q-
spectrum if the adjoint structure map
o: X, — QXn+1
is a weak homotopy equivalence, for each n > 0.

If X is an Q-spectrum, then each space X,, is an infinite loop space, in the
sense that there is an infinite sequence of weak equivalences

X 2 QX1 = 2" X~

THEOREM 7.3.11 (|BF78| Thm. 2.3], [MMSS01, Thm. 9.2]). There is a model
structure on the category of sequential, resp. orthogonal, spectra, with weak equiv-
alences given by the m.-isomorphisms, such that cell spectra are cofibrant and §2-
spectra are fibrant.

Hence the homotopy category Ho(Sp™) = SpN[Wy '], resp. Ho(Sp?) = Sp° W5,
exists, and

(X, V] ={X = Y/}/~
where X¢ — X is a . -equivalence from a cell spectrum, Y — Y is a 7. -equivalence
to an Q-spectrum, and ~ denotes homotopy classes of spectrum maps X¢ — Y 7.

PROPOSITION 7.3.12. There is a natural isomorphism
(V) = [S7, Y]

for each sequential, resp. orthogonal, spectrum Y .
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PrRoOOF. Note that
gk _ oSk for k>0,
$>9.5% for k<0

is a cell spectrum, hence its own cofibrant replacement. Let Y — Y/ be a fibrant
replacement, i.e., a m,-isomorphism to an {2-spectrum. It suffices to prove that
me(Y) =[Sk Y], Here

ﬂ'k(YOf) for k>0,

Sk Yl ={S*" 5 v/} /)~ =
SEYI =57 =YY ’/T()(Y_fk) for k <0,

which indeed is isomorphic to 7, (Y). O

THEOREM 7.3.13 ([MMSS01, Thm. 10.4]). The model categories of sequential
and orthogonal spectra are Quillen equivalent, so that

RU: Ho(Sp®) = Ho(Sp")
is an equivalence of categories.

This uses that the underlying sequential spectra US™ of orthogonal sphere
spectra are m,-isomorphic to the corresponding sequential sphere spectra. Hereafter
we write Ho(Sp) for either one of these equivalent categories.

7.4. Stability and triangulated structure

The model structures on SpY and Sp?@ are stable, which implies that the ho-
motopy category Ho(Sp) is triangulated.

THEOREM 7.4.1. The suspension and loop functors induce inverse equivalences
¥: Ho(Sp) = Ho(Sp): Q

In particular, the adjunction unit n: X — QXX and counit e¢: ¥QY — Y are both
T -isomorphisms.

For one proof, using that the cyclic permutation of S A .S' A S! is homotopic
to the identity, see [Rognes, MAT9580/2021, Spectral Sequences, §9.3].

LEMMA 7.4.2. Loop composition gives each morphism set
[X,Y] = [22X, 2%Y] = [X, Q?%?Y]
the structure of an abelian group, and composition of morphisms is bilinear.

We say that Ho(Sp) is an Ab-category. An additive category is an Ab-category
with all finite sums (= coproducts). It follows that it has all finite products, and
that the canonical map from any finite sum to the corresponding finite product is
an isomorphism. We now give May’s version [MayO01] of Verdier’s axioms.

DEFINITION 7.4.3. A triangulated category is an additive category C with an
additive equivalence ¥: C — C and a collection A of diagrams

(7.1) x Ly iz wx,

called distinguished triangles. We assume that:
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(1) (a) For each object X in C the triangle

X4 X —0—5x
is distinguished. (b) For each morphism f: X — Y in C there exists a dis-
tinguished triangle (7.1). (c) Any diagram isomorphic to a distinguished
triangle is also a distinguished triangle.
(2) For each distinguished triangle (7.1)) its rotation

vy Iz 0 wx sy

is a distinguished triangle.
(3) Consider the following braid diagram.

h g J
NN T TN TN
X zZ w »U
g R’ i q"
I - sf
Y v YY
J 5 '’
I =f
U YX

Assume that h = gf and j” = (2f")¢”, and that

x Ly Lulyx

vy Lz 5w 2 yy

xS zhv I ex
are distinguished. Then there exist maps j and j’ such that the diagram
commutes and

U-Lv-2iwlssu
is distinguished.

The braid axiom is usually known as the octahedral axiom, since the four
distinguished triangles and the four commuting triangles can be viewed as the eight
faces of an octahedron. The two commuting squares then appear in the interior of
the octahedron.

The following fill-in lemma was taken as an axiom by Puppe and (unnecessarily
so) by Verdier.

LEMMA 7.4.4. If the rows are distinguished and the left hand square commutes
in the following diagram

h

X Y 7z nX
{ J/j k Jm
x Ly g W s
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then there exists a map k making the remaining two squares commute.

It is a consequence of the following 3 x 3-lemma, which is proved by comparing
the braid diagrams for the compositions jf and for f’i.

LEMMA 7.4.5. Assume that jf = f'i and the two top rows and two left columns
are distinguished in the following diagram.

X Y 7z $X
i J k P
x Ly W s
i’ J’ K =4’
xS g M sx
i’ 3" k(=) i
sx vy 2wy Phoyey

Then there is an object Z'' and maps f”, g", b, k, k' and k" such that the diagram
is commutative, except for its bottom right hand square, which commutes up to the
sign —1, and all four rows and columns are distinguished.

In all cases, no uniqueness is assumed for these existence statements. This
makes it difficult to glue together triangulated categories. This issue can be resolved
by working with richer structures, i.e., stable co-categories.

The fill-in lemma implies that distinguished triangles are exact and coexact.

PROPOSITION 7.4.6. For any distinguished triangle
xLy Sy tnx
and object T, in a triangulated category C, the sequences
C(T, X) L5 (1Y) 2 e(1, 2) = (T, 2 X)
and
C(Ex,T) 5 ez, 1) L ey, 1) L (X, 1)
are exact.

In view of stability and rotation invariance, these extend in both directions to
long exact sequences. Recall the mapping cone Cf =Y UCX.

THEOREM 7.4.7. The stable homotopy category Ho(Sp) is triangulated, with
distinguished triangles the diagrams that are isomorphic to the Puppe cofiber se-
quences

x Ly Lioftex.
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SKETCH PROOF. The braid axiom may be unfamiliar. We may assume that
U=Cf,W=CgandV =C(gf). There is then a commuting diagram

g

Y VA Cyg

|, L]

Cf —1—Clgf) —— Cj

Lo

yx 4 . yx XX

of vertical cofiber sequences and horizontal homotopy cofiber sequences, formed in
Sp" or Sp®. The map Cg — C} is an equivalence, since CXX ~ x. O

COROLLARY 7.4.8. For any map f: X — Y of (sequential or orthogonal) spec-
tra there is a long exact sequence

o (X)L (V) — e (OF) D e (X)

This could also be proved directly from Theorem Following G. White-
head [Whi60|, each spectrum defines a (generalized) homology and cohomology
theory on spaces.

THEOREM 7.4.9. (a) Let E be a (sequential or orthogonal) spectrum. The
functors

T+ Ex(T) = mi(EAT)

and the suspension isomorphisms
Ey(T) = m(ENT) = g1 (E A ST) = Ejyr (ST)

define a reduced homology theory on all based spaces T .
(b) The functors
X — E*(X) = [X,%FE]
and the suspension isomorphisms

o

E*(X) = [X,2*E] — [2X, 2 E] = EFY(X)

)

for k € Z, define a cohomology theory on all spectra X, which restricts to a reduced
cohomology theory on all based spaces T via

E¥(T) = E¥(2°°T) = [2=T,%*F].

We will extend the homology theory E.(—) to all spectra after defining the
smash product of orthogonal spectra.

DEFINITION 7.4.10. Let @7 = E*E = E*(E) be the E-based Steenrod algebra.
PRrOPOSITION 7.4.11. The composition pairing
EF'E® F(X)=[E,YE|® [X,YE] % [X,X™E] = B (X)

gives E*(X) a natural left E* E-module structure. The multiplication in E*E cor-
responds to the case X = F.
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In the case £ = HTF, we recover the mod p Steenrod algebra, and its natural
left action on H*(X;F,). The structure of &};;, = MU*(MU) was determined
by Novikov [Nov67a] (announced at the 1966 ICM) and Landweber [Lan67],
cf. [Ada74, Part I]. Its action on MU*(X) naturally is that of a topological ring
acting continuously on a topological module. Following Adams |[Ada69, Lec. III]
we shall instead view MY = MU, (MU) as a generalized coalgebra, called a Hopf
algebroid, with a natural coaction on MU,(X). This avoids the technical issues
about topological actions.

7.5. Truncation structure

The method of killing homotopy groups shows that for each spectrum X there
exists a Postnikov tower

X—>"'—>T§tX—>TSt_1X—>...

where m;(X) — m;(7<,X) is an isomorphism for each ¢ < ¢, while m;(7<;X) = 0
for all ¢+ > t. We say that 7<;X is t-coconnective (omitting ¢ when ¢t = 0), or
t-truncated. It follows that

X ~ ho%im T<t X

(the mapping microscope). We may write 7, X for 7<;_1X.
There is a homotopy cofiber sequence

T>tX — X — TStX — ET>tX
for each t € Z. Writing 75441 X for 75X, we obtain a Whitehead tower
= T X 2 T X = =2 X

where 7;(7>,X) — m;(X) is an isomorphism for each ¢ > ¢, while m;(7>,X) = 0
for all ¢+ < t. We say that 7>;X is t-connective, omit ¢ when ¢ = 0, and say that
T>0X — X is the connective cover of X. It follows that

hoc?th ~ X
(the mapping telescope).

ExXAMPLE 7.5.1. The spectra S, MO, MSO, MU, HA are connective, for any
abelian group A. The connective covers of KO and KU are denoted ko and ku,
respectively, with

7y (ku) = Zlu)
and
7. (ko) = Z[n, A, B]/(2n, %, nA, A> = 4B) .

The formal properties of Postnikov towers were axiomatized by Beilinson—
Bernstein—Deligne.

DEFINITION 7.5.2 ([BBD82| §1.3]). A t-structure (= truncation structure, I
presume) on a triangulated category C is a pair of full subcategories C>¢ and C<g.
With the notations C>¢ = X'C> and C<; = X!C<( we assume that:

(1)

"'CC21CC20C... and "'CC§0CC§1C....
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(2) For each object Y in C there exists a distinguished triangle
X —=Y —7—=%3X

with X € 621 and Z € CSO'
(3) If X e 021 and Z € CSO then C(X, Z) =0.

DEFINITION 7.5.3. An abelian category is an additive category such that

(1) each morphism has a kernel and a cokernel,
(2) each monomorphism is a kernel, and each epimorphism is a cokernel.

For each morphism f: A — B in an abelian category, there is an exact sequence

0 — ker(f) — A L5 B — cok(f) — 0,

and A/ker(f) = coim(f) = im(f). Abelian categories are convenient settings for
homological algebra.

THEOREM 7.5.4. The heart C¥ = 750C N 7<oC of a t-structure is an abelian
category.

PROPOSITION 7.5.5. The categories Ho(Sp)>o of connective spectra and Ho(Sp)<o
of coconnective spectra define a t-structure on the stable homotopy category, with
heart the abelian category of abelian groups.

SKETCH PROOF. If X is 1-connective and Z is 0-coconnective, then [X, Z] =0
by induction over a CW structure on X.

The heart Ho(Sp)® = Ho(Sp)>0NHo(Sp)<p consists of the spectra with . (X)
concentrated in degree 0, i.e., the Eilenberg—MacLane spectra H A for all abelian
groups A. O

The derived category D(Z) of chain complexes of abelian groups, up to quasi-
isomorphism, is another triangulated category with t-structure, having the same
heart as Ho(Sp). ((ETC: Realize D(Z) as Ho(Modpz), with base change along
S — HZ defining a functor Ho(Sp) = Ho(Modg) — Ho(Modgz).))

7.6. Smash products and function spectra

We now make use of the fact that S is a commutative monoid in OQ-spaces to
define a smash product
XANY =X®sY
and a function object
F(Y,Z)=Homg(Y, Z)
for orthogonal spectra, i.e., right S-modules, X, Y and Z.

DEFINITION 7.6.1. Given right S-modules X, Y and Z let X A Y = X ®g Y
be the coequalizer
o®id
X@SeY XY —"5X®sY
id ®@o’
in 79, where 0/ = 07: S®Y — Y defines a left S-action on Y. Let F(Y,Z) =
Homg(Y, Z) be the equalizer

Homg (Y, Z) —— Hom(Y, Z) —__ Hom(Y ® S, Z)

a_\/
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in 79, where ¢¥ has left adjoint
Hom(Y,Z) Y @S X 720 5 -2 7.
Then X AY has a right S-module structure making the square

XoYyes-1% xey

ﬂ®idl J/ﬂ'
XAY)@S—— X AY

commute, while F(Y, Z) has a right S-module structure making the rectangle

F(Y,Z)® S F(Y.2)

@k{ J

Hom(Y, Z) ® § —— Hom(Y, Z ® §) —— Hom(Y, Z)

commute. Here k has left adjoint

Hom(Y,Z)® S @Y <% Hom(Y,Z) oY S 2 z® S.

REMARK 7.6.2. More explicitly, the smash product X AY is given at level n
by the coequalizer of two maps

|l

Vitjmn O(n)+ Xo@i)x00) Xi AYj -
A map of orthogonal spectra p: X AY — Z is equivalent to a collection of O(7) x
O(j)-equivariant maps
Pij: Xi NYj — Ziy
for 4,7 > 0, making the bilinearity diagram

XaASTAY, 2% X AY, A S

B fa,cNid
oNid id Ao

Xa+1 /\Y; XaAY;+1 Z¢1+(:/\S1
Ha+1,cl J{MQ'/
(Ia@Xl,c)'
Za+1+c T} a+c+1

commute, for all a, ¢ > 0. Note the appearance of the action of I,®x1,. € O(a+1+c)
on Z,114¢, which is not available for sequential spectra. See [Schwede, Symmetric
Spectra, diagram (5.1)].

THEOREM 7.6.3. The category Sp® of orthogonal spectra is closed symmetric
monoidal, with unit object S, monoidal pairing X, Y — X AY, symmetry isomor-
phism

v XANY2ZYANX
and internal function object F(Y,Z).
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SKETCH PROOF. The diagram

o®id
— o
X@S@SWX®54>X

is a split coequalizer, which shows that X AS = X. Left unitality and associativity
admits similar proofs. The symmetry isomorphism is induced by v: XQY XY ®X.
The natural adjunction homeomorphism

TUXAY,Z) =2 T%(X,F(Y, 2))
lifts to a natural isomorphism

F(XAY,Z)= F(X,F(Y,Z)).

This smash product of orthogonal spectra extends that of based spaces.
LEMMA 7.6.4. There are natural isomorphisms
LT AT 2 S°(T AT

in Sp@, for T,T" € T.

PROOF. ST AZ®T =TASANT'ANSZTAT'ANSASZTAT AS =
ST AT a

We give the category grAb of graded abelian groups the usual symmetric
monoidal structure, with symmetry

v:ARBX=B®A

taking x®y to (71)‘I||y‘y®x. A lax monoidal functor ®: C — D between symmetric
monoidal categories comes with a natural transformation -: ®(X)@®(Y) —» (X ®
Y) and a morphism U — ®(U), and takes monoids to monoids and modules to
modules. It is symmetric if

P(X)RP(Y) —— B(Y) ® B(X)

| ]

P(XRY) —— (Y @ X)

commutes, in which case it takes commutative monoids to commutative monoids.

((ETC: Properly define lax (symmetric) monoidal and closed functors?))

THEOREM 7.6.5. There is natural pairing

(X))@ (Y) — m (X AY)
a®pr—a-p

and a homomorphism Z — 7.(S) that make 7, a closed and lax symmetric monoidal
functor from (Sp®, S, ) to (grAb, 7, ®).

PROOF. See [Rognes, MAT9580/2017, Stable Homotopy Theory, Thm. 6.8].
Let X and Y be orthogonal spectra, and let ¢y m: Xn A Yy — (X AY)pym be
the O(n) x O(m)-equivariant components of the identity map of X AY. Given
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a € mp(X) and B € m(Y), represented by f: S¥*" — X, and g: ST = Y,
respectively, we can form the composite
Frg: SEFRA S I Ay T (XA Y ) -

Its homotopy class in T yntotm((X AY)pnim) only depends on [f] and [g], so we
can let [f] * [g] = [f * g]. Let

ff=o(f Aid): SHHHL L X,

g =o(gnid): S Ly,

(f+9) = o(f + g Aid): ST L (X AY )i

denote the stabilized maps. The bilinearity diagram shows that

fxg' =(fxg) and  (fxg)(i[dAy) = Tn® x1.m)(f *9).
Here v: STAS“H™ — S4mA ST has degree (—1)+™ | and multiplication by I, ®x1,m
has degree (—1)™, so it follows that

[fxgl=[(f*9)1=(=D[f =g].

To compensate for the sign (—1)* that appears when n is incremented, we let

[f]-[9] = (=1)*""[f * g]
in Tt tgntm((X AY)min). We define « - 8 to be its stable class in 7p4.¢(X AY),
which only depends on the stable classes a and . ([

If £ > 0, then the sign (—1)*" is realized by v: S* A S™ = 8" A S¢ 5o [f] - [g] is
the homotopy class of the composite

Foge ShHernam _ gk gl A gn o gm A gl gn n gl A gm
I X0 A Yo 8 (X AY g -
This suffices, e.g., to present the right 7, (S)-action on m,(X).

7.7. Orthogonal ring and module spectra

DEFINITION 7.7.1. An orthogonal ring spectrum, also called an S-algebra, is a
monoid in (Sp®, S, A), i.e., an orthogonal spectrum R with a unit map n: S — R
and product map ¢: R A R — R, satisfying unitality and associativity.

A commutative orthogonal ring spectrum, or commutative S-algebra, is a com-
mutative monoid in Sp@, meaning that ¢ = ¢y: RA R — R.

A right R-module spectrum is a right R-module in Sp@, i.e., an orthogonal
spectrum M with a right action map p: M A R — M satisfying unitality and
associativity. A left R-module spectrum is a left R-module in Sp®, i.e., an orthog-
onal spectrum N with a left action map A\: R AN — N satisfying unitality and
associativity.

With M and N as above, the relative smash product M Ar N is the coequalizer

pAid

MARAN ~dA;MANL>MARN

in SpP. If R is commutative, then left and right R-actions are interchangeable, and
M AR N is again an R-module.
((ETC: Can also discuss Fr(M,N).))
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LEMMA 7.7.2. If R is an orthogonal ring spectrum, then m.(R) is a graded ring.
If R is commutative, then m.(R) is graded commutative. If M is a right R-module,
then m.(M) is a right m.(R)-module. If N is a left R-module, then m.(N) is a left
7« (R)-module. There is a natural homomorphism
(M) ®@r,(r) T (N) — 7 (M AR N).
((ETC: Also m, Fr(M,N) — Hom, (g)(m«(M),7(N)).))
PROOF. The lax monoidal pairing 7. (M)@m(N) = m(MAN) = 7 (MARN)

equalizes the two homomorphisms from 7, (M) @ m.(R) ® m.(N), hence factors
through 7.(M) @ (r) T«(N). O

ExampLE 7.7.3. The spectra S, MO, MSO, MU, KO, KU and HR for any
commutative ring R admit models as commutative orthogonal ring spectra. For
example, the multiplication u: MO A MO — MO is given by the maps

obtained by Thomification from the Whitney sum map BO(i) x BO(j) — BO(i+j).
Each

MO(n) = EO(n)+ Nom) S™ = B(O(n), S™)
(using the bar construction from Chapter 3, Definition 10.8) comes with a left
O(n)-action, given by conjugation on the group O(n) and the standard action on
S™, and p; ; becomes O(i) x O(j)-equivariant. The spectrum MU is most naturally

a unitary spectrum, but is m,-isomorphic to an orthogonal spectrum with n-th space
Q"MU (n), equipped with the multiplication

. . o QIS
QMU(i) A MU(j) — QU (MU AMUG))  —57 QH MU + 7).
See [Schwede, Symmetric Spectra, Example 1.18].
((ETC: Discuss (orthogonal) ring spectrum maps S — MU — KU later.))

7.8. The smash product in the stable homotopy category

The model structure on Sp® is monoidal, satisfying a so-called pushout-product
axiom. This implies that for any cofibrant replacements X¢ — X, Y — Y and
fibrant replacement Z — Z/ the induced maps

XCAY ¢ X°AY® = X AYC
and
F(Ye,Z) = Fez) & F(y,z))

are m,-isomorphisms. Hence the closed symmetric monoidal structure on Sp® de-
scends to Ho(Sp?), giving a (derived) smash product

A: Ho(8p®) x Ho(Sp®) — Ho(Sp?)
X,V —s XAY®
and (derived) function spectrum
F: Ho(S8p®)?? x Ho(Sp®) — Ho(Sp?)
Y,Z— F(Y©,z))
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making Ho(Sp®) closed symmetric monoidal. In particular, there are compatible
isomorphisms
SAY XY Y AS
(XAY)ANZZXANYANZ)
v XANYZ2ZYAX

F(XNY,Z) = F(X,F(Y,Z))
in Ho(Sp®). The symmetric monoidal part of this structure was developed “by
hand” on pages 158-190 of [Ada74].

The closed symmetric monoidal and triangulated structures on Ho(Sp) are
compatible.

LEMMA 7.8.1. (a) For each distinguished triangle
xLy %z Mhsx
and spectrum W the triangles

WAX Y WAy Y WAz L s A X)

X AW LSy a2 7w VRGN 5wy
i i ot
FW.x) " Fwoy) " Evz) T S nEwx)

F(z,w) "9 pry,w) FED pxw

[}

SR, W) R
are distinguished.
(b) The composite

St =8 A St L STASt =58t
is multiplication by —1.

Note the minus sign in —F(h,id). Mapping out of a cofiber sequence de-
fines a fiber sequence, which stably differs by this sign from a cofiber sequence.
May [May01] gives more compatibility conditions satisfied in Ho(Sp). The full
compatibility story is perhaps best accounted for by presentably symmetric monoidal
stable oo-categories.

The symmetric monoidal and truncation structures on Ho(Sp) are also com-
patible.

LEMMA 7.8.2. (a) S is connective, with Z = my(S).
(b) If X and Y are connective, then so is X ANY, with 7o(X) ® mp(Y) =
7T0(X N Y)

PRrROOF. (a) This is a consequence of the Hurewicz theorem.
(b) There are cofibrant replacements X¢ — X and Y — Y where X¢ and Y©
are CW spectra with cellular complexes ending with the exact sequences

C1(X%) -2 Co(X) — mo(X) — 0
C1(Y9) -2 Co(YC) — mo(Y) — 0.
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Then X AY€ is a CW spectrum with cellular complex ending with an exact se-
quence

Ch(X€) @ Co(YO) & Co(X€) @ Cy (Ye) PP ®? 0 (xe) @ Oy (Y0)
— m(XAY)—0.
This implies that mo(X) @ mo(Y) 2 m(X AY). O
((ETC: Can also note that mo(X) = Hy(X) for connective X, and appeal to
the Kiinneth theorem in homology.))
EXAMPLE 7.8.3. For abelian groups A and B the 0-truncation
HAANHB — moo(HAN HB) ~ H(A® B)

of the smash product of two Eilenberg—MacLane spectra is the Eilenberg—MacLane
spectrum of the tensor product. In general, this map is not an equivalence. For
instance, 7. (HF, A HF,) = 4/, is the mod p Steenrod algebra.

LEMMA 7.8.4. Let R be an orthogonal ring spectrum, M a right R-module and
N a left R-module.
(a) If mi (M) = 7w, (R){ga}a is free as a right m.(R)-module then

M ~\/sleIR

as right R-modules, and m,(M) @, (r) T«(N) = m.(M Ar N).
(b) More generally, there is a natural strongly convergent Tor-spectral sequence

E?, = Tor™® (m, (M), 7.(N)) = m.(M Ag N).
PRroOOF. (a) We represent the module generator g, by maps
Go: S99l — M

and extend these using the R-action to obtain maps

sloal g o Gloal A R 92N N A R 25 M

Their direct sum g over « induces the assumed isomorphism

Psleelr (R) = x.(\/ BloIR) = 7.(M),

hence is an equivalence. It follows that

gARrid

\/ 29I N 2= \/ 519l R A N =55 M AR N

also is an equivalence, and here

m(\/ £19IN) = P 51917 (R) @r. (r) T (N) = (M) @r, (r) T(N) .

(b) Any free m,(R)-module resolution
o — P — Fy — . (M)—0
can be spectrally realized by the associated graded of a filtered R-module spectrum
x — Mo — My — ... — My

with Mo, ~ M. Apply — Ag N to this filtration, and consider the associated
spectral sequence. See [EKMM97, §IV.5] for the details. O
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COROLLARY 7.8.5. Let R be a ring, M a right R-module and N a left R-module,
so that HR is an orthogonal ring spectrum, HM a right H R-module and HN a
left HR-module. Then

7.(HM App HN) = Tor® (M, N).
((ETC: Can also discuss Fr(M, N) and the Ext spectral sequence.))

COROLLARY 7.8.6. Let R be a ring, and M and N right R-modules, so that HR
is an orthogonal ring spectrum, and HM and HN are right H R-modules. Then

1 (Fyr(HM, HN)) = Ext’,(M, N) .

REMARK 7.8.7. Before the invention of symmetric and orthogonal spectra, the
term “ring spectrum” meant a monoid in the stable homotopy category Ho(Sp) ~
B, i.e., a spectrum R with morphisms n: S — R and ¢: R A R — R such that
the unitality and associativity diagrams commute in Ho(Sp), i.e., up to homo-
topy. Similarly, a “module spectrum” meant a module in Ho(Sp), with a morphism
p: M ANR — M such that the unitality and associativity diagrams commute up
to homotopy. This makes 7, (R) a graded ring and 7, (M) a right m.(R)-module,
but does not suffice to define M Ar N. Nonetheless, if 7.(M) is free as a right
7« (R)-module, then M is equivalent to a wedge sum of suspensions of R, as in the
first part of Lemma ).

DEFINITION 7.8.8. We refer to monoids and modules in Ho(Sp) as ring spectra
up to homotopy, and module spectra up to homotopy, respectively.

EXAMPLE 7.8.9. Let p be a prime, and let the mod p Moore spectrum S/p = Cp
be the mapping cone of the multiplication-by-p map p: S — S. The smash product
of S/p with the homotopy cofiber sequence

S -2y 8- S/p-Lsns
is a homotopy cofiber sequence
S/pAS Y Snn SN S/ A S/p Y R (S/p A S)

which is isomorphic to

S/p 25 S/p AN S/pAS/p J—/> ¥S/p.

If p is odd then [S/p,S/p] = Z/p and the map p: S/p — S/p is null-homotopic.
Hence there exists a retraction S/p A S/p — S/p in the stable homotopy category.
This is left and right unital up to homotopy, and turns out to be associative up to
homotopy if p # 3. Hence S/p is a ring spectrum up to homotopy for p > 5, while
S/3 is a “non-associative” ring spectrum up to homotopy.

If p = 2 then [S/2,5/2] = Z/4 and the map 2: S/2 — S/2 is essential. Hence
there is no (left or right) unital pairing S/2 A S/2 — S/2, and S/2 is not a ring

spectrum. One way to see this, due to Barratt, is to use that H*(S/2;F;)
Fo{1,S¢'} and

H*(S/2 A S/2;F2) = Fo{1,Sq'} @ Fof{1, S¢*}

with S¢?(1 ® 1) = S¢* ® Sq' # 0 by the Cartan formula. This would have to be
zero if S/2 were a retract up to homotopy of S/2 A S/2.

The following recent result was contrary to every expectation.
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THEOREM 7.8.10 (Burklund (arXiv:2203.14787)). The Moore spectra S/8 and
S/p?, for any odd prime p, can be realized as (strictly unital and associative) or-
thogonal ring spectra.

7.9. Spectral homology and cohomology

We now extend G. Whitehead’s Theorem [Z.4.91

THEOREM 7.9.1. Let E be a spectrum. The functors

X Ey(X)=mp(ENX)
and the suspension isomorphisms
Ep(X) =mh(EAX) — i1 (EASX) = By (5X)
define a homology theory on all spectra X.

THEOREM 7.9.2. Let E be a ring spectrum in the homotopy category. There

are natural pairings

E{(X)NE;(Y) — Eij(X AY)
and

EY(X)ANE(Y) — E"™ (X AY)
making E.(—) a multiplicative homology theory and E*(—) a multiplicative coho-
mology theory. In particular, E.(Y) is naturally a left E.(S) = 7. (E)-module and
E*(Y) is naturally a left E*(S) = m_.(F)-module.

SKETCH PROOF. The composition
T(EAX)@m(EAY) =51y (EAXAEAY) =1 (EAEAXAY)
& 7T7;+j(E ANXA Y)
defines the homology pairing. The composition
(X, YE|@[V,%E] 25 [XAY,S'EAYE] > [X AY, S (E A E)]
L X AY, R
defines the cohomology pairing. The left module actions correspond to the case
X=5. O

Next we follows Adams [Ada69, Lec. III] and interpret E.(X) as an E,E-
comodule, subject to a flatness condition on F.

DEFINITION 7.9.3. Let (E, 7, ¢) be a ring spectrum in the homotopy category.
We briefly write

E, =m.(F) and E.E=E.E)=7m.(EANE).

Then FE, is a graded ring, and E,FE is an E,.-FE,-bimodule, with left F,-action
induced by

ENENEYS ENE

and right F,-action induced by

ENENEYYEANE.
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Moreover, E,FE is a graded ring, with multiplication induced by

ENEANEAE YN EANEANEANEYSEANE.

The left E,-action on E, E is then given by A(a®b) = nr(a)-b, where nr,: E, — E.E
is the left unit homomorphism induced by
id An

E~ENSYYEANE,
and the right E,-action on E, F is given by p(b&c) = b-ng(c), where ng: E, — E.FE
is the right unit homomorphism induced by
nAid

EXSANE-— FEAE.
The ring spectrum multiplication ¢: EAE — E induces an augmentatione: F,E —

E,, with eonp =id = eonpg.

In the case £ = HF, we have E, =F, and E.E = 4, the mod p dual Steen-
rod algebra. The left and right units are both the degree zero inclusion F, — 4.
In general, the left and right units n;,nr: F. — E.E will be different homomor-
phisms. If F is homotopy commutative, i.e., a commutative ring spectrum in the
homotopy category, then F, and F,F are graded commutative, and the conjugation
(= antipode/involution) isomorphism

v: B.E = E.E
induced by the symmetry v: E A E = E A E satisfies x2 = id and x o, = ng.
Hence the left F,-module E,E is isomorphic via x to the right F,-module E,E.

DEFINITION 7.9.4. Let E be a commutative ring spectrum in the homotopy
category. We say that F is flat if E.F is flat as a left (or, equivalently, right)
FE.-module.

The map
ENENEAX 29 BEAEAX
induces a pairing
E.EQE.(X) — m(EANEANX)
which equalizes the two usual homomorphisms from E,EQFE,.® FE, (X) and therefore
factors uniquely through E.F ®p, E.(X).

LEMMA 7.9.5. If E is flat, then
E.EQ®p, E.(X) — m.(EANEAX)
is an isomorphism, for each spectrum X.

PRrROOF. Since E, F is flat as a right E,-module, this is a morphism of homology
theories that is an isomorphism for X = S. It follows that it is an isomorphism for
all X. (If E.F is free as a right E.-module, then one can also prove this using a
splitting of E A E as a wedge sum of suspensions of E.) O

DEFINITION 7.9.6. If FE is flat, let

v: E,(X) — E.E®g, E.(X)

be the composite homomorphism

T (BEAX) =1 (EASAX) MY (EAEAX) S EE®p B(X).
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In the case X = F, we write
V: E,E — E,FQp, E.E

for this homomorphism. Note that in the target the tensor product is formed with
respect to the right F.-action on the left hand copy of E,FE and with respect to
the left E.-action on the right hand copy of E,F.

LEMMA 7.9.7. If E is flat, then the left E.-module E.(X) is naturally a left
E.E-comodule, in the sense that the diagrams

E.(X)—Y> E,E®p, B, (X)

Je@id

IR

and
E.(X) — LV E.E®p, E.(X)
{ J{id Qv
E.E®p, E.(X) 2% E.Eop, B.E®p, E.(X)
commute.

Let E.E—coMod = coModg, g denote the category of E,FE-comodules. The
FE, FE-coaction v defines a lift

F.E— coMod

U

of the E-homology functor X — FE,(X), also keeping track of the E,FE-coaction,
or cooperations.

EXAMPLE 7.9.8. When F = HF,, so that F, = F, and E.E = 4, the left
o, -coaction

v: H.(X;F,) — . @ H.(X;F,)

is now naturally defined for arbitrary spectra X, and agrees with that obtained
earlier, under suitable finiteness hypotheses, by dualization from the left .o/-module
action A on H*(X;TF,).

7.10. Hopf algebroids

DEFINITION 7.10.1. Let &/F = E,E = E,(E) be the E-based dual Steenrod
algebra.

So far we have only discussed comodules over coalgebras (and bialgebras), but
in general E,E is not a coalgebra in the classical sense. We shall now pin down its
precise bialgebraic structure. This will involve structure on the pair (E,, E.E).

THEOREM 7.10.2 ([Ada69| Lec. III]). If E is flat, then (E., E.E) is a Hopf
algebroid.
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This means that E, and E,FE are graded commutative rings, there are ring
homomorphisms
ny: By — EE
Nr: Ex — E.F
e: B,.E — F,
V: BE,E — E.EQp, E.FE
x: EvsF — E.F,

these satisfy the relations

en, =id = enr
Ynp = (id@n)n,  and  Ynr = (r @ id)nr
(e®id)y =id = (id ®e€)y
(¢ @id)y = (id @y)y
x*=id  and  xnL =R,

and there are dashed arrows making the diagram

E,E® E,E
x®id id ®x
E.E® E,E E.E®p. E.E E.E® E.E
¢>J - -7 P T~ ~ _ Lﬁ
E.E" E.E *E.E
NMR ‘ nL
E,

commute. See [Rav86, Def. A1.1.1]. The terminology “Hopf algebroid” is due to
Haynes Miller, and can be motivated by Grothendieck’s functor of points perspec-
tive, as we now discuss. The appendix [Rav86, Al] is a standard reference for
Hopf algebroids and their homological algebra.

DEFINITION 7.10.3. Let k be a (graded) commutative ring. A k-Hopf algebra
is a k-bialgebra (H,e,v) with a k-linear homomorphism x: H — H, called the
conjugation (or antipode) such that

HewH——H—" s Heoy H

}

xX®id k id ®x

J{U
@ @
H@rH— H——HQ®, H

comimutes.
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A bialgebra admits at most one conjugation Y, so being a Hopf algebra is a
property of bialgebras. If H is commutative, then x is a k-algebra isomorphism
with x? = id.

PRrROPOSITION 7.10.4. Let CAlgy be the category of commutative k-algebras.
(a) A commutative k-algebra A corepresents a functor

Spec(A): CAlg, — Set
R+— CAlgr(A,R)

to the category of sets.
(b) If (B, €,) is a commutative k-bialgebra, then Spec(B) lifts to a functor

Spec(B): CAlg, — Mon

to the category of monoids, with unit e € Spec(B) corresponding to € and multipli-
cation Spec(B) x Spec(B) — Spec(B) corresponding to .

(¢) For a commutative k-bialgebra (H, €, 1) the functor Spec(H) lifts to a func-
tor

Spec(H): CAlgr, — Gp

to the category of groups if and only if H is a Hopf k-algebra. In this case the
conjugation x corepresents the group inverse Spec(H) — Spec(H).

PrROOF. (a) Clear. (b) We have a natural bijection
CAlgi(B ® B,R) =2 CAlgr(B,R) x CAlgr(B, R)

so the k-algebra B ®j B corepresents Spec(B) x Spec(B), while k itself corepresents
x. Hence ¢: B — B ®;, B and e: B — k induce a natural pairing on Spec(B)(R)
and a preferred element. The counitality and coassociativity axioms for a bialgebra
show that these define a natural monoid structure on Spec(B)(R), so that Spec(B)
lifts through the forgetful functor Mon — Set.

(¢) The identities ¢(x ® id)y = ne = ¢(id @x )y show that for each k-algebra
homomorphism g: H — R in the monoid Spec(H)(R) the composite gx represents
a group inverse. [

REMARK 7.10.5. We can view Spec(A) as a representable contravariant functor
from CAlg” to Set, i.e., as an affine presheaf on CAlg,”. It satisfies faithfully flat
descent (meaning that there are equalizer diagrams

Spec(A)(R) —— Spec(A)(T) Spec(A)(T ®rT)
for R — T faithfully flat), hence is a flat, étale, Nisnevich and Zariski sheaf defined
over Spec(k). We may refer to it as an affine (étale) sheaf. In the situation of the
proposition, Spec(B) is then an affine monoid sheaf and Spec(H) is an affine group
sheaf.

Recall that a (small) groupoid is a (small) category in which each morphism
is invertible, i.e., an isomorphism. Given any morphism f: X — Y we refer to
X =s(f) and Y = t(f) as the source and target of f.
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ProrosiTION 7.10.6. Let E be a flat homotopy commutative ring spectrum.
The (graded) commutative rings E,. and E.E corepresent functors
O = Spec(E,): CRing — Set
R+— CRing(E,, R)
M = Spec(E.E): CRing — Set
R+—— CRing(E.E,R)
that constitute the object and morphism components of a functor
G: CRing — Gpd
R+— g(R)
to the category of (small) groupoids. In other words, G(R) is a groupoid with
objG(R) = O(R) = CRing(E., R)
mor G(R) = M(R) = CRing(E.E, R)
for all (graded) commutative rings R. The left unit n,: E, — E.E corepresents
the target t: M(R) — O(R), the right unit ngr: E. — E.E corepresents the source
s: M(R) = O(R), the augmentation €: E.E — E, corepresents the identity mor-
phism id: O(R) — M(R), the coproduct ¢: ExE — E,E®p, E.E corepresents the
composition law
o: M(R) X(’)(R) M(R) — M(R),
and the conjugation x: E.E — E.E corepresents the passage to inverse M(R) —

M(R). The relations and commuting diagram from Theorem express the
axioms for composition and existence of inverses in a groupoid.

REMARK 7.10.7. The point of Miller’s terminology is thus that the Hopf alge-
broid (E., E.FE) corepresents the affine groupoid presheaf

O(R) = CRing(E., R)
R+— G(R) = { M(R) =CRing(E.E,R)
plus structure maps,

and this is in fact an affine groupoid sheaf, i.e., a contravariant functor CRing°? —
Gpd satisfying suitable descent properties. Since a groupoid is more than a set, these
descent properties are better described by applying the nerve functor to simplicial
sets, and ask that the simplicial presheaf R — NG(R) satisfies descent. (This means
that the coaugmentation from NG(R) to the homotopy limit (= totalization) of the
(pre-)cosimplicial diagram

*} 4>
NG(T) I NG(T@rT) — NG(T@rT@rT) __ ...
- —

is a homotopy equivalence, for all covers R — T in the relevant topology.)

ExAMPLE 7.10.8. When E = HF,, so that £, = F, and E.E = 4, the
conjugation
X: Ay —> Ay
is characterized by the relation ¢(id @)1y = ne, meaning that
> (g =0

i+i=k
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for £ > 1 when p =2, and

et Y & x(m) =0

it+j=k

> x(g) =0
i+j=k
for £ > 1 when p odd. This uses Milnor’s Theorems 8.7 and 8.8 from Chapter 2.
These formulas recursively determine x on the algebra generators, and x? = id.

REMARK 7.10.9. The groupoid G(R) has a single object O(R) = CRing(F,, R)
for each graded commutative F,-algebra R (and is otherwise empty), and a group
M(R) = CRing(., R) of automorphisms of this object. When p = 2, so that
o, = Fo[¢; | © > 1], a homomorphism 0: & — R corresponds to a sequence of
elements b; = 0(¢;) in R, for i > 1. These sequences in turn correspond to formal
power series

for £k > 0 and

flx) = ZbixT € x + 2’ R][z]]

i>0
with by = 1. The composition law in M(R) takes (¢', 0") corresponding to ((b}):, (b7);)
and (f’, f”) to the homomorphism

b: . Vs 0ot " RoR-% R
corresponding to the sequence
b= D ()]
i+j=k
for £ > 1 and the formal power series
k j it
fla) =D bea® =3 (B)*bja®
k>0 i,j>0
which is also equal to the formal composition
P @) = £ ba®) = Y0 ()
i>0 >0 >0
Hence G(R) = B(M(R)) is the one-object groupoid associated to
M(R) = {f(x) = Y b’} C  + R[]
i>0
with the group structure (f, f”) = f” o f’ given by composition of certain formal
power series. These power series f(z) = 2+ .+, biz?" are precisely those satisfying
the functional equation a
f@)+fly) = fle+y).
In other words, these f(x) are the strict automorphisms f: F, — F, of the additive

formal group law Fy(z,y) = « + y over Fo. The groupoid sheaf for E = HF is
thus isomorphic

QHF2 = BAuts(Fa/]FQ)

to the classifying sheaf for the strict automorphism group sheaf of F;, over F5. The
corresponding result for ' = MU is central to chromatic homotopy theory.



134 7. SEQUENTIAL AND ORTHOGONAL SPECTRA

((ETC: Harder to say this for odd p?))
((ETC: Can add grading, or interpret that in terms of G,,-bundles.))

7.11. Spanier—Whitehead duality

((ETC: For finite cell spectra Y let DY = F(Y,S). Then k: DYAZ — F(Y, Z)
is an equivalence, so [X AY, Z] = [X,DY A Z] and Y ~ DDY . In particular, there
are natural isomorphisms E~%(Y) = E,(DY) and E(Y) = E~*(DY). Lift to
account for E-based Steenrod operations?))



CHAPTER 8

Spectral sequences

Given a map f: X — Y of spectra, we can use the long exact sequence of
homotopy groups

s T (CF) 5 1 (X)L (V) — e (CF) S e (X) >

to attempt to calculate 7, (Y") from 7.(X) and 7, (Cf). By exactness at m,(Y),
these two graded abelian groups give an upper bound for 7.(X). By also tak-
ing into account exactness at m,(X) and at 7.(Cf) we can replace m.(X) by
cok(9: mey1(Cf) — m (X)), and replace m(Cf) by ker(9: m.(Cf) = ma_1(X)),
and still have an exact sequence

0 — cok(9) — 7 (Y) — ker(9) — 0.

This then gives a precise upper bound for 7,(Y'), determining this graded abelian
group up to extension. We now aim to extend this discussion from the case of
f: X — Y to longer sequences of maps, possibly continuing without bound to the
left, to the right, or in both directions.

8.1. Sequences of spectra and exact couples
Let
o Y S Yo 5 Y S o

be a sequence of spectra. We call s € Z the filtration index.
Let the mapping telescope, or sequential homotopy colimit Y_ ., = hocolim; Y
be the homotopy coequalizer of the two maps

id
\/s YS #)\/s}/s

where
Yy —— Y,

mgl ll‘nsl
V. Y. —— V., Y,

commutes for each s. We get a homotopy cofiber sequence
N,
(VAT VA AR
S S

where
Pr.v) =3 Prvy)
S

S

135
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is injective with cokernel colimg 7, (Ys). Hence the long exact sequence in homotopy
breaks up into short exact sequences, and

t: colimmy, (Ys) 2 m(Yooo)

Let the mapping microscope, or sequential homotopy limit Y., = holim; Y, be
the homotopy equalizer of the two maps

id
Hs sz Hs Ys
o

«
where

Hs sz LH) Hs YS
PTs+1l lprs

Yip1 ——— Y

commutes for each s. We get a homotopy (co-)fiber sequence
sy T
Yoo o [ "3 [V
S S

where

[T =5 I (vs)

has kernel lim; 7, (Ys) and cokernel Rlimg 7, (Y;). Here Rlimg = limi is the (first)
right derived functor of the sequential limit. The long exact sequence in homotopy
yields short exact sequences

0= Rlimm..;1(Y;) 2 (Yao) = limm, (Y;) = 0.
For r > 1 define Y}, be the homotopy cofiber sequence
Yorr 25 Yy — Vi, — SYai,.
In particular, for » = 1 we have the homotopy cofiber sequence
Yir1 — Y N Yo1 -5 BY
which we can draw as a distinguished triangle
Yoy —— Y,
K
]
N
Y1

for each s. The dashed arrow means a morphism to the suspension of the indicated
target. We get one long exact sequence in homotopy for each s, which fit together
as in the following diagram

oo —— T (Yers) —— 1 (Yeyq)

LS b IS
\\ B \\ B \\ B
RETERN * REIERN * REERN *
~ ~ ~

e (Yst1,1) e (Ys,1) Te(Yso1,1)
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This is called an (unrolled) exact couple [Mas52|, [Boa99]. We aim to determine
7+ (Y_so) from information about the 7, (Y5 1) for all s, concentrating on cases when
Te(Yoo) = 0.

ExAMPLE 8.1.1. Let X be a CW complex, with skeleton filtration
e XD e X6

and F any spectrum. The sequence of spectra

. —— F(X/X®) B) —2 5 F(X/XCV B) — ...
%

\\
~
B
TS~
~

F(X® /XD B
with
_ JFP(X/XEDE) for s >0,
| F(X4,E) for s <0

has homotopy colimit Y_., ~ F (X4, F) and homotopy limit Yoo ~ F(X/X, E) ~ *.
We have
Yo~ F(XW/X6D By~ [[2°E

for each s > 0, where the product ranges over the set of s-cells in X. Hence the
starting data in this case are the graded abelian groups

e (Yo1) & (X, XCTY) = Gy (X Boy)

given by the cellular cochains of X with coefficients in E,. The aim is to calculate
. F (X4, E) = E7*(X).

ExampPLE 8.1.2. Let X be any space, and let
—>T23+1E—>TZSE—>

be the Whitehead tower of E, with hocolim, 7>sF ~ E and holims 7>,F ~ . We
have Puppe cofiber sequences

T>st1E — 5B — Y°Hrg(E) — Y7s>s 1 E.

The sequence of spectra

e —— F(Xy, moe1B) — 2 F(Xy 75, E) —— ...
“

o
T J’B

F(Xy,X%Hns(E))
with
Yy = F(X4,7>:E)

for all s € Z has homotopy colimit Y_., ~ F(X,, E) ((ETC: this uses that each
¥*X is bounded below)) and homotopy limit Y, ~ F(X,,*) = % Hence the
starting data in this case are the graded abelian groups

7o(Von) = o F(Xo, S*Hry(E) & B (X my(E))
and the aim is to calculate m, F(X,, E) = E~*(X).
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ExXAMPLE 8.1.3. Let Y be any spectrum, let (E,n,$) be a ring spectrum up
to homotopy, define I by the homotopy cofiber sequence

I—S"E—¥I,

and let I"® = I A --- A I be the s-fold smash power. Consider the sequence of
spectra

..*>IA5“/\1<Y$>IAS/\Y—>...
|
ENIMAY

with

v - I AY fors>0,

Yy for s < 0.

Additional hypotheses are needed to ensure that Y., = holim, Y, will be trivial,
but clearly Y ~ Y_ ., = hocolim, Y. Suppose now that F is flat, so that

Qs B* 5
o B (Ya1) =5 B (Ya) =5 Bu(Yan) =5 Baoy (Yaga) = -

is an exact sequence of F, F-comodules. Here 3, is split injective as an E,-module
homomorphism, with left inverse

T Aid): EL(ENY,) = E,(Ye) — Eo(Y3)

induced by the ring spectrum multiplication, so a, = 0 and the long exact sequence
breaks up into short exact sequences. Letting s vary, these can be spliced into a
resolution

0— E*(Y) A E*(}/E),l) ﬂ*—’Y; E*—I(Yl,l) B*—’Y; E*_g(}/gJ) — ...

of E.(Y) in the category of F,FE-comodules. Moreover,

me(Ye1) — Homp, g(E., E.(Ys1))

is an isomorphism for each s. Hence the starting data in this case are the graded
abelian groups Hompg, g(E., E.(Ys,1)), where E. (Y5 1) is part of an E, E-comodule
resolution of F,(Y'), and the aim is to calculate 7, (Y), at least when 7.(Ys,) = 0.

The first two examples both lead to the Atiyah—Hirzebruch spectral sequence
from |[AHG61|, while the third example leads to the E-based Adams spectral se-
quence. In the case H = HF, this is the classical mod p Adams spectral se-
quence [Adab8|, while for E = MU it is the Adams—Novikov spectral sequence
from [Nov67b).

8.2. The spectral sequence associated to an exact couple

DEFINITION 8.2.1. A spectral sequence is a sequence (&,,d,),>1 of bigraded
abelian groups &, = (£5*)s and differentials

dp: E5% — £
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increasing the filtration degree s by r (and reducing the homotopical /homological
degree by 1), together with isomorphisms

) k . 8,% ST, %
557* EHS(€:7*’dT) = .er(dT ggfrj 57” s*) :
im(d,: & = &)

r+1 —

(The usual notation is (E,,d,), but we write £ here to distinguish spectral
sequence &,-terms from FE-(co-)homology for a spectrum FE.)

For each r’ > r > 1 the &, -term is a subquotient of the £,.-term, so we can
view the & -term as an initial upper bound for the target of a computation, which
is gradually improved by the &.-terms as r grows.

Consider any exact couple

(8.1) e AsT2 Ty st % fs 2y AsTE
N o R ﬁK N N N 5

AR o 'y\ N B v N o
gt g g

where each A® and each & is a graded abelian group, o and S have degree 0, ~
has (homotopical/homological) degree —1, and each triangle is exact. We shall
associate a spectral sequence (&, d,) to this exact couple.

For each s, we find one decreasing and one increasing family of subgroups
within &7

0=BiCB;C---CB,C---CZ.C---CZ5CZ]=¢&.

To define these, let 7 > 1 and consider the following subdiagram.

Astr+l @ AStT a ! Ast1 @ A3 ot As—T+1 @ s AS—T

K K LS
~ 5 N ~ 5
N N
RAERN l 'y\ N J’B RAERN l
N N N

s+r s s=r
&1 & &1

Let
Z: = 7_1(im(of_1)) and B: = B(ker(ar_l))

be the r-th (co-)cycles and (co-)boundaries in filtration degree s. These are then
nested as claimed. We let

& =28}
be the filtration degree s part of the &.-term. Let
dy: E5 — 5T

[z] — [B(y)]

map the coset of z € Z2 to the coset of B(y) € Z:*", where a"~!(y) = v(z). In
particular, d; = 87.
LEMMA 8.2.2. ker(d,) = Z;,,/B; and im(d,) = B}, ,/B;, so H*(E),d,) =
1
Hence we have the terms and differentials of a spectral sequence (&,,d,.), for
1 <r < o0o. We use the following notation for its limiting term as r — oo.
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DEFINITION 8.2.3. Let the graded abelian groups
zi,=(%: ~and Bi =|JB;

be the infinite (co-)cycles and (co-)boundaries in filtration degree s, so that
0=BjC---CBC---CB_CcZ,C---CcZ;C---CZj=E&}.
Let
£, = 73/,
be the filtration degree s component of the £,,-term of the spectral sequence.
Let A=>° = colimgz A%, A*° = limyz A° and RA*® = Rlimz; A*. We aim to
calculate the graded abelian group G = A~°°, under the assumption that A> =0

and RA*>° = 0. More realistically, we aim to identify the associated graded for a
good filtration of G with the spectral sequence £,.-term.

DEFINITION 8.2.4. Let
F*G = im(A* — A™)
for each s € Z, so that
S CFTM'GCFGC---C@

is a decreasing filtration of G = A7 = colims A®. We say that the filtration is
exhaustive if colimg F°G = G, it is Hausdorff if limgs F°G = 0, and it is complete
if Rlims F*G = 0. The filtration subquotients (F*G/F**1G), form a bigraded
abelian group, called the associated graded of the filtration.

The group G is often called the abutment of the spectral sequence, and we

write
& =G or & =G

to present information about the £;- or £-term and the abutment, and to indicate
that s is the filtration index.

LEMMA 8.2.5. There is a natural injective homomorphism

e G
C st
€] — [B(n)]

for each s € Z, where n € A® maps to £ € F*G under A®> — A>.

— &%

DEFINITION 8.2.6. If £ € F*G \ F**1G then its coset [¢] € F*G/F**1G is
nonzero, hence corresponds to a nonzero class x = (5([¢]) € £5,. We say that x
detects &, and that £ is detected by (or represents) x. (This terminology is not
standardized.) Note that any other class ¢’ € £+ F*T1G in the same coset as & will
be detected by the same class x.

DEFINITION 8.2.7. The spectral sequence (&,,d,) converges strongly to the
filtered group G if

(1) ¢ =(¢®%)s is an isomorphism of bigraded abelian groups, and
(2) {F*G}; is an exhaustive complete Hausdorff filtration of G.
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LEMMA 8.2.8. If {F*G}s is an exhaustive complete Hausdorff filtration of G
then

co}lim lilgn fale G lilgn co}lim ek

s0 that G can be algebraically recovered from the finite filtration quotients F°G /F°G
for —oco < a < b < 0.

Hence strong convergence lets us recover G from &, assuming that we can in-
ductively resolve the extension problem of determining F*G/F*t1G from F°G/F*G
and F*G/FsT1G = €5, using the short exact sequence

0 G G G 0
T EEG FG RGO

A convenient criterion for strong convergence was given by Boardman in a

preprint circulating from ca. 1981 [Boa99).

DEFINITION 8.2.9. The exact couple (8.1)) (and its associated spectral sequence)
is conditionally convergent if A> =0 and RA* = 0.

Note that for A* = m,(Y;) we have conditional convergence if and only if
(Yoo ) = 0, where Y, = holim; Y5.

DEFINITION 8.2.10. Let RES, = Rlim, Z; for each s.

If there is a finite 7’ such that d,, = 0 for all » > ¢’ then & = £, and we
say that the spectral sequence collapses at the &,/-term. This is certainly sufficient
to ensure that RE,, = 0. A little more generally, the derived limit vanishes in
bidegree (s,t) if only finitely many of the d,-differentials from £3* are nonzero.

See |Boa99, (8.7)] or [HR19)] for the definition

W = colim Rlim K, im" A*
S T
of Boardman’s whole-plane obstruction group W.

THEOREM 8.2.11 (|Boa99, §6, §7, §8]). (a) (Exiting differentials) Suppose that
A® =0 for all s > 0, so that the spectral sequence is concentrated in the half-plane
s < 0. Then the spectral sequence is strongly convergent to the colimit G.

(b) (Entering differentials) Suppose that E§ = 0 for all s < 0, and that the
spectral sequence is conditionally convergent. Then the spectral sequence is strongly
convergent to G if (and only if) REx = 0.

(c) (Whole-plane spectral sequence) Suppose that the spectral sequence is con-
ditionally convergent. Then the spectral sequence is strongly convergent to G if
RE =0 and W = 0.

8.3. The additive Atiyah—Hirzebruch spectral sequence

The unrolled exact couple associated to the sequence of spectra from Exam-

ple has the form
E*(X,X(erl)) SN E*(X,X(S)) N E*(X,X(sfl)) e E*(X,X(S,Q))
S

~ 3
~ ~ ~
~ ~ >
IS Jﬂ S o LB T~ L@
~ ~ ~

E*(X(S+1),X(S)) E*(X(S),X(S_l)) E*(X(S_l),X(S_2))
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(continuing to the left and the right), so the associated (cohomologically graded)
Atiyah—Hirzebruch spectral sequence has £;-term

£ = EX (X, X67) = C&yy (X, E7)

given by the cellular cochains with coeflicients in the graded abelian group E* =
7_«(E). Moreover, the d;-differential is the composite

dy = By: E*(X(s),X(s_l)) N E*(X(s"'l),X(s)),
which is equal to the cellular coboundary
§: Cow (X5 E*) — CEVL(XGEY).
Hence the &-term is
& =H(E", dv) = H (X; E7),

i.e., the (cellular = singular) cohomology groups of X with coefficients in E*. Note
that hocolim, F(X/XC¢~Y, E) ~ F(X,,E) and holim, F(X/X®~1 E) ~ x, so
the limiting terms of the exact couple are G = A= = E*(X), A*® = 0 and
RA® = 0. We therefore have a conditionally convergent spectral sequence (with
entering differentials)

£ = H (X, B*) =, E*(X).

By Boardman’s theorem, this spectral sequence is strongly convergent if (and only
if) REx = 0.

We now make the bigrading more explicit. In addition to the (decreasing)
filtration degree s we let ¢ denote the complementary (= internal) degree, so that
s+t is the total cohomological degree preserved by « and £ and incremented by 1
by . The &;-term is then

= B X XYY = Ogy (X5 EY

in view of the suspension isomorphism E**t(D* dD?®) = ES'”(SS) = Et(SO) = Ft.
The d,-differential d,.: £5* — £5T* is derived from

—1

Es+t+1(X,X(S+T_1)) o N Es+t+1(X, X(e))
lﬂ \
Es+t+1(X(s+r)’X(s+r71)) Eert(X(s)’X(sfl))
hence has components
dr . 5s,t N Es+r,t7'r+1

of cohomological bidegree (r,1—7), for all s and ¢. In particular, d; : £ — &1
as indicated for ¢ above.
The abutment G™ = E™(X) in total degree n is exhaustively filtered by

F*G" =im(E™(X, XC~1) & E™(X))
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with FOG™ = G, and the comparison homomorphism ¢* has components derived
from

EM(X, XDy —— E™(X)

Fan gs,n S FSGS+t gs,t
Fs—&-lGn — oo or Fs+1Gs+t — oo

The latter is more common, and we usually express the bigrading of the spectral
sequence and its abutment as follows:
&' = H (X, E'") =, E*T'(X).
Here is part of the &-term and the ds-differentials, drawn in the left half of
the (—s, —t)-plane:

HYX;E™?) H3X;E™?) H*X;E™?) HY(X;E?) H'YX;E?)

HYX;E7Y)  HY(X;E™Y)  HAXG;ETY)  HYX;E™Y)  HY(XG;ETY)

HYX;E%)  H3(X;E°)  H*X;E°)  HYX;EY)  HO(X;E°)

\’\‘\

HYX;E')  H3(X;E')  HXX;E')  HYX;E')  HO(X;EY)

\\‘\

H*(X; E?) H*(X; E?) H*(X; E?) HY(X; E?) H(X;E?)

Replacing each £'° = H*(X; EY) with £5" = H**(E", dy) = ker(dy)®!/ im(dg)**
we obtain the £3-term, here shown with the dsz-differentials.

4,-2 3,—2 2,—-2 1,-2 0,—2
& & & & &

4,-1
&
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In the end we are left with the £, -term.

4,—2 3,—2 2,—2 1,—2 0,—2
&3 &L &3 &3 Ex
~N N ~ N ~ N ~N N
~ ~ ~ ~
~ ~ ~ ~
~ ~ ~ ~
4,—1 3,—1 2,—1 1,—1 0,—1
&l &L &3 &3 &2
> ~ ™~ ~N ™~ ~N > ~
~N ~ ~ ~N
~ ~N ~N ~
~ ~ ~ ~
gL £ £ EL £0.0
~ ~ ~ ~
~ ~ ~ ~
~ ~ ~ ~
~ ~ ~ ~
~ ~ ~ ~
4,1 3,1 2,1 1,1 0,1
EL R Ex R EL R EL R Ex
~ ~ ~ ~
~ ~ ~ ~
~ ~ ~ ~
~ ~ ~ ~
~ ~ ~ ~
£L2 £32 £22 £L2 £9,2

In total degree n, the associated graded groups F*E"(X)/F*T1E"(X) of the fil-
tration of E™(X)

e FAEY(X) b F3EY(X) »— F2E"(X) —— F1E"(X) — E™(X)

| I | I

F*E™(X) F3E"(X) F2E"(X) F'E™(X) E™(X)
FSE(X) FiE"(X) F3E"(X) FZE"(X) FIE"(X)

map to the groups £ ° in the E-term, which lie on the dashed line of slope
—1 in total degree s 4+t = n. When the spectral sequence is (strongly) convergent,
these maps are isomorphisms, so that we can think of the group £2 as the filtration
quotient F*ESt(X)/FsTtEsTt(X) for each s > 0 and t € Z.

EXAMPLE 8.3.1. If mo(E) = A and 7.(E) = 0 for * # 0 then the Atiyah—
Hirzebruch spectral sequence

oot _ H*(X;A) fort=0,
2 0 otherwise

is concentrated on the line ¢t = 0. Each differential d,.: £5t — E5T1=F1 for r > 2
maps from or to a trivial group (or both), so the spectral sequence collapses at the
Er-term, hence is strongly convergent to E*T!(X). In total degree n the groups
ESN¢ are trivial, except in the one case n — s = 0, so there are no extension
problems and E™(X) = £%0 = £0° = H"(X; A). Hence E represents ordinary
cohomology with coefficients in A and F ~ HA.

EXAMPLE 8.3.2. Suppose that H.(X) = H,.(X;Z) is free in each even degree,
and trivial in each odd degree. This is the case, for instance, when X = CP™,
CP*> = BU(1), (CP*>)" = BU(1)", BU(n) or BU. Suppose also that E is even,
in the sense that E* is trivial in odd degrees. This is the case, for instance, when
E = KU or MU. The Atiyah—Hirzebruch £;-term

gs,t = H*(X; E') 2 Hom(H(X), E")

is then concentrated in bidegrees (s, t) with s and ¢ even. In particular, 525’t is zero
if s+t is odd. Since d,.: £t — 5T maps total degree s + t to total degree
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(s+7)+ (t—r+1)=s+t+1, its source or target is trivial for each r > 2, so the
spectral sequence collapses at the &-term. It is therefore strongly convergent, so
E™(X) =0 for n odd, and for n even there is a complete Hausdorff filtration

.- C F'E"(X) C F?E™(X) C F'E"(X) = E"(X)
with filtration quotients
FQmEn(X)/F2m+2En<X) ~ HQm(X7 En—2m) .

For example, when X = CP*> and £ = KU we have a complete Hausdorff
filtration

... C F*KU™(CP*) C FPKU"(CP*) Cc KU"(CP>)
for each even n, with filtration quotients
F>™KU™(CP>®)/F*" T2 KU™(CP>) = H*™(CP>*; KU") 2 7.
Since Z is free, it follows by induction on m that

m m

and, by passage to the limit over m,
Kurcpe)=]]z.
i=0
On the other hand, KU™(CP>) = 0 for n odd.

8.4. The additive Whitehead tower spectral sequence

The unrolled exact couple associated to the sequence of spectra from Exam-
ple 812 has the form

= T F (X Tos 1 B) =5 M F (X4, T E) — .

ﬁ\
T~ lﬁ

mF (X4, X°HEY),
where E; = m4(FE), so the associated spectral sequence has &£;-term

EX = H* (X Ey) .
The limiting terms of the exact couple are G = A~ = colim,(7>,E)*(X) =
E*(X), A~ =0 and RA> = 0. We therefore have a conditionally convergent spec-
tral sequence (with entering differentials). By Boardman’s theorem it is strongly
convergent to E*(X) if (and only if) R = 0.
The abutment G™ = E™(X) in total degree n is exhaustively filtered by

FG" =im(nm_p, F(X4,7>sFE) —» n_, F(X4, E))
so in order to have n = s 4+ t, with complementary degree ¢, we must have

&' =t F(X4 S HE,) = H* (X Ey).
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The d,-differential is then derived from

st F (X4, TZs+rE) L Tt F (X4, T>s41E)
| |
st 1 F(X, STTHE ) m_st F (X4, X°HE),

hence has components d,.: £5f — E5T1="+1 of cohomological bidegree (r,1 — ).
In other words, we have a cohomologically (bi-)graded spectral sequence

&' = H*M(X; B = E*T(X).

Here is part of the £;-term and the d;-differentials, drawn in the (—s, —t)-plane:

HA(X; Es) «— H2(X; By) +— HO(X; Ey) 0 0
HO (X By) «— H3(X; By) +— H'(X: E) 0 0
HS(X; E3) +— H*(X; Ey) +— H*(X; Ey) +— H°(X; Ey) 0
H™(X; E3) +— H5(X; Ey) +— H3(X; Ey) +— HY(X; Ep) 0

H3(X; Bs) +— HO(X; Bp) +— HY(X; E1) +— H?*(X; Eo) «— H(X; E_y)

This Whitehead tower spectral sequence is isomorphic to the Atiyah—Hirzebruch
spectral sequence, up to a reindexing of the terms, taking the £3*-term and d,-
differential of the former to the Eff{t’_s—term and d,-differential of the latter.
This was first proved by Maunder [Mau63|, who showed that the Whitehead tower
exact couple is isomorphic to the derived Atiyah—Hirzebruch exact couple, in the
sense of [Mas52|. By reference to a later construction due to Deligne (in the con-
text of filtered chain complexes), it is now common to call the Whitehead tower

spectral sequence the décalage of the Atiyah—Hirzebruch spectral sequence.

8.5. Pairings of sequences and Cartan—Eilenberg systems

IfY =Y_ is a ring spectrum, we may hope to use the homotopy spectral
sequence

E =m(Ys1) =5 mi(Y)

to access the ring structure on 7 (Y). If Y = F(X,, E) with E a ring spectrum,
this is the same as the cup product structure on 7,(Y) = E~*(X), induced by the
diagonal A: X — X x X and the product ¢: EAE — E. More generally, we may
consider pairings p: Y AY' = Y"” and study p.: m (V) @ e (V') = m. (Y).
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DEFINITION 8.5.1. Let

'*)Yg+2i>yg+1 i)Y i)Yg_l‘).-.

'_>YI/+2i>YI/+1i> _> 1_>

o " o 1

= //+2—> //+1_> S”_> 8”71_>"'

be three sequences of orthogonal spectra, briefly denoted Y, Y/ and Y,'. A pairing
w: Yy NY] =Y/ of sequences of orthogonal spectra is a collection of maps

o Yo AYS — Vi
in Sp?, such that the squares

aAid id A

Vo AY, SES Y AYL ¢SS YA YL,
#s«#l,sll ll‘s,s’ J/Ns,surl
" o " o "
Ys+a +1 Ys—&-s }/a—i-s +1

commute for all s, s’ € Z.

Given a pairing u: Y, AY] — Y/ as above, the following 3-dimensional diagram
commutes in Sp°.

(8.2)
Aid
Yir1 AYL o Ys AY,
aAid
Yo AYp YinNY)n
Hst1,s/ Hoyo!
Hsy1,s+1
" o o "
Y:9+s 42 }/ers

Recall the notation Y, 1 = Y, Uy CY,41. A homotopy class « € 7, (Y1) can be
represented by a map of pairs

[ (D", 8" — (Y, Yeqn)
where D™ = CS™"~!. Given maps f and f’ representing x € m,(Ys1) and 2’ €
m (Y] 1) we obtain a map
fAf:(D*ADY, S ADY UD" AS™ Y
- (Y9 A )/s/HYS-‘rl A Ys/’ UYs A }/s/’—i-l) )

where the source is isomorphic to (D”"‘”,, S”"’”/_l). Composing with p we obtain
a map

:u(f A f,): (Dn+n 7Sn+n 71) (X/er‘s ) s/f‘,-s’—&-l)
representing a class f1.(z ® ') in 7,40 (Y, ;). This defines a pairing

ot (Vo) © 7 (Vi) — m(Vln)
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DEFINITION 8.5.2. Let (&,,d,), ('Er,'d,) and ("&,,"d,) be three spectral se-
quences. A pairing p: (€.,’E,.) — "&, of spectral sequences is a collection of chain
maps

/’[/7’: gT ® /5”’ —> //57” b)
where the source has the boundary operator d, ® 1 +1®’d,. and the target has the
boundary operator ”d,., such that the diagram

Hr41
57’—}-1 oy /€r+1 " r+1

]

H*(&,d) @ H*('E,,'d,)

|
H* (pr)

H*E& ®'&,d- @1 4+1®'d,) —— H*("E.,"d,)

IR

cominmutes.

The condition that u, is a chain map is a form of the Leibniz rule:
"d,(pr(z @ 2")) = pr(dr(2) @ 2" + (_1)\fﬂ|x ®'d(z")).
Note that a pairing of spectral sequences is determined by its initial component 1,

but not every bilinear pairing of £ -terms will induce chain complex pairings of
(&, d;)-terms for all r > 1.

DEFINITION 8.5.3. Let (F*G),, (F*'G')y and (F*'G"),, be filtered graded
abelian groups. A pairing u: G ® G’ — G” is filtration-preserving if
WFGoF G Cc FHa”

for all s,s" € Z. It then induces pairings

- G FS/G/ FS+S,G”

B Fs+1i@G ® P’y - Fst+s'+1Gn
A pairing p: (€.,’E.) = "E, of spectral sequences, with abutments G, G’ and G”,
is compatible with the filtration-preserving pairing p if the diagram

FsG FYG"  §  FstEgr

Fs+1G ® Fs’+1Gl Fs—&-s/—i-lG//
C®Cl l(
Eo ®'Epg — L2 E

comimutes.

Since ¢ is injective, the pairing po, determines fi, which in turn determines
w: G® G — G” modulo the given filtrations.

THEOREM 8.5.4. Let p: Y, NY] = Y] be a pairing of sequences of orthogonal
spectra, and let

(Sradr) = (ET(Y),dr) , (/gra/dr) = (gr(Yl)adr) and (ngvudr) = (ET(Y”),dT)

be the spectral sequences associated to Yy, Y] and Y}, respectively. Then there is a
(unique) pairing of spectral sequences p: (E.,'E.) — "E, with puy = ps. It is com-
patible with the filtration-preserving pairing p: m(Y_oo) @ me(Y! ) = (Y ).
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SKETCH PROOF. See e.g. [Hedenlund—Rognes, arXiv:2008.09095, Thm. 4.27].
The proof uses Cartan—Eilenberg systems [CE56| §XV.7] in an essential way, which
are intermediate between sequences of spectra and exact couples. There is a useful
notion of pairings of Cartan—Eilenberg systems, which induce pairings of spectral
sequences. (The definition in [Mas54] of pairings of exact couples is too close to
tautological to be useful.) O

Some authors only assume that the two squares in Definition [8.5.1] commute
up to homotopy, i.e., they work in the 1-category Ho(Sp), in which case the 3-
dimensional diagram also commutes in Ho(Sp). However, this will not be
sufficient to obtain a pairing of spectral sequences, since (at least) a 2-categorical
compatibility between given choices of commuting homotopies for the front faces

Y1 NY,

. Y, AY)

k)%

Hoq1,s/ 41 Y, /\Y 141 s,s’

lﬂs,s’+1

" o "
Ys+s’+2 YJrs '+1 Y;+s’

and the back faces

!
}/s+1 /\Y/+1 s’

m%

Hst1,s/+1 S+1 NY. Bs,s!

lﬂyrl,s/

" o "
Ys+s’+2 YJrs '+1 Y5+s’ )

is required to prove the Leibniz rule, i.e., that u, takes d, ® 1 +1® 'd,. to "d,.
One should therefore assume that the 3-dimensional diagram commutes in
a k-category of spectra, for 2 < k < oco. (Any discussion internal to the stable
homotopy category will contain a gap.) Our assumption that it commutes strictly
in the topological category of orthogonal spectra is certainly sufficient.

We often apply the theorem in the case where the three sequences are the same,
so that we have an internal pairing. If this is unital and associative, then we say
that we have an algebra spectral sequence.

COROLLARY 8.5.5. Let Y, be a multiplicative sequence of orthogonal spectra,
i.e., a sequence with a pairing u: Yo NY, =Y, and let

8f = W*(Y;,l) s ’/T*(ono)

be the associated spectral sequence. Then there is a (unique) pairing of spectral
sequences p: (Ep, &) — & with py = py. It is compatible with the filtration-
preserving pairing (1: Ts«(Y_oo) @ Tu(Y_oo) = mu(Y_o).
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8.6. The multiplicative Atiyah—Hirzebruch spectral sequence

Let X be a CW complex and F a spectrum with a pairing ¢: FAE — E, e.g.,
a ring spectrum up to homotopy or an orthogonal ring spectrum. The diagonal
map

A X — X xX

rarely preserves the skeleton filtration, but by cellular approximation it is homotopic
to a cellular map
D: X — X xX.

In particular,
D(XGT D) c (X x X))+ =D ¢ (X67D x X) U (X x X&),

so that D induces a map

b X X X
XD xe-n N xe-n -

Let Y, = F(X/X(®=1 E) as before. The composite maps

p: F(X/XC~Y E)AF(X/X® D E)

2y P(X/XCD A X/ XD B AR T px/x+HD E)

then define a pairing of sequences of orthogonal spectra.
Hence the Atiyah—Hirzebruch spectral sequence

£ = o (X1 BY) =, E™(X)
admits a pairing p: (&, &) — &, that is given at the & -term by
Cow (X3 BY) @ Cay (X3 BY) 25 C5 (X: B' @ BY) 25 O (X3 B
and at the &-term by the E-cohomology cup product
&' @& = H(X; B @ HY (X; BY) 5 H* (X; BUY) = g5
converging to the cup product
E™"(X)® E" (X) — E""(X).

Note that the & -term and the pairing u; depend on the CW structure on X and
the cellular approximation D to A, while for » > 2 the &.-term and the pairing
- are homotopy invariants. If E is a ring spectrum up to homotopy, then the
Atiyah—Hirzebruch spectral sequence

&' = H*(X; E') =, E*T'(X)

is an algebra spectral sequence. If E is homotopy commutative, then the &,.-terms
for r > 2 are graded commutative, and we have an E*-algebra spectral sequence.

EXAMPLE 8.6.1. Consider the case X = CP*° with F a homotopy commutative
ring spectrum. Let H*(CP>) = Z[y] with |y| = 2. The Atiyah—Hirzebruch spectral
sequence

E" = H*(CP>®; E*) = E*(CP™)
then has &>-term
£ =Lyl ® E* = E"[y]
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with y € 822’0 and 520’t = E' for all t. We now suppose that F is even, so that
&y = €, the spectral sequence is strongly convergent, and

Fs En (CPOO)
Fs+1En(CP>)

g g;,}n—s

for all s and n. Choose a class n € F2E?*(CP>) \ F?E?*(CP>) whose coset [1]
corresponds to y under the isomorphism above. Then n™ € F?mE?™(CP>), so
there is an E*-algebra homomorphism

E*[n]/(n™) = Z[n)/ (™) ® E* — E*(CP>)/F*" E*(CP%)

for each m > 0. In fact each of these is an isomorphism, which we can prove by
induction on m using the diagram

0 0
sty o o ST = e
Zln) /(") ® B F’ifig})@)
2pn)/ (™) ® E* Fﬁ}%ﬁlﬂ
0 0

Passing to limits over m, we obtain an F,-algebra isomorphism
E*(CP*) = E*[[n]],
where
E*([n]] = lim E*[n]/(n™)

denotes the E*-algebra of formal power series in 7. In cohomological degree n it
has elements of the form
o0
Z emnm
m=0

with e,, € E"2™, If the spectrum F is bounded above, i.e., t-truncated for some

finite t, then e,, = 0 for 2m — n > t, in which case each such formal sum is finite.
Hereafter we shall generally simply write y in place of n for a choice of class in

F2E%(CP>) = E*(CP™) that is detected by y € £2° = H?(CP>; EV).

Similar arguments show:
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PROPOSITION 8.6.2. If E is a commutative ring spectrum up to homotopy, with
E* concentrated in even degrees, then there are E*-algebra isomorphisms

E*(CP™) = E*[y]/(y™")
EX(CP) = E*[[y]]
EX((CP=)") = E¥([y1, - ynl]

E*(BU(n)) = E*[[c1,...., cnl]
E*(BU) = E*[[cx |k>1]]

REMARK 8.6.3. These calculations show that the E*-algebra structure of E*(CP>)
(or any of the other algebras listed) does not carry any more information about E
than the coefficients ring E*. However, we shall see that the E*-algebra homomor-
phism

E*[[y]] = E*(CP*) == E*(CP* x CP*®) = E*[[y1, y]]
y+— Fr(y1,y2)

(induced by the map m: CP*®® x CP* — CP classifying the tensor product of
complex line bundles) often carries significantly more information about F. Here
Fe(yi,y2) =1 +y2 + Z ai 5913

1,521
is a formal group law.
((ETC: Also homological Atiyah—Hirzebruch spectral sequence
552,15 = Hs(X; By) =5 Esi(X),

and evaluation pairing.))

8.7. The multiplicative Whitehead tower spectral sequence

The Whitehead tower approach to the Atiyah—Hirzebruch spectral sequence
also gives a multiplicative spectral sequence, but this requires 2-categorical flexibil-
ity.

Let X be a CW complex and E a ring spectrum, with product ¢: EAE — E.
For each pair (s, s’) consider the diagram

TZSE/\TZS/E*)E/\E
|
Guer | o, ~ Lﬁ

J//

S sy B ——— Tosi s B E Tests B

Here 75>sFE A 1> E is (s + §')-connective and 7«44 F is (s + s — 1)-coconnective,
so the mapping space Map(7>s EAT>s E, T<sy s F) is contractible. Hence the space
of pairs (¢ss,Cs ), where ¢4 is a map and Cs ¢ is a commuting homotopy,
is (nonempty and) contractible. For simplicity, let us assume that each map in
the Whitehead tower is a fibration, so that we may take C o to be the constant
homotopy, i.e., so that ¢, s makes the square commute “on the nose”.
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It follows that the two composite maps around the square

TZSJrlE A TZS’E e TZSE A TZS/E

¢S+1,S’J/ Hs,s// l¢s,s’
/

T23+1+8/E4>723+3/E
both make the square
Tzs—i-lE A TZS/E —s EANE

S

I
S B ——— oo F E Tests B

commute, which implies that these two maps are homotopic, since also the mapping
space Map(7>s41EAT>e E, T< 45 E) is contractible. Let Hy ¢ be such a “horizon-
tal” homotopy, which we may assume projects to the constant homotopy of maps
T>s41E AN m>gE — E. A similar argument applies for the two composite maps
around the square

TZSE A\ 7’25/+1E E— TZSE A\ TZS/E

v~ f"

SS/

¢s,s/+ll /

TZs+s’+1E _— TZS—&-S/E .

Let Vi s be a “vertical” homotopy connecting them, projecting to the constant
homotopy of maps 7>s EAT> e 1 — E. We now need a 2-homotopy connecting the
front composite homotopy H s41 * V o to the back composite homotopy Vi1 s *
Hj o, both of which connect

¢s s/

T25+1E A T25/+1E _L>+1 T25+5/+2E — TZS+5/E
to .

7’25+1E A\ 7’23/+1E — TZSE 1A\ TZS/E =5 TZersEa
and which project to the constant homotopy of maps T>s41E A T>e1F — E.
The existence of this 2-homotopy now follows from the fact that Map(r>s11E A
T>s41E, T<s+s E) is contractible.

The diagonal A: X — X x X makes F(X;,—) a lax monoidal functor. Ap-

plying it to all of these spectra, maps, homotopies and 2-homotopies, we obtain a
map

s, Y ANYy = F(XJF,TZSE) AN F(X+, TZS/E)

F(A ¢ .r)
— P (X4, Tospe B) = Yagw
for each s,s’ € Z, making each square in (8.2) commute up to homotopy, so that
the combined homotopies are connected by a 2-homotopy.

Hence the Whitehead tower spectral sequence

&' = H*M(X; B) = E*TH(X)

is an algebra spectral sequence, with product on the & -term given by the cup
product with coefficients in E*, converging to the E-cohomology cup product.






CHAPTER 9

Formal group laws

See Adams |[AdaT74, Part II] for an early but standard exposition of Quillen’s
work on formal group laws and complex bordism. The appendix [Rav86, A2| is
another standard reference on formal group laws for algebraic topologists.

For many ring spectra E the computation of the cohomology rings E*(CP™),
E*(CP®), E*(BU(n)) and E*(BU), and of the homology algebras F,(BU) and
E.(MU), follow the same lines as in the case of ordinary cohomology, and the
results carry no additional information beyond the coefficient ring 7, (F). However,
the map m: CP>* x CP>* — CP classifying the tensor product of complex line
bundles, induced by the (abelian) group multiplication U(1) x U(1) — U(1), often
induces a completed Hopf algebra structure

m*: E*(CP*) — E*(CP*>) ®p- E*(CP™),
and it is an insight of Novikov and Quillen that this carries significant additional
information about the ring spectrum E. These completed Hopf algebras will corep-
resent commutative one-dimensional formal groups, and can, with a choice of co-

ordinate, be presented as formal group laws. We can thus draw on the algebraic
theory of formal groups to shed light on stable homotopy theory.

9.1. Complex oriented cohomology theories

((ETC: Cite seminar by Dold.)) Let E be a homotopy commutative ring spec-
trum. An F-orientation of a C"-bundle ¢: E — X is a class

Ue € EF2"(Th(¢)) = E*F2"(D(€), 5(€))
that, for each x € X, restricts to a generator of
E*P2M(D(8)a, S(8)a) = EXT(S?0) = B

as a free E*-module, i.e., as a unit of the graded commutative ring E*. If X is
connected, it suffices to verify this for one x € X. If the universal line bundle
vl E(yY) — CP*> = BU(1) admits an E-orientation
Uyt € E*(Th(y") = E*(MU(1))
then so does each other complex line bundle, by pullback, and it turns out that this
also determines an E-orientation of each finite-dimensional complex vector bundle.
The composite
5? = CP' C CP> = Th(y")
is homotopic to the inclusion of a slice S? = D(4'),/S(y'), — Th(y!), since
the Euler class e(y!) generates H2(CP>). Moreover, the zero-section map z is a
homotopy equivalence, since S(y!) = S ~ x. Hence an E-orientation of 4! is the
same as a Thom class
yE c E*+2(Cpoo)

155
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whose restriction to

E*+2((CP1) ~ E*+2(52) o~ pF
is a unit in £*. Some authors, including Adams [Ada74| §I1.2], take this to be
the definition of a complex orientation y* of the cohomology theory E. We shall
instead work with strict complex orientations, where we assume that the unit in
E* is the unit element 1 € E°.

DEFINITION 9.1.1. Let E be a homotopy commutative ring spectrum. A (strict)
complex orientation of F is a choice of class

yE e E?(CP™)

whose restriction to £2 (CP') = EY is the unit element 1 € E°. A complex oriented
ring spectrum is a pair (E,y¥) as above. A ring spectrum is complex orientable if
it admits a complex orientation.

((ETC: This definition excludes some examples, like £ = MU/2 and E = K (n)
at p = 2 for 1 < n < oo, which are ring spectra up to homotopy such that E* is
graded commutative, but which are not homotopy commutative. In these examples
there is a class y¥ with the required restriction, but an additional argument is
required to see that E* is central in E*(CP>), so that E*(CP>) = E*[[y¥]] as an
E*-algebra. What is a good level of generality here?))

EXAMPLE 9.1.2. Let R be a commutative ring. Ordinary cohomology with
R-coefficients has a unique complex orientation

yA® e H*(CP>;R) = H*>(CP';R) = H*(S% R)
corresponding to ¥2(1) € H?(S?; R).
EXAMPLE 9.1.3. Let KU denote complex K-theory. The class
'] - 1€ KU (CP™)
restricts to the generator
u= il -1e KU(CP) = Z{u}

and would hence give a complex orientation of KU in the lax sense. We instead
normalize it, by setting

2
VU = u (]~ 1) € KT (CP™),
2
which restricts to the unit v='u =1 in KU (CP') 2 Z.

EXAMPLE 9.1.4. Let MU denote complex bordism. The identity Th(y!) =
MU (1) = MU, has left adjoint

w: YTICP® ~ X 2MU(1) = S MU(1) — MU

whose restriction to S ~ X "2CP! is homotopic to the unit map n: S — MU. Its
homotopy class defines a tautological class

yMU = (0] € MU(S2MU(1)) = MU’ (CP™)

— 2
whose restriction to MU (CP') = MUY is the ring unit.
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ExXAMPLE 9.1.5. Any even ring spectrum, i.e., one with E* concentrated in
even degrees, admits a complex orientation, since the Atiyah—Hirzebruch spectral
sequence

&' = H*(CP™; E") =, E°**(CP™)

collapses at the £y-page for degree reasons. Any choice of class y¥ € E?(CP>)
detected by y € £20 = £2° = H?(CP>; E°) is then a complex orientation.

EXAMPLE 9.1.6. The sphere spectrum S, the real K-theory spectrum KO, and
the image-of-J-spectrum J],f\, are not complex orientable. This is because in CP?
the 4-cell is attached to the 2-cell by the Hopf fibration n: S — S2, which is
detected by a nontrivial S¢? in H*(Cn;Fy) = H*(CP%;Fy) = Fo{y,y?}, and 7 is
detected in m1(S), 7 (KO) and m1(J%), so there is a nonzero Atiyah-Hirzebruch
differential

da(y) = y*n

in each of these cases. Hence y does not survive to £, and cannot detect a complex
orientation y¥. For odd primes p the 2p-cell in CPP? is (stably only) attached to
the 2-cell by a map ay: S?*~! — S2, which is detected by a nontrivial P! in
H*(CPP;F,) — H*(Cay;F,) = F{y,y”}, and a; is detected in ma, 3(S) and
map—3(J,'), so there is a nonzero Atiyah-Hirzebruch differential

dap—2(y) = y’ou

in both of these cases. Hence y does not survive to £, and cannot detect a complex
orientation of (S or) J,.

PROPOSITION 9.1.7. Let (E,y*) be complex oriented. The Atiyah—Hirzebruch
spectral sequences

Ey" = H*(CP™, E*) = Zly]/(y™ ) ® E* = E*(CP™)
£ = H (CP®; E*) = Z[y| ® E* — E*(CP™)

Ey" = H*(CP™ x CP™; E*) = Zy1,v)/ (v, yi ™) @ E* = E*(CP™ x CP")
Ey* = H*(CP™ x CP™; E*) = Z[y1, y2] @ E* — E*(CP> x CP™)
" = H*(BU()™; E*) = Zly1, ..., yn] @ E* = E*(BU(1)")

E* H*(BU( )i E*) =Zlei, ..., cn) ® E* = E*(BU(n))

& = H*(BU; E*) = Zley, |I<:>1]®E* = E*(BU)

collapse at the Es-term, and converge strongly to

E*(CP™) = E*[y"]/((y")™ )

[
E*(CP>) = E*[[y"])
E*(CP™ x CP™) = E*[y7, y5')/ ()™, (y5)" )
E*(CP>® x CP%) = E*[[y7’, y5]]
E*(BU)™) = E*([[y7,- -, 5]
E*(BU(n)) = E*[[¢f,...,ct]]
E*(BU) = E*[[cF | k >1]].
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PRrOOF. Consider the case of CP>, with H*(CP>) = Z[y]. The class y* €
E2(CP*>) is detected by y ® 1 € £°, which is therefore an infinite cycle (so that
d-(y®1) =0 for all » > 2). The spectral sequence algebra structure implies that
y™ ® 1 is also an infinite cycle, for all m > 0. Since these generate the &;-term
as an E*-module, and the differentials are E*-linear, it follows that d, = 0 for all
r > 2, and the spectral sequence collapses. We then prove by induction on m that

o g = B )
so that
B*(CP) = s ey = B0/ ()™ = B[]

In the case of BU(n), recall that
i* . H*(BU(n)) = Z[cy,. .., cn) — H*(BU)™) = Z[y1, - - -, Yn)
is injective (with image the symmetric polynomials). Hence i,,: BU(1)" — BU(n)
induces a morphism of Atiyah—Hirzebruch spectral sequences
& =H*(BU(n); E*) = Z[c1,...,ch] @ E*
— & = H*(BU(1)"; E*) = Z[y1, .. ., yn) @ E*

that is injective at the £;-term. Since d,. = 0 for all » > 2 in the target spectral
sequence, it follows by induction on 7 that the same holds in the source spectral
sequence, so also the Atiyah—Hirzebruch spectral sequence for BU(n) collapses at
the E-term. ((ETC: Does it follow that we can choose c¢f € E?*(BU(n)) to map
to the k-th elementary symmetric polynomial in y¥,... 42 € EX(BU(1)")?)) O

The E-cohomology Chern class c¢Z € E**(BU(n)) lifts to an orientation class
UL, € E>"(MU(n)), hence provides natural E-(co-)homology Thom isomorphisms

E*+2"(Th(¢))
B, (X)

of: B*(X) —
‘I)?: Eiy2n(Th(E)) =

for all C"*-bundles &.

COROLLARY 9.1.8. Let (E,y*) be complex oriented. The Atiyah—Hirzebruch
spectral sequences

€2, = H.(CP™;E.) = Z{B | k > 0} ® E, = E.(CP™)
€2, =H.(BU;E,) =Zlby | k> 1]® E, = E,(BU)
€2, = H.MU;E,) =Zlby | k> 1)@ B. = E,.(MU)
collapse at the £2-term, and converge strongly to
E.(CP®) = E{BF | k >0}
E.(BU) = E,[bf | k> 1]
E.(MU) = E,.bY | k> 1].

Here <(yE)’,BJE> = 6;; and BE — bE under E.(CP*>®) — E,(BU) = E,(MU).
Equivalently, BF_, — bf under E, 2(CP>) = E, 5(MU(1)) = E.(MU).
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REMARK 9.1.9. When (E,y¥) is complex oriented, the tower of graded com-
mutative E*-algebras
E* = E*(CP%) +— ... +— E*(CP™) <— ... +— E*(CP™)
corepresents a sequence of affine schemes
Spec(E*) — ... — Spec(E*(CP™)) — ... — Spec(E*(CP))
over Spec(E*), where
Spec(E*(CP™))(R) = CAlgp-(E*(CP™), R)
=~ CAlgp-(E*[y)/(y"*"), R) = {y € R | y"™*' = 0}
for each R € CAlgg~. The colimit of this sequence, in sheaves, is the formal scheme
Spf(E*(CP™)) = co}ém Spec(E*(CP™))
given by
Spf(E*(CP*™))(R) = co%im Spec(E*(CP™))(R)
= coylrilm {y € R|y™™" =0} = {y € R|y is nilpotent} .
This formal scheme maps to, but is not isomorphic to the scheme Spec(E*(CP)).
See Strickland’s notes [Str| for (much) more on formal schemes. By passing to
(pre-)sheaves we extend the category of affine schemes by building in additional
colimits. Only the colimits given by covers in the topology are preserved.

The affine line A! over Spec(E*) is the affine scheme Spec(E*[y]). The ideal
I = (y) C E*[y] corresponds to the closed subscheme

Spec(E"[y]/I) = Spec(E7),

which is viewed as the origin (or zero-section) 0 € Al. The ideal I™*! = (y™*1) C
E*[y] then corresponds to the m-th order infinitesimal neighborhood

Spec(E*[y]/I™*1) & Spec(E*(CP™))
of the origin in A'. The formal colimit
co}yilm Spec(E*[y]/I™ ) = Spf(E*(CP>))
is the union of all of the m-th order infinitesimal neighborhoods, and is called the

formal neighborhood A' of 0 in A! over Spec(E*). Hence a choice of complex
orientation defines an isomorphism

Spf(E*(CP>)) =~ Al
over Spec(E*), expressing Spf(E*(CP)) as a formal line over this base.

A complex orientable ring spectrum E will typically admit multiple different
choices of complex orientations. Let

y,y € E*(CP>)

be two such choices. We can then use y to calculate the right hand side, and write
y’ in terms of this answer. We find

E*(CP>) = (y) = yE*[[y]]
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inside E*(CP>) = E*[[y]], and
Yy = byt
k>0

for some sequence of coefficients by € E*. Considering degrees, we find that by €
E~%F = [y, for each k. The condition that 3’ (and y) restricts to the unit element
in EQ((Cpl) =~ E9 is equivalent to the condition by = 1, but otherwise the sequence
{br € Eay}i>1 can be freely chosen. We will often write

Y =hy)=y+> by
k>1

9.2. Formal group laws

DEFINITION 9.2.1. Let R be a (graded) commutative ring. A (commutative,
one-dimensional) formal group law over R is a formal power series

F(ylv y2) € R[[yh yQ]] ;
satisfying

(1) F(0,y) =y = F(y,0),

(2) F(y1,92) = F(y2, 1),

(3) F(F(y1,92),y3) = F(y1, F(y2,y3))-
It can be denoted

Flyn,y2) =i +v2+ Y aiyivl
i,j>1

with a; ; = a;,; for all 4,7 > 1, but further relations between the a; ; are required
to ensure that the series will satisfy (3). If R is graded we assume that y;, yo and
F(y1,y2) are all homogeneous of cohomological degree 2, in which case a;; has
cohomological degree 2(1 —i— j), or homological degree 2(i +j —1). We sometimes
write

Y1 +r Y2 = F(yi,92)
for the sum of y; and ys with respect to F'.
The group multiplication U(1) x U(1) — U(1) induces a map m: BU(1) x
BU(1) = B(U(1)xU(1)) = BU(1). It classifies the tensor product of complex line

bundles, so that m*(y!) = +* ®~!, and can also be written as m: CP>® x CP>® —
CpP.

PROPOSITION 9.2.2. Let (E,y”) be a complex oriented ring spectrum. The
homomorphism

*

E*[[y]] = E*(CP%) == E*(CP> x CP*®) = E*[[y1, y]]
maps y = y¥ to a formal group law
m*(y) = Fe(y1,y2) € E*[[y1,92]]
over E*.

If need be, we write F(g ) for this formal group law.
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PROOF. The external tensor product of complex line bundles is unital, com-
mutative and associative up to isomorphism, so m is unital, commutative and
associative up to homotopy. This implies that Fg(y1,y2) satisfies the conditions
for being a formal group law. O

LEMMA 9.2.3. For each formal group law F(y1,y2) over R there exists a unique
formal power series i(y) = ip(y) € Rl[y]] with F(y,i(y)) = 0, called the formal
negative. It satisfies i(y) = —y mod (y?). We sometimes write

—py =ir(y)
for the negative of y with respect to F'.

EXAMPLE 9.2.4. For a commutative ring R, let y = y % be the unique complex
orientation. Then

Frr(yi,y2) = m*(y) = y1 + 42
in H2(CP> x CP>; R) = R{y1,y2}. Each a; ; = 0 for 4,7 > 0, since these live in
trivial groups. This is equal to the additive formal group law
Fo(y1,92) = y1 + ¥2

over R. It expresses addition in coordinates near 0.

EXAMPLE 9.2.5. With E = KU, recall that y%U = y = u=1(y! — 1), so that
! =1+ uy (with implicit passage to isomorphism classes). Hence

m* () ="' @' = 1 +uy) ® (1 +uy) =1 +uyr + uyz + u’y1y2
in KU°(CP> x CP®), and
Fru(yi,ye) = m*(y) = u ' (m*(v') — 1)
=u (1 +uy + uys + wPyiy2 — 1) = y1 + yo + uyrye

in KU?(CP> x CP>). Here a;; = u, while the remaining a;; are zero. This
equals the multiplicative formal group law

Fn(y1,92) = y1 + y2 + uyry2
defined over KU* = Z[u™!]. It expresses multiplication in coordinates near 1.

EXAMPLE 9.2.6. With the notation e(z) = e® — 1, the rewriting e(z; + x2) =
e(r1) + e(wa) + e(w1)e(w2) of e*11%2 = %12 is equivalent to the addition formula

Yi gt v2 ¢ Flyvy2) gy
4 7 —
/0 1+4+1¢ /0 1+1¢ /0 1+t

for ((y) = [ dt/(1+t) =log(1 +y), with
F(y1,92) = y1 +y2 + v192

equal to the multiplicative formal group law.
The addition formula

sin(zy + x2) = sin(z;)1/1 — sin?(29) + sin(z2)y/1 — sin?(z1)

(for x1 and o with non-negative cosine) is equivalent to the addition formula

Y1,Y2) dt

Vit v gt (
+ =
A A R
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for arcsin(y) = [} dt/v1— 2, with

F(y1,y2) = y1\/1 =3 +y20/1 — i
1

:y1+y2—§(yfy2+y1y§)+....

Euler (written 1751, published 1761) obtained a similar addition theorem

v dt vt Flova) gy
+ = —_—
I A = =
for the elliptic integral foy dt/v/1 —t* (related to arc length on ellipses), with

:3/1\/1—3/§1+3/2\/1—3/‘11
1+ y3y3

F(y1,y2)
1
=1+ y2 — 5 (Uiv2 +ws) — WIS +yivs) + -

The formal power series expansions of the latter two expressions F(y1,y2) define
formal group laws over Q. The latter is an example of an elliptic formal group law.
Addition theorems for general elliptic integrals, and even more general hyperelliptic
integrals, were among the famous achievements of Abel (ca. 1827), sometimes in
competition with Jacobi.

DEFINITION 9.2.7. Let R be a (graded) commutative ring, and let F'(y1,y2)
and F’(y1,y2) be formal group laws defined over R. A homomorphism

h: F — F’
defined over R is a formal power series h(y) € R][[y]] satisfying

(1) h(0) =0,
(2) h(F(y1,y2)) = F'(h(y1), h(y2))-

It can be written
h(y) =Y bey*™!
k>0

with |bg| = 2k. We can rewrite (2) as

h(yr +r y2) = h(y1) +r h(y2) -

The identity homomorphism id: F — F is the formal power series id(y) = y. The
composite b’ o h = h’h of two homomorphisms h: F — F' and h': F’ — F" is the
composite formal power series h'(h(y)) € R[[y]].

LEMMA 9.2.8. Let R be a (graded) commutative ring. The formal group laws
defined over R are the objects of a small category FGL(R), with morphisms from
F to F' given by the homomorphisms defined over R.

obj FGL(R) = {F(y1,y2) € Rl[y1,v2]] | F is a formal group law}
FGL(R)(F,F')={h(y) € R[[y]] | h: F — F' is a homomorphism} .

LEMMA 9.2.9. A homomorphism h: F' — I over R, with h(y) = > ;50 bry*tL,
is an isomorphism if and only if by = h'(0) is a unit in R. In this case F' and F’
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mutually determine one another, by
F'(y1,y2) = h(F(h™ (1), b~ (y2)))
F(yi,y2) = b H(F (h(y1), h(y2))) -
Here h'(0) denotes the formal derivative of h at y = 0.
DEFINITION 9.2.10. A strict isomorphism h: F — F” is a homomorphism with
h'(0) = 1, so that h(y) =y mod (y?). Let
FGL(R) C FGL;(R) C FGL(R)
be the subcategories of all strict isomorphisms, and all isomorphisms, in FGL(R).

These are both groupoids. ((ETC: These notations are not standardized.))

PROPOSITION 9.2.11. Let y and y' be two (strict) complex orientations of the
same ring spectrum E, with y' = h(y). Let F(y1,y2) = m*(y) and F'(y},y5) =
m*(y') be the associated formal group laws. Then h: F — F' is a strict isomorphism
defined over E*.

If need be, we can spell out this strict isomorphism as
hi Fiey) — Flenw)) -
PROOF. We saw earlier that h(y) = y + Y~ bey* ™ with by € E72F. We

calculate
h(F(y1,y2)) = h(m™(y)) = m*(h(y))
=m"(y') = F'(y1,v5) = F'(h(y1), h(y2)) ,

using that m* is a continuous ring homomorphism. |
9.3. The Lazard ring

We now consider the functorial dependence of complex orientations on the ring
spectrum F, and of formal groups and their homomorphisms on the ring R.

DEFINITION 9.3.1. Let g: R — T be a homomorphism of (graded) commutative
rings. For each formal group law

F(yi,y2) =y1 +y2 + Z ai ;i)
i,j>1
defined over R we define the pullback g*F to be the formal group law
(0" F)(y1,92) =1 +y2 + Z g(ai;)yivs
i,52>1
defined over T. For each homomorphism h: F' — F’ between formal group laws
defined over R, with

h(y) =y + > by,
k>1

we define g*h: ¢g*F — ¢g*F’ to be the homomorphism
(")) =y+Y_ glbe)y™".
E>1

Here g(a;,j),g(bx) € T denote the respective images of a; j,br € R under g. The
terminology and notation is that of algebraic geometry, where we think of g as a
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map g: Spec(T) — Spec(R), so that g*F is obtained by pulling back an object
over Spec(R) along g to give an object over Spec(T'), and similarly for g*h.

LEMMA 9.3.2. Pullback along any ring homomorphism g: R — T defines a
function

g*: obj FGL(R) — obj FGL(T) .
Pullback along the identity induces the identity, and
k*og* = (kg)": obj FGL(R) — obj FGL(U)
for any second ring homomorphism k: T — U, so
obj FGL: CRing —> Set
R +— obj FGL(R)
is a covariant functor. Writing Aff = CRing°?, it defines a presheaf
obj FGL: Aff°P — Set
Spec(R) — obj FGL(R) .

PROOF. This says that g*F is again a formal group law, that id* F = F, and
that k*(g*(F)) = (kg)*(F'), all of which are obvious. O

Passing from sets to small groupoids, we have the following extension of Lemma/|9.3.2]
which also accounts for the strict isomorphisms between formal group laws.

LEMMA 9.3.3. Pullback along any g: R — T defines a functor
g : FGL(R) — FGL(T)
Fr—g'F
h+—— g*h.
Pullback along the identity induces the identity, and
kE*og* = (kg)": FGL(R) — FGL(U)
forany k: T — U, so
FGLs: CRing — Gpd
R+— FGLs(R)
is a covariant functor.

PROOF. This says that g*h is again a strict isomorphism, that ¢g*(h'h) =
(g*1W)(g*h), that id*h = h, and that k*(g*(h)) = (kg)*(h), all of which are ob-
vious. (]

DEFINITION 9.3.4. Identifying CRing with Aff°P, the functor FGL, defines a
presheaf of small groupoids

Mfg] =FGL,: .Af P — gpd
Spec(R) — FGL(R),

which we call the moduli prestack of formal group laws.
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REMARK 9.3.5. To say that FGL; is a prestack means that for any two formal
group laws I and I’ over the same base the set of strict isomorphisms F' — F’
satisfies descent. It is not a stack because a local system of formal group laws may
not glue together to a global formal group law. We write

Mfgl = ]:gﬁe

when we think of this presheaf of groupoids as a moduli prestack. For each graded
commutative ring R the prestack 1- and 2-morphisms

SpeC(R) — Mfg]

constitute the groupoid FGLs(R) of formal group laws and strict isomorphisms
over R. ((ETC: Working in the ungraded context, one would allow all isomor-
phisms.))

The pullback function appears naturally in topology. Given a map g: D — E
of homotopy commutative ring spectra, with induced ring homomorphism g: D* —
E*, and given a complex orientation y € D?(CP>) of D, the image

9y = g*(y) € E*(CP™)

is a complex orientation of E. Here, if y is the homotopy class of ¥2CP*> — D,
then gy is the class of the composite

y2cp~* %L DL E.
EXAMPLE 9.3.6. Let n € Z). The Adams operation ¢": KU, — KU, is a
map of ring spectra, taking the complex orientation y = y*V = u=1(4! — 1) to
Py = (nu) (L +uy)" — 1),

which in this case is a second complex orientation y' = h"(y) of the same ring
spectrum. This defines a strict isomorphism A™: F,, — ¥"F,,. When composed
with the isomorphism ny: ¢™F,, — F,, it corresponds to the n-series automorphism

[7]F, (y) = w (1 +uy)" — 1)
of F,, over KU* = Z,[u*!].

LEMMA 9.3.7. Let F(y1,y2) = m*(y) be the formal group law over D* associ-
ated to (D,y). Then the formal group law over E* associated to (E, gy) is equal to
the pullback (g*F)(y1,y2)-

If y = h(y) is a second complex orientation of D, then the strict isomorphism

over E* associated to the two complex orientations gy and gy’ of E is equal to the
pullback (g*h)(y). O

If need be, we can spell out these identifications as
Fipgy =9 Fipy and (§°h: Fpgy) = Feg) = 9°(h: Fpy) = Fpy))-
Following Lazard [Laz55|, it is not so difficult to see that the set-valued functor
obj FGL: R — {formal group laws F over R}

from Lemma is corepresentable, i.e., equal to Spec(L) for a suitable graded
commutative ring L, so that obj FGL(R) = CRing(L, R).
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DEFINITION 9.3.8. Let L = Z[a, ; | i,j > 1] and

Flyi,yo) =y +v2+ Y d@iyuivs € Lilys, va]
i1

define coefficients b; j € L by

F(F(yhyQ)vyd) _F(ylvp(y27y3)) = Z bz,j,kylly%yéc € ‘i[[y17y27y3”u
,5,k>0
and let I C L be the ideal generated by @;; — @;; for all i,5 > 1 and b, ;. for
all 4,5,k > 0. The ring L is homologically graded with |a; ;| = 2(i + j — 1),
and I is a homogeneous ideal with @, ; — @;; in degree 2(i + j — 1) and b; ;1 in
degree 2(i +j+k —1). Let
L="L/I=2Zla;]|i,j>1]/I

be the (evenly graded) quotient ring, let a; ; € L be the image of a; ; under the
canonical projection, and define

Frly,g2) =y +y2+ D aijuiv)
i1

to be the image of F(yi1,y2) in L{[y1,y2]]. Then Fr(y1,y2) is a formal group law
defined over L. If y; and ys have homological degree —2 (and cohomological de-
gree 2), then so does Fr(y1,y2). We call L the Lazard ring, and Fr(y1,y2) the
Lazard formal group law.

ProprosITION 9.3.9. The Lazard formal group law Fy, over the Lazard ring L
is universal, in the sense that

CRing(L, R) — obj FGL(R)
(9: L = R) — g"Fy

defines a natural bijection for all (graded) commutative rings R. Hence Fy, repre-
sents an isomorphism of sheaves

Spec(L) — obj FGL .
PROOF. This asserts that for each formal group law
Fy,y2) =y1+y2 + Z ai Y13 € Rl[y1, v2)]
i,52>1
over a ring R there exists a unique ring homomorphism g: L — R such that F' =
g*Fr,. It is obviously given by mapping a; ; € L to the given a; ; € R, and noting
that this descends to a ring homomorphism g: L — R because the generators of

the ideal I all map to zero, since F is assumed to be a formal group law. The ring
homomorphism g thus classifies the formal group law F'. O

REMARK 9.3.10. Direct calculation shows that
I = (a1 — ag1,a13 — 31,201,112 + 3d1,3 — 2a2,2, ...

so that in degrees * < 6 the Lazard ring is freely generated by 1 = a1,1, ©2 = a12
and x3 = az 2 — a1,3. These calculations quickly become complicated. Nonetheless,
Lazard was able to determine the structure of L.
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THEOREM 9.3.11 (|Laz55|). There exists an isomorphism
L=Zx; |i>1]
of graded commutative rings, with |z;| = 2i.
A proof, following Frolich (1968), is given in |[Ada74l Thm. I1.7.1]. See also
Pstragowski (2021), “Finite height chromatic homotopy theory”, Thm. 6.8. We

will comment on the proof later, in connection with the Hurewicz homomorphism
h: m(MU) — H.(MU).

9.4. Moduli of formal group laws

A strict isomorphism h: F' — F’ of formal group laws over R is uniquely
determined by the formal group law F'(y1, y2) and the strict isomorphism h(y), since
F'(y1,y2) = h(F(h~ (1), h ' (y2)) as in Lemma so the set-valued functor

mor FGL: R+ {strict isomorphisms h: F — F’ over R}
implicit in Lemma [9.3.3|is also corepresentable.
DEFINITION 9.4.1. Let
B=7[b; | k>1]
LB=1L[b |k>1]=ZL®B

be homologically graded with |bg| = 2k, with canonical inclusions ny,: L — LB and
t: B— LB, and let

h(y) =y+ Y bey*™ € Blly]].
E>1

Let

M FL(y,y2) =y v+ Y nolai;)yivh € LBy, ve]]
i,j>1
and

Ch(y) =y + > ube)y™t € LB[[y]]
E>1

be the base changes to LB of F, and h.

LEMMA 9.4.2. The target of the strict isomorphism (*h: n; Fr, — F' is a for-
mal group law defined over LB, hence is equal to nipFy for a well-defined ring
homomorphism

nr: L — LB.
PRrROOF. We require that
MRFr(yr,y2) = (Ch) T (L FL((Ch) (1), (h)(y2))) -
Omitting 7z, and ¢ from the notation, this asks that
NRFL(y1,y2) = b (FL(h(y1), h(y2))) -

Hence nr: L — LB must map a;; to the coeflicient of yiyg in the formal power
series expansion of the right hand side. ([
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REMARK 9.4.3. With 1, x5 and x3 as before, one finds
nr(r1) = z1 + 2by
Nr(x2) = To + 101 + (3by — 2b7)
nr(z3) = w3 4 (222 + 27 )by + 31 (4by — b3) + (2b3 + 2b1by — 2b7) .
Again, these calculations quickly become complicated.

PROPOSITION 9.4.4. The strict isomorphism v*h: 0] Fr, — niFr over LB is
universal, in the sense that
CRing(LB, R) —» mor FGL,(R)
(g: LB — R) — (g*L*h: g nLFr — g*m*%FL)
= (g"h: g"FL — g"npFr)
defines a natural bijection for all (graded) commutative rings R. Hence h: F, —
NeFL represents an isomorphism of sheaves

Spec(LB) = mor FGL, .

PROOF. Given a strict isomorphism h: F' — F’ over R there are unique ring
homomorphisms go: L — R and ¢;: B — R classifying F' and h, so that

Flynge) = +v2+ Y golai;)yiv

i,5>1
hy)=y+ Y gi(bx)y*.
E>1
Then g: LB — R is characterized by gnr = go and gt = ¢;. O

The series expansion h'(h(y)) of the composite h'h: F — F" of two strict
isomorphisms h: F — F' and h': F' — F" of formal group laws can be calculated
without reference to F', F/ or F”. Hence B corepresents a functor to groups, and B
acquires the structure of a Hopf algebra.

DEFINITION 9.4.5. Set by = 1. Let
eg: B—7Z
Yvp: B— B®B
xg: B— B

be the ring homomorphisms sending by, to the coefficient of y**! in id(y) =
R'(R'(y)) and h='(y), respectively, where h'(y) = >_,50(b; ® )y**', 1" (y)
ijo(l ® bj)yj+17 and h(y) = E;@o bkyk+1~

LEMMA 9.4.6 (|Ada74, Prop. I1.7.5, Thm. I1.11.3]). eg(bx) =0 for k > 1,

Y,

b (by) = Z(Zbi):‘:_l ®b;
§>0 i>0 7
and ) et
X (br) = M(;bi)% ’

where (=)™ denotes the degree n homogeneous component of (—)™
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PROOF. See the proofs in [Ada74| Part II]. O

REMARK 9.4.7. Direct calculation shows that

Y1) =b1@1+1®@b

P(by) =bo®@1+2b1 b1 +1® by

P(bs) = b3 @1+ (b2 + 2by) @ by +3by @by + 1@ bs

and

x(b1) = —by
X(b2) = 2b7 — by
x(b3) = —5b3 + 5byby — b3 .

Note that this coproduct is different from that on the bipolynomial Hopf algebra
H,.(BU), and that the conjugation takes integral values, in spite of the division
by k + 1.

PROPOSITION 9.4.8. The pair (L, LB) is a Hopf algebroid corepresenting the
functor
FGLP: CRing — Gpd
R+— FGL,(R)P.
The left and right units
ny: L — LB and nrg: L — LB
corepresent the source (= opposite target) and target (= opposite source) of
Che i F = nRFL .
The augmentation
e=1d®eg: LB — L
corepresents the identity homomorphism. The coproduct
Y=id@Yp: LB=L®B —L®B®B~LB®, LB
corepresents composition. The conjugation
x: LB — LB

satisfies xnp = nr and xt = txp, and corepresents the inverse.

REMARK 9.4.9. This kind of Hopf algebroid is said to be split. It is formed
as a semi-direct or twisted tensor product, from a Hopf algebra B and a right B-
comodule algebra L, with G = Spec(B) a group scheme acting from the right on
the scheme X = Spec(L), so that (L, LB) corepresents the “translation” groupoid
scheme B(X, G) from Chapter 3.

REMARK 9.4.10. Writing heh’ = h/oh for the opposite composition, the moduli
prestack Mgy = FGLs: Aff°P — Gpd is an affine groupoid scheme, with object
scheme Spec(L), morphism scheme Spec(LB) and structure maps

%

s (1
Spec(L) —id— Spec(LB) +—— Spec(LB) Xgpec(r) Spec(LB)
t
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dual to the graded commutative rings and homomorphisms

w, (),
Lé<—~—LB——LB®r LB.
NR

((ETC: To avoid the passage to the opposite category, it might be better to corep-
resent the homomorphism h™": F' — F with h™'(y) = y + Y55, may* !, where

my = x(br).))
The R-valued points of the canonical map

m: Spec(L) — Mg
is the inclusion obj FGL(R) — FGL4(R), viewing the object set as a subgroupoid

with only identity morphisms. There is a 2-categorical pullback square

Spec(LB) —— Spec(L)

| |

Spec(L) ———— Mg

and the corresponding diagram of nerves (which are simplicial sets, or spaces) is a
homotopy pullback square.

9.5. Quillen’s theorem

— 2
Recall the tautological complex orientation y™Y € MU™ (CP>) represented by
the composite

w: XT2CP® ~ X 2MU(1) — MU .

It defines a formal group law Fpp(y1, y2) over MU, = MU~ *. Quillen showed that
MU, (together with the formal group law Fj;y) has the same universal property
in (graded) commutative rings as the Lazard ring.

THEOREM 9.5.1 (|Qui69)], [Qui71)). The ring homomorphism
qo: L =, MU,

classifying the formal group law Fyry is an isomorphism. Hence Fpry over MU,
is the universal formal group law.

Adams showed that MU (together with the complex orientation y*Y) also has
a universal property, this time in the category of ring spectra up to homotopy, i.e.,
of monoids in (Ho(Sp), S, A).

LEMMA 9.5.2 (JAda74, Lem. I11.4.6]). Let E be a homotopy commutative ring
spectrum up to homotopy. The function

{ring spectrum maps g: MU — E} = {complex orientations y € E*(CP>)}
g gy™?

is a bijection. Hence each complex orientation of E comes from unique ring spec-
trum map MU — FE in the stable homotopy category.
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PRrROOF. If E is not complex orientable, then both of these sets are empty.
Otherwise, F,(MU) = E,[by | k > 1] is free as a left E,-module, which implies
((ETC: via the universal coefficient theorem or Ext-spectral sequence)) that

[MU, E] = Homg, (E.(MU), E,)
(degree-preserving homomorphisms). Similarly, [S, E] & Hompg, (E., E.) and
[MU A MU, E] 2 Homg, (E.(MU) ®g, E.(MU),E,),
from which it follows that
{ring spectrum maps MU — E} = Algg, (E.(MU), E)
= Algp, (Eu[bx | k > 1], Ev)
>~ Hompg, (E.{b; | k > 1}, E.)
C Homg, (E,(X72CP>), E,) = E*(CP™)
corresponds to the subset of (strict) complex orientations of E. Here we use that

yMU . ¥72CP>® ~ X "2MU(1) — MU induces ¥ 283,11 + by, in E-homology, and
E.(X72CP>®) = E{X72Bk41 | k > 0}. O

Let (E,y®) be a complex oriented ring spectrum, temporarily let 7, = id An: E =
EANS —- EAMU and ng =nAid: MU =2 SAMU — EAN MU, and let

E
yP =nyPx72ecp>* L E S EAMU
MU
y? = npyMU: £72CP® Y MU 25 EA MU

be two complex orientations of E A MU. Recall the classes bY € Eop(MU) =
(E A MU)sy, coming from SF € Eg,(CP>) — Eop(BU) = Eg,(MU), or from
ﬁkE_,'_l S E2k+2(CPOO) = E2k+2(MU(].)) — EQk(MU)

LeEMMA 9.5.3 (JAdaT74, Lem. 11.6.3]). In (EAMU)?(CP>) we have y® = h(y%)
where

h(y) =y+ Y _bfy" e (EAMU).[[y]].
k>1

Hence h is a strict isomorphism
h: Fipamuyty — Fleamuym)
of formal group laws over (E AN MU), = E.(MU).
SKETCH PROOF. Chase y¥ and y™Y through the diagram

[CP>, E], 1) [CP>®, E A MU, " [cp>=, MU,

| |

Homp. (E.(CP®), E.) " Homp, (E.(CP>), E.(MU))

(]

We apply this in the case £ = MU. Then n,: MU — MU A MU and
nr: MU — MUAMU induce the homomorphisms previously denoted nr: MU, —
MUMU and ng: MU, - MU, MU.
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THEOREM 9.5.4. The ring homomorphism
q: LB = MU,MU
classifying the strict isomorphism
h:ni Fyu = neFumu

is an isomorphism. Hence h over MU, MU is the universal strict isomorphism
between formal group laws.

PRroOF. Since the source of h is ] Fv, the restriction of ¢ over 7y, is Quillen’s
isomorphism ¢qg: L — MU, C MU, MU. Moreover, by Lemma m (in the case
E = MU), q restricts over ¢ to the homomorphism

q: B— 2" | k> 1] c MU.MU
b — bV
which is obviously an isomorphism. This implies that ¢ is an isomorphism. [

REMARK 9.5.5. With this, we have recovered the calculation of the M U-based
Steenrod algebra @y = MU*(MU) due to Novikov [Nov67al and Landwe-
ber [Lan67], in the dual form of the Hopf algebroid (MU,, MU, MU) = (L,LB)
recommended by Adams, reaching the conclusion that it is the Hopf algebroid
corepresenting the functor R — FGL(R)°P taking any commutative ring to (the
opposite of) the groupoid of formal group laws and strict isomorphisms defined
over R.

The explicit formulas are hard to work with. There is a p-local version of
the theory, for each fixed prime p, involving the Brown—Peterson spectrum BP
with H*(BP;F,) = &///& = & and p-typical formal group laws, for which more
manageable (but still recursive) formulas for ng, ¥ and y are available.

In the special case E = HZ, Adams’ lemma shows that the universal formal
group law Fjy over MU, becomes strictly isomorphic to the additive formal group
law when base changed along the Hurewicz homomorphism i: MU, — H,(MU) =
H.(BU) = Z[by, | k > 1]. This gives a fairly explicit formula for i*Fjy, and
since h: MU, — H,(MU) is injective, this formula determines Fy i (y1,y2) €
MU, [y1,y2]]-

LEMMA 9.5.6. The formal power series
expyy(y) =y + Z byt e Ho(MU)|[[y]]
k>1

defines a strict isomorphism

o

expyy: Fo — B Fyu
over H,(MU). Letting
log sy (y) = expify (v) =y + Y myy*H!
k>1
denote its inverse, it follows that
W Fau(y1,y2) = expyp (logap (1) + 1og sy (y2))
in H (MU)|[y1, y2]].
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PROOF. This is the case E = HZ of Lemma [0.5.3] noting that Fpy = F,
remains the additive formal group law after base change to H.(MU). The logarithm
coefficients my = x(by) were calculated in Lemma O

REMARK 9.5.7. To prove Lazard and Quillen’s theorems, one uses the formula

F'(y1,y2) = exp(log(y1) + log(v2)) ,

with exp(y) =y + > 45y bry®*t1 and log(y) = exp~!(y), to define a formal group
law F' over B = Z[by, | k > 1], which is classified by a ring homomorphism g: L —
B. The discussion for MU and HZ N MU gives a commutative square

L—7% B

q{ P

MU, —— H,(MU).

Letting I C L and J C B be the augmentation ideals (= the positive-degree classes),
Lazard proves that

Zixy | k> 1} =1/1* 2% J)J? = Z{by | k > 1}
is given by

b, if k+ 1 is a power of
Th — po UK+ -1 power ol p,
b,  otherwise.

Quillen shows that ¢’ is an isomorphism, and compares with Milnor’s calculation
of i to deduce that ¢g is also an isomorphism.

EXAMPLE 9.5.8. The complex orientation y = y € H?(CP>) corresponds
to the ring spectrum map MU — 17<oMU ~ HZ. The induced homomorphism
MU, = L — 7Z corepresents the additive formal group law

Fo(y1,y2) = y1 + 42

over Z.

The complex orientation y%Y = u=1(y! — 1) € ﬁ2(CPm) is represented by a
map y*Y: ¥2CP>* — KU, corresponding to a ring spectrum map g: MU —
KU in the stable homotopy category. (Both y®U and g factor uniquely over
the connective cover ku = 7>0KU — KU.) The induced ring homomorphism
g: MU, 2 L — KU, corepresents the multiplicative formal group law

Fo(yi,y2) = y1 +y2 + uyhy2

over KU, = Z[u*?]. Here

slas,) = {u for (i,) = (1,1),

0 otherwise.
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Following up on Lemma [9.5.6] we have the commutative diagram

HZ - HZ A MU <22 MU

o

HZ " HZ N KU +2— KU

L, b

HQ 5 HQAKU + 2~ KU

of ring spectra. Adams shows ((ETC: Reference?)) that the Bott map u: %%ku —
ku induces a nilpotent homomorphism w,: H.(X?ku;F,) — H,(ku;F,) in mod p
homology. (In fact uP™ = 0, for each prime p.) Passing to the colimit along

ku -2 Y %ku - Y *hu — ... — KU

we deduce that H,(KU;F,) = 0, so that multiplication by p on H.(KU) is in-
vertible. Hence H,(KU) is already rational and HZ AN KU — HQ A KU is an
equivalence. The strict isomorphism

expyy: Fa — W Fyu
over H,(MU) base changes along H,(MU) — H,.(KU) to a strict isomorphism
g expyu: Fa = F,

defined over H,(KU) = HQ.(KU) = KU, ® Q = Q[u*!]. Over any Q-algebra
there is a unique strict isomorphism from the additive to the multiplicative formal
group law, namely

9" exppry(y) = =Y+ k+1
k>1
Its formal inverse is
log(1 +uy
*1 _— = Tane
9" logny(y) = +Z k'+1
k>1
Hence g: H.(MU) — H,.(KU) is given by
uF uF
b — d = (=1 k

for each k£ > 1.

((ETC: Relate KU — HZ N KU ~ HQ A KU ~ [[,.;, ¥*HQ to the Chern
character ch: KU%(X) — H®(X;Q) = [[, H*(X;Q). Relate chog: MU —
KU = [l;ez % HQ to the Todd genus. Mention Mischenko’s theorem +[CP*] =
(k + 1)my, the Conner-Floyd theorem KU,(X) & KU, Qpy, MU,(X), and the

Hattori-Stong theorem on KU, (MU).))
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9.6. Formal groups

To each complex orientable ring spectrum E we have assigned the graded com-
mutative E*-algebra
E*(CP*) = lim E*(CP™)
with its augmentation e¢: E*(CP*°) — E* and completed coproduct
m*: E*(CP*) — E*(CP> x CP*®) = E*(CP*®) &g. E*(CP>).
The corepresented sheaf
GE = Spf(E*(CP>)) = colim Spec(E*(CP™))

over Spec(E*) is an abelian group object in this category, with neutral element

Spec(E™) SpI(e) Spf(E*(CP*)) = Gg
and multiplication
GE X Spec(E*) GE = Spf(E™(CP*)) X Spec(E*) Spf(E*(CP>))
SR Spt(B(CP®)) = G .
This is an example of a formal group (not formal group law) over Spec(E*).

Only when we fix a choice of complex orientation y € E?(CP>) do we spec-
ify an isomorphism E*(CP*>) = E*[[y]] and obtain a formal group law m*(y) =
Fg(y1,y2) € E*(CP* x CP*) = E*[[y1, y2]]. Different choices of complex orienta-
tions give formal group laws that only agree up to (canonical) strict isomorphism.
We therefore want each formal group law to specify a formal group, but also want
strictly isomorphic formal group laws to specify the same formal group. A formal

group is therefore, roughly, what we obtain from a formal group law by forgetting
the choice of coordinate.

DEFINITION 9.6.1. Let R be a (graded) commutative ring. A (commutative,
one-dimensional) formal group G over Spec(R) is an abelian group object in sheaves

over Spec(R) whose underlying object pointed at the unit is locally isomorphic to
Spf(R[[y]]) pointed at y = 0.

Here “locally isomorphic” means that Spec(R) is covered by Zariski open sub-
schemes Spec(T') such that G(T') = Spf(T[[y]]) is the underlying formal group of a
formal group law over T, but also that the local choices of coordinates y need not
extend to a global coordinate over R. This means that a formal group over Spec(R)
is a locally defined notion, as is required for these to form the R-valued points of
a stack (not prestack) of formal groups. See Naumann [Nau07, Thm. 33(i)] and
Goerss [Goe, Thm. 2.34] for expositions of this and related stacks of relevance to
algebraic topology.

THEOREM 9.6.2. The stack Mg, of formal groups is the stackification of the
prestack Mig presented by the Hopf algebroid (L, LB).

The canonical morphism Mg, — My, extends the class of objects, since not
all formal groups admit a global coordinate, and identifies some strictly isomorphic
formal group laws by forgetting the choice of coordinate.

We obtain the following diagram of categories and functors, where U: (E,y) —
E forgets the complex orientation, V maps F(y1,y2) € R[[y1,y2]] to the formal
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scheme Spf(R[[y]]) with the associated group structure, F': (E,y) — Fg(y1,y2) =
m*(y) is the associated formal group law over E*, and G: E +— G = Spf(E*(CP>))
is the (Quillen) formal group over Spec(E*). Each even ring spectrum E is complex
orientable, since the Atiyah—Hirzebruch spectral sequence for E*(CP°°) collapses.

even ring spectra

J

complex oriented ring spectra ELEN complex orientable ring spectra

8 e

formal group laws v formal groups

The right hand objects are more intrinsic, while the left hand objects may be more
amenable to calculation.

It is an interesting question to ask which formal groups can be realized as the
Quillen formal group of a complex orientable ring spectrum. A sufficient crite-
rion will be given by Landweber’s exact functor theorem [Lan76]. One source of
(commutative, one-dimensional) formal groups are the formal completions C of the
(commutative, one-dimensional) group schemes given by elliptic curves C. These
are quite often Landweber exact, and are then realized by complex orientable ring
spectra known as elliptic cohomology theories [LRS95|.

Other sources of (commutative, one-dimensional) formal groups are given by
formal deformations of Brauer groups of K3-surfaces, or more general cohomology
groups of higher-dimensional Calabi—Yau varieties [Art74], [AMT77|. The resulting
K3-cohomology [Szy10|, [Szy11] and Calabi—Yau cohomologies seem not to be well
understood.

A more refined question asks which diagrams of formal groups can be realized
by diagrams (of the same shape) of complex orientable ring spectra, and whether
this realization can take place in ring spectra up to homotopy, orthogonal ring
spectra, or commutative orthogonal ring spectra. This includes questions about
group actions, since a G-action corresponds to a BG-shaped diagram. Theorems
of Hopkins—Miller and Goerss—Hopkins resolve the second and third forms of this
question in interesting cases. It is then possible to form the limit of the resulting
diagram of (commutative) orthogonal ring spectra, which has led to the construction
of topological modular forms and other higher real K-theories.



CHAPTER 10

The height filtration

To understand the Hopf algebroid (L, LB) = (MU,, MU, MU) corepresenting
the moduli prestack Mg, of formal group laws and strict isomorphisms, we make a
closer study of the latter. Since (L, LB) is defined over Z, we may look at the fibers
over the closed points i: Spec(F,) — Spec(Z), where p ranges over all primes, and
the open point j: Spec(Q) — Spec(Z).

Mg @ Q Mg Mg @TF,

L]

Spec(Q) BN Spec(Z) — Spec(Fp)

It can also be convenient to work locally at a single prime, i.e., over Spec(Z ), or
completed at that prime, i.e., over Spec(Z,).

Formal group laws in characteristic 0 are canonically isomorphic, via their
logarithm, to the additive formal group law. In classical terms they correspond to
addition theorems. The classification of formal groups in prime characteristic p is
much richer. Each such has a height n € {1,2,...,00}, and over separably closed
fields the height is a perfect invariant.

10.1. Logarithms

For a formal group law F'(y1,42) = y1 +y2 +>_; i1 ai7jyiy§ and homomor-
phism h(y) = boy + D _p>, bry® 1 (with no condition on by) let us write

OF (y1, o
Fi(y1,y2) = w =1+ Z ai iy 'y
Y1 =
3,7>1
for the formal partial derivative with respect to the first variable, and
Oh(y)
B (y) = =2 = b(k +1)y"
W) ==, =b+ > bi(k+ 1)y

k>1

for the formal derivative.

LEMMA 10.1.1. Let h: F — F' be a homomorphism of formal group laws
over R. If W'(0) =0, then h/(y) = 0.

ProOOF. Apply aiyl 0 to h(F(y1,y2)) = F'(h(y1), h(y2)) to obtain

R (y)F1(0,y) = F{(0, h(y))h'(0).

Since F1(0,y) =1 mod y has a multiplicative inverse in R[[y]], the lemma follows.
O
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ProroSITION 10.1.2. Suppose Q C R and let F be a formal group law over R.

Then
dt

logF (y) = /0 Fl (07 t)

is the unique strict isomorphism logr: F — F, to the additive formal group law

over R. Hence
o gt Y2 gt Flyiy2) gy
+ = —_—
A F1(07t) /O F1(07t) A F1(07t)

By analogy with the theory for Lie groups, the expression

dy
dlo =
can be interpreted as an invariant differential (= 1-form) on the underlying formal
group of F. (The following arguments are probably quite close to those of Euler
and Abel, verifying an identity by first passing to derivatives.)

PrROOF. In order to have a strict isomorphism h: ' — F, we must have
h(F(y1,y2)) = h(y1) + h(y2). Applying 8%1 we obtain

W (F(y1,y2)) Fi(yi, y2) = B (y1) -
Setting y; = 0 this gives.
W (y2)F1(0,y2) = 1'(0) =
Hence h/(y2) = 1/F1(0,y2), and we must have

dyz
h(y) = ) d
(v) /0 (y2) dy2 = / 100, 92)

to F(F(yo,y1),y2) = F(yo, F(y1,y2)) to obtain
(0,1,y2)

Fi(y1,92)F1(0,91) = F1(0, F(y1,92)) -
Hence h/(y) = 1/F1(0,y) implies
W (F(y1,y2)) F1(y1,92) = (1),
and applying fo ) dy1 we recover
h(F(y1,y2)) = h(y1) + h(yz) -

We need Q C R in order to be able to formally integrate, since this will typically
introduce denominators. O

as claimed.

Conversely, apply 6%0

We write expyp = loggl: F, — F for the inverse strict isomorphism.

ExAMPLE 10.1.3. If F = F,,, defined over Q[u] with F(y1,y2) = y1 + Y2 +uy1y2
then £, 1(0,y2) = 1 4+ uys and

log,, (y) /y =gl + P YDy
ogp, (y) = og(l+uy) =y yrrt,
0 1+ut = kJrl
while
expp, (y) = u” ' (exp(uy) — 1) =y + k T

k:>1
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ExaAaMPLE 10.1.4. If F = F}, defined over L ® Q then

logr, () = logyr (y) = y+ Y myy*H!
k>1

and

expp, (y) = expyp(y) =y + Y bey*
k>1

with by, my € H, (MU) C H,(MU;Q) = L® Q.

The fact that every formal group law over a ring R O Q admits a unique
logarithm (or exponential) has the following interpretation in terms of classifying
objects.

COROLLARY 10.1.5. The function

m(y) =y + Y miy* — Fyi,y2) = m™ (m(y1) + m(y2))
k>1

is corepresented by h: L = ., (MU) — H.(MU) = Z|my, | k > 1|(= Z[br | k > 1]),
and becomes an isomorphism

L®Q— H,(MU;Q)
after rationalization.

An equivalence of Hopf algebroids is defined precisely so as to corepresent a
natural equivalence of groupoids, see [Mor85) §1.2] and [Bau08| §2]. It will then
induce an equivalence of comodule categories and an isomorphism of comodule Ext
groups. ((ETC: Spell this out.))

ProOPOSITION 10.1.6. For each commutative Q-algebra R the inclusion
x ={id: F, — F,} — FGL(R)
is an equivalence of groupoids. Hence there is an equivalence of Hopf algebroids
(QQ «+ (L®Q LB®Q)

and of moduli prestacks

Spec(Q) = M1 @ Q.

10.2. Endomorphism rings

Let F be a formal group law defined over R. Recall that the formal negative
i(y) is characterized by F(y,i(y)) = 0.

DEFINITION 10.2.1. The set of homomorphisms h: F' — F defined over R forms
the (generally non-commutative) endomorphism ring

End(F/R) = {h: F — F with h(y) € R[[y]]}.
Here
(h1 + h2)(y) = F(hi(y), ha(y)) = ha(y) +r ha(y)
—h(y) = i(h(y)
(h1h2)(y) = hi(ha(y)) .
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Note that
Aut(F/R) = {h € End(F/R) | W'(0) € R*}
Autg(F/R) = {h € End(F/R) | V' (0) = 1}.
DEFINITION 10.2.2. The ring homomorphism
Z — End(F/R)
n— [n]r(y)

defines the n-series [n]r(y) = ny mod y? for each integer n, so that [0]r(y) = 0
and

ry) =y+r-+ry
[-nlr(y) =i(y) +F - +Fi(y)
with n copies of y or i(y), for each n > 0.

For example, [2]r(y) = F(y,y) and [—1]r(y) = i(y). For any homomorphism
h: F — F’ the diagram

commutes.
LEMMA 10.2.3. Suppose Q C R. Then
End(F/R) — R
h(y) — h'(0)
is a ring isomorphism, so that Auts(F/R) = {id} is trivial.

PROOF. It is clear that this is a ring homomorphism. To check that it is
an isomorphism, we may conjugate by log, and assume F' = F,, in which case
h(y) = ry defines an endomorphism F, — F, with h'(y) = r, for each » € R. This
characterizes h by Lemmal[l0.1.1] since #’(y) = 0 implies h(y) = 0 when Q C R. O

EXAMPLE 10.2.4. Let F = F,, be the multiplicative formal group law defined
over Z[u]. Its n-series satisfies

L+ulnlp, (y) = (1+uy)" =) (7;) (uy)

i>0

[PF () =ny + > (k Z 1) uFyk L

E>1

so that

If we base change to Zy[u], this formula extends to all p-adic integers n € Z,, since
for each k£ and e the residue class of (kil) modulo p® only depends on the residue
class of n modulo some (other) power of p. The extended ring homomorphism

Zy = End(F,, /Z,[u))

n— [n|g

m
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is an isomorphism. This follows since
J*: End(Fy,/Zy[u]) C End(F,,/Qplu])
=~ End(F,/Qpu]) = Q,.
Here n € Q, corresponds to the endomorphisms [n]g, (y) = ny: F, — F, and
[n]r, (y) = expp, (nlogp (y)) = uw (1 4+ uy)” — 1): F,, — F,,, both defined

over Q,[u], and the latter is defined over Z,[u] if and only if n € Z,,.
The base change homomorphism

i*: End(F,,/Zp[u]) — End(F,,/Fp[u])

is injective, because if [n|r, (y) = y mod p then n = 1 mod p and (kil) =0

mod p for each k > 1, which implies n = 1 by Lucas’ theorem. ((ETC: Justify that
i* is also surjective.)) It follows that

Aut(F,/R) =7, and Auts(F,/R) =1+ pZ,

for R = Zp[u] = m.(ku))) and Fplu] = m.(ku/p), and likewise over R = Zp[utl] =
m.(KU,') and Fplu*!] = 7. (KU/p). Lazard [Laz55, Prop. 9] proves that this
holds of F,, is replaced by any field of characteristic p, i.e., that there are no further
automorphisms of F,,, with coefficients outside of F,,.

10.3. The height of a formal group law

DEFINITION 10.3.1. Let p be a prime and suppose that F, C R. Let 0: R = R
denote the Frobenius (ring) homomorphism, with o (z) = 2?. We write F() = o*F
for the pullback

FOy,y0) = +y2+ Y al iyl
ij>1
of F(y1,y2) = y1 + y2 + >, ;51 @i jyiys along o: Spec(R) — Spec(R). More
generally, let F(") = (6™)*F be the pullback along ¢": Spec(R) — Spec(R).
((ETC: In the graded case, o is not degree-preserving, which may cause some

confusion here. We only use the copy of R over which F' is defined to explicitly
grade the coefficients of formal group laws and homomorphisms.))

LEMMA 10.3.2. Let F be a formal group law defined over R containing F,,.
The formula ¢(y) = yP € R[[y]] defines a (relative) Frobenius (formal group law)
homomorphism ¢: F — FU) = ¢*F. More generally, " (y) = yP" defines a
homomorphism ¢": F — F(™) = (¢™)*F.

Proor. The identity
Flyr,p2)’ = +y2+ Y aijyiyd)”

i,7>1
=+l + > al Pyl = FO R, 8)
ig>1
in R[[y1,y2]] shows that ¢(y) = y? satisfies p(F(y1,42)) = FO(o(y1), o(y2)). O

DEFINITION 10.3.3. Consider F' and F” defined over R containing F,,. For n > 0
we say that a homomorphism h: F — F’ has height > n if it admits a factorization

h=h"op": F— F = (6")*F — F'
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through ™. It has height oo if it has height > n for all n € N.

o o ®
Spec(R) R F®) -
N
o (o4 ' \
\
\
\
\ R
o o ¥ \
\
\
Spec(R) R F \
\
o o ® \
1
Spec(R) R Fo— s F'

In particular, we say that a formal group law F (defined over R D F,) has height
> n if its p-series [p|p: F — F has height > n. In a factorization

F(n)
F el F

we call " : F' — F(™ the (n-th) relative Frobenius and [p}gl) : F() 5 F the (n-th)
Verschiebung, often denoted F' = F,,) and V = V/,,), respectively.

LEMMA 10.3.4. Assume F, C R. A homomorphism h: F — F' factors through
@0: F — FY if and only if h'(0) = 0.

PROOF. Let h(y) = boy + > 4>, by with by = A/(0). By Lemma

h’(0) = 0 implies h'(y) = 0 in R[[y]]. This means that by(k + 1) = 0 € R for all
k >0, so that by = 0 unless p | k + 1. Hence

h(y) = Z bip—1y™ = K (p(y)) = hV (y)

for

W9 (y) = b1y’

i>1
Here hV: F() —5 F' is a homomorphism because
WO FED (7, 45)) = B (F(y1,92)") = BE (41, 92))
= F'(h(y1), h(ys)) = F'(hD(7), b (45))
in R[[y},y5]] C R[[y1,y=]], which implies that
RO (FM (g1, 40)) = F'(BV (1), b (92))-
Conversely, ¢’ (y) = py?~' =0, so h = hMy only if W (y) = 0. O
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It follows that the height of a formal group law F' defined over R D IF, is never
zero, since [p|r(y) = py mod y?> =0 mod y? in R[[y]].

COROLLARY 10.3.5. Let F' be defined over R D F,,. If F' has height > n > 1,

then
e (y) = B (" () = h" (y7") = va(F)y?" +--- € R[]
where
A (y) = vp (F)y + ...
for a uniquely determined element
vn(F) ER

of degree 2p™ — 2. Moreover, F has height > n + 1 if and only if K™ : F(") —
F admits a further factorization through p: F — FO+D e if and only if
v (F) = 0.

DEFINITION 10.3.6. Let F' be defined over R D FF,,. We say that I’ has height

equal to n if it has height > n and v, (F) is a unit in R. This implies that F' does
not have height > n + 1, and is equivalent to it if R is a graded field.

ExaMPLE 10.3.7. The additive formal group law F,(y1,y2) = y1 + y2 over
R D F), has height oo, since [p]r, (y) = py = 0.

ExAMPLE 10.3.8. The multiplicative formal group law F,,,(y1,y2) = y1 + y2 +
uy1y2 over R D F,[u] has height > 1, since
L+ ulple, (y) = (1 +uy)” = 1+ uPy?
implies
plF, (y) = u"~'y",
so that vy (Fy,) = uP~1 # 0. It has height equal to 1 over R D F,[u*!].

ExAMPLE 10.3.9. Let C be an elliptic curve defined over a field R O F,. A
choice of coordinate on the associated formal group C' defines an elliptic formal
group law F¢ over R, which has height 1 if C' is ordinary and height 2 if C is
supersingular. (The projective closure in P2 > A2 of) the curve

v +y=2a’
defined over Iy is an example of a supersingular elliptic curve.

EXAMPLE 10.3.10. The formal Brauer group [Art74], |[AM77] of a K3 surface
is a commutative formal group (law) of height n € {1,2,...,9,10, 00}.

10.4. The height filtration

Recall that Fp, denotes the universal formal group law defined over the Lazard
ring L 2 Zx; | i > 1].

DEFINITION 10.4.1. Fix a prime p and let vg = p € L. Suppose by induction
onn > 1 that

v € L/(p)
V2 € L/(pv ’01)

Un—1 € L/(p,v1,...,0p_2)
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have been defined so that
Fn = W:FL
has height > n, where
Tn: L — L/(p,v1,...,0p-1)

is the n-th canonical projection. Then

plE, (y) = vay?” + ...

for a well-defined class v, € L/(p,v1,...,v,—1). Moreover, F,, 11 = 7, Fy, has
height > n + 1, where 7, 11: L — L/(p,v1,...,Vp_1,0p) is the next canonical
projection, and the induction continues.

It follows that |v,| = 2p™ — 2 for each n > 0. Let

I, :Ip,n = (p,U1,~--,Un—1) cL

be the ideal generated by the n first classes vg = p,...,v,_1, so that F}, is defined
over L/I,. Also let

Iv =106 =(P,v1,--,Up,...) C L
be the ideal generated by all of the p-primary v,-classes.
ExaMPLE 10.4.2. For the Lazard formal group law we have
21(y) = 2y + a11y® + 201 29° + (2013 + az2)y* + ...
and
[3](y) = 3y + 3a1.1y* + (ail +8a12)y° + ... .

With the conventions from ((ETC: Chapter 9, Remark 3.9)) it follows that v; =
a1,1 = 21 mod (2) and vy = az2 = x3 mod (2,v;) for p = 2, while v; = a%l +
8a12 =aj; — a1z =] —xy mod (3) for p = 3.

L/Ing FY
01\ @T
] A— ] R F
AR
o™ o" 2 "
L s L/In L/In—i-l Fn 4>Fn Fn—i—l %Fn-‘rl
[Py, [PlF,

LEMMA 10.4.3. (a) A formal group law F' defined over R D F), has height
> n if and only if the classifying ring homomorphism g: L — R factors over
fn: L= L/, as g = gmy, i.e., if and only if

9(p) =g(v1) =+ =g(vn-1) =0
in R, in which case g(v,) = v, (F).
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(b) It has height = n if and only if g: L/I, — R factors further over j,: L/I, —
v L)1, as § = Gjn, i.c., if and only if v, (F) is a unit in R.

jn

L 1/I, v L/,
\_ P -
g LQJ( P /§
R

PROOF. (a) We use induction on n. Base change of [p|r, (y) = vy?" +--- €
L/Lly)] along g: L/I, — R gives [plr(y) = glva)y?" + --- € R[[y]], so that
g(vn) = v, (F). Hence F has height > n + 1 if and only if v, (F) = 0 if and only if
g maps v, to 0 if and only if g factors over 7, ;1.

Claim (b) is straightforward. O

LEMMA 10.4.4. A formal group law F of height > n, classified by g: L —
L/I, — R, admits a restriction k*F of height = n if v,(F) € R is not nilpotent.
It admits a restriction k*F of height > n+ 1 if v, (F) € R is not a unit.

PROOF. The intersection of all prime ideals in R is the nilradical Nil(R), con-
sisting of the nilpotent elements in R. The union of the maximal ideals is the set
R\ R* of nonunits in R. Hence there is a ring homomorphism k: R — T with
k(vn(F)) a unit if and only if v, (F) ¢ Nil(R), and a nonzero ring homomorphism
k: R — T with k(v,(F)) = 0 if and only if v, (F) ¢ R*. O

REMARK 10.4.5. There are various strategies (due to Hazewinkel, Araki and
others) for specifying elements v,, € L or v, € L(,) = L ® Z) that reduce mod I,
to the elements defined above. Note that the ideals I, C L are well-defined, even
without a further specification of such choices.

DEFINITION 10.4.6. (a) For each prime p, height n € {1,2,...,00} and com-
mutative ring R D I, let

FGLZ™(R) = FGLP™(R) C FGL(R)
be the full subcategory generated by the formal group laws F' defined over R of
height > n. Let
FGLZ™(R) € FGLZ™(R) C FGLZ"(R)
be the subcategories of strict isomorphisms, and all isomorphisms, in FGLZ"(R).
These are both groupoids.
(b) Let FGL™(R) C FGLZ"(R) be the full subcategory generated by the F

of height = n, and let FGLT(R) C FGLI(R) C FGL™(R) be the subcategories of
strict isomorphisms, and all isomorphisms. Again the latter two are groupoids.

PROPOSITION 10.4.7. (a) The height > n formal group law F,, = =} Fy, over
L/1,, is universal, in the sense that
CAlgs, (L/I,, R) — obj FGLZ"(R)
(g: L/1, = R) — §*F,
defines a natural bijection for all (graded) commutative Fp-algebras R. Hence F),

represents an isomorphism of sheaves

o

Spec(L/I,) —» obj FGL=" .
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(b) The height = n formal group law F,, = j:7*Fy, over v, 'L/, is universal,
in the sense that
CAlgs, (v L/1,, R) —> obj FGL™(R)
(3: v, 'L/I, — R) — §*F,

defines a natural bijection for all (graded) commutative F,-algebras R. Hence F),
represents an isomorphism of sheaves

Spec(v, ' L/1I,,) =5 obj FGL" .
O

LEMMA 10.4.8. (a) Let 1 < n < oo. Any base change of a formal group law of
height > n has height > n, so

FGLI™: CAlgs, — Gpd
R+ FGLI™(R)

defines a subfunctor of FGLs restricted to CAlgr, C CRing. FEquivalently, this
defines a presheaf

Mfzg? = FGLZ™: (Aff/ Spec(F,))? — Gpd

of small groupoids (in fact, a prestack), which is a sub-presheaf (or sub-prestack)
of Migt @Fp, i.e., of Mg = FGL; restricted to Aff/Spec(F,).
(b) Any base change of a formal group law of height = n has height = n, so

FGLY: CAlgr, — Gpd
R+— FGLY(R)
defines a subfunctor of .FQESZ". Equivalently, this defines a presheaf
My = FGLL: (Aff/ Spec(Fp))*” — Gpd
Spec(R) — FGLY(R)
of small groupoids (in fact, a prestack), which is a sub-presheaf (or sub-prestack)
of Mg = FGLI™.
REMARK 10.4.9. For each prime p the chain of ideals
Och=p cl={puv)C-Cl,=(p,v1,...,0p-1) C-- C Iy
in L corresponds to a tower of ring homomorphisms
L—L/p— L/(pv1) —...— L/, — ... — L/I
and a sequence of closed subschemes
Spec(L) D Spec(L/p) D Spec(L/(p,v1)) D -+ D Spec(L/I,) D --- D Spec(L/I)
which is isomorphic to the sequence of subsheaves
obj FGL D obj FGLZ' D 0bj FGLZ? > --- D obj FGLZ" D - D obj FGL™ .

This defines the height filtration on formal group laws. For each n > 1, the closed
subsheaves Spec(L/I,41) C Spec(L/I,) and obj FGLZ"T' C obj FGLZ™ are divi-
sors cut out by the condition v,, = 0. The subsheaves Spec(v,, ' L/I,,) C Spec(L/I,)
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and obj FGL™ C obj FGLZ" are the open complements of these divisors. This
means that
Spec(L/I,)(R) = Spec(v, ' L/I,))(R) H Spec(L/I,+1)(R)

as sets if R is a (graded) field, but not for more general R, cf. Lemma
((ETC: Add figure of finite codimension subschemes of Spec(L/p) over Spec(F,) C
Spec(Z), with ordinary and supersingular elliptic formal group laws at heights 1
and 2, and heights > 3 at higher codimension. Also show geometric points Spec(H,,)
covering Mgy ® F,,.))
Next, we shall see that the sequence of groupoid presheaves

FGL, D> FGLZ ' D - D FGLZ" D --- D FGL,
also known as the sub-prestacks
Mg D Mg ®F, = Mg DD ME! D+ D Mg,
is corepresented by a tower of Hopf algebroids
(L,LB) — (L/p,LB/p) — ... — (L/I,,LB/I,) — ... — (L/Is, LB/1)
so that each inclusion of prestacks ./\/legI”rl - ./\/lfzg? is in fact a closed inclusion. Its
open complement M%l is corepresented by the localized Hopf algebroid
(v, 'L/ 1, v, LB/ 1,,) .
Again, this means that

FGL™(R) = FGLY(R) [[ FGLZ" T (R)
as groupoids when R is a graded field, but not in general. After stackification, we
obtain the p-primary height filtration

>1 >

Mg DM D DME" D DMy
>n+1
fg .
One may say that Mg @ F), = Mfzgl is cut out as an effective Cartier divisor in
Mg @ Zy C Mgy by p, while /\/lfzg”Jrl is cut out as an effective Cartier divisor

in ./\/lfzg" by vp,.

of the moduli stack of formal groups, with Mg, the complement in Mfi," of M

LEMMA 10.4.10. Let h: F — F’ be a strict isomorphism of height > n formal
group laws defined over R O F,. Then v,(F) = v,(F’) € R. Hence strictly
isomorphic formal group laws have the same height, and v,(F) € R only depends
on the underlying formal group Gr of F.

PROOF. Let h(y) = boy + 451 bxy* "' specify any isomorphism h: F¥ =R
The diagram -

r [plF F

h h
\L [P pr \L
Fr— F
commutes, so
e (y) = WPl (W™ () = h(oa(F)R (y)"")
= bovn(F)(baly)p” _ b(l)*P"Un(F)yp" mod (yp"+1) .
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Hence v, (F') = b(l)_pnvn(F). When h is strict, so that by = 1, this is equal to
v (F). O
Recall the universal strict isomorphism ¢*h: 07 FT, = Ny Fr defined over LB.
DEFINITION 10.4.11. Let
LB/I, =LB®y L/I,
and define ng: L/I,, — LB/I, and ¢: LB/I,, — L/I, by the pushout squares

R

L LB - L

T

L/I, 5 LB/I, —<> L/I,
of graded commutative rings.

LEMMA 10.4.12. There are unique ring homomorphisms
ng: L/I, — LB/I,
Y: LB/1, — LB/I, ®p/1, LB/I,
x: LB/I, — LB/I,
making the diagrams

L—"™ ,IB IB— Y . IB®,LB IB—X L,IB

Trnl lﬂn ﬂnl J/Trn®7rn Wnl J'frn

L/L,—"~LB/I, LB/I,—>LB/I, @, LB/I, LB/I,——LB/I,
commute. In particular
LB/I, = L/I, ®;, LB®; L/I,.

Proor. This follows from Lemma [10.4.10} since in each case one needs to
extend some ring homomorphism ¢g: L — R over m,: L — L/I,, and this lemma
ensures that the formal group law in question has height > n. [

REMARK 10.4.13. The defining property of nr: L/I, — LB/I, can be rewrit-
ten as

L—Y s ILB®yL

Wnl lid RTn

L/I, = LB® L/I,,

saying that L — L/I, is a quotient LB-comodule, or that I, C L is a sub LB-
comodule of L. We also say that [, is an invariant ideal of L.

ProprOSITION 10.4.14. (a) The pair (L/I,,LB/I,), with structure maps as
above, is a Hopf algebroid corepresenting the functor ]:QLSZ".

(b) The localized pair (v, L/IL,,v,;*LB/I,) is a Hopf algebroid corepresent-
ing FGLY.
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PROOF. (a) We know that L/I,, corepresents formal group laws of height > n,
and ring homomorphisms g: LB/I,, = LB®y, L/I,, — R corepresent strict isomor-
phisms h: F' — F’ with I’ of height > n, which is the same as strict isomorphisms
with both F' and F’ of height > n. These are the morphisms in .FQLSZ”.

(b) This follows from the isomorphism

v 'LB/I, = v, 'L/I, @, LB @1, v, 'L/I,

with the right hand side corepresenting strict isomorphisms F' — F’ where both I’
and F’ have height = n. O

REMARK 10.4.15. We can topologically realize the ring L/I,, (resp. v, *L/I,)
as B, for a flat ring spectrum E = MU/I, (resp. E = v,;'MU/I,,) in the homo-
topy category. Replacing MU by BP this ring spectrum is denoted P(n) = BP/I,
(resp. B(n) = v,'BP/I,). The ring LB/I, (resp. v, 'LB/I,) is then a sub-
ring of E,F, but the latter will also contain (at least for p odd) an exterior alge-
bra A(To,...,Tn—1), with 7;, arising from reducing modulo v; twice, cf. [JW75],
[Wur77] and [Nas02]. The topological realization is thus in a sense richer than
the algebraic model, only recovering the latter by reduction modulo nilpotent ele-
ments. ((ETC: The construction of MU/I,, v, *MU/I,, P(n) and B(n) used to
rely on the Baas—Sullivan theory of bordism with singularities, but is easy in the
modern categories of M U-module spectra.))

10.5. Infinite height

Lazard showed that any formal group law F(y1,y2) of height > n, defined over
R D ), is strictly isomorphic to one that agrees with F,(y1,y2) = y1 + y2 modulo
(yiys | i+ > p"). The following is a special case.

PropoSITION 10.5.1 (|[Laz55, Prop. 6]). Let F' be a formal group law defined
over R D F,,. The following are equivalent.

(1) F is strictly isomorphic to F,.

(2) [plr=0.
(3) F has infinite height.

In these cases the ring homomorphism Z — End(F/R) factors through Z —
Z/p, so we may call such a formal group (law) a formal Z/p-module.

LeMMA 10.5.2. Let R D Fy,. The general homomorphism h: F, — F, defined
over R has the form

7 2
h(y) = Ztiyp = toy +l1y” +tay” +...
i>0

with t; € R for each i > 0. Hence
End(F,/R) = CAlgg, (Fplt; | i > 0], R)

and
Auty(F,/R) = CAlgr,(T,R),
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where T =TFp[t; | i > 1] with |t;| = 2p"—2. The composition of strict automorphisms
is corepresented by the coproduct

: T — T, T
— '
itr) = > Lot
itj=k
where to =1, making T a Hopf algebra over IF,.

PROOF. For h(y) = 3,50 mxy" ™ we have h(y1 + y2) = h(y1) + h(y2) if and
only if (kjl)mk =01in R for all 0 < i < k+ 1, which is equivalent to my = 0 for all
k41 not a power of p. ((ETC: There is a lemma here about the greatest common
divisor of these binomial coefficients.)) O

REMARK 10.5.3. This formula for the coproduct in 7" should be compared with
Milnor’s formula v
(&)= > Lol
itj=k
for the coproduct on & = x(&x) in the dual Steenrod algebra <7, at an odd prime p,
cf. Chapter 2, Theorem 8.8. The exterior generators 7, = x(7x) are not as easy to
interpret in terms of formal group laws.

We can identify the full subcategory of FGL°(R) generated by F, with the
one-object groupoid B Aut,(F,/R).

PRrOPOSITION 10.5.4. For each commutative IFy-algebra R the inclusion
BAut,(F,/R) — FGLZ(R)
is an equivalence of groupoids. Hence there is an equivalence of Hopf algebroids
(Fp,T) +— (L/I,LB/I)
and of moduli prestacks
BAuty(F,) — Mg

Proor. All objects in the groupoid FGL"(R) are isomorphic, so the displayed
inclusion is fully faithful and essentially surjective, hence an equivalence. [

In fact, a natural inverse equivalence FGL°(R) — B Auts(F,/R) can be cho-
sen, as follows.

ProprosITION 10.5.5 (|Qui71, Prop. 7.3], [Mit83, Prop. 1.2]). Every formal
Z/p-module F over R O T, admits a unique (normalized) logarithm nogg: F — Fy
of the form

nogp(y) =y + »_ npytt
E>1

with ny = 0 whenever k + 1 = p’ is a power of p.

PROOF. To each formal power series £(y) = ;<o mxy" ! defined over R O F,
we assign its “p-typification”

— i 2
y) = Zmpa‘qypg =moy +mp_1y? +mp2_1y" + ...,
7=>0
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which is an endomorphism (: F, — F,. For any other endomorphism h(y) =
Y oi>o0 tiy?" of F, we have hf = hi, since the summands in
B(e(w) = 3t ey P = 37 gty D
i>0 k>0 i,k>0

where p‘(k + 1) is a power of p are the same as those where k + 1 is a power of p,
so that , »
P i i+j —
hi(y) =Y tml, P =h(l(y)).
4,§20
Letting ¢: F' — F, be any strict isomorphism, we let nog = R F,, so
that £ = ¢nog.

Then ¢ = ¢nog = (mog, which implies Tog = id. This makes nog a normalized
logarithm, as claimed.

If ¢: F — F, is another strict isomorphism with ¢ = id then ¢ = h nog for some
h: F, — F,, and id = ¢ = hnog = hniog = hid, so that h = id and ¢ = nog. Hence
nogp = nog is uniquely defined. (]

PROPOSITION 10.5.6. Let N =Fplny | k + 1 # p'], and define

nog(y) =y+ > npytt

k>1
k+1#p"

and

Fx(y1,y2) = nog™" (nog(y1) + nog(y2))
over N, so that Fy has infinite height and nog: Fn — F, is its normalized loga-
rithm. Then the classifying homomorphism

G: L/l — N
is an isomorphism.
Proor. For each R D [, the function
g": CAlgr,(N,R) — CAlgr,(L/I, R)

is the bijection, implied by the previous proposition, from the formal group laws
over R with a normalized logarithm to the formal group laws over R of infinite
height. (I

COROLLARY 10.5.7. For any choices of lifts v, € L and ny € L with v, —
vp € LI, and g — ny, € L)1 = N, we have
L [Ons i | 0> 1,k +1# 97 = Ly -

ProorF. It suffices to check that the induced homomorphism of Z,-algebra
indecomposables

Zpy{tn, T | n > 1,k +1#p'} — Zpy{ai | i > 1}

is an isomorphism, and we know this is true after reduction mod p. [
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((ETC: This justifies thinking of the ¥,, as coordinates on Spec(L/p) — M @
F,, so that the Spec(L/I,) are codimension n linear subspaces, rather than more
general (higher degree) subvarieties.))

((ETC: Explain how this lets us concentrate on Z) [0, | n > 1] C Lp.))

((ETC: Note parallel, for p = 2, with Thom’s calculation of N, = m,MO.))

REMARK 10.5.8. The normalized logarithm is somewhat related to the Artin—

Hasse exponential
i
_ v
Eyly) = exp(y +) F> :
i>1
defined over Z,), where 3 - y?’ /p7 is the p-typification of 3, o y* ! /(k 4+ 1) =
—log(1 — y). See also [Hon70, §5.4].

10.6. Finite height

Fix a prime p and a height 1 < n < o0, i.e., a finite height. Let F,[v,] denote
the polynomial ring over F, on a generator in degree |v,| = 2p™ —2. Its localization
F,[vE!] is a graded field.

n
LEMMA 10.6.1. There exists a formal group law F,, defined over F,[v,] with
p-series
Plr, () = vy +...,
where the remaining terms lie in (y**").

PrOOF. With the notation from Corollary [10.5.7] let
g:LC L(p) = Z(p)[ﬁm,ﬁk | m>1k+1 #pi} — Fp[”un]

be given by mapping v,, — v, and sending the other polynomial generators to 0.
Then g factors through m,: L — L/I, and classifies a formal group law F,, with
p-series as claimed. ([

Hence F, has height > n, but not height > n+1, and its base change to F,[v;"1]
has height = n. Taira Honda gave a more refined construction, of a formal group
law H, defined over F, with p-series exactly [p|m, (y) = y?". We state the graded
version of his result, introducing the power of v,, needed to make the degrees match.

THEOREM 10.6.2 ([Hon68, Thm. 2]). Fiz a prime p and a finite height n.
(a) Let

logy, (y) =) ———

and

Hy(y1,12) = 10%;& (logg, (y1) +logg (y2))

v P p" o
=y1+y2—;Z(i>yiy§ IR

i=1



10.7. MORAVA STABILIZER GROUPS 193

Then H, is a formal group law defined over Zlv,), and logg - H, — F, is a strict
isomorphism defined over Z[1/p, vy,].
(b) Let H,, = w* H,, be the base change along m: Zv,] — Fplv,]. Then

Pla, (y) = vay?" .

Honda proves that H,, is in fact defined over Z[v,], not just over Z[1/p, v,],
and that [p|z (y) = vy mod (p). ((ETC: Is H, uniquely determined by being
p-typical with the given p-series?))

REMARK 10.6.3. The localization F,[vF!] is a graded field. The n-th Morava
K-theory spectrum K (n) will be defined to be a complex oriented ring spectrum
with K (n), = F,[vE!] and associated formal group law Fg(,) = H,,. By convention,
K(0) = HQ and K(c0) = HF,, with associated formal group laws F, = Hy over
Q and F, = Hy over Fp,.

THEOREM 10.6.4 ([Laz55 Thm. IV]). Two formal group laws F and F’ over
the same separably closed (graded) field of characteristic p are isomorphic if and
only if they have the same height.

We have already seen that isomorphic formal group laws have the same height,
and that any formal group law over R D I, of infinite height is strictly isomor-
phic to F,. The new assertion is thus that any two formal group laws of finite
height = n become isomorphic after base change to a separably closed (graded)
field. To construct such an isomorphism F = F’, Lazard needs to solve algebraic
equations [Laz55| (4.29)] over the base ring, which can always be done when the
base is algebraically closed. These equations are ((ETC: apparently)) always sepa-
rable, so it suffices that the base field is separably closed.

PROPOSITION 10.6.5. For each separably closed (graded) Fp-algebra R the in-
clusion

BAuty(H,/R) — FGL}(R) = Mg, (R)
is an equivalence of groupoids, for each n > 1, so that
Ml (R) =FGL7 (R)~ [] BAut.(H./R).
1<n<oo

((ETC: Can we state this as an equivalence of prestacks, restricted to the subcate-
gory of separably closed R D F,?))

10.7. Morava stabilizer groups

This leads us to study Auts(H,/R) C End(H,/R) for (graded) F,-algebras R.
It turns out that the case R = Fpn[v,] is the most interesting. We follow Morava’s
summary |Mor85| §2.1.2].

REMARK 10.7.1. Let Q, = Z,[1/p] denote the field of p-adic numbers. The field
extension Q, C Q,(w) given by adjoining a primitive (p™ — 1)-th root of unity w is
an unramified cyclic Galois extension of degree n. The extension of valuation rings

Zp C ZP[UJ] - W(Fpn)

is given by the ring of Witt vectors of the finite field Fy,», the ideal (p) remains prime
in this extension, and Z,[w]/(p) = W(Fpn)/(p) = Fpn. In particular, the group
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homomorphism Zy[w]* = W (Fyn)* — F. is split surjective, with w mapping to a
generator of F . = Z/(p" — 1), which we also denote as w. The n Galois conjugates

{w,0W) =w?,...,c" Y (w) = w”nil}

generate Zp[w| = W (Fpn) as a free Zy-module, and their images give a basis for
Fp» as an IFp-vector space.

LEMMA 10.7.2. Consider the base change of H, along Z — Zyw] = W (Fpn),
and the related base change of H, along F, — Fpn, and their graded analogues.
The identity

logg (wy) =w logg (y)
holds over W (Fpn)[vy], so

defines an endomorphism [w]g H, — H, over W(Fn)[v,]. Its base change de-

over Fpn[v,,].

PROOF.

(Y jn
logg (wy) =) "pj (wy)"" = wlogg ()
j=>0

since w?”" = win W (F,n) for all j > 0. It follows that the homomorphism wy: F, —
F,, defined over W (F,n) corresponds to the endomorphism

(W, (v) = log;! (wlogg; (1) = wy

of H,. O

This defines a ring homomorphism
Zy[w] = W (Epn) — End(H, /Fynfv,])
wr— [w],
extending the usual homomorphism from Z, given by the m-series m — [m| =

(Ml
Since H,, is defined over Fp[v,], it is equal to its (ring) Frobenius pullback

oc*H, = H,(zl) along 0 =id: F, — Fp, so that the (formal group law) Frobenius ho-
momorphism : H, — gl =m, given by ¢(y) = yP is in fact an endomorphism.
LEMMA 10.7.3.
polw=[wlop and  [p=¢
in End(Hy, /Fpn [vy]).
PROOF. (wy)? = wPy? and [p|g, (y) = ¥ . O

THEOREM 10.7.4. (a) Fiz a prime p and finite height n. The natural homo-
morphisms

W(IFP"){L Pyeeey Sanil} i End(Hn/]Fpn)
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is an isomorphism of Z,-algebras, where the (noncommutative) multiplication in
the source is given as in Lemma[10.7.3, so that o -w = wP - and p = ", for each
root of unity w € Zylw] = W(Fyn).

(b) For any field R containing Fpn, such as the algebraic closure F,, the inclu-
sion N

End(H,,/Fyn) — End(H,,/R)
is an isomorphism. Hence Auts(H,, /Fpn) = Auts(H,/R).

Morava |[Mor85, §2.1.2] cites Frolich [Fro68, II §2 Prop. 3] for this fact.
Ravenel cites Dieudonné and Lubin, and gives a proof in [Rav86, A2.2.17]. Part (a)
says that the endomorphisms we have constructed so far give the whole story
over Fyn, while part (b) says that no new endomorphisms appear if the base field

is extended further. This is in contrast to the case n = oo, where Autg(F,/R) =
CAlgr, (T, R) varies with R.

DEFINITION 10.7.5. The profinite group S,, = Aut(H,,/F,n») is called (in topo-
logical circles) the Morava stabilizer group at the prime p and finite height n. The
subgroup SY = Auty(H,/Fpn) is the strict Morava stabilizer group.

158 — Sy — Fl— 1.
DEFINITION 10.7.6. Let
]D)" = Qp(w){lv 907 MR ] Qpnil}
where w is a primitive (p" — 1)-th root of unity, pw = wPy and ¢™ = p. Then
Dy, is the central simple Q,-algebra of Hasse invariant 1/n € Q/Z = Br(Q,). Its
left action on itself, with respect to the basis displayed above, defines a faithful

representation by n x n matrices over Q,(w) = W (F,»)[1/p]. Its determinant
defines the (multiplicative, surjective) reduced norm homomorphism

Nrd: D, — Q,.
Then Q,, = Nrd_l(Zp) is the maximal Zy-order in D,,.
LEMMA 10.7.7. (a) Nrd(p) = p", Nrd(¢) = (—=1)""'p and
0n =Nrd 1(Z,) = W(Fp){1,,...,0" '}

(b)
0F = Ned " (Z)) = W(Epn)* {1} & W(Epn) g, 0"}
is the group of units in the maximal Zy-order. It is a profinite group, i.e., a filtered
limit of finite groups.
(C) X 1
D} = Nrd~}(Q}) =D, \ {0}

is the group of (all) units in D,.
PRrROPOSITION 10.7.8. (a)
End(H, /F,) = 0, = Nrd"'(Z,)

is isomorphic as a Zy-algebra to the mazimal Zy,-order in D,,.
(b) The Morava stabilizer group

Sn = Aut(H, /Fpn) = Q) = Nrd~(ZX)

is isomorphic to the (profinite) group of units in the mazimal Z,-order in D,,.
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(¢) The strict Morava stabilizer group
SC = Auty(H,/Fpn) = Nrd ™ (1 + pZ,)
= (1 +pW(Fp)){1} & W(Ep){e,..., 0"}
is a pro-p-group, i.e., a filtered limit of finite p-groups.

REMARK 10.7.9. The analysis of S,, and S? continues [Rav76bl, Thm. 2.10] by
letting S, = Nrd ™' (1) = ker(S? — 14pZ,), so that there are short exact sequences

0 0
0 sk S 1+ pZ, ——0
0 s} Sn VA 0
FX FX
0 0

If p is odd then 1 + pZ, = Z,, while if p = 2 then 1+ 2Zy = 25 2 7/2 @ Z,.

DEFINITION 10.7.10. Consider the category with objects (®,k) where k is a
field of characteristic p and ® is a formal group law of height n defined over k. In
this “extended” category a morphism (h,v): (®,k) — (®’,k’) is a pair consisting of
a ring homomorphism +: k — k' and a formal group law homomorphism h: v*® —
®’. Tts composite with a second morphism (h',~"): (®', k') — (D", k") is (W o
(v")*h,v" o ~). The extended automorphism group Aut(®, k) thus consists of pairs
(h,7y) with v: k¥ — k a ring automorphism and h: v*® — & a formal group law
isomorphism. We get a short exact sequence

1 — Aut(®/k) — Aut(®, k) — Gal(k/F,) — 1
(h,y) — .
When @ is defined over F,, this sequence is split by v — (id, y), and
Aut(®, k) = Aut(®/k) x Gal(k/F),)

is the semidirect product for the left action of Gal(k/F,) on Aut(®/k) given by
v-h=~%h.

DEFINITION 10.7.11. The profinite group
Gn = Aut(Fpn s Hn)

is called the extended Morava stabilizer group (at the prime p and finite height n).
The short exact sequence

1—-S, — G, — Gal(Fpn/F,) = 1
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is split, so that G,, = S,, x Gal(Fy» /F,), where Gal(F,~/F,) = Z/n acts on h €
Sn C Fpn[[y]] by pullback, i.e., via the Galois action on Fpn. We may also consider
the fully extended group

G = Aut(F,, H,) =S, x Gal(F,/F,),
where Gal(F,/F,) 2 Z is the group of profinite integers.

REMARK 10.7.12. The profinite group GJ' is in a sense the absolute (unram-
ified = non ramifié) Galois group of the K (n)-local sphere spectrum. Devinatz—
Hopkins [DHO4| constructed a K(n)-local G}'-pro-Galois extension Lgy)S —
E?* in the sense of the author [Rog08|. In particular, continuous homotopy fixed
points can be defined so that

Li(n)S ~ E}® ~ (Ep7)"en
and there is a homotopy fixed point spectral sequence
528)1‘/ = H(Gpn;m(En)) = Wt*S(EZG") = 7Tt*S(LK(")S) .

The group action here is discussed in [DH95|. Baker-Richter [BRO8b]| proved
that no further connected Galois extensions of EN" exist (at least for p odd). This
has recently been strengthened into a “chromatic Nullstellensatz” by Burklund—
Schlank—Yuan [BSY], for Lubin—Tate spectra such as E&".

nr
ETL

(The dashed arrow is not Galois.)
Let ordy,: Q) — Z denote the p-order homomorphism.

PropoOSITION 10.7.13 ([Mor85| §2.1.3]). There is a vertical map of split ex-
tensions

rd, Nrd
1—— Nrd™(Z) Dy Z 0

.| Jr Ji--

1 S G Gal(F, /F,) — 1,
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inducing an isomorphism
DX /p* =5 Gn

that extends the isomorphism Nrdfl(Z;) = Aut(H,/Fpn) = S,, by the surjection
Z — Z/n = Gal(Fyn [F,).

Proor. The composite ord, Nrd is split by 1 — ¢, sending n to ¢™ = p, and
the conjugation action in D by ¢ on Nrdfl(Z;j) corresponds to the Galois action
by o on S,, which is the same as the conjugation action in G,, by o. O

REMARK 10.7.14. It follows that GJ' is the profinite completion of the unit
group D¢, hence plays the role of a non-abelian Weil group, analogous to how the
group of units L™ in a p-adic number field L D Q,, is dense in the absolute Galois
group Gal(L/L), by local class field theory.

ExAMPLE 10.7.15. When n = 2,

p,wy o

D= (5] 2 Q)L s)
Qp

is the quaternion algebra over QQ,. Here w is a primitive (p? — 1)-th root of unity.

When also p = 2, this is

D2 = QQ{L iajv k}
with 2 = j2 = —1 and ij = k = —ji. The maximal Zs-order is the Zs-algebra of
Hurwitz integers
14+i+j+k
End(HQ/]F4) = ZQ{lviajv %} )

which contains Z{1, i, j, k} as a submodule of index 2. The Morava stabilizer group
Se = Aut(Hy/F4) is the profinite group of units in this ring. It has a maximal finite
subgroup Qg x Z/3 =2 SLy(F3) & Ay of order 24 given by the Hurwitz units

+lE+ixtjxk
2

also known as the binary tetrahedral group, since it is the double cover of the group
Ay C SO(3) of orientation-preserving isometries of the regular tetrahedron. This is
also the automorphism group of the unique supersingular elliptic curve over a field
of characteristic 2, namely y?+y = 23 +x. Let G4z = Ay X Z/2 be the corresponding
maximal finite subgroup of the extended stabilizer group G = Sy x Z/2, where in
both cases Z/2 = Gal(IF4/F3). Hopkins—Miller defined the higher real K-theory
spectrum

Ay = {il, +i, +j, +Fk, } = Ay Xs0(3) Spin(3),

EO, = B

to be the homotopy fixed points for its action on the Lubin—Tate spectrum Fs, and
identified this with the K (2)-local topological modular forms spectrum

The homotopy fixed point spectral sequence

E5" = Hyp(Gasi mi(B2)) = T o(EOs) = m_s(Lic(2) TMF)



10.8. CLOSED AND OPEN SUBSTACKS 199

is more manageable than that for the full So- or Gs-action, and has been analyzed by
Henn. ((ETC: Many other contributions along these lines should be mentioned.))

27

hZ/2 EhA4
\ \
‘ z/2
EO, EbS
T 72
\
LK(Q)S

(The dashed arrows are not Galois.)

REMARK 10.7.16. The Morava stabilizer groups S? C S,, contain an element of
order p™ if and only if p™~!(p—1) divides n. If p—1 | n then H2*(SY;F,) has Krull
dimension 1, hence is unbounded. If p — 1 { n then S,, has finite p-cohomological
dimension, and is in fact a Poincaré duality group. See [Mor85, §2.2]. This
is analogous to properties of absolute Galois groups for global and local number
fields.

10.8. Closed and open substacks

Fix a prime p, and consider the base change Mg, @ Z(,) classifying formal
group laws over commutative Z,-algebras R. For n > 1 the closed substack Mfzn
is presented by the Hopf algebroid (L/I,, LB/I,). A map Spec(R) — My, factors
through the closed inclusion

7 Mfzgn — Mfg X Z(p)
if and only if the classifying homomorphism g: L — R extends over 7,: L — L/I,,
i.e., if and only if RI,, = 0. Note that ./\/lfzgn is covered by a single affine chart
Spec(L/I,) — Mg".

Let the open substack Mfgg of Mgz ® Z(,y be the complement of M>n+1. A
map Spec(R) — Mz ® Zp) factors through the open inclusion

Jr M — Mg @ Zgy,)

if and only if the base change L/I,4; ®, R = R/RI,+; of R along mp,41: L —
L/I, 41 is zero, ie., if and only if RI,y; = R. In other words, the images of
P, V1, ..., Uy, generate the unit ideal in R. The collection of affine charts

Fy.: Spec(v,,'L/1,) — Mfén
for 0 < m < n covers ./\/lfgg”. The collection of affine charts

H,,: Spec(F,[vE']) — ./\/lfggn
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for 0 < m < n also covers each (geometric) point of Mfgg". For n > 1 there
is not a canonical (single) affine chart covering this open substack, but there are
non-canonical choices.

((ETC: Discuss how Spec(E(n).) — Mfgg" is a cover, or presentation, where
E(n)s = Zy[vi, - - ., vn—1,v;F!] is the Johnson-Wilson form of Morava’s E-theory.))



CHAPTER 11

Morava K- and E-theory

11.1. Spectral realizations

The following constructions used to rely on Baas—Sullivan theory of bordism
with singularities [Baa73a), [Baa73b], but is simplified by working in the module
category over a commutative orthogonal ring spectrum. This was first carried out
in [EKMMO97, Ch. 5].

DEFINITION 11.1.1. Let R be a commutative orthogonal ring spectrum and let
M be an orthogonal R-module. Let z € m,(R) = R, have degree |z|. Let the
R-module M/z be the homotopy cofiber of the multiplication-by-z map, so that
there is a homotopy cofiber sequence

Slelpg 25 M L2y Mg 22 sl
Given x1,...,2¢ € Ry, let
M/(acl,...,xg) = M/\RR/ffl /\R"‘/\RR/ifb

so that there is a homotopy cofiber sequence

E'“‘M/(xl,...,zg_l) = M/(xy,...,20-1)

— M/(x1, ..., x0) — DTN/ (2, )
For a general family of elements z, € R, for o € J, let M/(zo | @ € J) be the
colimit over finite subsets {a1,...,ar} C J of the R-modules M/(zq,, ..., Za,)-

DEFINITION 11.1.2. An element x € R, is not a zero-divisor if multiplication
by x acts injectively on R,. A (finite or infinite) sequence (21, z2, ... ) of elements in
R. is a regular sequence if multiplication by z; acts injectively on Ry /(x1,...,2;—1)
for each 7 > 1.

LEMMA 11.1.3. If x € R, is not a zero-divisor, then
R./(x) = m(R/x),
where (x) = R.x C Ry. More generally, if (x1,xa,...) is a reqular sequence, then

R*/(irl,l'g, . ) = W*(R/(ifl,l'g, ce )) 5
where (x1,Z2,...) C Ry is the ideal generated by the listed elements.

PROOF. By induction on ¢, we can assume that

R*/(xl,...,xi_l) = W*(R/(xl,...,xi_l)).

If x; acts injectively on this R,-module, then the long exact sequence in homotopy
for the displayed homotopy cofiber sequence simplifies to short exact sequences

0= 2R, /(x1,. .., xii1) =5 Ru/(z1,...,@i_1) — Tu(R/(x1,...,2;)) = 0.

201



202 11. MORAVA K- AND E-THEORY

d

DEFINITION 11.1.4. Let R be a commutative orthogonal ring spectrum and
let M be an orthogonal R-module. Let y € m.(R) = R, have degree |y|. Let the
R-module y~'M = M[1/y] = M[y~!] be the homotopy colimit of the sequence

MLy iy Lys=2ipyy — s yTIM

THEOREM 11.1.5 ([EKMM97, Thm. VIIL.2.2]). The R-module y~'R is equiv-
alent to an essentially unique commutative R-algebra.

The commutative R-algebra in question is realized as the Bousfield localization
of R in commutative R-algebras, with respect to the homology theory in R-modules
given by y~1R.

THEOREM 11.1.6 (|Str99, Thm. 2.6]). Let R be a commutative orthogonal
ring spectrum with m.(R) = R, concentrated in even degrees. If A, is a localized
reqular quotient of R., and 1/2 € A,, then there exists a unique (strong realization)
homotopy commutative R-ring spectrum A with m.(A) = A,.

((ETC: Recall “strong realization”.))

For similar results about localizations of E,, ring spectra, see Lurie’s “Higher
Algebra” (for n = 1) and Mathew—Naumann—Noel [MNN15, App. A] (for n > 2).
In general, there is extensive literature on the problem of finding A, = ;- or higher
E,.-realizations of a given (ring) spectrum, or proving that such more structured
products do not exist.

We apply Strickland’s theorem in the case R = MU, in which case R, = MU,
is integral, so that no x # 0 divides zero.

DEFINITION 11.1.7. For each prime p and height 1 < n < oo let
MU/I, = MU/(p,v1,...,Vn—1)

be the MU-module with m,(MU/I,) = n.(MU)/I, = L/I,, and similarly for
n = oo. Let

v, *MU/I,
be the localized MU-module with 7. (v, 'MU/IL,) = v, 'n.(MU) /I, = v, 'L/I,.

By Strickland’s theorem, MU/I,, and v, *MU/I, admit unique structures as
homotopy commutative MU-ring spectra, as long as p # 2. ((ETC: For p = 2,
there are two (opposite) structures as homotopy associative MU-ring spectra.))

PROPOSITION 11.1.8. MU/, and v, MU/I,, are flat ring spectra, with
(MU/I,),(MU/I,) 2 LB/I, ® A(To,...,Tn—1)
and
(v, MU/ L)« (v, ' MU/T,) 2 v, ' LB/I,, @ A(To, - . ., Tn1) -

Here 7; in degree 2p' — 1 maps under MU/I,, — HTF, to the class with the same
name in (HF,).(HF,) = ..

REMARK 11.1.9. The flat ring spectrum D = MU/ I, is a spectral realization of
obj FGLZ", but its associated Hopf algebroid (D,, D, D) is a nilpotent thickening of
the Hopf algebroid (L/I,, LB/I,) classifying FGLZ". Likewise, E = v;'MU/I,, is
a flat spectral realization of obj FGLY, but its associated Hopf algebroid (E, E, E)
is a nilpotent thickening of the Hopf algebroid (v, 'L/I,,v;'LB/I,) classifying
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FGL,. In other words, the algebraic Hopf algebroids are the reductions (modulo
nilpotent elements) of these non-reduced topological Hopf algebroids.

11.2. Morava K-theory

In the early in 1970s, Morava introduced spectra K(n) giving topological re-
alizations of the Honda formal group law H,,, giving the (unique) geometric point
in Mg,. Let

(Ui;?;m|7:7énam7épk_1):(pv--~7U7L—17Un+17~--;Bm|m7épk_1)

be a regular sequence (ordered by degree, say) generating the kernel of the homo-
morphism L — F,[v,] C F,[vi!] classifying H,.

DEFINITION 11.2.1. For each prime p and height 1 < n < oo let the n-th
connective and periodic Morava K-theory spectra be the MU-module spectra

k(n) = MU/ (v;, by | i # n,m # pF —1)

and
K(n) = v, k(n) = v, ' MU/ (05, by, | i # n,m # p* — 1)
with
mk(n) = Fpluy) and K (n) = F,[vE!],

respectively. Then
H,(k(n);Fp) = A(T; | j #n) @Fp[& | i > 1]
and

H¥(k(n);Fy) = [ [MQn) = o | 7{Qn} -

By Strickland’s theorem, k(n) and K (n) admit unique structures as homotopy
commutative MU-ring spectra, as long as p # 2. ((ETC: For p = 2, there are two
(opposite) structures as homotopy associative MU-ring spectra.))

Robinson [Rob89, Thm. 2.3] developed an obstruction theory to show that
K (n) admits the structure of an A,, = E;-ring spectrum, and Angeltveit [Ang11]
showed that K(n) is uniquely determined up to equivalence in this category, i.e.,
as an associative orthogonal ring spectrum. For 1 < n < oo is does not admit an
[Es-ring structure, as can be seen from the Dyer—Lashof operations in its homology.

When n = 1, there are splittings

p—2 p—2
ku/p~\/ 2¥k(1) and  KU/p~\/ T¥K(1),
=0 =0

so K (1) is a direct summand of mod p complex K-theory. By convention, we let
K(0) = HQ and K(oo) = HF,, matching the definitions of Hy and Hy.

REMARK 11.2.2. There are ring spectrum maps MU — K (n) inducing the ring
homomorphisms L 2 MU, — K(n). = F,[v;7!] classifying the Honda formal group
law H,. The corresponding maps

Spec(K(n),) 2 Spec(L) — My, ,

for all p and 0 < n < oo, then realize all geometric points of My,. In particular,
those for a fixed p realize all geometric points of M, ® Z(,,), and those for n > 1

realize all geometric points of Mg @ F), = Mfzgl.
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Morava K-theory is about as accessible to calculation as (co-)homology with
field coefficients, because of the following Kiinneth and universal coefficient isomor-
phisms.

THEOREM 11.2.3. For any spectra X and Y the canonical maps
K(n)+(X) @k (n), K(n).(Y) = K(n).(X AY)
and
K(n)"(X) — Homp(n), (K(n)«(X), K(n).)
are isomorphisms.

PrOOF. This follows from the Tor- and Ext-spectral sequences for K(n) A
X ANgmy Kn)ANY ~ K(n) ANX AY and Fg)(K(n) A X, K(n)) ~ F(X,K(n)),
since K(n), is a graded field, so that each K (n).-module is free. O

REMARK 11.2.4. Since K (n). = F,[v!] is a graded field, each K(n).-module
is free, so (for p odd) K(n) is a flat ring spectrum. ((ETC: Discuss relation of the
associated Hopf algebra (K (n)., K(n).K(n)) to the one classifying B Auts(H, /R)
over R =TF,. Also for E(n),E(n), later. Cleaner for (K,,).(K,) or (E,).(Ep).))

REMARK 11.2.5. A key feature of K(n) is that its complex orientation, corre-
sponding to a ring spectrum map MU — K (n) in the homotopy category, defines
the Honda formal group law H,,, with p-series

Pl (W) = [Plm, (y) = vay? € K(n)*[[y]].

This means that in the fiber sequence
BC, —s CP® 7 cp
where [p] classifies (y1)®P, the induced homomorphism
K(n)*(BCp) «— K(n)*(CP>) = K(n)*[ly]]

maps v,y? to zero. It follows from the Gysin sequence in K (n)-cohomology (com-
pare Chapter 4, Thm. 7.1) that

n n

K(n)"(BCy) = K(n)*[lyll/(vny®") = K(n)"[y]/(y"")

is a p"-dimensional K (n)*-algebra. (For complex cobordism, this calculation goes
back to Stong or Landweber around 1970.) On one hand, this illustrates how the
formal group law or p-series enters in calculations. It also shows that the structure
of K(n)*(BC),) depends on the height n, interpolating between

K(0)"(BCp) = H*(BCy;Q) = Q

and
Folz] for p = 2,

K(oo)*(BCp) = H*(BCp?Fp) = {A(I) @F,[y] for p odd.
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11.3. Morava E-theory

In the early 1970s (cf. Morava: “The moduli variety for formal groups”, No-
vember 22, 1972), Morava interpreted the Lubin—Tate deformation theory [LT66)|
for formal group laws of finite height as exhibiting a normal bundle, or formal
neighborhood, at the point H,: Spec(F,) — ./\/lfzg" C Mjg. This led to a ring
spectrum F, now called Morava FE-theory, with a map

corresponding to the inclusion of H,, in (a universal covering space of) this formal
neighborhood. Other mathematicians at the time preferred to reformulate this
in more traditional terms, leading to a version E(n) of Morava E-theory with
coefficient ring
E(n)* = Z(p) [1}1, ey Un—1, ’U;i:l]

having K (n), as a residue field at the maximal ideal I, = (p,...,vn—1).

The later work of Devinatz—Hopkins and Goerss—Hopkins—Miller led to ver-
sion FE,, of Morava FE-theory that is an E., ring spectrum, i.e., a commutative
orthogonal ring spectrum, with

Tu(Bp) = W(Fpn)[[ur, . - 1] [u™]

having the finite extension m.(K,) = Fyn[u®!] of K(n). as its residue field. Here
mo(En) = W(Fpn)[[u1, ..., un—1]] is the commutative ring classifying Lubin-Tate’s
universal deformation, and Morava’s original E-theory E ~ Esal is realized as the
homotopy fixed points for an action on E,, by the Galois group Gal = Gal(F,- /F),) =
Z/n. ((ETC: Here we suppress a distinction between 2-periodic and (2p™ — 2)-
periodic theories.))

Since the rings F(n). can be presented using only the subset of algebra gener-
ators for m,(MU), given by the classes v, for m > 0, it is tempting to simplify
the algebra by discarding all the other algebra generators. This can be achieved
using the Brown—Peterson spectrum BP.

Recall from Chapter 6, Theorem 6.1, that

H,(MU;F,) = 2, @ Fylbm | m # p* — 1]

and .

T (MU) ) = Zpy[vi | © > 1] @ Zpy by | m # p* — 1],
where

P, =F,& |i>1] C o,

is the sub Hopf algebra dual to the quotient algebra & = o/ //& generated by the
Steenrod power operations P? for i > 1, and

Fylbm | m # p* — 1] = PH.(MU;F,) C H,(MU;F,)

is the subalgebra of @Z.-comodule primitives. Brown—Peterson [BP66] constructed
a spectrum (now denoted) BP such that H,(BP;F,) = 2, as &/.-comodules.
Equivalently, H*(BP;F,) = & = &/ //& as o/-modules. We can now realize BP
as an MU-module by setting

BP = MU/ (bm | m # p* —1).

Then
BP, = 7.(BP) = Z(p)[vl,vz, L=V
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It then follows that )
MU, ~\/sBP
bl
where b’ ranges over a monomial basis for Fy[b,, | m # p* —1]. In particular,
MU (). (X) = 0 if and only if BP,(X) = 0, for any spectrum X.

By Strickland’s theorem, BP is a homotopy commutative ring spectrum, at
least for p odd. Quillen gave a more specific construction of BP as the image of a
homotopy idempotent ring spectrum map e: MU,y — MU, i.e., as the homotopy
colimit of

MU(p) i) MU(p) i) MU(p) —...— BP.

The ring homomorphism MU, — MU, — BP; = T, (BP) classifies the universal
p-typical formal group law, in the sense of Cartier ((ETC: reference)), and BP, —
MU ), classifies the p-typification of the p-localized Lazard formal group law.

Basterra-Mandell [BM13| showed that BP admits a unique E4 ring structure,
hence is an orthogonal ring spectrum that is homotopy commutative, while Law-
son |[Law18| and Senger ((ETC: arXiv:1710.09822)) showed that BP cannot be
realized as an Eo, ring spectrum, hence also not as a commutative orthogonal ring
spectrum.

((ETC: Discuss Hopf algebroid structure of (BP,, BP,BP) = (V,VT), classi-
fying the full subgroupoid of FGL(R) generated by p-typical formal group laws
over R, for any commutative Z,-algebra R. Here V = Z,)[v; | i > 1], T =
Z(p)[tk | k 2 ].] and VT = V®T = V[tk | k Z 1], with |tk| = 2pk — 2))

The following BP-analogues of MU/I, and v, *MU/I, were discussed by
Johnson-Wilson [JW'75|. As a mnemonic, the letter B contains both P and the
inverse/upside-down P.

DEFINITION 11.3.1. Let
P(n) = MU/I, Ayqu BP ~ BP/I,
be the MU- and BP-module spectrum with

T P(n) = Fplvn, vpi1,...].

Then
H.(P(n);Fp) = AMTo, ..., Tno1) @Fp[& | i > 1]
and
H*(P(n);Fp) = o /[MQn,@nt1, - ) -
Also let

B(n) = v, ' MU/IL, Ayu BP ~v,' BP/I,
be the MU- and BP-module spectrum with

~

T B(n) 2 FplvEt vppa,.. ..

The Morava E-theory, complementary to MU — v, 'MU/I, at MU — K(n),
can also be viewed as being complementary to BP — v, 'BP/I,, = B(n), and more-
or-less realized by the theory E(n) = v, ! BP(n) discussed in [JWT73| and [JY80].

DEFINITION 11.3.2. Let the n-th truncated Brown—Peterson spectrum
BP(n) = BP/(vp+1,Vn42,---)
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be an MU- and BP-module spectrum with

T BP(n) = Zy)[vi, ..., vn].

Then
H.(BP();Fy) = A(Fast, T, ) @ Byl | 2 1]
and
H*(BP(n);Fp) = o/ //MQo, -, @n) -
Let

E(n) =v,'BP(n) = v,;'BP/(vni1,Vni2s---)

be an MU- and BP-module spectrum with

e B(n) 2 Zyy[vi, ..., vn_1, v

Again, these are homotopy commutative ring spectra by Strickland’s theorem,
except for p = 2, for which one should see |[Nas02)].
When n = 1, there are splittings

p—2 p—2
kugp) ~ \/ T¥BP(1)  and KU, ~ \/ ¥E(1),
i=0 1=0

and the p-local Adams summands £ = BP(1) and L = E(1) of ku(, and KU, all
admit unique E ring structures [BRO5|, [BR08a].

After p-completion, Angeltveit—Lind [AL17] showed that the spectrum BP(n)
is uniquely determined by its cohomology .«7-module.

One should beware that there are many different possible choices of regular se-
quences (Upn41,Un42, - -- ), S0 that the spectra BP(n) and E(n) are not well-defined,
especially as MU- or BP-ring spectra. ((ETC: One might speak of a “form” of
BP(n) or E(n).))

Hahn—Wilson [HW22] recently proved that for each prime p and height n there
exists an E3 BP-algebra structure on BP(n). This makes sense, because BP has
an Ey4 ring structure. In particular, BP(n) admits an E3 ring structure.

In the following diagram of ring spectra, each square induces a pushout square
of (evenly graded) commutative rings after passage to homotopy rings.

SIS

MU/I

v MU —— 0 BP —/~— Eln / /

v ' MU/, 4> B(n
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11.4. Nilpotence theorems

Here are two classical theorems about 7, (S) as a graded abelian group, and as
a graded commutative ring.

THEOREM 11.4.1 (Hurewicz, Serre [Ser51]).

0 ford <0,
N V4 ford=0,
Tan(S") = Z @ (finite) ford=mn—1, n even
(finite) otherwise.
Hence
0 for d <0,
ma(S) = Z for d=0,

(finite) otherwise.

In particular the Hurewicz homomorphism m,(S) — Z is a rational isomorphism,
with torston kernel and trivial cokernel.

Serre’s proof uses the Serre spectral sequence for fibrations related to the White-
head covers of S™.

THEOREM 11.4.2 (Nishida |[Nis73|). Fach f € mq(S) with d # 0 is nilpotent
in m.(S). Hence the kernel of the Hurewicz homomorphism is the nilradical of
7 (S), so that m.(S)red = Z.

Nishida’s proof uses the structured (Ho,) commutativity of the sphere spec-
trum, which shows that suitable extended j-fold powers of spheres admit a retrac-
tion to the (ordinary) j-fold smash power of that sphere.

One way to interpret Nishida’s theorem is to say that any map f: 3¢S — S
that induces zero in integral (or rational) homology is nilpotent with respect to
composition, in the sense that

fN=fo-of:xNig g
is null-homotopic for N > 0. On the other hand, Adams |[Ada66]| had exhibited
maps
vy: BP72S/p — S/p

for odd primes p (and vi: £85/2 — S/2 at p = 2) that induce zero in integral
homology, but induce nonzero isomorphisms

vl KU*(S/p) — KU*(S*725/p),

in topological K-theory, and which are therefore not nilpotent with respect to

composition. (This follows, since (vi¥)* is a nonzero isomorphism, for each N.)

Based on calculations [MRW 77| with the (MU- or BP-based) Adams—Novikov
spectral sequence, Ravenel (lecture at 1977 Evanston conference, published as
[Rav84l Conj. 10.1]) conjectured that inducing zero in complex bordism would
be sufficient to ensure that a map

f:YiX — X,

with X a finite CW complex or spectrum, is nilpotent.
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Several years later, this conjecture was famously proved by Devinatz—Hopkins—
Smith. Both of the following two statements generalize Nishida’s nilpotence theo-
rem.

THEOREM 11.4.3 (Devinatz—Hopkins—Smith [DHS88| Thm. 1, Cor. 2]).
(a) Let R be a ring spectrum (not necessarily associative) in the homotopy
category. The kernel of the MU Hurewicz homomorphism

hyu: TI'*(R) — MU*(R)

consists of nilpotent elements.
(b) Let f: X4X — X be a self-map of a finite spectrum. If MU,(f) = 0 then
f is nilpotent.

See also [Rav92al, Ch. 9].

BRIEF OUTLINE OF THUMBNAIL SKETCH OF PROOF. Here (b) is deduced from (a)
by considering the endomorphism ring spectrum
R=F(X,X)~XADX,
where DX = F(X, S) denotes the Spanier—Whitehead dual. It suffices to prove (a)

when R is an orthogonal ring spectrum that is connective of finite type. In this
case, Devinatz—Hopkins—Smith use the Thom (E, ring) spectra

X(n) = Th(¢ | QSU(n))
of the virtual complex vector bundles classified by the (double loop) maps
£:QSU(n) — QSU ~ BU .

Here S = X(1) and X (o0) = MU, and the MU Hurewicz homomorphism factors
as a chain

T(R) — ... — X(n)«(R) — X(n+1).(R) — ... — MU.(R).
There is a Thom isomorphism
H.(QSU(n)) = H.(X(n)) 2 Zbr, . ., b-s],

compatible with the Thom isomorphism H,(BU) & H,.(MU) = Z[by, | k > 1] that
we discussed in Chapter 6. Let f € m.(R). The inductive step is then to prove that
hxm)(f) € X(n)«(R) is nilpotent if (and only if) hxn11)(f) € X(n + 1).(R) is
nilpotent. This is then addressed by interpolating between QSU (n) and QSU (n+1)
by means of homotopy pullbacks

QSU(n) —— J,, S? —— QSU(n +1)

| L]

* ——— S ——— QS

over the standard filtration of the James construction model for Q52+l ~ J§2m
and letting Fy,, X (n + 1) = Th(¢ | J,,8*") for 0 < m < oo. Here

H,(J;nS?;F)) = Ho(Fp X (n+1);F,) 2 Fylbr, ... by 1]{1,by,..., 0"

is coalgebraically best behaved when m = p¥ — 1 for some k > 0. Note that
X(n) = FyX(n+ 1). The proof proceeds in three steps:
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(1) If the image of f in X (n+1).(R) is nilpotent, then Fx_y X (n+1)Af 'R ~ x
for k sufficiently large. This follows from a vanishing line in the X (n + 1)-based
Adams spectral sequence.

(2) If Fpe 1 X(n+1) A f7'R ~ % then Fj-1_1 X (n+1) A f~'R ~ x, for each
k > 1. More precisely, the class of acyclic spectra for F,r_; X (n + 1)-homology is
the same for all values of k. (This is the hard part, uses the Snaith splitting of
0282m+1 and connects to the theory of Bousfield classes.)

(3) If X(n) A f~1R ~ x then the image of f in X (n).(R) is nilpotent. O

The Devinatz—Hopkins—Smith nilpotence theorem expresses how the functor
X — MU.(X) to MU,-modules (or MU,MU-comodules) is almost faithful on
(endo-)morphisms on the subcategory of finite spectra

Ho(Sp®) © Ho(Sp) "8 MU, MU - coMod — MU, — Mod,

where “almost” means up to nilpotence. ((ETC: Define the full subcategory Ho(Sp®) ~
SW of finite spectra.))

It is often difficult to fully calculate complex bordism groups, while Morava
K-groups are easier to compute, mainly because their coefficient rings are graded
fields, leading to universal coefficient and Kiinneth theorems. Recall that K(0) =
HQ, K(n), = Fy[vf!] and K(co) = HF,. Hence the following extension of the
nilpotence theorem can be more effective.

THEOREM 11.4.4 (Hopkins—Smith [HS98, Thm. 3]).

(a) Let R be a p-local ring spectrum. An element f € m.(R) is nilpotent if (and
only if) hm)(f) € K(n)«(R) is nilpotent for each 0 < n < oo.

(b) Let f: 29X — X be a self-map of the p-localization of a finite spectrum.
Then f is nilpotent if (and only if ) K(n).(f) is nilpotent for each 0 < n < oo.

This has the following cute consequence.

DEFINITION 11.4.5. A spectral (skew-)field is a non-contractible ring spec-
trum R such that R.(X) is a free R,-module for all spectra X.

PRrROPOSITION 11.4.6 ([HS98| Prop. 1.9]). Let R be a spectral field. Then R
has the homotopy type of a wedge sum of suspensions of K(n) for some 0 < n < co.

PROOF. Since 1 € 7,(R) is not nilpotent, there exists a prime p and a height
0 < n < oo such that 1 € K(n).(R) is not nilpotent. Hence K(n) A R is not
contractible. Since K(n) and R are spectral fields, a suspension of R is a retract
of K(n) A R, which is a wedge sum of suspensions of K(n). It follows (cf. [HS98|
Prop. 1.10]) that R is also such a wedge sum of suspensions. O

In the presence of sufficiently much commutativity, the additional strength of
complex bordism over ordinary homology is no longer needed. The following result
was conjectured by Peter May in [BMMS86, Conj. I1.2.7]. An H,, ring structure
is slightly weaker than an K., ring structure, which is essentially the same as
commutativity for orthogonal ring spectra.

THEOREM 11.4.7 (Mathew—Naumann-Noel [MNN15, Thm. A]). Suppose that
R is an Hy ring spectrum and f € m.(R) is in the kernel of the Hurewicz homo-
morphism h = hz: m.(R) — H.(R;Z). Then f is nilpotent.
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11.5. Quasi-coherent sheaves

Let A be a commutative ring. Each A-module M determines a quasi-coherent
sheaf M~ over Spec(A), with sections over g: Spec(R) — Spec(A) equal to the
R-module given by the base change (= pullback)

M~(R)=¢"(M)=R®4 M.

Here A acts (from the right) on R via the ring homomorphism g: A — R. It
follows that for any A-algebra homomorphism k: R — T the induced T-module
homomorphism
T®r M~ (R) — M™(T)
is an isomorphism, which is the defining condition for this module sheaf to be quasi-
coherent. Conversely, each quasi-coherent sheaf over Spec(A) is isomorphic to M~
for an A-module M, so there is an equivalence of categories
A — Mod = QCoh(Spec(A))
M— M~ .
Both sides of this equivalence depend covariantly on A, or contravariantly on Spec(A),
so that a ring homomorphism ¢g: A — B takes the A-module M to the B-module
B®s M, and (B®yg M)~ = g*(M™).

The base change ¢g* along g: Spec(B) — Spec(A4) is left adjoint to the re-
striction functor g.: B — Mod — A — Mod (or QCoh(Spec(B)) — QCoh(Spec(A))
taking a B-module N to the same abelian group with the A-module structure given
by the composite

AN BN 2 N.
The moduli prestack Mgy represents the groupoid-valued functor
AffP — Gpd
Spec(R) — {Spec(R) = Mg} = FGLs(R).
The nerve functor C — NC gives a full and faithful embedding of (categories or)

groupoids in simplicial sets, so we can also think about the simplicial set-valued
functor

AffoP — sSet
Spec(R) — N FGL (R),
where N FGL,(R) is isomorphic to the simplicial set

<;
Hom(L, R) —— Hom(LB,R) «—— Hom(LBB,R) —— ... .
(L, R) —— Hom( ) &—— Hom( ) ——
It is represented by the simplicial affine scheme
Spec(L) Spec(LB) Spec(LBB)
pec(L) —— Spec +—— Spec D —
{ — S

Here some of the face operators are given by np: L — LB, ng: L — LB and
v: LB — LB ®; LB = LBB, while one of the degeneracy operators is given
by €: LB — L. The remaining operators are obtained from these by tensoring
with identity morphisms. The nerve construction takes (the moduli prestack Mg
or) moduli stack My, to the homotopy colimit of this simplicial scheme. Since
the simplicial scheme is generated by the Hopf algebroid structure maps, relating
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simplicial degrees ¢ € {0, 1,2}, this homotopy (or co-categorical) colimit is in fact
a 2-categorical colimit.
Passing to sheaves, we define the category

QCoh(M;,)

of quasi-coherent sheaves on Mj, to be the corresponding homotopy (or co-categorical)
limit of the diagram of categories
—

QCoh(Spec(L)) ¥—— QCoh(Spec(LB)) ¥— QCoh(Spec(LBB)) —— ... ,

which is in fact the 2-categorical limit. In more elementary terms, this is the limit
of the diagram of categories

—
L —Mod &= LB — Mod === LBB — Mod &—— ... .
H <;

This is a cosimplicial diagram, with some of the coface operators given by base
change along 7, nr and ¥ and one of the codegeneracy operators given by base
change along e.

An object in this limit can be given as a sequence of objects

MY e L — Mod,
M' € LB — Mod,
M? € LBB —Mod, ...
together with isomorphisms
MO =M
M =i MO £ NpM° = (e ®id)* M? = (id ®¢)* M?,
M? = (g @id)* M = p* M = (idong)*M*, ...

subject to coherence conditions. The key data here are the L-module M = M©° and
the LB-module isomorphism

v M = neM ,
making the (L- and LBB-module) diagrams

e“n M SLIUAN e npM

M—9

and
(id @)y M o, L) npM ——= (nr ®id) n M
(ng@id)*ul
o0y M ki G0 M e (p ® id)* 1M

commute. In other notation, we can write the L B-module isomorphism as

7: M@, LB —s LB®; M
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and the second coherence condition as
LB®, M ®p LB
r®id id @v

M &, LB®, LB vy LB®, LB®, M.

By the 17—« adjunction, the LB-module homomorphism & corresponds to a
unique L-module homomorphism

viM — np.npM =LB® M.

Here the tensor product LB ®, M is formed using the right unit ng: L — LB, and
is viewed as an L-module using the left unit ny: L — LB. In these terms, the two
coherence conditions are equivalent to the counitality

MY~ LB®, M

le@id

L®r M

R

and coassociativity

LB®r M

LB®r LB®L M

M

LB®r M

conditions required for v to define an (L, L B)-coaction on M, i.e., an L B-comodule
structure on M.

Recall that m: Spec(L) — My — My, denotes a presentation of the moduli
stack of formal groups. Then, to any quasi-coherent sheaf M~ over Mg, we can
associate the L-module M corresponding to the quasi-coherent sheaf 7*(M™) over
Spec(L). It comes equipped with an LB-module isomorphism 7: nj M = n;,M,
which is left adjoint to an LB-coaction v: M — LB ®, M. This functor

QCoh(Mg,) —+ LB— coMod
M~ — (M,v)
is then the advertised equivalence. ((ETC: Explain why the left adjoint 7 of any
coaction v is an isomorphism. This uses the existence of inverses in FGLs(R), or

the conjugation in B.))
The same argument applies for any Hopf algebroid.

THEOREM 11.5.1 (Hovey [Hov02, Thm. 2.2]). Suppose (A,T') is a Hopf alge-
broid. Then there is an equivalence of categories between I'-comodules and quasi-
coherent sheaves over [Spec(A) = Spec(I)].

We now have the terminology available to formulate the basic object of study
in chromatic homotopy theory.
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DEFINITION 11.5.2. To each spectrum X we assign its complex bordism MU, (X),
viewed as an (MU,, MU, MU) = (L, LB)-comodule,

Sp — MU, MU- coMod ~ QCoh(My,)
X  MU(X) < MU(X),

which in turn is equivalent to a quasi-coherent sheaf MU, (X)™ over the moduli
stack My, of formal groups.

11.6. Invariant ideals and coherent rings

Morava and Landweber [Lan73al, |[Lan73b| observed that the (quasi-)coherent
sheaves on My, only realize a small subset of all (quasi-)coherent sheaves on
Spec(MU,), i.e., that the (finitely presented) MU, MU-comodules are quite special
among the plethora of (finitely presented) MU,-modules. After all, every count-
ably generated commutative ring arises as MU, /I for some ideal I C MU,, but
fortunately relatively few of these ideals are MU, MU-comodules.

Recall the Hopf algebroid (L,LB) = (MU,, MU, MU).

DEFINITION 11.6.1. Let M be an LB-comodule, with coaction v: M — LB®p,
M. We say that x is LB-comodule primitive if v(z) = 1® z, and write P(M) C M
for the subgroup of LB-comodule primitives. There are canonical isomorphisms

P(M) = HomLchoMod(LyM) = LDLB M.

Let Ann(z) ={A € L | Az =0 € M} C L be the annihilator ideal of z. We say
that an ideal I C L is invariant if it is an LB-subcomodule.

LEMMA 11.6.2. I C L is invariant if and only if n,(I)- LB = LB - ng(I).

PROOF. The ideal is an L B-subcomodule if and only if the composite 17, : L —
LB®p L = LB takes I into LB ®y I = LB - ngr(I), so that n.(I) C LB - nr(I),
which implies 7 (I) - LB C LB -ngr(I). Applying the conjugation x then implies
the opposite inclusion. ([

LEMMA 11.6.3. Let x € M have degree d. The L-submodule ¥?L/ Ann(z) = Lx
of M is an LB-subcomodule if and only if x is LB-comodule primitive and Ann(z)
18 tnvariant.

ProOF. If Lz C M is an LB-subcomodule, then v(x) lies in LB ®j, Lz, hence
is 1 ® = for degree reasons, so x is LB-comodule primitive. Moreover, 15 (\) ®
r=v(\r) = 0in LB ® Lv =2 X'LB/LB - ng(Ann(z)) for A\ € Ann(x) implies
nL(A) € LB - nr(Ann(z)), so Ann(z) is invariant.

Conversely, if x is L B-comodule primitive then A — Az defines an L B-comodule
homomorphism Y¢L — M, which factors as such over XL — Lz if Ann(z) is
invariant. (]

If M is nonzero and bounded below, then each lowest-degree class is LB-
comodule primitive. Recall the ideals I, ,, = (p,v1,...,vp—1) and Ip o = (P, V1, ..., Vp,...)
in L.

LEMMA 11.6.4. For each prime p and height 1 < n < oo the ideal I,,,, C L is
an invariant prime ideal. The zero ideal (0) C L is also invariant and prime.
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PROOF. For each prime p we have nr(I,) C LB - ngr(I,) by Chapter 10,
Lemma 4.12, since (strictly) isomorphic formal group laws have the same height.
Hence each I,, is invariant.

The quotient ring

L)1, 2 Fp[om, i | m>nk+1+#p']
is an integral domain by Chapter 10, Corollary 5.7, so each I,, is prime. (I

DEFINITION 11.6.5. Let R be a (graded) commutative ring. An R-module M
is finitely presented if there exists a short exact sequence

P—F—M-—0

with Fy and Fy finitely generated free R-modules. The finitely presented R-
modules are the compact objects in the category of R-modules, i.e., those for which
Homp (M, —) commutes with filtered colimits.

A commutative ring R is coherent if each finitely generated ideal I C R is
finitely presented. A coherent module is a finitely generated module such that
(it and) each finitely generated submodule is finitely presented. A module over a
coherent ring is coherent if and only if it is finitely presented.

LEMMA 11.6.6. The Lazard ring L = Z[xz; | i > 1] =2 MU, is coherent.

Proor. Each finitely generated ideal in L is generated over some subring
Z[z1,...,x,), and is finitely presented over that noetherian subring. The full Lazard
ring is flat over that subring, so the finite presentation can be extended up. (I

DEFINITION 11.6.7. We say that an LB-comodule is finitely presented if its
underlying L-module is finitely presented (= coherent). Let

LB— coMod™ ¢ LB— coMod

denote the full subcategory of finitely presented LB-comodules. ((ETC: The cat-
egory of LB-comodules is abelian, and LB— coMod™® is a thick abelian subcate-
gory.)) We write
Coh(Myg) C QCoh(Myg)
for the corresponding full subcategory of coherent sheaves, under the equivalence
LB—coMod = MU, MU—- coMod ~ QCoh(Myq,) .

DEFINITION 11.6.8. Let Sp“ denote the category of finite spectra, i.e., the full
subcategory of Sp generated by spectra that are equivalent to finite cell (or CW)
spectra. Its homotopy category Ho(Sp“) is equivalent to the Spanier—Whitehead
category SW of formal integer suspensions of finite CW complexes.

The superscript w indicates the first infinite ordinal, giving the strict upper
bound for the number of cells allowed in a CW (or cell) structure on these spectra.
Each spectrum is a filtered homotopy colimit of finite spectra, but practically none
of the cohomology theories we have discussed so far are represented by finite spectra.

PROPOSITION 11.6.9 (Conner—Smith [CS69, Thm. 1.3.]). If X is a finite spec-
trum, then MU.(X) is a finitely presented MU, -module.

This follows by induction over the number of cells in X, via standard closure
properties for coherent modules. We could also say that MU,(X) is a finitely
presented MU, MU-comodule, for each finite spectrum X.
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11.7. Landweber’s exact functor theorem

THEOREM 11.7.1 (Landweber [Lan73b, Thm. 3.3’]). Each finitely presented
LB-comodule M (an object in LB— coMod'?) admits a finite length filtration

0=MO cCcMAlcC---CcMU =M
by finitely presented LB-subcomodules, such that
M(s)/M(s—1)=x%L/J(s)

for each 1 < s < £, where J(s) C L is some finitely generated invariant prime ideal
and ds is some integer.

The proof uses primary decomposition, as in [AM69] Ch. 4], extended from
ideals to modules and from noetherian rings to coherent rings.

THEOREM 11.7.2 (Morava, Landweber [Lan73al Prop. 2.11]). The LB-comodule
primatives in L/1I, , are

P(L/I,,) =F,v,) C L)1,
for each prime p and height 1 < n < co.

We already know that v, is LB-comodule primitive in L /I, ,,, since v,, = nr(vy,)
mod I, ,, which implies that each power of v, is LB-comodule primitive since
L/I,, is an LB-comodule algebra. Seeing that there are no further LB-comodule
primitives relies on the strong nontriviality of the coaction, i.e., the significant
difference between 1y : L — LB and nr: L — LB. This requires some detailed
calculation. See also [Rav92a, Thm. B.5.18]. ((ETC: I believe there are more
approaches/references.))

It follows that there are no other invariant prime ideals than the ones we have
already discussed, so that the subquotients in a Landweber filtration are always of
a familiar kind.

THEOREM 11.7.3 (Morava, Landweber [Lan73a, Prop. 2.7]). The invariant
prime ideals J C L are (precisely) the ideals I, ,, for primes p and heights 1 <n <
00, together with the zero ideal (0).

Proor. If J # (0) then JNZ = (p) for some prime p ((ETC: why?)), and then
(p) = Ip1 C J C Ip . Suppose I, C J but v, ¢ J for some 1 < n < oo. Then
vl ¢ J for each i > 1, since J is a prime ideal. Hence J/I,,,, C L/I,,, contains no
nonzero L B-comodule primitive elements, by Theorem and must therefore
be zero. This proves that I, = J. O

The partially ordered set of invariant prime ideals in L thus matches the set of
geometric points of My, partially ordered by specialization.
Let R be a ring spectrum, with coefficient ring R, = m.(R), and E. an R,-
module. The functor
X — E. ®g, R.(X)

is a homotopy functor with a suspension isomorphism satisfying Milnor’s wedge
axiom, but it might not be exact, since tensoring F, over R, with the long exact
sequence

L RU(X) S RU(Y) LS RYIX) D L
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might not give an exact sequence. It would suffice that E, is a flat R.-module, but
from this point of view the following theorem is surprising, since Z[u*'] = KU, is
not a flat MU,-module.

THEOREM 11.7.4 (Conner-Floyd [CF66|, Ch. I1]). Let Td: MU, — Z[u*!] =
KU, be the homomorphism sending the bordism class of an almost complex 2n-
manifold M to its Todd genus times u™. Then there is a natural isomorphism of
(multiplicative) homology theories

KU, @puy, MUL(X) 2 KU (X).
In particular,

KU* @y« MU*(X) =2 KU*(X)
for all finite spectra X.

The conclusion in cohomology follows from that in homology using Spanier—
Whitehead duality, since MU *(X) = m. F(X, MU) 2 7,(MUANDX) = MU,(DX)
for finite X, and similarly for KU, where DX = F(X,S) is the Spanier—Whitehead
dual of X.

The key to this result is the Landweber filtration theorem, telling us that not
all MU,-modules arise as MU, (X), since the associated prime ideals must all be
invariant. Let I, o = (0).

DEFINITION 11.7.5. Let E, be an L-module. We say that (p,v1,vs,...) is an
FE,-regular sequence if all of the homomorphisms
Sl B L 2 B fIpn
for n > 0 are injective.
In particular, we ask that p: E, — E, is injective, v1: X*72E,/(p) — E./(p)
is injective, vy : 221“2_2E*/(p7 v1) = E./(p,v1) is injective, and so on. If at some

stage E./I,, = 0, then all of the remaining homomorphisms are automatically
injective.
ExampLE 11.7.6. If £, = L®Q, then p: E, — E, is an isomorphism for each p,

so E,/I,1 =0 and (p,v1,vs,...) is an E,-regular sequence for each prime p.

EXAMPLE 11.7.7. If E, = Z[u™'] with v; acting as multiplication by uP~!
for each p, then p: E, — E, is injective, E./(p) = F,[u*l], v1: 272F,[u*!] —
F,[u*!] is an isomorphism, and E, /I, » = 0. Hence (p,v1,v2,...) is an E,-regular
sequence for each prime p.

THEOREM 11.7.8 (Landweber [Lan76|, Thm. 2.6p¢]). Let E. be an L-module.
The functor

LB— coMod™ —s gr.Ab
M+ E, @, M

is exact if and only if for each prime p the sequence (p,v1,va,...) is an E.-reqular
sequence.

PROOF. Let Iy = (0) and vg = p. The short exact sequences

0—xlln/1, 2 L/I, — L/I,41 — 0
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for n > 0 induce long exact sequences

-+ — TorF(E., L/1,) — Tor¥(E., L/ I,41)

B @, S L/, S B @ LT, — .

Note that Torl(E,, L) = 0. Suppose, by induction on n > 0, that TorX(E,, L/I,,) =
0. Then TorX(E,, L/I,41) = 0 if (and only if) v, : X" E, /I,, — E, /I, is injective.
Hence Tor¥(E,,L/I,) = 0 for all 0 < n < oo, if (p,v1,vs,...) is an E,-regular
sequence.

Consider a Landweber filtration

0=MO)cMIA)C---CM{)=M.
The short exact sequences
0— M(s—1) — M(s) — X%L/J(s) =0,
with J(s) = I, for some 0 < ns; < oo, induce long exact sequences
-« — Tory (E,, M(s — 1)) — Tor} (E,, M(s)) — Tor} (Ey, 2% L/I,.) — ...

for 1 < s < £. Clearly Torj (E.,, M(0)) = 0. Suppose, by induction on 1 < s < ¢,
that Tor} (E., M(s—1)) = 0. By the assumption of E,-regularity, Tor} (E,, 2% L/I,.) =
0, so that Tor} (E,, M(s)) = 0. Hence Torj (E,, M) = 0.

For any short exact sequence

0—-M —M-—M"—-0

in LB— coMod™ we have a long exact sequence
oo Tork (B, M) -2 B, @ M — E, @, M — E, @, M" — 0.

By Theorem [11.7.1} M” admits a Landweber filtration, so that Tor} (E,, M") = 0.
Hence this is in fact a short exact sequence, and E, ®y, (—) defines an exact functor
on finitely presented LB-comodules. ([l

THEOREM 11.7.9 (Landweber [Lan76, Cor. 2.7]). Let E. be an MU,-module.
The functor

X — By(X) := B, ®@yu. MU (X)

defines a homology theory if and only if for each prime p the sequence (p,v1,va,...)
is an FE.-regular sequence.

PrOOF. We must show that E,.(—) is exact. The composite

Sp¥ C Sp Eif)) grAb
factors as
Spe M) LB coMod® P EXT) g b,
which is exact by Theorem Any spectrum is a filtered homotopy colimit
of finite spectra, E.(—) maps filtered homotopy colimits to filtered colimits, and

passage to filtered colimits of graded abelian groups is an exact functor. Hence
E.(—) is also exact. O
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REMARK 11.7.10. Miller-Ravenel [MR77, Lem. 2.11] show that each MU . MU =
LB-comodule is a filtered colimit of finitely presented LB-comodules, so that
Landweber’s Theorem is also valid if we allow M to range over all LB-
comodules, not just the finitely presented ones. (To be precise, these authors work
with BP,BP = VT-comodules, but the proof is the same.) Granting this, the
proof of Theorem becomes even easier.

REMARK 11.7.11. Consider the case where F, is a commutative L-algebra,
via a ring homomorphism g: L — E,.. Hopkins (see Miller [Mil19]) and Hollan-
der [Hol09] have explained how Landweber’s E,-regularity condition, and exact-
ness for M — E, ®; M, are both equivalent to the algebro-geometric assertion
that

Spec(E.) —% Spec(L) — My,
is a flat morphism of stacks, even if g alone is far from flat.

DEFINITION 11.7.12. If E, is an M U,-module such that (p,v1,vs,...) is an E,-
regular sequence for each prime p, then we say that F, and the associated homology
theory X — FE,.(X) are Landweber exact.

COROLLARY 11.7.13. Let E, be Landweber exact. Then
X — E*(X) =F, OmuU, MU*(X)

is represented by a spectrum E, so that Ex(X) 2 7. (E A X). ((ETC: What more
can we say about E? Is it an MU-module spectrum? Is it unique? What is F, is
an MU,-algebra?))

LEmMA 11.7.14. If E, is Landweber ezxact, then
E.E=2E, 9yu, MUMU Qnu, BEx = E, ®p LB®p E,
s a flat E.-module. Hence E is flat, if it is a homotopy commutative ring spectrum.

Proor. From
E.(MU) = E, ®@yp, MU,(MU)
we obtain MU, (E) 2 MU.MU @y, E«. Then
E.(E) = E,®yu, MU.(E) = E. @yu, MU.MU ®@ypu, B .
To show that E,.FE is flat as a (right) E.-module, we show that
M~ E.E®p, M= E,® LB® E, ®p, M = F, @ (LB ®1, M)

is exact as a functor from E.-modules. Here M — LB ®, M defines the extended
L B-comodule associated to the underlying L-module of M, and is exact because LB
is (free, hence) flat as a right L-module. The functor E, ®y, (—) from LB-comodules

is exact by Landweber exactness, extended as per Remark [11.7.10 (I
EXAMPLE 11.7.15. Let E(n), = Zgy)[v1, ..., vp—1,v:'] and choose a ring ho-

momorphism g: L — E(n), sending (p to p and) v, € L/I,, to

O € BE(n)u/In ZFp[vm, ..., vn_1,0E"]
for each 1 < m <n. Then (p,v1, v, ...) is an E(n).-regular sequence, E(n)./I, =
F,[vE] = K(n)., and E(n)./I,,+1 = 0. Hence the Johnson-Wilson version F(n)

of Morava FE-theory is Landweber exact, and can be constructed directly this way.
((ETC: Discuss E(n).E(n).))
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PROPOSITION 11.7.16. E(m) A K(n) ~ % for 0 <m < n < co.
PROOF. Since
En)«(MU) 2 E(n). ®, LB = E(n).[b; | k > 1]

is free as an E(n),-module, it follows by reduction modulo I,, that K(n),(MU) =
K(n), ®, LB and MU,(K(n)) 2 LB ®;, K(n).. Hence

E(m)«(K(n)) 2 E(m). @umu, MUL(K(n)) 2 E(m). ®r LB K(n)..
If nonzero, this ring would admit a ring homomorphism
E(m)* ®r, LB ®g, K(TL)* — R
to a graded field R, classifying a strict isomorphism h: F' — F’ with F of height < m
and F” of height n. This is impossible for m < n, since (strictly) isomorphic formal
group laws have the same height. Thus E(m),(K (n)) must be the zero ring. O
((ETC: Johnson—Wilson: Only invariant prime ideal in B(n), is (0), so
B(n)«(X) = B(n). @k ). K(n)«(X)

is free and K (n).(X) = K(n)s ®p(n), B(n).(X). Hence v, (MU/I;,).(X) = 0 iff
B(m).(X)=01iff K(m).(X)=0.))



CHAPTER 12

Chromatic localization

12.1. The chromatic filtration of the stable homotopy category

Implicitly localize at a fixed prime p. The height filtration of formal group laws
leads to complementary closed and open substacks

>n+l @ J <n
M, — Mg <— Mg

and base change (= pullback) functors between their abelian categories of quasi-
coherent sheaves

QCoh(ME") ¢ QCoh(My) 5 QCoh(ME").
These admit right adjoint direct image functors

QCoh(ME™ ) 5 QCoh(Myy) < QCoh(ME"),

fg

with the adjunction counit €: j*j, — id being an isomorphism, so that j, exhibits
QCoh(Mng") as a reflective subcategory of QCoh(Myg). This makes the reflector
j* a localization functor, given algebro-geometrically by restriction to heights < n,
ignoring all difficulties with greater heights. Any choice of Johnson—Wilson theory
E(n), with flat Hopf algebroid (E(n)., E(n).E(n)), gives an equivalence

QCoh(Mén) =5 E(n).E(n)— coMod

such that the composite

MU*—>(—)

Ho(Sp) QCoh(My,) AN QCOh(Mng") ~ E(n).E(n)— coMod

is equal to the composite
Ho(Sp) MU LB coMod P EF ) E(n).E(n)— coMod,

i.e., the E(n).E(n)-comodule valued homology theory X + E(n).(X). The local-
ization j* thus annihilates (the quasi-coherent sheaf associated to) all spectra Z
with E(n).(Z) = 0, i.e., the F(n)-acyclic spectra. There is a full stable subcate-
gory L,Sp C Sp of so-called E(n)-local spectra, and Bousfield constructed a left
adjoint localization functor j*: Sp — L,Sp to the inclusion functor j,, so that j*

221
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annihilates precisely the F(n)-acyclic spectra.

%

J

Ho(Sp) Ho(L,Sp)
MU*(—)J JE(n)*(—)
LB— coMod El-or () E(n).E(n)— coMod
QCoh(My,) 4 QCoh(ME")

Letting n vary, the resulting tower

(12.1) Ho(Sp) — ... — Ho(L,Sp) — Ho(Ly,_1Sp) — ... — Ho(LySp)
of localization functors between the full subcategories

(12.2) Ho(Sp) D -+ D Ho(L,Sp) D Ho(L,,—18p) D -+ D Ho(LoSp)

defines the chromatic filtration of (p-local) stable homotopy theory. Applied to a
spectrum X, this gives the chromatic tower

(12.3) X—...—L,X — L, 11X —...— LyX
in Ho(Sp).

12.2. Closed substacks

The stack Mg, and its closed substack Ménﬂ are corepresented by the flat
Hopf algebroids (L, LB) and (L/I,41,LB/I,11), respectively, with the closed in-
clusion 7 corresponding to the Hopf algebroid homomorphism

7 =ttni1: (L LB) — (L/Ins1, LB/Ins1)
and the base change i* corresponding to
7*: LB—coMod — LB/I,;1— coMod
M L/Iyi1 @1 M = M/I 1 M.
LEMMA 12.2.1. Let v: M — LB ® M be the LB-coaction on M. Then the
LB/I,11-coaction on L/I,+1 @ M = M/I,.1M is given by the composite
L/Iyir @, M L)1, ®, LB®, M
> LB/Ini1 @ M
= LB/Iny1 ®p1,,, L/ @ M.

The following diagram commutes, where U denotes the forgetful functor corre-

sponding to base change along Spec(L) — My, or Spec(L/Ipt+1) — ./\/lfzgnﬂ.

LB/I,,41— coMod +*— LB~ coMod

/| |

L/ 1—Mod +—"— L—Mod
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At the level of modules, the base change 7* admits a right adjoint

7w: L/ T 41—Mod — L— Mod
N+— N,

where the L-action on 7, (IN) = N is the composite

LoN™S /I, 1®@N — N.

In other words, the L/I,,11-action is restricted to an L-action along w: L — L/I,,41.
This extends to the case of comodules, where

7«: LB/I,11—coMod — LB— coMod
N+— N

is right adjoint to the comodule base change functor 7*.

LEMMA 12.2.2. Let v: N — LB/In11 ®pg,,, N be the LB/I,1-coaction
on N. Then the LB-coaction on m,(N) = N is given by the composite

N -5 LB/Iy 1 ®pyr1,,, N

n+1
=2 LB®r L)1 ®p1,., N
2 LB®p N.

The following diagram commutes, where LB ®j, (—) denotes the right adjoint
of U defining the extended L B-comodule associated to an L-module, and similarly
for LB/IH+1 ®L/In+1 (_)

LB/I,+1—coMod — LB— coMod
TLB/In+1®L/In+1(—) TLB@L(—)
L/I,+1—Mod — L—Mod .

A categorical fact called conjugation ensures that any commuting square of left
adjoints leads to a commuting square of right adjoints.

LEMMA 12.2.3. The adjunction counit €: w*m, — id is an isomorphism, both in
the L/I,,+1-module and the LB/I,,1-comodule case. Hence m, embeds L/, 11— Mod
as a full subcategory of L— Mod, and embeds LB /I, +1— coMod as a full subcategory
of LB— coMod.

These are reflective subcategories, in the following sense.

DEFINITION 12.2.4. Let G: D C C be the inclusion of a full subcategory. We
say that D is a reflective subcategory of C if G admits a left adjoint F': C — D.
In this case, the adjunction counit ¢: FG — idp is a natural isomorphism. We
call ' a reflector. The adjunction unit n: ide — GF' defines a natural morphism
fx: X — GFX for each X in C.

The left adjoint 7* commutes with colimits, hence is right exact, but has left
derived functors Lym* = TorX(L/I, 41, —). ((ETC: At least for L-modules. What
happens for LB-comodules?)) The right adjoint m, is exact.



224 12. CHROMATIC LOCALIZATION

12.3. Open substacks

The open substack Mfggn is not affine, but is covered by affines Spec(R) where
g: L — R satisfies RI,+1 = R. Any choice of Johnson-Wilson theory E(n) is
classified by a ring homomorphism ¢g: L = MU, — E(n), satisfying this condition,
since vy, € I41 is a unit in E(n).. Hence we have map

[Spec(E(n).) &= Spec(E(n).E(n))] - M"

from the stack corepresented by the flat Hopf algebroid (E(n)., E(n).E(n)), and
base change along ¢ defines a functor

QCoh(Mé") N E(n).E(n)— coMod .
PRrOPOSITION 12.3.1 (Naumann [Nau07, Thm. 26]).
g: [Spec(E(n).) &= Spec(E(n). E(n))] = Mg"
is an equivalence of stacks, so that
g QCoh(Mfén) =5 E(n).E(n)— coMod

is an equivalence of (tensor) abelian categories.

A key point is that g: L — E(n). = Zy)[vi, ..., Vn_1,vE'] admits specializa-
tions of all heights m < n, via E(n), — v, E(n)./I, so that § is surjective on
geometric points. The Landweber exactness of E(n),, or flatness of g, ensures that
its image in My, is closed under generalization, from height n to all lesser heights.

The composite inclusion g = jg then corresponds to the Hopf algebroid homo-
morphism

g: (L, LB) — (E(n)«, E(n).E(n))
associated to the Landweber exact L-algebra F(n)., and induces a localization
functor
g": QCoh(Myg) ~ LB— coMod — E(n).E(n)— coMod
Mv+— E(n), @, M
that serves as a (non-canonical) replacement for j*.

LEMMA 12.3.2. Let v: M — LB ® M be the LB-coaction on M. Then the
E(n).E(n)-coaction on E(n), ®, M is given by the composite
E(n), ®, M % E(n), ®, LB®, M
~En).®L LB Lo, M
id®ggid E(n), ®, LB E(n), @, M
> FEn)«En). @, M
= E(n).E(n) @pm), E(n). @ M.

The following diagram commutes, where U denotes the forgetful functors.

LB—coMod —— E(n)«E(n)— coMod
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At the level of modules, the base change g* admits a right adjoint
g« E(n)s—Mod — L— Mod
N+— N,
where the L-action on g,(IN) = N is the composite

LN Em),® N — N.

In other words, the E(n).-action is restricted to an L-action along g: L — E(n),.
The extension to comodules is now less obvious, but discussed in [MR77, (1.2)]
and [Hov04, Prop. 1.2.3]. The tensor product

MULE(n) =2 LB®r E(n)«

is simultaneously a left L B-comodule and a right E(n).F(n)-comodule. For a left
E(n)«E(n)-comodule N, the cotensor product

MU*E(TL) DE(n)*E(n) N
is defined to be the equalizer of the two homomorphisms
V' ®id
MU.E(n) @p(n). N MULE(n) @p(n). ®E(n).E(n) @pm)., N -

e
id Qv

The left LB-coaction on MU, E(n) carries over to MU, E(n) Ogm), 5(n) N-
LEMMA 12.3.3. The comodule direct image functor
g« E(n).E(n)— coMod — LB— coMod
N +— MU.E(n) Ogm). () N
is Tight adjoint to the comodule base change functor g*.

By conjugation the following diagram commutes, where LB ®j, (—) denotes the
right adjoint of U defining the extended L B-comodule associated to an L-module,
and similarly for E(n).E(n) g, (—)-

LB— coMod «—— E(n).E(n)— coMod
TLB@A—) TE(n)*E(n)mm)*(—)
L—Mod ¢———— E(n)«—Mod .
Note that this forces the relation
g+(E(n)+E(n) ®pm), N) =2 LBy N = MU.E(n) ®pm), N

for any E(n),-module N, which is indeed satisfied by the functor g, defined in
terms of the cotensor product.

LEMMA 12.3.4. The adjunction counit €: g* g, — id is an isomorphism, both in
the E(n)-module and the E(n)E(n)-comodule case. Hence g, embeds E(n).— Mod
as a (full) reflective subcategory of L—Mod, and embeds E(n),E(n)—coMod as a
(full) reflective subcategory of LB— coMod.

ProoOF. This follows from E(n), @, N = N for any E(n).-module N, and
E(n), @ MUE(n) Opgn), gm) N = N for any E(n).E(n)-comodule N. O
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In the case of LB-comodules, the left adjoint ¢g* is exact, by Landweber’s
exact functor theorem. The right adjoint g, commutes with all limits, hence is left
exact, but has right derived functors R°g. = Cotorg,, g(n) (MU.E(n), —). (ETC:
Compare with [HS05Db].))

In view of the equivalence §* from Proposition the base change

j*: QCoh(Myz) — QCoh(ME")

is an exact left adjoint exhibiting QCoh(Mng") as a reflective abelian subcategory
of QCoh(Myg). In this case we call j* a localization functor. ((ETC: Is there a
standard general definition?))

12.4. Hereditary torsion theories
The localization functors

J*: QCoh(Myy) — QCoh(ME")

g*: LB—coMod — E(n).E(n)— coMod

are determined up to equivalence by the full subcategories of
QCoh(Mye) ~ LB— coMod

that they annihilate, i.e.. map to the zero object. Such full subcategories of abelian
categories are known as localizing subcategories, or hereditary torsion theories, and
characterize the localization functor (if it exists) up to equivalence. See [HS05a,

§1].
DEFINITION 12.4.1. A localization functor of an abelian category C is an exact
functor F': C — D with fully faithful right adjoint G: D — C. We view G as the

inclusion of a reflective abelian subcategory. The adjunction counit e: FG — idp
is then a natural isomorphism.

DEFINITION 12.4.2. A Serre class in an abelian category C is a full subcategory
T that is closed under subobjects, quotient objects and extensions. In other words,
for each short exact sequence

0-M —M-—M" =0

the objects M’ and M" lie in T if and only if M lies in 7. A hereditary torsion
theory in C (with arbitrary coproducts) is a Serre class T that is also closed under
coproducts.

((ETC: If C is graded, with a suspension operator, we also assume that 7T is
closed under this operator and its inverse.))

DEFINITION 12.4.3. Let 7 be a hereditary torsion theory in an abelian cate-
gory C. A morphism f: X — Y in C is a T-equivalence if ker(f) and cok(f) are
both in 7. An object N € C is T-local if

C(f.N): C(Y,N) — C(X,N)

is an isomorphism for each T-equivalence f: X — Y. Let L+C C T denote the full
subcategory of 7T-local objects.
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ProOPOSITION 12.4.4. Let F: C — D be a localization functor. Let
T={ZeC|F(Z)=0}
be (the full subcategory generated by) the class of objects annihilated by F'. Then T
is a hereditary torsion theory. The composite
Lccc-Hp
is an equivalence, identifying G: D — C with the inclusion L+C C C. The adjunc-
tion counit n: ide — GF defines, for each object M € C, a T -equivalence
M — GF(M)=LrM
to a T -local object.

((ETC: Conversely, choices of T-equivalences M — Ly M to T-local objects
determine the localization functor F', and are unique up to isomorphism if they
exist.))

ExaMPLE 12.4.5. The Landweber exact base change functor

g*: LB— coMod — E(n).F(n)— coMod
is a localization functor, with associated hereditary torsion theory
Tn ={Z € LB—coMod | E(n). ® Z = 0}.
The LB-comodule L/, lies in T, since v, € I,41 is a unit in E(n),, so that
E(n). ®r L/I,+1 = 0. ((ETC: Discuss when an LB-comodule M is T-local.))

The hereditary torsion theory 7,, associated to g: L — E(n), also has a differ-
ent characterization. This coincidence in the current context of abelian categories
can be viewed, when lifted to the stable homotopy category, as leading to the
(in)famous Telescope Conjecture in [Rav84].

PROPOSITION 12.4.6 ([HSO05a, Prop. 3.2]). The hereditary torsion theory gen-
erated by L/I,+1 is equal to Ty, when restricted to p-local LB-comodules.

This is an application of Landweber’s work.
The short exact sequence

0—xllrL/1, — L/I, — L/I 1 — 0

shows that L/I, 1 lies in the (Serre class and) hereditary torsion theory generated
by L/I,, so that we have the infinite chain of such full subcategories

{0}Cc---CTnCTh—1C---CTo

inside p-local L B-comodules, which we denote as 7_1. In particular, F(n),®5,Z =0
implies that E(n — 1), ®r Z =0.
Since 7, is the “kernel” of the 7,,-localization functor

Lt,: LB—coMod — L, (LB— coMod)

it follows that we have a similar infinite tower of localization functors between
abelian categories

LB—coMod — ... — L7, (LB—coMod) — L, _,(LB— coMod) —
... — Ly (LB—coMod),
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equivalent to the tower

LB—coMod — ... — E(n).E(n)— coMod — E(n — 1).E(n — 1)— coMod
... — F(0).E(0)— coMod .

Writing g = ¢,,: L — E(n), the diagrams
LB— coMod

an )
In—1

E(n)+E(n)—coMod —— E(n — 1), E(n — 1)— coMod

and
LB— coMod

In—1x
Tgn* \

E(n).E(n)—coMod +—— E(n — 1).E(n — 1)— coMod

commute for all n > 1. We omit to write down formulas for the horizontal
functors, since we do not have a direct homomorphism (E(n)., E(n).E(n)) —
(E(n—1),,E(n—1),E(n — 1)) of Hopf algebroids.

PRrROPOSITION 12.4.7 ([HSO05a, Prop. 3.3]). If T is a hereditary torsion theory
of p-local LB-comodules, and L/I,, ¢ T, then T C Tp.

The last two propositions imply the following partial classification of hereditary
torsion theories in p-local L B-comodules, hence also of localization functors from
such LB-comodules onto reflective additive subcategories.

THEOREM 12.4.8 (|[HS05a, Thm. 3.1]). Let T be a hereditary torsion theory
of p-local LB-comodules, containing some nonzero comodule that is coherent, i.e.,
finitely presented over L(,y. Then T =T, for somen > —1.

In particular, any two choices of ring homomorphism g: L — E(n), specifying
a Landweber exact Johnson—-Wilson theory give localization functors g* that anni-
hilate the same hereditary torsion theory 7 = 7,,, which implies that the associated
categories of Tp,-local LB-comodules and/or E(n).E(n)-comodules are independent
of those choices.

More generally, for any Landweber exact g: L — F,, Hovey—Strickland define
the height of E, to be the maximal n such that E./I, # 0. (This is also the
maximal height of a specialization k*Fg of the formal group law Fg, for a homo-
morphism k: E, — R to a graded field R.) Then (E., E.F) is a flat Hopf algebroid,
g*: LB—coMod — E,E— coMod is a localization functor annihilating a hereditary
torsion theory Tg, and L/I,, ¢ Tg while L/I,41 € Tg. This implies Tg = T, by
Theorem [I2:4.8] so Tx and g* only depend on the height of n.

For E = E(n)., of height n, this recovers our definition of 7, as Tg(y).

Applied with E, = v, 1L, so that E,(X) = v, 'MU,(X), it shows that T,
is the class of v,-power torsion LB-comodules, i.e., those LB-comodules M such
that for each € M there exists an N > 0 such that vz = 0. Moreover, each
vp-power torsion module (resp. element) is v,,-power torsion for each 0 < m < n,

cf. [JY80, Lem. 2.3].
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EXAMPLE 12.4.9. When n =0, E(0) = HQ and (E(0)., E(0).E(0)) = (Q,Q),
so that an F(0).FE(0)-comodule is the same as an E(0).-module, i.e., a graded
Q-vector space. The functor

Ho(Sp) — LB~ coMod 25 Q— Mod
X+—Q Qmu, MU*(X) = H*(X,Q)
is given by rational homology.

EXAMPLE 12.4.10. When n = 1, E(1) = L C KU, is the Adams summand of
p-local complex K-theory. The Hopf algebroid (KU,, KU,KU) was determined by
Adams and Harris, cf. [AHS71|, [AdaT74, Part II, §13], and can be used to recast
Adams’ work |[Ada66] on the e-invariant and the image-of-J, cf. |[Swi75| Ch. 17,
Ch. 19]. Ravenel |Rav84, Thm. 7.6] shows, for p an odd prime, that the category
of p-power torsion F(1),FE(1)-comodules is equivalent to that of Z/(2p — 2)-graded
torsion A-modules, where

A = Z,[[S%]] 2 Z,[14]
is the Iwasawa algebra, known from the theory of cyclotomic extensions. Here
Y =1+ pZ, C Zy is the strict Morava stabilizer group. The classification of
A-modules is fairly well understood.

One may now hope to obtain a gradually better understanding of the category
of LB-comodules, or quasi-coherent sheaves over Myg,, by localizing along g, : L —
E(n). and studying F(n).E(n)-comodules or quasi-coherent sheaves over Mfgg",
for increasing values of n.

12.5. Bousfield localization

We now aim to lift localizations from the abelian category of L B-comodules to
the triangulated category Ho(Sp). Recall that a triangulated subcategory must be
closed under cofibers and desuspensions.

DEFINITION 12.5.1. A thick subcategory of a triangulated category C is a full
triangulated subcategory T that is closed under retracts. In other words, any
retract of an object in 7 is also an object in 7. A localizing subcategory of C
(with arbitrary coproducts) is a triangulated subcategory that is also closed under
coproducts.

REMARK 12.5.2. Any localizing subcategory is thick, by the Eilenberg swindle:
If X VY €T with T localizing, then the distinguished triangle

X —\&xvy)— \/(¥vX) — X
i=1 j=1
shows that X € T.
DEFINITION 12.5.3. Let 7 be a localizing subcategory of a triangulated cate-
gory C. A morphism f: X — Y in C is a T-equivalence if its cofiber C'f is in T.

Here
X—Y —Cf —3%XX

is any distinguished triangle. An object N € C is T-local if
C(f,N): C(Y,N) = C(X,N)
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is an isomorphism for each T-equivalence f: X — Y. Equivalently, N is T-local
if C(Z,N) =0 for each Z € T. Let G: L+C C C denote (the inclusion of) the full
triangulated subcategory of T-local objects.

DEFINITION 12.5.4. Let 7 be a localizing subcategory of a triangulated cate-
gory C. A T-localization of an object M in C is a T-equivalence n: M — N to a
T-local object N.

EXAMPLE 12.5.5. Let E be any spectrum, and let
Te ={Z € Ho(Sp) | E«(Z) = 0}
be (the full triangulated subcategory generated by) the class of spectra Z with
E.(Z) = 0. We call these the F,-acyclic spectra. Then Tg is a localizing subcat-
egory of the stable homotopy category. A map f: X — Y is a Tg-equivalence if
and only if f.: E.(X) — E.(Y) is an isomorphism, in which case we say that it
is an F,-equivalence. A spectrum N is Tg-local if and only if [Z, N] = 0 for each
FE.-acyclic spectrum, in which case we say that N is F,-local. We write

G: Ho(LgSp) = L1, Ho(Sp) C Ho(Sp)

for the full triangulated subcategory of F.-local spectra. (As the notation suggests,
L7, Ho(Sp) arises as the homotopy category of a stable model category or stable
oo-category.) A Tg-localization n: M — N is an E,-equivalence to an E,-local
spectrum, and will be called an F,-localization.

LEMMA 12.5.6. If a T -localization n exists, it is a terminal T -equivalence out
of M and an initial morphism to a T -local object, hence unique up to unique iso-
morphism.

PROOF. Any T-equivalence M — M’ can be continued with a unique M’ — N
to recover 7, since C(M',N) = C(M, N). Any morphism M — N’ to a T-local N’
extends uniquely over 7 since C(N, N') =2 C(M,N"). O

One might try to construct a T-localization n: M — N by forming a colimit
over F,-equivalences out of M, or a limit of E,-local spectra under M. The difficulty
is to show that these (co-)limits (over large indexing categories) exist and agree.

THEOREM 12.5.7 (Bousfield [Bou79bl Thm. 1.1]). Let E be any spectrum.
Any spectrum X admits an E,-localization

nx: X — LgX.
Letting X wvary, these choices assemble to a localization functor
F: Ho(Sp) — Ho(LgSp)
left adjoint to the full inclusion G: Ho(LgSp) C Ho(Sp), with adjunction unit
n: id — GF = Lg: Ho(Sp) — Ho(Sp)
and adjunction counit
e: FG—id .

Adams attempted to construct such localizations in |[Ada74] Part III, §14],
but encountered set-theoretic issues. These were resolved by Bousfield, through
working with CW spectra as a model for the stable homotopy category and making
cardinality arguments on the number of cells needed to achieve FE.-equivalences
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and F,-locality. The problem of realizing general localizing subcategories as the
annihilators of localization functors remains closely related to large-cardinal is-
sues [CSSO05|.

LEMMA 12.5.8. The functor Lg is exact, idempotent (LgLg = Lg) and lax
symmetric monoidal. The class of spectra Z with LgZ ~ x is equal to the class of
FE.-acyclic spectra.

PRrOOF. Exactness follows since the left adjoint F' preserves cofiber sequences,
the right adjoint G preserves fiber sequences, and these are the same (up to sign)
in the stable homotopy category.

The spectrum * is always F,-local, so Z — * is an FE,-localization if and only
if Z is FE,-acyclic.

It follows that f: X — Y induces a stable equivalence Ly X — LgY if and only
if f is an F,-equivalence. In particular, LgX — LgLgX is a stable equivalence,
so Lg is idempotent.

The E.-localization X AY — Lp(X AY) extends uniquely (in the stable
homotopy category) over the F,-equivalences X AY — L X AY — LgX AN LgY,
and (X — LgX and) the resulting map

L X NLgY — LE(X A Y)
defines the lax symmetric monoidal structure. O

In particular, for any (commutative) ring spectrum up to homotopy R, the
Bousfield localization LgR is a (commutative) ring spectrum up to homotopy, with
unit S -+ R — LgR and product

LeRALgR — Ly(RAR) 28 LyR.

For any R-module spectrum M, the localization Ly M is an Lg R-module spectrum,
in the homotopy category. The following was exhibited by Adams as an example
of the convenience of working in a good stable category.

LEMMA 12.5.9 ([AdaT71], Prop. 5.2]). If R is a ring spectrum up to homotopy,
then any R-module M s R, -local.
ProOOF. If f € [Z, M], then f factors as

Z2SAZ"™S RAZ Y RAM 2 M,

s0 if R.(Z) = 0 then it factors through R A Z ~ % and must be zero. O

The converse does not generally hold; not every R-local spectrum is an R-
module. For example, the image-of-J spectrum is K U-local but not a KU-module
((ETC: However, this does hold for R = L, S. Give forward reference.))

REMARK 12.5.10. A left Bousfield localization of a given model category (Sp, W, ...

of spectra, with W the subcategory of stable equivalences, is a stable model cate-
gory (Sp,V,...) with the same cofibrations as before, but with a larger class V > W
of weak equivalences. See [Hir03| §3.3]. The identity functor on Sp is then a left
Quillen functor, and induces an adjunction

F:Spw =2 8Spv: @

exhibiting Sp[V~!] as a reflective subcategory of Ho(Sp) = Sp[W~1!]. Taking V to
be the F,-equivalences one recovers Bousfield’s theorem recalled above.
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We often write Lg: Ho(Sp) — Ho(LgSp) for the unique factorization F of Lg
through G: Ho(LgSp) C Ho(Sp)

DEFINITION 12.5.11. For each prime p and n > 0 let
Ho(L,Sp) = Ho(L g(,)Sp)
denote the F(n).-local stable homotopy category and
L, = Lgy: Ho(Sp) — Ho(L,Sp) C Ho(Sp)
the F(n).-localization functor. Let
Ho(L,Sp) = Ho(L g (n)Sp)
denote the K (n).-local stable homotopy category and
L, = Lk (n): Ho(Sp) — Ho(L,Sp) ¢ Ho(Sp)
the K (n).-localization functor.

The Hovey—Strickland memoir [HS99a] contains a wealth of information about
the categories Ho(L, Sp) and Ho(L,Sp) of E(n)-local and K (n)-local spectra, re-
spectively.

LEMMA 12.5.12. The diagram

T

Ho(Sp) z Ho(L,Sp) ——— Ho(Sp)

MU*(—)J JE(n)*()
E(n).®mu, (—)
MU,MU- coMod ——— E(n).E(n)— coMod

commutes.
PRrROOF. E(n)* MU, MU*(X) = E(n)*(X) = E(n)*(LnX) O

((ETC: Any analogue for L,Sp and K (n),(—)?))

The unit map S — LgS is an F.-equivalence hence so is X 2 X A S —
X A LgS. The localization map n: X — LgX thus extends uniquely (in the
homotopy category) over X A LgS.

DEFINITION 12.5.13 (JRav84, Def. 1.28]). A (spectrum E or) localization func-
tor L is smashing if the natural map

XALpS — LgX
is an equivalence for each X.

THEOREM 12.5.14 (Hopkins-Ravenel [Rav92a, Thm. 7.5.6]). L, = Lg,) is
smashing.

This smash product theorem was proved for n = 1 in [Rav84] Thm. 8.1],
conjectured for all n in [Rav84, 10.6] and proved in general in [Rav92a, Ch. §]
as a consequence of the Devinatz—Hopkins—Smith nilpotence and thick subcategory
theorems. In contrast, L,=1L K(n) is not smashing for n > 1.

((ETC: Compare with p-localization M — M ® Z,) = M, and p-completion
M—M®Z, — MpA for abelian groups, keeping in mind that Z,) ® Z,) = Z,)
while Z, ® Z,, 2 Z,.))
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12.6. Bousfield classes

The localization functor Lg is determined by the class of E.-acyclic spectra,
and these classes are partially ordered by (reverse) inclusion.

DEFINITION 12.6.1. Two spectra D and E are Bousfield equivalent if
D,(X)=0 < E.(X)=0

for all spectra X. Let (E) denote the Bousfield equivalence class of E, so that
(D) = (E) means that the class of D,-acyclic spectra is equal to the class of F,-
acyclic spectra. We write (D) < (E) if

D.(X)=0 + E,(X)=0,

i.e., if the class of D,-acyclic spectra contains the class of E,-acyclic spectra. This
defines a partial ordering on the collection of Bousfield equivalence classes.

In other words, we have a quasi-ordering on spectra, with D < E' if
{X [ D.(X) # 0} C{X | E.(X) # 0},

and this induces a partial ordering (D) < (F) on the associated isomorphism classes.
We can view the displayed collections as the support of D and FE, respectively, in
which case < denotes inclusion of support.

The relation (D) < (E) asserts that F.(—) is a stronger (or equivalent) ho-
mology theory than D.(—). The Bousfield class of * is initial, while that of S is
terminal.

LEMMA 12.6.2. If D is in the localizing subcategory of Ho(Sp) generated by E,
then (D) < (E).

PROOF. If D can be built from E by repeated passage to homotopy cofibers,
desuspensions, retracts and coproducts, then for any X with E.(X) = 0 we will
also have D, (X) = 0. O

LEMMA 12.6.3. Suppose (D) < (E). Then each E.-equivalence is a D, -equivalence,
and each D.-local spectrum is E,-local. For each spectrum X the D,-localization
map np: X — LpX factors as

X 2B X — LpX

for a unique morphism LgX — LpX in Ho(Sp), which is a D.-equivalence. In
particular, LpX ~ LpLpX ~ LgLpX.

PRrOOF. If f: X — Y is an FE,-equivalence with homotopy cofiber C'f then
E.(Cf)=0,so that D,(Cf) =0 and f is a D,-equivalence. If N is D,-local then
[Z,N] = 0 for each D,-acyclic Z. In particular [Z, N] = 0 for each E,-acyclic Z, so
that N is F,-local. The E,-equivalence ng: X — LgX is a D,-equivalence, hence
induces a bijection 1y : [LpX, LpX] = [X, LpX], so there is a unique morphism
LpX — LpX mapping to np. It induces an isomorphism on D,-homology since
both ng and np have that property.

In particular, ng: X — LpX is a D,-equivalence and induces an equivalence
after D,-localization. Also LpX is F,-local so ng: LpX — LgLpX is an equiva-
lence. (]
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Recall [HS05a, Def. 4.1] that the height of a Landweber exact L-module F,
is the maximal n such that E,./I, # 0. The hereditary torsion theory Tg of LB-
comodules M with E, ® M, = 0 is then equal to 7,, by the discussion after
Theorem Both E(n),. and v, ! MU, have height n.

ProprosITION 12.6.4. If D, and E, are Landweber exact of the same height,
then (D) = (E).

PrROOF. We write D and F for the spectra representing D.(X) = D, Qnu.
MU,(X) and E.(X) = E. @ymu, MU,(X), respectively. If E, has height n, then
E.(X)=0if and only if MU.(X) € Tg, and Tg = Ty, so this condition on X only
depends on n. It follows that if D also has height n, then D, (X) = 0 if and only if
E.(X) =0, so that (D) = (E). O

EXAMPLE 12.6.5. Any nonzero L-module E, D Q is Landweber exact of
height 0, so that (F) = (HQ), and Lp X = LyX ~ XASQ ~ XAHQ is the rational-
ization of X, given by inverting every prime. This satisfies m,(LoX) = m.(X) @ Q.
The map X — X AHQ is an HQ,-equivalence, since HQ ~ HQAHQ, and X AHQ
is HQ-local, since it is an HQ-module spectrum.

EXAMPLE 12.6.6. Complex K-theory KU, p-local K-theory KU,), and its
Adams summand E(1) are all Landweber exact of height 1, so that (KU,)) =
(E(1)) and Lky,,X = L[1X is KU-localization for p-local spectra X. Ravenel’s
smash product theorem [Rav84] Thm. 8.1] shows that

LiX ~XNL,S

for all spectra X. Here the E(1)-localization of the sphere spectrum sits in a
homotopy cofiber sequence

STPHQ — L1S — ),

where (for p an odd prime) the p-local image-of-.J ring spectrum .J(;, is the homo-
topy fiber of 9 — 1: KU,y — KU, for any integer g generating (Z/p*)*, and
Z[p> = L1 /p| /7 =2 QL) = Qp/Zy. Hence

Zp) for n =0,

0 forn = —1,

T (L1S) = ( Z/p>®  for n = —2,
Z/p°tt for n+ 1= (2p — 2)m with v = ord,(m),
0 otherwise.

Similar, but more elaborate, results are known for p = 2.

EXAMPLE 12.6.7. The mod p Moore spectrum S/p is not Landweber exact,
but

Lg/pX =~ Xzf
for any spectrum X. Here
N : N A : -1/, n ~ —1/, 00
X, = ho}llmX/p ~ ho}llmF(S /", X))~ F(S™/p™, X),
where there is a homotopy cofiber sequence

»1SZ/p> = ST p>® — S — SZ[1/p)].
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The induced map X ~ F(S,X) — F(S7!/p>, X) ~ X" is a S/p-homology equiv-
alence, since S/p A SZ[1/p] ~ %, and F(S™'/p>,X) ~ X/ is S/p-local, since
S/p A Z ~ « implies that Z ~ Z[1/p] so that Z A S™'/p> ~ x and [Z, X))] =
[Z, F(S7/p>, X)| 2 [Z AS~Y/p>, X] = 0.

EXAMPLE 12.6.8. Mod p complex K-theory KU/p and its Adams summand
K (1) are not Landweber exact, but (KU/p) = (K(1)) and Lgy,,X = [1X =
(L1X)Z/)\ is the p-completion of the KU-localization. The map

XA I:lS — IAzl(X)
is an equivalence for finite (but not for general) spectra X, and
.qu ~ J;\

where (for p an odd prime) the p-complete image-of-J ring spectrum JpA is the

homotopy fiber of 49 —1: KU, — KU, for any integer g generating (Z/p*)*. One
proof uses that

0 K(1)*(S) « K1) (KU) P K(1)*(KU) + 0

is exact, since K(1)*(KU) = K(1)*[[Z,]], and this can be used to obtain LS, as
above. Hence

Il

Zy forn=0and n = —1,
T (L1 8) = m(Jp) = Q Z/p**t for n+ 1= (2p — 2)m with v = ord,(m),
0 otherwise.

Again, there are similar results for p = 2.
PROPOSITION 12.6.9. (a) (K (n)) < (E(n)), so there is a natural K (n)-equivalence
LnX = LpmX == L X = L, X .
(b) (E(n —1)) < (E(n)), so there is a natural E(n — 1)-equivalence
LoX = LpmX -5 Lgp-nX = Ly 1 X .
PROOF. (a) We can build K (n) from E(n) using homotopy cofiber sequences
Sl B(n) /Ly 22 E(n)/ I — E(n)/In
for 0 < m < n, so K(n) is in the (thick or) localizing subcategory generated by
E(n), and (K(n)) < (E(n)). More explicitly: if E(n).(X) = 0 then by induction
(E(n)/In)«(X) = 0 for all 0 < m < n, using the cofiber sequences above. Since

E(n)/I, = K(n) we obtain K(n),(X) = 0.
(b) We can build v, ', E(n) from E(n) using the telescope

E(n) 2=yl p(n) 25 w72l B(n) — ... — vt E(n),

so v, ' E(n) is in the localizing subcategory generated by E(n), and (v, E(n)) <

n—1

(E(n)). Here

Tx ('U;EIE(n)) = 'UrtilE(n)* = L) [vi, .. vn—2, U'filv U;i:l] )

interpreted as Q[vi!] for n = 1. More explicitly: if E(n),(X) = 0 then by con-
struction v, 1, E(n).(X) = 0. Now we use that v, ', F(n). is Landweber exact of
height (n — 1), so that (E(n — 1)) = (v, *,E(n)). It follows that (E(n — 1)) <
(E(n)). 0
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It follows that (E(n)) > (E(m)) > (K(m)) for all 0 < m < n.
PROPOSITION 12.6.10. K(m) A K(n) =~ * for m # n.

PrROOF. We may suppose m < n. Then this follows from Chapter 11, Proposi-
tion 7.16, since E(m).(K(n)) =0 and (E(m)) > (K(m)) implies K(m).(K(n)) =
0. O

LEMMA 12.6.11. The wedge (D)V(E) = (DVE) and smash (D)N(E) = (DAE)
only depend on the Bousfield classes of D and E.

Proor. If (D) = (D') and (E) = (E’) then (DV E).(X) =0 iff (D.(X) =0
and E,(X) =0) iff (D,(X) =0 and E,(X) =0) iff (D’'V E").(X) = 0. Moreover,
(DAE).(X) =0iff D.(EAX) =0iff D.(EAX) = 0iff E.(D'AX) = 0 iff
E.(D'ANX)=0iff (D' ANE")(X)=0. O

With this notation,

(E(n)) > (K(0)V K1) V-V K(n—1)VEK(n))
= (K(0)) V(K1) V- V(K(n—1)) V(K(n)).

In fact, the opposite relation also holds.

THEOREM 12.6.12 ([Rav84, Thm. 2.1(d)]).

Hence E(n)«(X) =0 if and only if K(m).(X) =0 for each 0 < m < n.

PROOF. A prototype for this argument is given by Johnson-Wilson in [JW75]
§5], and attributed to Morava. We must show that if K(m).(X) = 0 for each
0 <m < n, then E(n).(X) = 0. By an outer induction on n we may assume that
E(m)«(X) =0 for each 0 < m < n.
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Consider the tower of (left hand) distinguished triangles and (right hand) lo-
calization maps, in Ho(Sp).

p'E(n)

s

Sloml B(n) /Iy ——2" s B(n)/ Ly ——— v B(n) /I,
“

~
~

~

~ ™
~

~

Um+1

Slen et B(n) /Iy —— B(n)/Inss —— v, 1 E(0) /T

s

-

s

Slon-1l B(n) /Iy —" s B(n)/In_—1 — v E(n)/In_1
“

~
~
~ s

~
~

~

E(n)/I, = K(n)

We prove by an inner, descending, induction on m that (E(n)/I,).(X) = 0. For
m = n this holds by the assumption K(n).(X) = 0. Suppose that 0 < m < n and
(E(n)/Im+1)«(X) = 0. Then

v BB (0)/Tn) o (X) = (E(n)/Tn)«(X)

is an isomorphism by exactness. Hence

ji (B()/Tn)o(X) = v (E(n)/Tn)(X)

is a colimit of isomorphisms, and is therefore also an isomorphism. Here v,,' E(n)/I,,
can be built from v ! E(n) using cofiber sequences, as in the proof of Proposi-

tion [12.6.9|(a), so that (v, ,'E(n)/I,,) < (v,,'E(n)). Moreover,
VP E()y = Zp 01, U1, VR Vit -+, Unm1, U

is Landweber exact of height m, so that (v, '!E(n)) = (E(m)). By the outer in-
duction on n we know that E(m).(X) = 0, since m < n, so v,,'E(n).(X) =
0 and v,,'(E(n)/I,,)«(X) = 0. The displayed isomorphism j now shows that
(E(n)/I)«(X) = 0, which completes the inner inductive step from m + 1 to m.
We conclude that E(n).(X) = (E(n)/I)«(X) = 0, as required. O
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PROPOSITION 12.6.13 ([Rav84, Prop. 1.27]). Lg is smashing if and only if
(LgS) = (E). In particular, (L,S) = (E(n)).

PROOF. If Lg is smashing then LgS A LgpS ~ LgLgpS ~ LgS (so LgS is a
solid ring spectrum). Hence X — X A LgS is an LgS-homology equivalence. The
target is an L gS-module, hence is LgS-local by Adams’ Lemma[12.5.9] so X ALgS
is the LpS-homology localization of X. Since it is also the F,-localization, it follows
that (LgS)«(X) =0 if and only if E.(X) = 0, so that (LgS) = (E).

Conversely, if LgS and E are Bousfield equivalent, then since the LgS-module
X ANLgS is LgS-local it is also E-local, so that the E,-equivalence X — X A LgS
must be the E-localization map. Hence Lg is smashing. O

PROPOSITION 12.6.14. K(n) A L,—1X =~ % for each spectrum X.

PROOF. Since L, 1X ~ X AL,_1S it suffices to prove that K(n)AL,_15 ~ x,
i.e., that (L,—15)«(K(n)) = 0. Since L,—1S and E(n — 1) are Bousfield equiva-
lent, this is equivalent to E(n — 1).(K(n)) = 0, which we proved in Chapter 11,
Proposition 7.16. O

12.7. The chromatic tower

For each spectrum X and prime p we have a chromatic tower
X —Xp) — o — Ly X — Ly X — ... — L1 X — LoX — *

in Ho(Sp), where all but the first object lie in Ho(Sp(,)), and the part from L, X
and to the right lies in Ho(L,Sp). The complexity of these categories appears to
increase with n, so one can hope for a more complete understanding of Ho(L,,Sp)
than of Ho(Sp), for gradually increasing values of n.

There is an induced tower of homotopy groups

Te(X) — T(X) @ Zpy — .. — Tu(Ln X) — Tu(Lyp 1 X) — ...
v — (I X) — (LX) 2 m(X)®Q

with potentially interesting behavior on the p-power torsion part of (X)) =
Ty (X) X Z(p)

DEFINITION 12.7.1. The chromatic filtration of 7. (X)) is the descending fil-
tration defined by letting

FP i (X)) = ker(m (X () — m(Ln X))

be the graded subgroup of homotopy classes that are not detected at height < n.
The filtration quotient
(X))
F"+17T*(X)(p)
is then the subquotient detected at height = n, and represents the chromatic
height n elements of m,(X) ).

REMARK 12.7.2. This is understood at height 0 by rational cohomology, at
height 1 by topological K-theory and the image-of-J, but only partially at height 2
using topological modular forms and tmf-resolutions. See work by Mark Behrens
and coauthors. The elements in 7, (S), that are detected in L;.S are known as the
a-family, and there is a S-family of elements detected in L3S. The non-triviality of
the y-family at height 3 was established by Miller-Ravenel-Wilson in [MRW77].
The construction of an explicit é-family at height 4 remains an open problem.
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Nonetheless, there is the following positive result, known as the chromatic
convergence theorem, which tells us that we can in principle recover X from its
chromatic localizations L, X (for all sufficiently high n).

THEOREM 12.7.3 (Hopkins—Ravenel [Rav92al Thm. 7.5.7]). Let X be a finite
p-local spectrum. Then the natural map

X =5 holim L, X
n
is an equivalence.

This is proved in |[Rav92a, Ch. 8] as a consequence of the smash product
theorem. It is also true for some other X, but false e.g. for any nontrivial X with
7. (X) bounded above and rationally trivial, since for these spectra L, X = 0 for all
n > 0. For n > 1 this follows from the chromatic fracture square in Theorem
below, since K (n),(X) =0 and L, X ~ % whenever m,(X) is bounded above.

One might hope to inductively obtain L,X from L, _1X by building in the
height = n information not seen in the latter. For this, one might draw inspiration
from number theory. The square of commutative rings

Ly —Q

| |

Ly —— Qp
is (both a pushout and) a pullback. It follows that
Mp ——MeQ

L]

M) —— (M})®Q

is a pullback for each finitely generated Z,)-module M. Here Mpf\ = lim, M/p"M
denotes the algebraic p-completion, and satisfies M ® Z, = M;\ when M is finitely
generated (over Z or Z,)). This idea was carried over to (simply-connected or nilpo-
tent) spaces by Sullivan (notes from ca. 1970), and to spectra by Bousfield [Bou79b},
Prop. 2.9].

THEOREM 12.7.4. For any spectrum X the square
X(p) — Ly X =X ANHQ

| |

XI/)\ — LO(XPA) = XI/,\ ANHQ
is a homotopy pullback.
This arithmetic fracture square concerns the situation
Spec(F,) C Spt(Z,) LN Spec(Zy)) . Q

where Spf(Z,) is a formal neighborhood of the closed point i: Spec(IF,) — Spec(Zy)).
The corresponding result for

n 4 <n ,J <n-—1
g — Mg — Mg,
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is the following chromatic fracture square, presumably due to Hopkins, cf. [Hov95/
Proof of Thm. 4.3].

THEOREM 12.7.5. For any spectrum X the square

L, X —— L, 1 X

L

LnX —— Ly (LX)
is a homotopy pullback.

REMARK 12.7.6. Hopkins has formulated a chromatic splitting conjecture about
the right hand vertical map L,,_1 X — Ln,l(I:nX), which predicts how L,, X is de-
tected by the L, X for 0 < m < n. See |[Hov95| for an early paper, and [BGH22]
for recent developments.

Here is a common generalization of these theorems (as explained by Neil Strick-
land on https://mathoverflow.net/q/91057), related to [Hov95, Lem. 4.1]. Note
that

(D) < (DV E) > (E)
for any spectra D and F, so we have preferred natural transformations Lpyg — Lp
and Lpyg — F.

THEOREM 12.7.7. Suppose that D.(Z) = 0 implies D.(LgZ) = 0. Then

LpygX —— LgX

L

LDX E— LE(LDX)
18 a homotopy pullback for any spectrum X.

PRrROOF. Let f: X — P denote the map to the homotopy pullback. We must
show that P is (DV E),-local and that f is a (DV E),-equivalence. If (DVE).(Z) =
D.(Z)® E.(Z) =0 then [Z,LpX] = [Z,LgX] =0 and [XZ, Lg(LpX)] = 0, so
[Z, P] = 0 by the Mayer—Vietoris sequence for [Z, —]..

The map np: X — LpX is a D,-equivalence, so f: X — P is a D,-equivalence
if and only if P — LpX is a D,-equivalence, which by the Mayer—Vietoris sequence
for D.(—) is equivalent to Lg(np): LgX — Lg(LpX) being a D,-equivalence.
The cofiber Z = Cnp of np: X — LpX is D,-acyclic, so by assumption LgZ is
D,-acyclic, which implies that Lg(np) is a D.-isomorphism.

Finally, ng: X — Lg is an E,-equivalence, so f: X — P is an F,-equivalence
if and only if P — LgX is one, which by the Mayer—Vietoris sequence for E,(—)
is equivalent to ng: LpX — Lr(LpX) being an F.-equivalence. This is obviously
true from the definition of Lg. O

Proor oF THEOREM [[2.7.4] In the arithmetic case, we apply this to p-local X
with D = S/p and E = HQ, in which case (S/pV HQ) = (S(,) and (S/p).(Z &
HQ) = 0 (with no hypothesis on Z). O

PrROOF OF THEOREM [12.7.5l In the chromatic case, we apply it to E(n)-local
X with D = K(n) and E = E(n—1), so that (DVE) = (E(n)) by Theorem|12.6.12
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We must verify that if K(n).(Z) =0, then K(n).«(L,—1Z) = 0. This follows from
the smash product theorem L,, {SAZ ~ L, 7. [l

REMARK 12.7.8. If fact, K(n).(Ln,—1X) = 0 for all X by Proposition
but the proof uses the smash product theorem. For n € {1, 2} we can prove directly
that K(n).(L,—1X) = 0 for all X. Namely, LoX is rational, so K(n).(LoX) =0
for all n > 1. This proves the case n = 1 of the chromatic fracture square. To
prove that K(n).(L1X) = 0 for all n > 2 we use this square to reduce to proving
that K(n).(L1X) = 0. By the Kiinneth isomorphism, it suffices to prove that
K(n).(I,X A S/p) = 0. The Adams self-map v;: ¥2~2S/p — S/p is a K(1)-
equivalence, hence induces a self-equivalence of the K (1)-local spectrum L; X A
S/p= ﬁlX/p. On the other hand, it induces zero in K (n)-homology for n > 2. This

proves that K(n),(LyX/p) = 0. See Bauer’s article [DFHH14, Ch. 6, Thm. 3.6]
for this argument.

12.8. Monochromatic fibers

DEFINITION 12.8.1. For each spectrum X we define the n-th colocalization C,, X
and the n-th monochromatic fiber M,, X by the homotopy (co-)fiber sequences

X — XL IL,X
M, X — L,X — L, 1X.
Here L_1X = %,s0 C_1X = X and MyX = Lo X.

LEMMA 12.8.2. Let 0 <m <n.
(a) Both C,, and M,, are exact, i.e., preserve homotopy (co-)fiber sequences.
(b) The natural maps

L X =5 LinLpX
LinX = LyLm X
are equivalences.
(c) L,Cp X ~ % and Cp L, X ~ x.
(d) The natural maps
CrnCpnX = Cp X
CCnX — Cp X

are equivalences.
(e) There are natural equivalences

M, X =5 Cp_1L, X
M, X = L,Cp,_1 X

PrOOF. (a) This follows since each L,, is exact.
(b) This follows from (E(m)) < (E(n)) and Lemma [12.6.3

(c) The first case uses exactness of L,,, the second holds by definition.
(d) The first holds by definition, the second uses exactness of C,.
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(e) This uses the maps

M, X L,X L, X
Cp_1Ln X LnX — Ly 1L, X
and
M, X L,X Ly 1 X
LnCr1 X LoX 2" LoLn 1 X
of homotopy cofiber sequences. O

REMARK 12.8.3. By analogy with the associated quasi-coherent sheaves over Mg,
we think of C,, X as the part of X supported on the closed substack of height > n+1,
and of M, X as the part of L, X over the height < n open substack that is sup-
ported on the height = n closed substack. Equivalently, it is the localization to the
height = n open substack of the part C,,_1 X supported on the closed height > n
substack.

Taking homotopy fibers of the maps from X to the chromatic tower

M, X M, 1 X M X MoX
oo Ly X —— L, 1 X LiX LoX x

(with monochromatic homotopy fibers) we obtain the geometric (= spectrum level)
chromatic filtration

CpX Cp1 X . Ci1 X CoX X
P L O
M1 X M, X Mo X M X MyX

of X (with monochromatic homotopy cofibers). This follows from the (partial)
braid diagram

n

T~ T

O, X X Lo X

YT
\MnX/ .
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By Lemma [12.8.2{(e), the maps to the cofibers in the chromatic filtration are the
E(n)-localization maps

n: Cn—lX — LnCn—lX ~M,X.
Let C_1X = X. We can inductively describe the geometric chromatic filtration by

setting M, X = L, C,_1X and letting C,, X be the homotopy fiber of the map 7
displayed above, for each n > 0.

THEOREM 12.8.4 (Hovey—Strickland [HS99a, Thm. 6.19]). The natural maps
M, X =5 M, L, X
LoM,X = LyLn X ~ L, X
are equivalences. Hence M, and L, induce mutually inverse equivalences of cate-
gories
M, : Ho(L,Sp) = Ho(M,Sp): Ly
LoX ¢ M, X
between the K (n)-local category and the n-monochromatic category.
~ PrOOF. The chromatic fracture square of Theorem [I2.7.5and the equivalence
L,X ~ L,L,X induce equivalences
My X ~Cp 1L, X ~ M,L,X .
Thei vanishiAng of f,nLn_lX (which follows from Proposition and equiv-
alence L, X ~ L, L, X induce equivalences
LoM,X ~ L,L,X ~ L,X.
O

REMARK 12.8.5. This is reminiscent of a recollement situation, giving an equiv-
alence between sheaves supported on a closed substack and sheaves that are com-
plete along that substack. See Barwick—Glasman (arXiv:1607.02064) for a discus-
sion of this in the context of stable oo-categories. In their notation, the Hovey—
Strickland equivalence corresponds to X = L,Sp, U = L,,_1Sp, Z" = ﬁnSp
and ZV = M,Sp. The inclusion j,: L,_1Sp — L,Sp admits the left adjoint
J*(X) = L,—1S A X and the right adjoint j*(X) = F(L,-15,X), so L,_1Sp is
reflective and coreflective in L,,Sp. The inclusion in: L,Sp — L,Sp has a left ad-
joint i with ini” = Ly, hence L, Sp is reflective. The inclusion iy : M,,Sp — L,Sp
has a right adjoint ¢ with ivi¥ = M,, so M,Sp is coreflective. The functors
iNiv: M,Sp — L,Sp and iVin: L,Sp — M,Sp lift the inverse equivalences of
Theorem to the oo-category level.

12.9. The chromatic filtration for MU

For any spectrum X, the Adams—Novikov spectral sequence (or MU-based
Adams spectral sequence) has the form

Ey' = Exty (L, MU(X)) =, m—s(X).

Here Exty (L, M) denotes Ext formed in the abelian category of LB-comodules.
The spectral sequence is strongly convergent if X is bounded below, but convergence
for more general X is more subtle. Nonetheless, to study 7. L, X we are led to study
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MU, (L, X) =7m(MUAL,X) & 7. (L, MU A X), where the isomorphism uses that
L, is smashing.

DEFINITION 12.9.1. Let R be a ring. For an R-module M and element z € R
we write I',, M for the z-power torsion and M /x> for the “z-power cotorsion” of M,
defined as the kernel and the cokernel, respectively, of the localization homomor-
phism 3: M — 7'M = M][1/x] away from .
0o ToM — M 25 27 'M — M/2™ — 0

DEFINITION 12.9.2. Let R be a ring spectrum. For an R-module spectrum M
and element y € m,(R) we write I'yM for the y-power torsion and M /y*> for the
“y-power cotorsion” of M, defined as the homotopy fiber and the homotopy cofiber,
respectively, of the localization map 3: M — y~*M = M[1/y] away from y.

r,M— M-y '
M2y M s My
Clearly XT'yM ~ M /y°°.
To study the homotopy cofiber sequence
CnS — Cpo1S -5 L,Cpoy S = M, S

with associated long exact sequence

oo = MUL(Cp_1S) 5 MU, (M,S) — MU,_1(CpS) = ...
in MU-homology, we apply MU A (—) to obtain the homotopy cofiber sequence

CMU — Cp,-1MU — L,Cp, .1 MU = M, MU

of MU-module spectra with associated long exact sequence

oo = Ty (Cro MUY 25 7, (M, MU) — o1 (CoMU) — . ..

in homotopy. This breaks up into short exact sequences, and can be made explicit
using the cotorsion notation above.

THEOREM 12.9.3 (|Rav84, Thm. 6.1]). For each n > 0 there is an isomorphism
0 0

S, (C ot MU) ———— MU,/ (p%°, ..., v2°4)

M« B

o

Y (M, MU) ——— v, ' MU,/ (p™°, ..., 0% 4)
8!

Sl (C, MU) i>MU*/(p°°,...,U,°L°_1, o)

UTL

0 0
of short exact sequences of MU, MU -comodules.
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PROOF. Let n > 0 and assume by induction that 7,(C,—1 MU) is as stated.
Once we prove that E(n)-localization on the MU-module spectrum C,,_1 MU in-
duces algebraic localization away from v, the formulas for 7, (M, MU) and =, (C,, MU)
follow, since [ is injective in each case.

For brevity, let X = C,,_1MU. We must prove that

B: X — v lX
is an E(n)-localization. This is the colimit of many composites of (desuspensions
of) the map

X oyl x

each of which induces the isomorphism
vn: E(n).(X) — E(n)wifo,(X)

in E(n)-homology (since v,, is a unit in F(n),). Hence § is an E(n)-equivalence. It
remains to prove that v, 1 X is E(n)-local. Let Z be a spectrum with E(n).(Z) = 0.
Then

F(Z,0,'X) ~ F,-1 (v, " MU A Z,v,' X)

e n

since v, ' X is a v, ' MU-module spectrum. Here v, ' MU is a Landweber exact
theory of height n, so (v, !MU) = (E(n)) by Proposition[12.6.4l Hence E(n).(Z) =
0 implies v, ' MU A Z =~ %, so the function spectra displayed above are trivial. In

particular, [Z,v;; 1 X] = 0, proving E(n)-locality. O

COROLLARY 12.9.4. There a short exact sequence

0— MU, -5 MU.(L,S) = m(L,MU) — X" "MU,/(p>,...,v>) = 0
of MU, MU -comodules for each n > 0, which is split as MU,-modules for n > 1,
and as MU, MU -comodules for n > 2.

12.10. The chromatic spectral sequence
We use the notations
LJLE =L/ (p™, .. v570)
v, P LJI° = v tL (%S ).

The MU-homology exact couple associated to the chromatic filtration of S, or
equivalently, the homotopy exact couple associated to the chromatic filtration
of MU, is simply given by the short exact sequences

(12.4) 0= L/I° 25 o L)1 25 LIIS, — 0
for each n > 0, spliced together in the following diagram.
. L/(p>,v%°) L/p> L
\ Jﬁ \ JB \ JB
vy LI (p™, 0°) v 'L/ p~'L

The resulting long exact sequence

0— L i>p*1L ﬂ) vl_lL/pOO ﬁ v;lL/(poo,vfo) — ...
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of LB-comodules is the Cousin complex for L, in the sense of [Har66, Ch. IV, §2],
cf. Hopkins—Gross [HG94] Table 1].

This LB-comodule resolution of L was used by Miller—Ravenel-Wilson [MRW 77|
to construct the chromatic spectral sequence. They were studying the Adams—
Novikov spectral sequence

&' = Extyy (MU, MU,) = Exty (L, L) =, m—(S)

converging (strongly) to the stable homotopy groups of spheres, also known as the
MU-based Adams spectral sequence. (To be precise, they worked the the p-local
version, based on BP.) The &>-term is given by Ext groups in the category of
L B-comodules. Here

EX* =Hompp(L,L) = Z = my(S),

while £, was calculated by Novikov [Nov67b| and is closely related to 7.(J,)
(especially for odd p) and the image-of-J in 7. (S). For p = 2, m,(J2) is not entirely
accounted for by the Novikov 1-line 821 *. However, v,-periodic phenomena do in
a sense only appear in Adams—Novikov filtrations s > n, in a way we now try to
clarify.

For each n > 0 the short exact sequence of LB-modules induces a long
exact sequence

co o Bty (L, L/I°) s Bxth (L, v 'L/ I
s Bty (L, L/IS) — Extyy (L L/IF) — ...
in LB-comodule Ext. These combine to an (unrolled) exact couple

oo —— Exty (L, L) IS ) — 25— Ext} (L, L/I) —— . ..

Extyp(L, v, ' L/IY)
and a trigraded spectral sequence
chrom gt — Ext 3L (L vy, 'L/I) =, Bxti (L, L)

called the chromatic spectral sequence. The filtration n part "romgM™™ of its &£;-
term consists of v,-periodic families, and the subquotient MomE™** that survives
to the E,-term of the chromatic spectral sequence gives the associated graded of the
so-called vy,-periodic part of Ext}'5(L, L), i.e., of the Adams—Novikov &-term. In
turn, the corresponding subquotient of the p-local Adams—Novikov £,.-term defines
the v,,-periodic part of m.(S) ()

In view of Theorem the filtration n part of the chromatic £;-term is also
the Adams—Novikov &E>-term for X" M, S:

Exty (L, v, 'L/I°) = Extyh (L, MUL(S"M,S))
= m.(E"M,S) .
((ETC: Discuss convergence, using Hovey—Sadofsky [HS99b|, Thm. 5.3].))
The chromatic resolution, or Cousin complex, of L = MU, by LB = MU, MU-
comodules, can be viewed as a resolution by L B-injective (co-)modules in the sense

of [JLY81], i.e., L-modules N such that Ext}" (M, N) = 0 for all LB-comodules M
and s > 0.
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12.11. The Morava change-of-rings isomorphism

Any morphism of flat Hopf algebroids (or stacks) inducing an equivalence of
categories of comodules (or quasi-coherent sheaves) will also induce an isomor-
phism between Ext-groups formed in these abelian categories. This is the basis
for the Morava change-of-rings theorem, various forms of which have been pub-
lished by Morava [Mor85| §1], Miller-Ravenel [MR77, Thm. 2.10, Thm. 3.10],
Hovey—Sadofsky [HS99b, Thm. 3.1], Hovey—Strickland [HSO05a, §4] and Nau-
mann [Nau07] §5]. In particular, this applies to the morphism of Hopf algebroids
induced by the ring spectrum map v, ' MU — E(n).

THEOREM 12.11.1 (Miller-Ravenel [MR77, Thm. 3.10], Hovey—Strickland [HS05al
(4.9)]). There is a natural isomorphism

Eth’E(L, ’UglM) = EXtE(n)*E(n) (E(n)*, E(n)* X7, UglM)
for each LB-comodule v,,' M on which v, acts invertibly. In particular,
Exty 5 (L, v L/IR) 2 Extp). 5 (B(n)., E(n)./I7°).

There are short exact sequences of LB-comodules

—1 —1

0= v, " L/(Dys. s Vs Upnys o Upy) — U L/(Dy oo, U1, Uy s -5 U q)
Um, —|vm|,,—1
RN Yl |’Un L/(py..  0m—1,000,...,0221) =0

for 0 < m < n, giving rise to long exact sequences connecting the groups

Eth’;(L7 U?ZlL/(p? R ”ij_17U$’ R 7U;:o—1))
= Extgzﬂn)*E(n)(E(n)*, En)w/(Dy .y Um—1,Upey .y U5 1))

for 0 < m < n. These can be viewed as a sequence of n algebraic v,,-Bockstein
spectral sequences, starting with

(12.5) Extyg(L,v, ' L/I,) = EXt 30 miny (B(0)x; B(n). /1)
for m = n and ending with the chromatic &;-term

Extyp (L, vy ' L/IY) 2 Extyi s g (B(n). E(n). /1)
for m = 0.

REMARK 12.11.2. A Smith—Toda complex of type n is a finite spectrum V(n—1)
with MU, (V(n —1)) = MU,/I,. Its homology then satisfies H.(V(n — 1);F,) =
A(m9y ...y Th—1). We have V(—1) = S and V(0) = S/p for each prime p. The
spectra V(1) exist for p > 3, the spectra V(2) exist for p > 5, and the spectra V(3)
exist for p > 7, cf. [Smi71|, [Tod71]. No spectra V(n — 1) for n > 5 are known to
exist for any prime, cf. [Rav86} (5.6.13)].

When V (n) exists, there exists a map v, : $2?" =2V (n—1) — V(n—1) inducing
multiplication by v, in MU-homology, with homotopy cofiber V(n). We write
v,V (n — 1) for the mapping telescope. Since (E(n — 1).V(n — 1) = 0, so that)
Cpn-1V(n —1) = V(n — 1) there is a canonical map

v, V(n—1) — M, V(n—1)~L,V(n—1),

inducing an isomorphism in MU-homology. The starting point (12.5) for the n
algebraic Bockstein spectral sequences is thus also the Adams—Novikov Es-term for
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v, 'V (n — 1) and for L,V (n — 1), when these spectra exist:
Exty (L, v, ' L/1,) = Ext} (L, MU, (v, 'V (n — 1))
>~ Exty (L, MU(L,V(n —1))).
Convergence to 7. (L, V(n—1)) is known by [HS99b, Thm. 5.3], while convergence

to (v, 1V (n —1)) = v, '7.V(n — 1) is equivalent to the telescope conjecture at
height n, which is no longer expected to hold for n > 2.

In (12.5) we have E(n)./I, = K(n)., and since F(n).E(n) is flat over E(n).,,

there is a further change-of-rings isomorphism
Ext’; Ek ) E(n) (E(n)s, E(n)«/1,) = Ext;z‘n) (K(n)«, K(n)).
Here
Y(n)e = K(n)«(E(n)) = K(n)« ®, LB®r, E(n), 2 K(n), ®r LB K(n)

since I, is invariant.

DEFINITION 12.11.3. Let

E(n). = K(n)«(E(n)) = K(n). ® LB @1, K(n).

be the n-th Morava stabilizer algebra, which is a graded commutative Hopf algebra
over K (n).. (This does not contain the n exterior classes present in K (n).(K(n)).

See Remark [12.11.6] m ) Let
%(n)" = K(n)*(E(n)) = Homg (n), (5(n)., K(n).)
be the (Cartier) dual Hopf algebra.

Using formulas from |[Rav76a) for the Hopf algebroid structure maps in the
p-typical version of (L, LB), modulo the invariant prime ideal I,,, Ravenel made
the Hopf algebra structure of X(n) exphclt It is a sequential colimit of finite étale
extensions of the form A — A[ti]/(vntp = v2't;). ((ETC: Ignoring the grading,

and setting v, = 1, this reads A — At 1]/(1??n = t;), which is étale of degree p™.))

PropoOSITION 12.11.4 (Ravenel |[Rav76b, Prop. 1.3, Thm. 2.3]). There are
algebra isomorphisms

S(n). = K(n)[ts | > 1]/(at]" = ol't:)
and
2(n)* @ Fpn = K(n)"[[S3]] @

(up to grading), where S is the strict Morava stabilizer group of H,.

REMARK 12.11.5. This can be deduced from the Devinatz—Hopkins K (n)-local
pro-G,,-Galois extension L,S = Ly n)S — Ey, since the sub-extension L nE(n) —

E,, with Galois group (Fpn)* x Gal and its mod I, reduction K(n) — K,, gives
isomorphisms
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The last step amounts to taking F;n,—invariants, and does not properly preserve the
grading.

To summarize: The E-term of the Adams—Novikov spectral sequence
ESY = Ext} (L, L) = m.(S)
is the abutment of the chromatic spectral sequence
chrom g% — Ext 1% (L, vy ' L/I°) ==, Exty (L, L).

Here layer n of the £ -term is the abutment of a sequence of n Bockstein spectral
sequences starting with

Bxtpp (L, vy ' L/ In) 2 Bxtp ), pin) (B(n)x, K(n).) 2 Bxty,, (K (n)., K(n).),

where X(n), = K(n).E(n) is the Morava stabilizer algebra. After a small field
extension (and some regrading) this is isomorphic to the continuous group coho-
mology
Exty,). (K(n)«, K(n).) © Fypn = HX(S); Fpn) @ K(n).
of the strict Morava stabilizer group.
((ETC: Truncating the chromatic spectral sequence to the part Chmmé’{" % with
0 < m < n calculates the &-term Ext;'5(L, MU, (L,S)) of the Adams—Novikov

spectral sequence for 7. (L,S).))

REMARK 12.11.6. Tobias Barthel and Piotr Pstragowski (arXiv:2111.06379)
recently proved conditional convergence of the K (n)-based Adams spectral sequence

5" = Bxtic(n), k() (K (0)u; K(n) (X)) =>4 m—s(Ln X)

for all spectra X, and strong convergence for K (n)-locally (strongly) dualizable X,
including X = S.

12.11.1. Height one. For n = 1, S =1 + pZ,, so its group cohomology is
easily calculated, recovering Novikov’s results for p > 2 and for p = 2.

ProprosiTION 12.11.7.

A(¢r) for p odd,
A(G) ®Falp1]  forp=2,

where (1 and py lie in H}, corresponding to homomorphisms 1+ pZ, — F,. Hence

AG) @ K(1). for p odd,
AG) @Fap1] @ K(1)s  for p=2,

with K (1), = F,[vf'], where ¢, and py lie in Ext™* and vy lies in Ext®?~2.

H:(S%Fp) = H:(l "’pr;Fp) = {

Exty, (K(1)., K (1)) = {

COROLLARY 12.11.8. For p odd,
T (L15/p) 2 A1) @ Fploi'] = Aar) @ Fyplvi™] = 7 (/p)
where (1 has degree —1 and oy = (yvy has degree 2p — 3.
((ETC: For p = 2 there is an Adams—Novikov differential d3(v}) = n® leaving
oo = MG @ Fo{1,n,7°} @ Fofl,v1} ® Fa[vi™"],

with 7 = pyv1. Draw the chart. This is the associated graded of ,(L1S5/2) =
7. (J/2). Note the difference in filtrations compared to the Adams spectral sequence
for m,.(j/2). See Chapter 5, Section 8, Figure 2.))
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Clvl_l G1 . Qo1 Gt
. . / ) / .. / ,
V] . . . . . U1 . . . vy
—q—1 —q -1 0 q—1 ¢ 2q—1 2q

FIGURE 12.1. Adams—Novikov spectral sequence chart for L1.5/p,
with p odd and ¢ = 2p — 2; multiplications by a1 € {(3v1} drawn
as solid lines

The passage from Extyp(L, vy ' L/p) = Exts ), (K (1), K(1)4) to
Extyp(L, vy 'L/p™) = Extpa), 2)(E(1)«, E(1)./p>)
was essentially done by Novikov, suffices to determine 7,(L;S) and 7, (L1S), and

confirms that L1 ~ J;\ at all primes p.

12.11.2. Height two. For n = 2, the cohomology of the pro-p-group S was
calculated in [Rav77, Thms. 3.2, 3.3, 3.4] for the cases p > 5, p = 3 (corrected
in the second edition of Ravenel’s green book [Rav86/ §6.3], following Henn), and
p =2 (up to possible multiplicative extensions).

ProrosiTioN 12.11.9. Forp > 5,
EXt;’(*g)* (K(2)s, K(2)+) = A(G2) @ Fp{1, h10, h11, 90, 91, hiog1 = goh11} ® K(2)-
with K (2). = F,[vs'], where
¢ € Ext'?
hio = [t1] € Ext"? 72
hi = [t7] € Ext!2"~2

]
go = <h10, hlla h10> c EXt2’2p2+2P—4
)

g1 = (h11, hno, hay) € Ext®4" =202

hi0g1 = goh11 € Ext4° 4

vy € Ext®% 2
For odd primes p the passage from
Exty5(Lyvy 'L/ (p, ) = Extyly, (K(2)., K(2).)
to
Extyh (Lo vy 'L/ (p.07%)) 2 Extigly, g (E(2)e, BQ)/(p.07%))

is carried out by Miller-Ravenel-Wilson [MRW 77|, §5] for s = 0, and partially for
s = 1, using the L B-comodule extension

0— vy 'L/ (p,v1) — v3 'L/ (p, v5°) 2 7100 L/ (p, v5°) = 0.
The further passage to
Ext} (Lo vy 'L/ (0™, 03%)) 2 Extyly o) (B(2)es B(2)./ (0, 07%))
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—4 .
-3 of/// o/ //o
-1 CQ/// hao /;h11
0 L
-1 0 ¢g-—1 pq—1 (2p+2)g—3

FIGURE 12.2. Adams—Novikov spectral sequence chart for
LoV (1), with p > 5 and ¢ = 2p — 2, omitting K(2). = F,[v3"];
multiplications by a3 € {h1p} are drawn as solid lines, those by
B1 € {h11} as dashed lines

is carried out for s = 0 in [MRW77| §6], using the LB-comodule extension
0 — vy 'L/ (p,v5°) — vy 'L/ (p™, vi°) 2, vy 'L/ (p™°,v5°) = 0.
The case p = 2 of these calculations is carried out by Shimomura in [Shi81].

For primes p > 5, Shimomura—Yabe [SY95] determine these Ext groups for
all s, which suffices to determine m,(L2S) and m.(L2S) at these primes. This
amazingly complex calculation was revisited by Behrens in [Beh12].

The paper |[SWO02a] by Shimomoura—Wang obtains these results for p = 3.
The paper |[SW02b| by Shimomoura—Wang obtains the Adams—Novikov Es-term
for m.(L2S) at p = 2. At p = 2, recent papers by Beaudry, Bobkova, Goerss

and Henn ((ETC: and others?)) make progress towards calculating m.(L2S5/2) and
™ (L2 S) .

12.11.3. Height three. For n = 3 and p > 5, the cohomology of S was ad-
ditively determined in [Rav77, Thm. 3.8]. Its algebra structure for p > 3 was cal-
culated by Yamaguchi [Yam92|. Some deductions are made by Kato-Shimomura
in [KS12]. See also Gu-Wang-Wu [GWW21].






CHAPTER 13

Telescopic localization

13.1. The thick subcategory theorem

Implicitly, suppose that all spectra are p-local, for a fixed prime p.

The stable homotopy category Ho(Sp) is a triangulated category, with Puppe
cofiber sequences as its distinguished triangles. The analogues of Serre classes and
hereditary torsion theories for triangulated categories are called thick and localizing
subcategories, respectively. The full subcategory Ho(Sp“) of finite spectra is also
triangulated, but does not admit infinite coproducts.

DErFINITION 13.1.1 ([HS99al Def. 1.3]). A thick subcategory T of a trian-
gulated category C is a full subcategory that closed under cofiber sequences and
retracts, meaning that

e if X Y — Z — ¥X is a distinguished triangle and two of X, Y and Z
are in 7, then so is the third, and
e if X is aretract of Y and Y isin 7, then X isin 7.

A property of objects of C is said to be generic if the class of objects with
that property is closed under cofiber sequences and retracts, i.e., spans a thick
subcategory.

A localizing subcategory T of a triangulated category C (with all coproducts)
is a thick subcategory that is closed under coproducts, meaning that

o if {X,}aes is a set of objects in 7, then [],.; X is an object in 7.
The n-th term L, X = L)X in the chromatic tower
X—...—L,X—L, 1 X —...— LyX
of localization functors is the left adjoint in an adjunction
L, : Ho(Sp) = Ho(L,Sp): U .
It annihilates the localizing subcategory
Ho(Spsn+1) :={Z | L, Z ~x} = {Z | E(n)«(Z) =0} C Ho(Sp)

of (p-local) E(n)-acyclic spectra. When restricted to (p-local) finite spectra F, it
annihilates the thick subcategory

Ho(Sp%, 1) i= {F | LuF = #} = {F | E(n).(F) = 0} € Ho(Sp*)

of finite E(n)-acyclic spectra. These full subcategories are the preimages under
MU, (—): Ho(Sp) - LB—coMod of the hereditary torsion theory 7p,.

253
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H0(8p§n+1) ;\,\ Ho(Sp*) \
\ Ln
Ho(Sp>n+1) 0 Ho(Sp) ———— Ho(L,Sp)
l LB— coMod™ JMU* (-) lE(n)*(_)
T LB-coMod = E(n).E(n)— coMod

DEFINITION 13.1.2. A finite (p-local) spectrum F has type > n if E(n —
1)«(F) = 0, ie., if F' € Ho(Sp¥,,). It has type = n if E(n — 1),(F) = 0 and
E(n).(F) # 0. -

ExAMPLE 13.1.3. A Smith-Toda complex V(n — 1) has type = n, when it
exists.

Stephen Mitchell proved that there are finite spectra of each (chromatic) type.

Let A(n) C o denote the finite subalgebra generated by Sq', ..., S¢*" for p =

2, 0r by 8,PL,...,PP""" for p odd. It contains the exterior algebra AQo,...,Qn)
on the first Milnor primitives.

THEOREM 13.1.4 (Mitchell [Mit85 Thm. B]). For each prime p and integer
n > 0 there exists a finite spectrum F(n) such that
o H*(F(n);F,) is a (finitely generated) free module over A(n — 1),
o K(m).(F(n)) =0 for0<m<n, and
o K(n).(F(n)) #0,
so that F(n) has type = n.

The proof uses the Steinberg idempotent from representation theory to split
F(n) off as a summand of the suspension spectrum of a homogeneous space SO(2")/(Z/2)™
for p=2or U(p")/(Z/p)™ for p odd.

LEMMA 13.1.5. Let F be a finite p-local spectrum. If F' is not contractible, then
F has type = n for some finite 0 < n < co. Otherwise, F' has type > n for all n.

PrOOF. The homology H., (F';F,) = 0 is concentrated in a finite range 0 < % <
d. Choose n so large that |v,| = 2p™ —2 > d. Then the Atiyah—Hirzebruch spectral
sequence

552,75 = Hs(F; K(n)t) =5 K(n)s+:(F)

collapses at the £2-term for bidegree reasons. Hence K (n).(F) = 0 if and only if
H,(F;F,) = 0. For finite p-local F' this happens if and only if F' is contractible.
Hence, for non-contractible F' there exist n such that K(n).(F) # 0. The minimal
such n is then the exact type of F, which is finite. ([

Let Ho(Sp¥,) be the category of all p-local finite spectra, and let Ho(Sp< )
be the category of all contractible finite spectra, so that there are proper inclusions
Ho(Sp(;,)) = Ho(Sp%) 2 -+ 2 Ho(Sp%,,) 2 Ho(Sp¥,,11) 2 -+ 2 Ho(Sp) -
The Hopkins—Smith thick subcategory theorem asserts that these account for all

the thick subcategories of the category of finite spectra.

THEOREM 13.1.6 (Hopkins—Smith [HS98, Thm. 7]). If T C Ho(Sp¥) is a thick
subcategory of the triangulated category of p-local finite spectra, then T = Ho(Sp¥,,)
for some 0 < n < oo. B
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This is proved as a consequence of the Devinatz—Hopkins—Smith nilpotence
theorem (Chapter 11, Theorem 4.3 or 4.4). See also [Rav92a, Ch. 5]. As a hint
of how thick subcategories/generic properties are related to nilpotence, note that if
f:2%X — X is a self-map and X lies in a thick subcategory 7, then C'f also lies
in 7. Conversely, if C'f lies in T, then the braid diagram

f2
T~ T
n2dx X Cf
sdf / \ /
EdX\ C(f?)

YaCf

shows that C(f?) lies in 7. By induction, C(f%') lies in T for all i > 0. If we now
assume that f is nilpotent, so that f2 ~ x for some i, then C(f2') ~ X v ¥2'd+1 X
contains X as a retract, which implies that X also lies in 7.

REMARK 13.1.7. An algebraic analogue of the thick subcategory theorem, clas-
sifying the Serre subcategories of LB— coMod®, is stated as [Rav92al Thm. 3.4.2].
Working p-locally, these are the full subcategories LB— coModf>pn of v,,_1-power tor-
sion comodules, for 0 < n < co. The proof is corrected in |JLR96, Thm. 1.6], and
is an application of the Landweber filtration theorem (Chapter 11, Theorems 7.1
and 7.2.).

REMARK 13.1.8. The Hopkins—Ravenel smash product theorem (Chapter 11,
Theorem 5.14) is proved [Rav92al §8] using the thick subcategory theorem. One
needs to prove that the E(n)-local sphere L, S is E(n)-nilpotent, i.e., lies in the
thick ideal of Ho(Sp) generated by E(n). The full category of finite spectra F' for
which L, F is E(n)-nilpotent is a thick subcategory, so to prove that it contains S
it suffices to show that it contains some rationally nontrivial spectrum F with this
property. This is then carried out.

The coherent sheaves MU, (F)™ associated to finite spectra F' have “closed”
support that is invariant under specialization (to greater heights), in the following
sense.

THEOREM 13.1.9 (Ravenel |[Rav84 Thm. 2.11]). Let F' be a finite spectrum.
Then
for allm > 0. In partzcular K(n) ( ) # 0 zmplzes K(n + 1),
K(n + 1).(F) = 0 implies K(n).(F) = 0. Hence K(n).(F) =
E(n).«(F) = 0.

Proor. Consider the M U-module spectrum E = E(n+1)/I, = E/(p,...,vn-1),
with coefficient ring E, = Fp[vn,vf}rl]. (For n = 0, this is to be read as E, =
E(1). = Z, [vf!].) Since E, is a graded PID (= principal ideal domain) and F is
finite, F,(F) is a finite direct sum of cyclic E,-modules, i.e., of a free summands
E, and b torsion summands E, /v for k > 1, up to suspensions.

(F) # 0, while
0 if and only if
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The number a of free summands is the same as the dimension of v, ' E,(F) over
v B, = Fplut, v} ], which by Johnson-Wilson [JW75, Thm. 3.1], is the same
as dimg ), K(n)«(F). ((ETC: This uses that B(n).(F') is a free B(n).-module,
which follows since there are no invariant ideals in B(n). other than (0) and (1).))

The cofiber sequence LI E 2% E — K(n+1) induces a universal coefficient
short exact sequence

0 K(n+1), ®p. Eo(F) = K(n+1),(F) - Tor® (K(n+1),, Es_1(F)) = 0.

Each free summand F, contributes a copy of K(n+ 1), to the left hand term. Each
vp-power torsion summand F,/vF contributes one copy of K(n + 1), at the left
hand side and one copy at the right hand side. Hence dimg (1), K(n+1).(F) =
a+2b > a=dimg), K(n).(F). (ETC: If F' were not finite, then E,(F) could
contain uniquely v,,-divisible summands such as v, ! E,, which would contribute to
K(n)«(F) but not to K(n+ 1).(F).))

The final claim follows from (E(n) = (K(0)) V ---V (K (n)). O

COROLLARY 13.1.10. A finite p-local spectrum has type > n if and only if
K(n—1).(F)=0. It has type = n if and only if K(n—1).(F) =0 and K(n).(F) #
0.

This does not explicitly refer to Johnson—Wilson E(n)-theory, and is the more
usual way of defining (chromatic) type > n, but relies on Theorem [13.1.9) to make
good sense.

I

ExXAMPLE 13.1.11. A finite p-local spectrum F has type 0 if and only if H. (F'; Q)
7«(F) ® Q is nonzero. It has type > 1 if and only if H.(F;Q) = m.(F) @ Q = 0.
In that case it has type = 1 if and only if K(1).(F) # 0, which is equivalent to
KU, (F) # 0. Tt has type > 2 if and only if K(0).(F) =0 and K(1).(F) = 0, which
is equivalent to KU, (F) = 0. The Moore spectrum F = V(0) = S/p = SU, e! has
type 1, while (for p odd) the cofiber V(1) = S/(p,v1) = SUpe' Uy, €2P71U, €2 of the
Adams self-map vy : ¥22=25/p — S/p has type > 2, since KU, (S/p) = KU,/p # 0
while KU, (S/(p,v1)) = 0.

EXAMPLE 13.1.12. In Chapter 11, Remark 2.5 we saw that dim g ,,), K (n).(BC))
is finite, and grows with n, even if BC), is not a finite spectrum. In the K (n)-local
category the spectra f/nEo"BG+ are in fact dualizable, for all finite groups G, hence
are somewhat close to being finite in that category [Rav82], [HS99al Cor. 8.7].

In contrast to Ravenel’s result for finite spectra F', Jeremy Hahn proved that
H., ring spectra R (and even less ring structure is needed) have “open” support
that is invariant under generalization (to lower heights).

THEOREM 13.1.13 (Hahn (arXiv:1612.04386)). Let R be an Ho, ring spectrum.
If K(n)«(R) =0 for somen >0, then K(n+1).(R) =0. Hence K(n+1).(R) #0
implies K(n)«(R) # 0.

The orthogonality result K (n).(K(m)) = 0 for n # m (Chapter 12, Proposi-
tion 6.10) shows that for general p-local spectra X the support

{n=>0]K(n).(X) # 0}

can be arbitrary, often being invariant neither under specialization nor under gen-
eralization.
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13.2. The periodicity theorem

DEFINITION 13.2.1. Let F be a finite p-local spectrum and n > 0. A map
v: F — F is said to be a v,, self-map if

K(m).(v): K(m).(X4F) — K(m).(F)
is multiplication by a power of v,, for m = n, and zero otherwise.

Multiplication by p defines a v selfmap p: F' — F for any F in Ho(Sp(,)).
The Adams self-maps v1: %2?=25/p — S/p (for p odd) and vi: £85/2 — S/2 (for
p = 2) are v; self-maps. Sometimes one refines the terminology, and calls v a
v¥ self-map if K (n).(v) is multiplication by v*, and says v,-power self-map if the
exponent k is not specified. If a v,-power self-map exists, one may always find one
where the exponent k = p" is a power of p.

Hopkins—Smith [HS98| §3] show that the property of admitting a v,, self-map,
for a fixed n > 0, is generic. In other words, the collection of such F' generates a
thick subcategory of Ho(Sp‘("p)). By the thick subcategory theorem it must therefore
be Ho(Sp¥,,,) for some 0 < m < co. In fact, m = n.

THEOREM 13.2.2 (Hopkins—Smith [HS98, Thm. 9]). Let p be a prime and
n > 0 an integer. A finite p-local spectrum admits a v, self-map if and only if it
has (chromatic) type > n.

OUTLINE OF PROOF. One implication is easy: Let v: X*F — F be a v, self-
map, with homotopy cofiber Cv. The case m = n of the long exact sequence

(13.1) o K(m)o(24F) K5 (), (F) — K (m).(Cv) — ...

shows that K(n).(Cv) = 0, since K(n).(v) is an isomorphism. If F had type
m < n then the sequence would also show that K(m).(Cv) & K(m).(F) @
K(m)«(Z4T1F) # 0, since K(m).«(v) = 0 and K(m).(F) # 0. This contradicts
Theorem for the finite spectrum Cwv.

It follows that the thick subcategory of spectra admitting v,, self-maps is con-
tained in Ho(Sp¥,,). To prove equality, it suffices to exhibit a single finite spec-
trum of type n admitting a v, self-map. This is done in [HS98| §4] and [Rav92al,
App. C]. Jeff Smith used idempotents in the group rings of symmetric groups to
construct a spectrum with particular cohomology as a module over the Steenrod
algebra ((ETC: and more)), and the Adams spectral sequence is then used to con-
struct the v,, self-map.

Once this one type n spectrum with a v, self-map has been constructed, it
follows from the thick subcategory theorem that every spectrum if type > n admits
such maps. This is a powerful existence result. ([l

Note that E(m).(F) = 0 if and only if v,,' MU,(F) = 0, since E(m), and
v, MU, are both Landweber exact of height m, so a finite spectrum F has type

> n if and only if the LB-comodule MU, (F) satisfies v, ', MU,(F) = 0.
The periodicity theorem has the following algebraic precursor.

ProposITION 13.2.3 (|[Rav92a, Cor. 3.3.9]). Let M be a finitely presented LB-
comodule. Then vk : Yklvnl M — M is an LB-comodule homomorphism for some
k > 0 if and only if v;ilM =0.
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PROOF. The proof uses the Landweber filtration theorem (Chapter 11, Theo-
rems 7.1 and 7.3), giving a filtration

0=M0O)C---CM(s—1)CcM(s)C---CM{)=M

by finitely presented LB-comodules, where M(s)/M(s — 1) = X% L/I,, .

If vf . $FlveI M — M commutes with the LB-coaction, then so does its restric-
tion to M (s) for each s, hence also its corestriction to M (s)/M (s — 1). But multi-
plication by v¥ acts as an LB-comodule homomorphism on L/I,, only for m > n,
by the calculation P(L/I;,) = Fp[vy,] of LB-comodule primitives (Chapter 11,
Theorem 7.2). Hence ns > n for each 1 < s < ¢, which implies v;ilL/Ins =0,
v, M(s) =0 and v, ', M = 0.

Conversely, if v;ﬁlM =0 then ng > n for each 1 < s < /. It follows that M is
annihilated by I£. By the invariance of v,, under strict isomorphisms (Chapter 10,
Lemma 4.10)

nL(vn) =nr(vy,) mod LB -1,

which implies that
{—1 {—1
nr(v? )=nr(vE ) mod LB - If;.

It follows that vf = vﬁpl is LB-comodule primitive in LB/If, and acts on M as

n’

an L B-comodule homomorphism. ([

LEMMA 13.2.4. If F has type = n and v: X4F — F is a v, self-map then Cf
has type = n + 1.

PrOOF. We have K(m).(F) = 0 for m < n and K(m).(F) # 0 for m > n.
Moreover, K (m).(v) is an isomorphism for m = n and zero for m > n. By (13.1)
it follows that K(m).(Cv) =0 for m < n and K(m).(Cv) # 0 for m > n. O

ExaMPLE 13.2.5. The periodicity theorem provides an alternative approach to
the existence Theorem|13.1.4] (but Smith’s construction is no easier than Mitchell’s).
To start an induction, let F(0) = S. For n > 0, suppose we have constructed a

in—l

type n finite spectrum F(n) = S/(p',v%, ..., v,"7}), with i, > 1 for 0 < s < n and

» ¥n—1
MU*(S/(piO’vila- o)) L/(pio,vila o)

as an L-module. (It will also be an LB-comodule, so (p%, v%', ... ,u," ) C L will be
an invariant ideal.) These are sometimes called generalized Moore spectra. By the
periodicity theorem, there exists a v,, self-map v: ¢F(n) — F(n) inducing multi-
plication by v¥ in K (n)-homology. Since p,...,v,_1 are nilpotent in MU, (F(n))
we may arrange that v induces multiplication by vé» in MU-homology, for some

in > 0. Let
F(n+1)=8/(p",vi*, ... 00t vin) = Cu
be the homotopy cofiber of this v,, self-map.

The degree p map p: S — S is a vg map for each prime p, so we may take ig = 1
and F(1) = V(0) = S/p. For odd p the Adams self-map v;: X??=25/p — S/p
corresponds to i3 = 1, so we can form the type 2 Smith-Toda complex F(2) =
V(1) = S/(p,v1). For p = 2, the Adams self-map v}: 285/2 — S/2 realizes the
smallest possible value i; = 4, so we can form F(2) = S/(2,v}). ((ETC: Also survey
vy self-maps of S/pi for ig > 2.))
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For p > 5 the Smith-Toda [Smi71], [Tod71] self-map vo: £2P° ~25/(p,vy) —
S/(p,v1) realizes iz = 1, with homotopy cofiber F(3) = V(2) = S/(p,v1,v2).
For p = 3, Behrens-Pemmaraju [BP04] proved the existence of a vj self-map
vy BMS/(3,v1) — S/(3,v1), with homotopy cofiber F(3) = S/(p,v1,vJ). Belmont—
Shimomura (arXiv: 2109.01059) recently obtained a v self-map of S/(3,v¥), which
is useful for propagating 3-torsion classes that are v§-torsion but not (strict) v;-
torsion. For p = 2, Behrens—Hill-Hopkins—Mahowald [BHHMUO8| established the
existence of a v32 self-map v32: X1925/(2,v}) — S/(2,v}) with type 3 homotopy
cofiber F(3) = S/(2,v{,v3?). Behrens—Mahowald-Quigley (arXiv:2011.08956) also
obtained a v3? self-map v32: $1925/(8,v%) — S/(8,v%), with homotopy cofiber
S/(8,v%,v3%). This is useful for propagating 8-torsion and v$-torsion classes. The
proofs for p € {2,3} use topological modular forms, and suffice to determine the
image of the homomorphism 7, (S) — 7, (tmf).

For p > 7, Toda [Tod71)] constructed the type 4 spectrum F(4) = V(3) =
S/(p,v1,v2,v3) as the homotopy cofiber of a vs self-map vs: $27° =25/ (p, vy, v2) —
S/(p,v1,v2). On the other hand, Lee Nave |[Nav10| proved that V((p+1)/2) does
not exist, so V(2) = S/(5,v1,v2) at p = 5 does not admit a strict v self-map. It is
not known whether V(3) admits a strict vy self-map for any prime p.

The existence statement of the periodicity theorem is supplemented with the
following weak uniqueness statement.

PROPOSITION 13.2.6 ([HS98, Cors. 3.7, 3.8]). Letv: ©F — F andv': S F' —
F’ be vy, self-maps. There are 1,7’ > 0 (with id = i'd') such that for every map
g: F — F' the diagram

id Eidg i’ d’
P AN DL

Uil J/(U/)i/

F—7

commutes up to homotopy. In particular, if F = F' and g = idp then v’ ~ (v')i/,
This has the following consequence.

DEFINITION 13.2.7. Let F(n) be a (finite, p-local) type n spectrum, with v,
self-map v: X?F(n) — F(n). The telescope

T(n) = v, 'F(n) = hocolim(F % L7F L 2721 )

is, up to homotopy equivalence under F(n), independent of the choice of v, self-
map. Each map v is an F(n)-equivalence, so there is a factorization

F(n) 25 v F(n) = T(n) - L,F(n)
of the E(n)-localization map 1: F(n) — L, F(n) = L,F(n).

For small n we usually take T(0) = p~'S(,) = SQ = HQ for all p, T(1) =
vy 'S/p for p odd and T(1) = v;*S/2 for p = 2. The v;-periodic homotopy in
7 (S/p) is fully understood, by the following theorems of Mark Mahowald and of
Haynes Miller.

THEOREM 13.2.8 (Mahowald [Mah?70|, [Mah&81], [Mah8&4]).
707 (8)2) — 1, (L15/2) 2 7. (J)2)
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is an isomorphism. Hence T(1) = vi'F(1) ~ L F(1) ~ LiF(1) for any type 1
finite 2-local spectrum F(1).

See Chapter 5, Section 8, Figure 2 for a picture of a fundamental domain for
=~ 1,(.J/2), which repeats vi-periodically. For any homotopy class = € m,(S/2), the
product v{¥x lies in the summand . (J/2) for all sufficiently large N.

SKETCH PROOF. The original argument works with F(1) = S/2, but working
with F(1) = Y = S/2 A S/np = Z73RP? A CP? is a little less difficult. Here
H*(Y;F3) =2 A(1)//A(Q1). The proof amounts to a careful analysis of the ko-based
Adams spectral sequence for F(1), using a splitting of ko A ko in terms of integral
Brown-Gitler spectra, and determining differentials in a range by a comparison
along a map Th(¢ | 25°) — ko from a Thom spectrum over Q5°. O

THEOREM 13.2.9 (Miller [Mil81, Thm. 4.11]).
7107 1 (S/p) = mu(L1S/p) = 7.(J/p)

is an isomorphism for odd primes p. Hence T(1) = v 'F(1) ~ L, F(1) ~ L1 F(1)
for any type 1 finite p-local spectrum F(1).

Let g € Z be a topological generator. The fiber sequence

J/p — KUJp "5 KU/p
induces a long exact sequence

D (I ) s ] S F et —

n

in homotopy, where (¢9 —1)(u™) = (¢" — 1)u™. Here g¢" —1 =0 mod p if and only
if n =0 mod p — 1, so we have a short exact sequence

0= SR, [PV L 7, (J/p) > Fo[u 1] 50
and an algebra isomorphism
m(J/p) = M) @ Fploi'],

where a; = d(uP~1) and 7(v1) = uP~! have degree 2p — 3 and 2p — 2, respectively.
See also Chapter 11, Section 11, Figure 1 for the v;-periodic Adams—Novikov chart
for J/p.

SKETCH PROOF. The proof compares the (strongly convergent) Adams spectral
sequence
&5 (S/p) = Exty (Fy, Ho(S/p; Fp)) = 7.(S/p)
with a (potentially non-convergent) localized Adams spectral sequence
v L8 (S/p) = vy ExtyT (Fy, He(S/p; Fp)) == vy 'ma(S/p) -

A comparison via the Adams—Novikov spectral sequence is used to transfer known
ds-differentials from an algebraic May spectral sequence to the localized Adams
spectral sequence. This shows that £%*(S/p) above a line of slope 1/(p?> —p—1), in
the usual Adams (¢—s, s)-bigrading, consists only of classes detecting A(oq ) ®@F,[v1],
on a line of slope 1/(2p — 2). Since v;-multiplication acts parallel to the Adams
vanishing line for S/p, this suffices to deduce that there are no other v;i-periodic
classes than those mentioned. (]
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13.3. Finite localizations

We follow Miller’s article [Mil92], which responds to [Rav93] and [MS95|.
Recall from Chapter 12, Section 4 that for any Landweber exact L-module E.,
of height n, such as E(n). or v, 1L, the full abelian subcategory

Te={M | E.®; M =0} C LB—coMod

only depends on n, and is equal to the hereditary torsion theory (= Serre subcate-
gory closed under coproducts) generated by L/I,+1=L/(p,...,vn).
Let X and FE be spectra. The (co-)fiber sequence

is characterized by CgX being E-acyclic and [Z, LgX] = 0 for any E-acyclic Z.
Hence the Bousfield E-localization and FE-colocalization functors Lg and Cg are
fully determined by the full triangulated subcategory

Ho(CgSp) :={Z | E.(Z) =0} C Ho(Sp)
of F-acyclic spectra. This is a localizing subcategory, i.e., a thick subcategory
closed under coproducts.

For any Landweber exact spectrum E of height n, such as E(n) or v, ' MU,
the finite p-local E-acyclic spectra

Ho(Sp(;,)) NHo(CeSp) = Ho(Sp,,11)

span the thick subcategory of finite p-local spectra of type > n+1. By the Hopkins—
Smith thick subcategory theorem, it is generated as a thick subcategory by any one
type = n+ 1 spectrum F(n+1). For example, if p and n are such that the Smith—
Toda spectrum V'(n) exists, then it has type n + 1 and MU.(V(n)) = L/I,41 is
the LB-comodule generating 7,,.
Let us write
Ho(CLSp) = Loc(F(n+ 1)) C Ho(Sp)

for the localizing subcategory generated by Ho(Sp¥, ., ;), which is equal to the
localizing subcategory generated by any one F'(n + 1_). Clearly

(13.2) HO(C’]);Sp) C Ho(CgSp) .
Miller shows that for any spectrum X there is a (co-)fiber sequence
CIX —X —L/X

with C{X in Ho(C}éSp) and [Z,L{X] = 0 for each Z € HO(C};Sp). We call
L{X and C7X the finite E-localization and finite E-colocalization of X. The
inclusion (13.2) implies that there is a natural, unique, factorization

T s
X —L X —L,X
of the E-localization map n: X — L, X.

DEFINITION 13.3.1. Let A be a set of homotopy types of finite spectra.
e A spectrum N is finitely A-local if [Z, N, = 0 for each Z € A.
e A spectrum Z is finitely A-acyclic if [Z, N], = 0 for each finitely .A-local
spectrum N.
e Amap f: X — Y is a finite A-equivalence if its mapping cone Cf is
finitely A-acyclic.
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Clearly f: X — Y is a finite A-equivalence if and only if f*: [V, N] — [X, N]
is a bijection for each finitely A-local N. The finitely A-acyclic spectra form a
localizing subcategory of Ho(Sp), containing each element of A. In particular, it is
closed under sequential homotopy colimits (= mapping telescopes).

THEOREM 13.3.2 (Miller [Mil92, Thm. 4]). For any set A of (homotopy types

of ) finite spectra and any spectrum X there is a finite A-equivalence X — LQX to
a finitely A-local spectrum.

PrROOF. We may assume A is closed under (de-)suspensions. Miller constructs
LQX as the homotopy colimit of a sequence

X=Xo% X, — ... — Xpp 2™ Xy — ... — LI X = hocolim X, .

m

Let Xy = X and suppose that X,,, has been defined. Let
W= \/ A
fi A>X,,
be a wedge sum of spectra, where A ranges over all elements in A and f: A — X,,

ranges over all homotopy classes of maps from A to X,,. The maps f combine to
amap fr: Wy — X, and we let X,,,11 = Cf,;, be its homotopy cofiber:

Wm Ifm Xm Tm Xm+1.

Each W, is finitely A-acyclic, since [Wp,, N]. = [[;. 4, x, [A, N]. vanishes if
N is finitely A-local. The homotopy cofiber of each Xg — X, is finitely A-acyclic,
by induction on m, so the homotopy cofiber of X — LQX is finitely A-acyclic, by
passage to the sequential homotopy colimit. Thus this map is a finite A-equivalence.
IfZeAandg: Z — LQX is any map, then g factors

9: 2 -5 X, — L X
through some X,,, since Z is finite. Here g is one of the components of f,,, o i,,g

is null-homotopic. Hence g is null-homotopic and [Z, LQX] = 0, so that L;X is
finitely A-local. O

In the resulting homotopy cofiber sequence
f
CiX — X 1 X

we call LQX the finite A-localization of X, and CﬁX the finite A-colocalization
of X. When A is the set of homotopy types of F-acyclic finite spectra, for a given
spectrum F, we say finitely F-local, finitely E-acyclic and finite E-equivalence for
finitely A-local, finitely A-acyclic and finite A-equivalence, respectively. We set
LELX = L)X and CLX = C) X,

When E = E(n) we write L} X = LT, X and C{X = Cf, X for the finite
E(n)-localization and finite F(n)-colocalization of X. Since a finite p-local spec-
trum is F(n)-acyclic if and only if it is K (n)-acyclic, these are the same as the finite
K (n)-localization and finite K (n)-colocalization of X, respectively.

ProposITION 13.3.3 ([Mil92, Prop. 5, Cor. 6]). A spectrum is finitely A-
acyclic if and only if it is the homotopy colimit of a sequence of maps with homotopy
cofibers that are wedge sums of integer suspensions of elements in A. Hence the
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finitely A-acyclic spectra span the localizing subcategory of Ho(Sp) generated by the
elements of A.

This follows from Miller’s proof, since X is finitely A-acyclic if and only if
LQX ~ x. In particular, the full subcategory of finitely E(n)-acyclic spectra is
equal to the localizing subcategory Ho(CJSp) generated by the finite p-local spectra
of type > n + 1.

PROPOSITION 13.3.4 (|[Mil92] Prop. 9, Cor. 11]). Finite A-localization is smash-
ing, so that
v ~ f
L)X ~XANLYS
for all spectra X. Hence Lf; 18 Bousfield localization with respect to the ring spec-
trum LiS.

The proof that X A LQS is finitely A-local uses Spanier—Whitehead duality.

PropoSITION 13.3.5 ([Mil92 Prop. 14]). If F is a type > n finite p-local
spectrum, with v, self-map v: X*F — F, then the map
F—v'F=T~L/F
inverting v is the finite E(n)-localization.

ProOOF. The mapping cone Cwv is finite and E(n)-acyclic, which implies that
the homotopy cofiber of F — v~ F = T is finitely F(n)-acyclic. Hence this map is
a finite F(n)-equivalence.

Let Z be any finite E(n)-acyclic spectrum, and consider any map g: Z — T. Tt
factors through ¥~™¢F — T for some m, since Z is finite. Write §: Z — "™ F
for one such lift. The trivial map 0: X¢Z — Z is a v, self-map, so (by the weak
uniqueness result Proposition the square

F

o™

79 L s-mdp

n—id 7 =g E—(i—&-m)d}r

T

commutes up to homotopy for some i > 0. This proves that g ~ 0, so T = v~ 1F is
finitely E(n)-local. O

We now follow Bousfield and Mahowald—Sadofsky, to show that the finite lo-
calization L can be rewritten as the Bousfield localization at T'(0) V -+ -V T'(n).

LEMMA 13.3.6. (T'(n)) > (K (n)) for each n > 0. Hence
(TO)V:---vT(n)) 2 (K0) V-V K(n)) = (E(n))
and there are natural transformations

LryX = L X = Lo X
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and
Lroyv-vrmX — LpmX = L, X .

PROOF. We have K (n).F(n) # 0 since F(n) has type = n. Any choice of v,
self-map induces an isomorphism in K (n)-homology, so K(n).F(n) = K(n).T(n)
is also nonzero. Hence K (n) A T(n) is a wedge sum of one or more suspensions
of K(n), and contains a suspension of K(n) as a retract. If T'(n).(Z) = 0, then
K(n) AT(n) A Z ~ %, and this implies K(n).(Z) = 0. O

DEFINITION 13.3.7. If (D) V (E) = (S) and (D) A (E) = (%), then we say that
(D) = (E)° is a (Bousfield) complement of (E).

Not every Bousfield class admits a complement, but for those that do it is
unique.

LEMMA 13.3.8. If (C) and (D) are complements of (E), then (C) = (D).

PRrROOF. If Ci(X) = 0 then (X) = (CAX)V(EAX) =(EAX) so (D)N{X) =
(D)ANENX)y=(DANEAX)=(x) and D,(X) = 0. Hence (C) > (D). The same
argument applies with C' and D switched. ([

LEMMA 13.3.9 (Ravenel [Rav84, Lem. 1.34]). For any self-map f: 24X — X
with homotopy cofiber Cf = X/f and telescope f~1 X, we have

(X) = (f1X) V(X/f).
Hence

(S)=(T0)V---vT(n)V(F(n+1)).

Proor. If X,Z = 0 then (X/f).Z = 0 by the long exact sequence, and
f~1X.Z = 0 by algebraic localization.

Conversely, if (X/f)«Z =0 then f.: X.Z — X147 is an isomorphism by the
long exact sequence, so X,Z = f~'X,Z since inverting an isomorphism has no
effect. If f~'X,Z = 0 it then follows that X,Z = 0. O

LEMMA 13.3.10. T(m) A F(n+ 1) ~ % for each m < n. Hence
(TO)V---VT(n)) AN(F(n+1)) = (%),
so that (F(n+1))¢ = (T(0)V---VT(n)) is a Bousfield complement.

PROOF. Letv: X?F(m) — F(m) be a v,, self-map. The smash product F(m)A
F(n+ 1) has type = n + 1, so both v, Aid and the zero map are v,, self-maps.
Hence v,,, Aid is nilpotent, by Proposition and its telescope T'(m) A F(n+1)
must be contractible. O

Let X be any spectrum, and consider the case A = {F(n + 1)} of Miller’s
homotopy cofiber sequence
ChX — X — L X.
By the construction
X=Xo—= = X = Xpuy1 = - = Xoo = LLX
with W, = X, = Xinp1, where W, is a wedge sum of suspensions of F(n + 1),
the finite A-colocalization C’JJZX is a sequential homotopy colimit along maps with

homotopy cofibers given by wedge sums of suspensions of F(n + 1). Hence it is
[F'(n+1), ]J«-colocal in the sense of [Bou79a, p. 369], and is a sequential homotopy
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colimit of finite T'(0) V - - - V T'(n)-acyclic spectra. In particular, CﬁX isTO)V---V
T'(n)-acyclic.

Moreover, [F(n + 1), LQX]* = 0, so the finite A-localization Lf;X is [F(n +
1), ].-trivial, and is equal to the [F(n 4 1), .-trivialization X ¥+ of X in the
sense of [Bou79al p. 371].

PROPOSITION 13.3.11 (Bousfield [Bou79a), Prop. 2.9]). If F is a finite spec-
trum, then (F) has the complement (F)¢ = (ST, where ST = L{F}S is the [F, ]«-
trivialization of S.

PROPOSITION 13.3.12 (Bousfield [Bou79bl Prop. 3.5]). If F is a finite spec-
trum, then a spectrum X is (S¥).-local if and only if [F, X]. = 0.

ProposITION 13.3.13 (Mahowald—Sadofsky |[MS95, Prop. 3.3]). (a) A spec-
trum is T(0) V -+ -V T(n)-local if and only if it is finitely {F(n + 1)}-local.

(b) Finite E(n)-localization, finite {F(n+ 1)}-localization and Bousfield T(0) V
-V T'(n)-localization all agree:

~ TS ~
LTfLX >~ L{F(n+l)}X - LT(O)V~~~VT(7L)X .

(c) Every T(0)V ---V T(n)-acyclic is a sequential homotopy colimit of finite
T(0) V.-V T(n)-acyclics.

PrROOF. (a) By Lemmas[13.3.8] [13.3.10| and Proposition [13.3.11) we know that
(T(0)V---VT(n)) = (F(n+1)° = (sT"D),
so by Proposition [13.3.12] any spectrum X is T'(0) V --- V T'(n)-local if and only if
[F(n+1),X]. =0, ie., if and only if it is finitely A-local for A = {F(n + 1)}.

(b) The finite E(n)-acyclics are generated as a thick subcategory by F'(n + 1),
so they generate the same localizing subcategory of Ho(Sp), which implies that
LIX = L{E(n)X agrees with L{F(nﬂ)}X. The equivalence with Ly g)y...vr(n) X
follows from (a).

(c) Suppose that Z is T(0) V- - -V T'(n)-acyclic. Since CJ{\Z isTO)V---VT(n)-
acyclic, it follows that LQZ is T(0) V --- V T'(n)-acyclic. By (a), Lf;Z is also
T(0) V---V T(n)-local, so it must be contractible. Hence Z ~ CiZ is a sequential
homotopy colimit of finite T'(0) V - - - V T'(n)-acyclic spectra. O

((ETC: Is LLF ~ Ly, F for F finite of type n?))
By analogy with the chromatic tower from Chapter 12, (1.1), (1.2) and (1.3),
there is a telescopic tower

Ho(Sp) — ... — Ho(L!Sp) — Ho(L!_,Sp) — ... — Ho(L{Sp)
of localization functors between the full subcategories
Ho(Sp) D --- D Ho(L{Sp) > Ho(L! ,8p) > --- > Ho(LSp)

that defines the telescopic filtration of (p-local) stable homotopy theory. Applied
to a spectrum X, this gives the telescopic tower

X— ... —LX—L x—. . —ILix

in Ho(Sp).
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It appears to be an open problem whether telescopic convergence holds, i.e.,
whether

X — holim LI X
n
is an equivalence for finite p-local X. As was noted in [MS95| p. 114] it is a split
injection, since the composite with
7: holim L{ X — holim L, X
n n

is an equivalence by the chromatic convergence theorem (Chapter 12, Theorem 7.3).

13.4. The telescope conjecture

Based on the results of Mahowald and Miller (Theorems [13.2.8) and [13.2.9)),
a hope to calculate the v,-periodic homotopy groups v, 7, F(n) = m.L{ F(n) for
n > 2, and the ability to calculate the chromatically localized homotopy groups
7« L, F(n) in some nontrivial cases (starting with n = 2 and p > 5, see Chapter 12,
Proposition 11.9), Ravenel made the following conjecture around 1977:

CONJECTURE 13.4.1 ([Rav84, Conj. 10.5]). (T'(n)) = (K(n)).

This is easy for n = 0, and follows from the cited results of Mahowald and
Miller for n = 1. Moreover, we already know that (T'(n)) > (K(n)) for all n. If
(T'(m)) = (K(m)) for all 0 < m < n then

(TO)V---VvT(n) = (K(O)V---V K(n)) = (E(n))
so that the natural map
LIX ~ Lyoyv..vrmX — Ly vimX = Ly X

is an equivalence. This is the usual formulation of the height n Telescope Conjecture
for X. It is equivalent to the assertion that a spectrum X is finitely F(n)-local if
and only if it is F(n)-local. It is also equivalent to the assertion that in Ho(Sp)
the subcategory Ho(Sp>n+1) of E(n)-acyclic spectra is generated, as a localizing
subcategory, by the (thick) subcategory Ho(Sp¥,, . ) of finite E(n)-acyclic spectra.

Since both Lf and L,, are smashing localizations, they commute with homotopy
colimits, so if the height n telescope conjecture holds for all finite (p-local) spectra F'
then it holds for all (p-local) spectra X. In particular, if a counterexample exists,
then there also exists a finite (p-local) counterexample.

If the height n telescope conjecture holds for a finite spectrum F', then it also
holds for all spectra in the thick subcategory generated by F. It is trivially true
for finite F' of type > n 4+ 1, The main case to consider is thus that when F' has
type = n.

In the case T(2) = vy 'S/(p,v1) for p > 5, Ravenel [Rav92b|, [Rav93],
[Rav95| made calculations with a localized Adams spectral sequence (similar to
Miller’s proof strategy for n = 1), that strongly suggest that m. T'(2) = vy ' m.(S/(p, v1))
is different from m,L2S/(p,v1). The latter is a subquotient of an exterior algebra
over K(2). on n? = 4 generators, while the former appears to be a subquotient of
an exterior algebra on only (”H) = 3 generators, tensored with (Z) = 1 factor(s)
of the form K(2).[Q/Z2)] = K(2)+[Z/2°]. The expectation is therefore that the
telescope conjecture is false for n = 2 and p > 5, and most likely for all n > 2 and
all p.
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Calculations for n = 2 and p = 2, leading to a similar prediction, were made by
Mahowald-Ravenel-Shick [MRSO01], but these efforts did also not reach a definite
conclusion.

More recently, Beaudry-Behrens-Bhattacharya—Culver-Xu [BBB'21] made
calculations with the tmf-based Adams spectral sequence at n = 2 and p = 2 (sim-
ilar to Mahowald’s proof strategy for n = 1). For a specific type 2 spectrum Z with
H*(Z;Fy) = A(2)//A(Q2) they obtain specific conjectures about the wvs-localized
Adams spectral sequence with abutment vy '7,(Z), which would contradict the
telescope conjecture.

In contrast to these partial calculations for finite spectra, complete computa-
tions of v,-periodic homotopy have been for some infinite spectra, including alge-
braic K-theory and topological cyclic homology spectra. Bokstedt—Madsen [BIM94],
[BM95]| calculated

T(1).K(Zy) = vi 'V(0).K(Z,)
at primes p > 3 to be a (finitely generated and free) K (1).-module of rank p+3. The
result agrees with L1V (0) A K (Z,) ~ V(0) AK°*(Q,), confirming the Lichtenbaum-—
Quillen conjecture for Q,, at these primes. Ausoni-Rognes [AR02] calculated

T(2).K(BP(1)) = vy 'V(1).K(BP(1))
at primes p > 5 to be a (finitely generated and free) K(2).-module of rank 4p + 4,
and Angelini-Knoll-Ausoni-Culver-Honing-Rognes (arXiv:2204.05890) calculated
T(3).K(BP(2)) = v3 'V (2).K(BP(2))
at primes p > 7 to be a (finitely generated and free) K(3).-module of rank 12p +
4. In the latter two cases the chromatic localizations LoV (1) A K(BP(1)) and

L3V (2) AN K(BP(2)) are not currently known, so at the time of writing (May 2023)
the telescope conjecture remains open.






CHAPTER 14

Galois extensions

14.1. Lubin—Tate spectra

Let k be a perfect field of prime characteristic p # 0, and let ® € k[[y1, y2]] be
a formal group law over k of finite height n < co. We will eventually focus on the
case k = Fy» and ® = H,,, the Honda formal group law, which is defined over Fp,
with p-series [p]m, (y) = v

The classifying homomorphism L — k for ® corresponds to a point Spec(k) —
Spec(L) = Mg — My in the moduli stack of formal groups. Lubin-Tate [LT66]
analyzed the formal neighborhood of this point, which is evenly covered by the
space of deformations of the formal group law ®.

Let R be any complete Noetherian local ring. We write m C R for the maxi-
mal ideal and 7: R — R/m for the canonical homomorphism to the residue field.
Completeness means that R 2 lim,, R/m™. If m is nilpotent then R is an Artinian
local ring, and vice versa.

If h: F — F' is a homomorphism of formal group laws over R, with F, F’ €
Rl[y1,y2]] and h € R[[y]], then the base change 7*h: 7*F — 7*F’ is a homo-
morphism of formal group laws over R/m, with 7#*F,7*F’ € R/wm[[y1,yz]] and
h € R/mlfy]].

DEFINITION 14.1.1. By a deformation (F,i) of ® over k to R we mean a field
homomorphism i: k¥ — R/m and a formal group law F over R such that i*® = 7*F

over R/m.

D P = T F <~ F

k—' 5 R/m+«" R

A morphism j: (F,i) — (F’,i’) of deformations can exist only if ¢ = ¢/, in which
case it is a homomorphism j: F — F’ of formal group laws over R that satisfies
m*j =id: 7#*F — 7*F’. Following Lubin—Tate, we say that j is a x-isomorphism.

7T*F<L|F
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Let DEF(®, k)(R) be the groupoid of deformations of ® over k to R, and let
Def(®, k)(R) = mo DEF (P, k)(R)
be its set of isomorphism classes. We write [F, 4] € Def(®, k)(R) for the x-isomorphism
class of (F,17).
Note that ¢ = ¢’ implies 7*F = i*® = (¢/)*® = 7*F’, so that the displayed
identity morphism exists. To see that DEF (P, k)(R) is a groupoid, note that 7*j =

id means that j(y) =y mod m[[y]],s0 j(0) =1 mod mis a unit in the local ring R.
The finite height assumption has the following consequence.

THEOREM 14.1.2 (|[LT66, Thm. 3.1]). There is at most one morphism j: F —
F' between any two deformations of ® overk to R. Hence the groupoid DEF(®, k)(R)
is discrete up to homotopy, and is equivalent to the set Def(®, k)(R) of isomorphism
classes of deformations to R.

ExAMPLE 14.1.3. The multiplicative formal group law F' = F,,, over R = Z,, is
a deformation of the multiplicative formal group law ® = F},, over k = F,,. The only
morphism j: F — F in DEF(F,,,F,)(Z,) is the identity, because if [n]g,, (y) =y
mod p, then n = 1, as we noted in Chapter 10, Example 2.4.

REMARK 14.1.4. For each R there is a pullback square
DEF(P,k)(R) —— FGL;(R)

| I

CRing(k, R/m) =% FGL;(R/m)

of groupoids, where the set CRing(k, R/m) is viewed as a discrete category. Passing
to nerves, we obtain a pullback square of simplicial sets. The functor 7* induces
a Kan fibration, since for any morphism in FGL;(R/m) and any choice of lift to
FGLi(R) of its (source or) target, there exists a lifting morphism in FGL;(R)
with that (source or) target. Hence the pullback square is also a (2-categorical
and) homotopy pullback. By Theorem each (homotopy) fiber is homotopy
discrete, so 7" is a covering space up to homotopy.

Moreover, Lubin—Tate show that the functor
R +— Def(®,k)(R)

is representable, i.e., that there is a universal deformation Frpr = Fppg ) of ®
over k to a complete Noetherian local ring LT = LT(®, k) with residue field k.

Recall that W (k) denotes the Witt vectors of k. Since k is perfect, it has the
universal property that each field homomorphism i: k¥ — R/m admits a unique lift
i: W(k) = R.

THEOREM 14.1.5 (|LT66, Thm. 3.1]). There is a deformation (Frr,id) of ®
over k to the complete Noetherian local ring

LT(®,k) = W(K)[[u1, ..., un—1]]
such that the natural function
CRing'*°(LT(®, k), R) — Def(®, k)(R)
g+ [9"Frr, g

is a bijection for all complete Noetherian local rings R.
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The local ring W (k)[[u1,...,un—1]] has maximal ideal (p,uq,...,un—1) and
residue field LT (®,k)/(p,u1,...,un—1) = k. We suppress the latter canonical iso-
morphism from the notation. By a local homomorphism ¢g: LT(®, k) — R we mean
a ring homomorphism mapping the maximal ideal (p, u1,...,u,—1) to the maximal
ideal m, and we write g: k — R/m for the induced homomorphism of residue fields.

EXAMPLE 14.1.6. The Lubin-Tate deformation of ® = F;,, over F,, is defined
over LT(F,,,F,) = W(F,) = Z,, and is equal to Frp = F,, over Z,. Hence the
formal group law associated to the standard complex orientation of KU, is the
universal deformation of the formal group law associated to the standard complex
orientation of KU/p.

The universal property only specifies the Lubin—-Tate deformation ring LT up
to isomorphism, and the Lubin-Tate formal group law Fpr is only defined up to
*-isomorphism. In particular, the deformation (moduli =) parameters u, ..., u,—1
are not canonically defined. In the case ® = H,,, the universal deformation Fpp
can be constructed so that its p-series satisfies

[p]FLT (y) = uiypi

modulo (p,...,u;_1) and terms of degree > p‘, for each 1 < i < n. Moreover
[p] Frr (y) = yp
modulo (p,...,u,—1) and terms of degree > p™. Hence the classifying ring homo-

morphism ¢g: L — LT from the Lazard ring satisfies v; — u; modulo LT - I; for
1 <i<nandv,— 1modulo LT - I,.

DEFINITION 14.1.7. Let
E(®,k). = LT(®,k)[u™']

with |u] = 2, so that E(®, k) = LT(®, k) = W(k)[[u,...,un-1]]. ((ETC: For
some purposes it is better to let |u| = —2.))

There is a graded variant of the Lubin—Tate formal group law Frp, defined
over E(®,k),, such that the classifying ring homomorphism ¢g: L = MU, —
E(®, k), satisfies

i

v; — wguP !
n__
Uy — uP Tt

for 1 <4 < n. Note that this makes E(®, k). satisfy the Landweber exact functor
theorem.

DEFINITION 14.1.8. Let E(®, k) be the spectrum representing the Landweber
exact homology theory

E(®, k). (X) = E(®,k). ®@yu, MUL(X).

In particular, moE(®, k) = E(®,k)o = LT(®, k). In the special cases k = Fp» and
® = H,,, the height n Honda formal group law, we let

En = E(anFP") .
In particular, moE,, = LT (Hy,Fpn) = W (Fpn)[[u1, ..., u,—1]] and
T B, = W(Fp")[[ulv cee >un—1]][ui1] .
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These spectra are known as Morava FE-theory spectra, completed Johnson—Wilson
spectra, or Lubin—Tate spectra.

EXAMPLE 14.1.9. E(F,,F,) = KU} = E;.

PROPOSITION 14.1.10. Each Lubin—Tate spectrum E(®,k) is K(n)-local. In
particular, E,, is K(n)-local.

PROOF SKETCH. Being Landweber exact of height n, these spectra are E(n)-
local. Since LT(®, k) is (p, u1, . .., un—1)-complete, so that 7. E(®, k) is I,,-complete,
it follows from [HS99al Prop. 7.10(e)] that these spectra are K (n)-local. O

Alan Robinson [Rob89] developed an obstruction theory (in terms of Hochschild
cohomology) for the existence of (associative = A, =) E; ring structures on spec-
tra, and applied it to prove that each Morava K-theory spectrum K (n) admits such
structures.

Andy Baker [Bak91| applied the same obstruction theory to prove that the
completed Johnson-Wilson spectra E(n)j\n also admit unique E; ring structures.
These are essentially the same as the Lubin-Tate spectra E(H,,F)).

An obstruction theory for diagrams of E; ring spectra was developed by Mike
Hopkins and Haynes Miller, see [Rez98], and also shows that each Lubin-Tate
spectrum E(®, k) has a unique E; ring structure.

Thereafter, an obstruction theory for diagrams of (commutative =) E, ring
spectra (in terms of André—Quillen cohomology) was developed by Paul Goerss and
Mike Hopkins [GHO4|. In particular, this shows that each Lubin—Tate spectrum
E(®,k) has a unique E,, ring structure. This is the “F,, is E.” theorem.

((ETC: Also let E = E(H,,,F,).))

14.2. The stabilizer group action

The Lubin-Tate deformation Frr over LT(®,k) depends functorially on @
over k. Hence the extended Morava stabilizer group, i.e., the profinite automor-
phism group Aut(®, k), acts on LT (®,k), and this action lifts to a (continuous!)
action on E(®,k). In particular, G,, = Aut(H,,,F,n) = S,, x Gal(F,» /F,) acts on
E, = E(H,,F,»).

((ETC: Also G = Aut(H,,F,) =S, xGal(F,/F,) acts on E* = E(H,,,F,).))

DEFINITION 14.2.1. An automorphism (h,v) of (®,k) is a field automorphism

v: k — k and a formal group law isomorphism h: v*® — ®. These form the
group Aut(®, k), with composition law

(h1,71) © (h2,72) = (h1 0 Th2, 71 072).
If ® is defined over F), C k, then v*® = @ in each case, and

Aut(®, k) = Aut(®/k) x Gal(k/F,) .
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i o
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DEFINITION 14.2.2. Let
[F,i] = [F/R,i: k — R/m]
be a deformation of ® over k to a complete Noetherian local ring R, and let
(h,y)=(h:v*® = &, v: k = k)
be an automorphism of (®, k). The natural (right) action
Def(®, k)(R) x Aut(®, k) — Def(®, k)(R)
is given by
[Fyi] - (h,y) = [F',in],
where F’ is the source of an isomorphism h: F’ — F over R such that i*h = 7*h.

(Such lifts h(y) € R[[y]] exist, since 7: R — R/m is surjective. Any two choices of
lifts h differ by a x-isomorphism, so the deformation class of (F”,iv) is well-defined.)

o (1) = F T P

]v* }d* }d*

VO (i) ® = T

| l
~h i*h=r"h =|h
J . 1 .

P— " P=q*"F+—F

k—" s R/m«—" R

Jw
k : R/m+—"—R
((ETC: Maybe explain the action of h € Aut(®/k) and of v € Gal(k/F,)
separately, when ® is defined over F,, so that v*® = &.))
The action of Aut(®,%) on Def(®, k)(R) = CRing'°°(LT, R) is natural in R,
hence must be induced by an action on the Lubin-Tate ring LT = LT(®, k) through
local ring homomorphisms.

id id
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More explicitly, (h,v) € Aut(®,k) takes the universal deformation [Fpr,id]
to LT to the deformation [Fpr,id] - (h,v) = [F’,~] where F”’ is the source of an
isomorphism h: F!' = F 7 over LT such that h = 7*h over k. There is then
a unique local ring homomorphism ¢: LT — LT such that [¢*Fp7,g] = [F',~].
This means that § = v (so that mg = 7), and there is a (unique) *-isomorphism
j:g*Frp — F' over LT.

W *
(I)Il—><p:7T*FLT(7r—|FLT

1 Y =9 g
: {

) |7—>7*<I> =7m*¢g*Frr <Lig*FLT

id id =

[

* *

O = F

7*@ id” ,y*q) — 7T*F/ L F/

:Jh . h:j*il =h

d *

Pr—— & =1*Frp —— Frp
k id ke—FT LT

id 'Y‘:.‘J lg
k il k il LT
l"f id id
k d ke—0T" LT

Replacing h by h o0j: g"Frr — Frpr, we may assume that j = id. To each
automorphism (h,y) there thus exists a unique ring automorphism ¢g: LT — LT
and a unique formal group law isomorphism h: g*Frr — Frr, subject to the
conditions g = v and 7*h = h.

W .
" & =1*Frp+——AFpp

Y Y =9 g
] *

v P LN V0 =1*g* Frp +—— g*Frp

d *
(I>|1—><D:7T*FLT(7F—|FLT
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Recall that for a regular (= normal) covering space 7: Y — X with group G
of covering transformations, there is a pullback square

Y xG——Y
o]
Yy —— X
sothat Y xG=2Y xx Y.

THEOREM 14.2.3 (|Goe, Thm. 7.16]). Let Frp: Spf(LT(®,k)) — My, denote
the map representing the Lubin—Tate formal group (law) over the Lubin—Tate ring.
There is a homotopy pullback square

Spf(LT(®, k) x Aut(®, k) —— Spf(LT(, k))

prlJ{ J’FLT

Spf(LT(®, k)) fir My, .

The orbit stack Spf(LT(®,k))// Aut(®, k) is the formal neighborhood of ®/k in
M.

SKETCH PROOF. A map from Spf(R) to the (2-categorical or) homotopy pull-
back corresponds to two deformations [F, 4] and [F’,i'] of ®/k to R, and a formal
isomorphism h: F' — F. We may suppose that i and i’ are isomorphisms. Let
v =141, so that iy = i’, and let h: v*® — ® be determined by i*h = 7*h. Then
(h,~) is the unique automorphism such that [F,i] - (h,7y) = [F’,4]. Hence the map
from Spf(R) corresponds naturally to the pair ([F,i], (h,7)), mapping under pr; to
[F,i] and under - to [F”,#]. O

For each (h,7) € Aut(®, k), the associated local ring homomorphism g: LT —
LT and formal group law isomorphism h: ¢* Frr — Fir determines a morphism

E(®,k).(X) = LT @y, MU, (X)
I LT @pu. MU,MU @, MU, (X)

1%1 LT @pmu, LT @pu, MUL(X)

29 LT @pp. MUL(X) = E(®, k), (X)
of Landweber exact homology theories. (We write MU, and MU,MU in place
of L and LB to avoid notational similarity with LT = LT(®,k) = moE(®,k).)
Here v: MU, (X) — MU.MU ®py, MU.(X) denotes the standard MU, MU-
coaction. The ring homomorphism h: MU, MU — LT represents the isomorphism
h: g*Frr — Frr. See |[Rez98, §6.7] for a discussion of how to arrange that the
graded version of h is a strict isomorphism.

This morphism of homology theories is represented by a map

(h,y): E(®,k) — E(®,k)

in the stable homotopy category. This defines an action in Ho(Sp) of Aut(®, k) on
E(®,k).
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EXAMPLE 14.2.4. Recall that Aut(F,,F,) = Aut(F,/F,) = Z;. For n €
Z) the automorphism [n]r,, of Fy,/F, acts on E; = KU as the p-adic Adams
operation ™.

The principal achievement of the Hopkins—Miller and Goerss—Hopkins obstruc-
tion theories is to promote this group action in Ho(Sp) to a group action on (asso-
ciative =) E; ring spectra and (commutative =) E., ring spectra.

THEOREM 14.2.5 (Hopkins-Miller [Rez98| Thm. 7.1]). For any two Lubin—
Tate spectra E(®,k) and E(®', k') the space of E1 ring maps E(®, k) — E(P' k')
is homotopy equivalent to the (profinite) set of morphisms (h,v): (®,k) — (®', k'),
where v: k — k' is a field homomorphism and h: v*® — @' is a formal group law
isomorphism.

Hence the action of Aut(®,k) in Ho(Sp) on E(P,k) lifts uniquely to a (con-
tinuous) action in the category of By ring spectra (= associative orthogonal ring
spectra). In particular, G, acts (continuously) on E,, through E, ring spectrum
maps.

THEOREM 14.2.6 (Goerss—Hopkins [GHO04, Cor. 7.7]). For any two Lubin—Tate
spectra E(®,k) and E(®', k") the space of B ring maps E(®, k) — E(P', k') is
homotopy equivalent to the (profinite) set of morphisms (h,vy): (®,k) — (®', k'),
where v: k — k' is a field homomorphism and h: v*® — @' is a formal group law
isomorphism.

Hence the action of Aut(®, k) in Ho(Sp) on E(®,k) lifts uniquely to a (con-
tinuous) action in the category of Eoo ring spectra (= commutative orthogonal ring
spectra). In particular, G, acts (continuously) on E, through E. ring spectrum
maps.

REMARK 14.2.7. In each case the assertion that the action is continuous re-
quires further work, see work by Daniel G. Davis, Gereon Quick and collaborators.
It can now be handled by working over suitable perfect [F-algebras in place of per-
fect fields, as in Lurie’s account [Lur, §5]. An alternative is to work with “condensed
sets”, as in the work of Clausen—Scholze. As long as one considers finite (hence dis-
crete) subgroups of Aut(®, k), continuity is not an issue. See Gregoric |Gre| for a
recent approach.

As a consequence of these theorems, any diagram of finite height formal group
laws over perfect fields of characteristic p can be lifted to a diagram of (associative
or) commutative orthogonal ring spectra. Unlike in Ho(Sp), it makes good sense
to form homotopy limits of such orthogonal ring spectra. For example, for each
subgroup H C G,, we may consider the homotopy fixed points

(taking the topology on H into account). There is a conditionally convergent left
half-plane homotopy fixed point spectral sequence

£2, = H,;*(H;mE,) = m_(EM)
which is usually (always?) strongly converent.

EXAMPLE 14.2.8. Consider n = 1 with 7. F; = mKUpA = Zp[uil].
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For p odd the maximal finite subgroup of G; = Z) is A = Z/(p — 1). The
homotopy fixed point spectral sequence

€l = H (A Zp[wt]) = Zp [P~V = 7, (B1)

collapses at the £2-term, and identifies Ef"® with the p-complete Adams summand
. +1
Ly = E(1), of KU)» with m. L)y = Zy[vi"].
For p = 2 the maximal finite subgroup of G; = ZJ is A = {£1}, which acts by
sign on myFy = Zo{u}. The homotopy fixed point spectral sequence

£2, = H (A La[u™)) = Za[n, w™?]/(20) = m.(B1®)
has a nonzero differential d®(u?) = 73, and collapses at
gL, = EX, = La[n, A, B¥']/(2n,n°,nA, A* = 4B)

with A = 2u? and B = u*. This identifies Ef® with 2-completed real K-theory
KO).

For H maximal finite in G,,, the spectra
FEO,, = EM
are sometimes known as higher real K-theory spectra.

EXAMPLE 14.2.9. Early calculations with H = Z/p were made by Hopkins—
Miller for n = p — 1, and written out for n = 2 and p = 3 by Goerss—Henn-
Mahowald-Rezk |[GHMRO5|.

For n = 2 and p = 2 the extended Morava stabilizer group G2 = Ss X Z/2 has
the maximal finite subgroup Gys = AyxZ /2 of order 48, which is also the extended
automorphism group of the unique supersingular elliptic curve over F4. This leads
to the equivalence

Lic(2) TMF =~ EO, = E}©4

between K (2)-local topological modular forms and this case of higher real K-theory.
The structure of the homotopy fixed point spectral sequence

53,* = H " (Gug; 1 By) = m, ENC = s L e (2) TMF

has ((ETC: check)) been documented by Hans-Werner Henn. Another source for
this abutment is [BR21].

REMARK 14.2.10. The precise calculation of the action of Aut(®, k) on LT (®, k),
i.e., of the extended Morava stabilizer group G,, on the coefficient ring =, (E,,) of the
n-th Lubin-Tate ring spectrum, is a difficult task. In Devinatz—Hopkins [DH95|
the action is compared to a more explicit action on a “divided power envelope” of
7« (Ey). In Hopkins—Gross [HG94] this is formulated in terms of a rigid-analytic
“crystalline period mapping” to a projective space. Partial results for the action by
finite subgroups, or for simpler coefficients, are of current computational interest.

14.3. The Devinatz—Hopkins Galois extensions

Recall that for a G-Galois extension R — T of commutative rings, the ho-
momorphism h: T @r T — [[, T given by t1 @ to + (t1 - g(t2) | g € G) is an
isomorphism.
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By analogy with the Morava change-of-rings theorem and Theorem
Devinatz—Hopkins [DHO4] show that the map

h: E’n A En — HEn - F(Gn-i-yEn)
Gn
b1 A bg — (bl . g(bQ))gEGn
is a K(n)-local equivalence. Here the product (or function spectrum) takes the

profinite topology on G,, into account. This implies that the cosimplicial resolution
(= Amitsur complex)

p—
4> <;
S—E,+—FE,NE, —E,NE, NE,

is K(n)-locally equivalent to the cobar construction

—
H %
ElS — B, =[] EB. =] B~
Gn G2
for the homotopy fixed points E"¢» = F(EG,,,, E,)®". (There are technical issues
here, regarding the continuity of the G,-action on F, and how to account for

the topology on G, in these products, which are resolved in an ad hoc manner
in [DHO4].) In the framework of |Rog08], this has the following formulation.

THEOREM 14.3.1. There is a faithful K(n)-local G, -pro-Galois extension
L,S = LguS~E" — F,
of Eso Ting spectra.

There is a bijective Galois correspondence |[Rog08, Thm. 7.2.3, Thm. 11.2.2]
between the separable subextensions of F,, and subgroups of G,,.

COROLLARY 14.3.2. For each finite spectrum F there is a conditionally con-
vergent homotopy fized point spectral sequence

&}, =H *(Gp;m(En ANF)) = mopy L) F .

When F has type > n it agrees with the E(n)-based Adams—Novikov spectral se-
quence for LyF ~ L, F.

See also [Gre].

EXAMPLE 14.3.3. For n = 1 and p odd, the continuous Z;-homotopy fixed
points of K Ulﬁ\ agree with the homotopy equalizer of ¥9 and 1, where ¢ is a topo-
logical generator of Z, so that

LS ~ (KUM"» ~ J) .
For n =1 and p = 2, the continuous Z -homotopy fixed points of KU} agree with

the (1 + 47Z)-homotopy fixed points of (KU4)"*1} ~ KOJ, which in turn agrees
with the homotopy equalizer of 1»®> and 1 acting on KOZ, so that

LS =~ (KU ~ Jp.

Recall the notation E™ = E(H,,F,), with Aut(H,,F,) = G = S, x Z,
where Z = Gal(F,/F,). Like Theorem [14.3.1| above, there is a faithful K (n)-local
G}'-Galois extension Ly () S — Ep".
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THEOREM 14.3.4 (Baker-Richter [BRO8b|). Let p be odd and n > 1. Then
EP* is separably closed, in the sense that it admits no proper, connected K (n)-local
Galois extension.

Hence the profinite completion G2' of the unit group D¢ (of the central simple
Qy-algebra of invariant 1/n, see Chapter 10, Remark 7.14) is realized as the absolute
Galois group of the K(n)-local sphere. It is the fundamental group of the formal
neighborhood of H,, over Fy,» in M¢,, with universal cover given by the Lubin-Tate
formal group law over Spf(moEL").

14.4. ((ETC: Unfinished business))

14.4.1. Stable comodule categories. Too little structure in target (abelian,
not triangulated) may mean that the chromatic localization is too weak (loses too
much information) and that a finer target, giving a stronger (telescopic) localization,
is more interesting. Derived or stable co-categories; Hovey, Strickland.

14.4.2. Elliptic cohomology and topological modular forms. Map from
moduli stack of (generalized) elliptic curves to (finite height) formal groups. Elliptic
cohomology.

14.4.3. Redshift. Algebraic K-theory computations using topological cyclic
homology of telescopic (rather than chromatic) homotopy groups.

14.4.4. Chromatic Nullstellensatz. Burklund—Schlank—Yuan: The chro-
matic Nullstellensatz (arXiv:2207.09929).

14.4.5. Chromatic Fourier transform. Barthel-Carmeli-Schlank—Yanovski:
The chromatic Fourier transform (arXiv:2210.12822).






APPENDIX A

The Adams spectral sequence

A.1. The E-based Adams spectral sequence

We turn to the sequence of spectra Y, from Example 1.3 of Chapter 8, and its
associated spectral sequence, namely the F-based Adams spectral sequence. Let Y
be any orthogonal spectrum, let (E, 7, ¢) be a ring spectrum up to homotopy, and
let E = Cn, so that we have a homotopy cofiber sequence

(A1) >1'E—SLE—E

(with I = X7'E and £I = E in the notation of the cited example). We let Yy =Y
and iteratively define Y,,; = L"!E A Y, for s > 0, so that we have homotopy
cofiber sequences

Ys+1i>ysi>E/\Ysl>ZYs+1

given by smashing (A.1]) with Y;. In particular Y; ; = Ca = EAY; and 8 = nAid.
We also let Y =Y for s < 0, so that

v = (STYEYNSAY  for s >0,
Ty for s <0,

and

V.- EAN(ZTIEYAY  for s >0,
ST )« for s < 0.

Hence the chain of homotopy cofiber sequences

Vs ——Yy—" =Y —— Yy —

X N S
N N
BN JB NN lﬁ NN lﬁ
N AN N

Yo Yia Yo,1

) s

appears as follows.

= (ZTIEYSBAY S (BTIE)YVAY 2 ST EAY — 2 Y L

1S S ~
T o T < ’Y\\
~

EAXTIEY2AY EAST'EAY  EAY
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Replacing Y, and Y ; by ¥X°Y, and X°Y; ;, respectively, we can also draw this as
follows.

e EMAY - B AY -~ C LS EAY - - % Y

I N N
EANEMAY EANEANY EANY

We think of these diagrams as spectrum level resolutions of Y by spectra of the
form E A Z for some spectrum Z, which in a sense are injective to the eyes of
E-homology, or (in good cases) projective to the eyes on E-cohomology.

Applying homotopy we obtain an unrolled exact couple

Qx

o (V3) — s (Vo) ——— . (V1) T (Yo) = 1 (Y)

X < ®
me(Ya1) me(Y1,1) T4 (Yo0,1)
with
(Y, = m(ET B AY)
T (Ys1) = m(EA(ZTTE)MAY)
for all s > 0. The associated spectral sequence is the E-based Adams spectral

sequence, which is concentrated in the half-plane s > 0. Clearly Y =Yy~ Y_ =
hocolimg Y, so we take G = 7. (Y") as the abutment of the spectral sequence, writing

£ = i (Yor) = m(Y).

However, Y., = holim; Y, will not generally be trivial, so (conditional) convergence
is not guaranteed. Following Bousfield, one way to achieve this is to replace Y by
its E-nilpotent completion Y2, defined as the homotopy cofiber of Yo, — Y, and
the convergence problem for the Adams spectral sequence is then to recognize this
completion.

In order to obtain an algebraic description of the E-based Adams &;- and ;-
term, we hereafter assume that E is homotopy commutative and flat, so that E,F
is flat as a (left or right) E,-module. The pair (E., E.FE) is then a Hopf algebroid,
and there is a natural left E,F-coaction

v: B, (X) — E,E®p, E,(X)

for each spectrum X. Let HomY, ;(E., E+(X)) denote the abelian group of E, E-
comodule homomorphisms X!E, = E,(S*) — E.(X), for each t € Z, and write
Hompg, g(Ey, E.(X)) for the resulting graded abelian group.

LEMMA A.1.1. The natural homomorphism
m.(X) -4 Homp, 5 (E,, E.(X))
[f: 8" —= X] = fo: Eo(S") — E«(X)
is an isomorphism whenever X ~ E N Z for some spectrum Z.
PROOF. There is an equalizer diagram

Homp, p(E., E.(X)) —— E.(X) __| E.E®p, E.(X),
Nr®id
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where ¢ evaluates a homomorphism at 1 € E, and nr ® id maps z to 1 ® =z.

Hence Hompg, g(Ey, E«(X)) = E.Og, g F.(X) = PE.(X) is the subgroup of E, E-
comodule primitives in E,(X). The fork diagram

m(X) 4 B, (X) — I E.E®p, E.(X),

ﬂ
nr®id
can be rewritten as
nAid id AnAid
(X)) —— m (B A X) . m(EANEAX),
nAid A 1d

and when X = E A Z it extends to a split equalizer diagram

. id AnAid
T (EAZ) S r (EAENZ) 2 n(EANEANEAZ)

PAid id AgAid

as in [Mac71} §IV.5]. In particular, it is then an equalizer, so that d is an isomor-
phism. (I

Hence we can recover the homotopy groups £;" = m,(Ys,1) = m(E A Ys) from
the E, E-comodules E, (Y} 1). To make use of this, we apply E.(—) to the chain of
homotopy cofiber sequences, and obtain an unrolled exact couple

i B (Ys) — 5 B (Ys) —— B (V}) —— E.(Y}) = E.(Y)

IS X IS
> B B> 5
~ « ~ « «
RPN LN T
~N N ~

E* (}/2,1) E* (Yl,l) E* (}/0,1) )
in the (abelian) category of E,FE-comodules. Here B,: E.(Y;) — E.(Ys,1) can be
rewritten as
T (ENY,) A (EAEAY,)
and admits the E.-linear retraction

id
T (EANEANY,) S r(EAY,),
since ¢(id An) = id by (right) unitality. Hence each §, is injective, so by exactness
a, = 0 and 7, is surjective, for each s. We can therefore redraw the diagram above
as

E.(33Ys) E.(32Ys) E.(XY1) E.(Yy) = E.(Y)
OIS IESNTT
e E.(X?Ya)) E.(XY1,1) E.(Yo1),

consisting of the short exact sequences

0= B.(Y,) 25 B (Y1) 25 Bu g (Yagr) = 0
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of F, E-comodules. Each underlying short exact sequence of E,-modules is split by
¢ Aid, but the splitting is usually not E,E-(co-)linear. Now we splice these short
exact sequences to obtain a long exact sequence

e B (5a) 2 B(5Y10) X B (You) & EL(Y) +—0
of E,E-comodules. By Lemma[AT.T|we now have an isomorphism from the Adams
spectral sequence (&1, d;)-term
3 di 2 d; dy
R ﬂ*(z Y371) <— ﬂ*(z YP271) — ’/T*(EYLl) < ’/T*(YL()) «—0

to the cochain complex

.. «— Homp, g (E., E,(3%*Y3,1)) &2 Homg, p(E., B, (X2Va1))

AL Hompg, g(E., E«(XY11)) & Hompg, g(Ex, E«(Y10)) «— 0

Letting
I’ = E*(ZS}/SJ) = E*(E A Ye) = E*E ®E* E*(YS)

and & = B,7. we have a resolution
PR L LI C DL DL L PEER O 0
of the E,E-comodule E.(Y) by extended E,FE-comodules. These are relatively
injective, in the sense that for any diagram of F, F-comodules
0 —— M, —— N,
|~
e
%4

IS

with M, — N, split injective in the underlying category of F,-modules, there exists

a dashed arrow making the triangle commute. With this notation, the Adams
(&1, dy)-term is isomorphic to the cochain complex

...« Homp. p(E,, I*) <> Homp._p(E,, I?)
<& Homg, p(E,,I') <& Homp, p(E,, 1°) «— 0

obtained by applying the functor Hompg, g(E., —) the relatively injective resolu-
tion (I°,0)s of E.(Y). By the comparison theorem in homological algebra, any
two relatively injective E,FE-comodule resolutions of E,(Y) are chain homotopy
equivalent, and give chain homotopy equivalent cochain complexes after applying
Hompg, g(E«, —). The cohomology of this cochain complex is therefore independent
of the choice of resolution, and defines the F,E-comodule Ext-groups

Exth p(Ey, E.(Y)) = H*(Homg, g(E.,I"),9).
As usual, Ext}, p(E,, E.(Y)) = Homg, p(E,, E.(Y)).
THEOREM A.1.2. The E-based Adams spectral sequence for Y has Ea-term
E)" =Exty p(Ey, E.(Y)) =, m(Y).

More precisely,
E5" = Bxt (B, Bu(Y)) = mi_s(Y)

with d,-differentials d,.: £t — ESTTL of bidegree (r,r — 1).
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The image groups
F°r (V) = im(m.(Ys) — m(Y))
define the decreasing Adams filtration
L CF (YY) C P (Y) C - C FOm(Y) = m(Y),

where s is often called the Adams grading (or cohomological degree). To keep track
of the grading of 7.(Y), we set

HomY, g(E.,I%) = Homp, (X' E,, I°)
EXt;iE(E*’ H*(Y)) = HS(HomtE*E(E*a Is)a 6) )
so that
T (Ysa) = [S™, Ys1] 2 [S"F5, %Y} 4]
= Homp, (X" E,, E.(X°Y;,1)) = Hom} 3,(E., I°) .

Letting t = n + s be the internal grading (and n = ¢t — s the topological grading)
we denote this group by ', so that

&' = Homy,_p(E.,I%)
&' = Exty. p(Ex, E.(Y))

and (%: Fem,(Y)/F*Tin,(Y) — 55T, The d,-differential is derived from

r—1
Tp—s—1(Yoqr) — Tp—s—1(Yet1)

lﬂ rx
7"-iffsfl(yv&k'r,l) Wtfs(yvs,l)

hence has components d,.: £3% — ESTHHT=1 of (s,t)-bidegree (r,r — 1), for all s
and t.

It is traditional to show the Adams spectral sequence in the (¢ — s, s)-plane,
called Adams bigrading, and in these coordinates the d,-differential has (¢ — s, s)-
bidegree (—1,r). This is an upper half-plane spectral sequence with entering dif-
ferentials. Here is the (&1, d;)-term, with Sf’t =m_s(Ys1) = Hom%*E(E*, I?).

m0(Y3,1) m1(Ys,1) m2(Ys1)

mo(Y2,1) 7m1(Ya,1) m2(Y21)

mo(Y1,1) m1(Y11)

///

70(Yo,1) m1(Yo,1) m2(Yo,1)

)
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Next is the (&2, ds)-term, with 5 = Exts:E’iE(E*, E.(Y)), writing Hom in place of
Ext’.

Exty’(Ey, Bu(Y)) Exty!p(Ey, B.(Y)) Exty’p(Ey, B (Y))

Exty’ (B, B.(Y)) Exty’ (B, E.(Y)) Exty(Ey, B.(Y))

Exty! g(Ex, Eo(Y)) Exty’ (B, Eo(Y)) Exty’p(B., B.(Y))

HomY, g(E., E.(Y)) Homy, g(E., E.(Y)) Hom?, (B, E.(Y))

Eventually we come to the E,-term, showing £5¢ in bidegree (¢ — s, s).

3,3 3,4 3,5
&L &3 &L

| | |

| | |

| | |

2,2 2,3 2,4
&L &L &L

| | |

| | |

| | |

1,1 1,2 1,3
&3 &3 &L

| | |

| | |

| | |

0,0 0,1 0,2
&l & &l
n=>0 n=1 n=2

Regarding topological degree n, we find the groups £5;"~° in the n-th column, for
s > 0. When we have convergence, so that each (*: Fém,(Y)/F*Tim, (V) = E5n—s
is an isomorphism, that column shows the associated graded of the Adams filtration
of 7, (Y), with the lower filtrations s near the bottom of the chart. The extension
problem in degree n is to inductively determine the group extensions

T (Y) T (Y)

Frim(Y)  Fmy) O

0— 5" —

When we have strong convergence, that filtration is complete and Hausdorff, so that
T (Y) = limg 7, (Y)/F*m,(Y) can be recovered from the finite stage extensions.
The edge homomorphism

0
(V) = FOm, (V) = FOmy(Y)/Flrn (V) < €27 € £9" = Hom},_p(E., E.(Y))

is precisely the natural homomorphism d from Lemma
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A.2. Pairings of Adams spectral sequences
Given a pairing u: YAY’ — Y of orthogonal spectra there is a natural pairing
ot E(V) @ E(Y) — (V)
of Adams spectral sequences, given at the E-term by the algebraic pairing
pz: Extp g(Ey, Ex(Y)) @ Exte, g(Ex, Ex(Y')) — Extp, g(E., E.(Y")),
and with target the pairing
po: T (V) @ (V') — m (Y.

To justify this, we assume that the canonical Adams towers Y, and Y/ of Y and
Y’ have been cofibrantly replaced (the projective stable model structure on such
towers), so that each Y; and Y/ is a cell spectrum, and each map Y,11 — Y;
and Y, ,; — Y, is a composite of cell attachments. We may then assume that
Y_oo = U, Ys = colimg Yy and Y/ =, Y. = colimy Y. Then the convolution
product (Y AY’), is the tower with

(Y/\YI)SN = U Y;/\Y;//:

s+s'>s"

colim Yo AY!, CY_ o AY! .
s+s/>s!

This is again cofibrant, with filtration quotients

YAY)wrn= \/ YarAY,,

s+s'=s""

and the diagram

o (YAY )3 —= (Y AY)y —2— (Y AY) —— (Y AY ')y

S S S
~ ~ ~
~ ~ ~
~ ~

(Y AY' )21 Y AY')11 Y AY)on

is an Adams resolution of (Y AY”)y =~ Y AY’, in a more general sense than the
canonical Adams resolutions we have discussed so far. ((ETC/BEWARE: This
appears to assume that E.(Y AY") 2 E, (V) ®pg, E.(Y"), which holds if E.(Y) or
E.(Y’) is flat over E,.)) This uses that each spectrum (Y AY”)s 1 has the form
E A Z, and that the cochain complex

e B (SHY AY)21) 2 B(S(Y AY) 1) Y B (Y AY o) <— 0
is the tensor product I* ®g, 'I* over E, of the E,-split E, E-comodules resolutions
I* ~ E.(Y) and 'IT* ~ E.(Y’), with cohomology E.(Y AY’) concentrated in degree
s” = 0. This is equivalent to the condition that a.: E.(Y AY')sy1) = E (Y A
Y"),) is zero for each s > 0.

Moreover, there is a weak map of Adams towers (Y AY’), — Y/, making the
diagram

..*)(Y/\YI>3L>(Y/\Y’)QL>(Y/\Y/)1L>(Y/\Y/)0

Lo | |

" " o " o "
Y3 Yy Yy Yo
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commute up to homotopy. This is constructed inductively, by noting that

(Y A\ YI)S//+1 N (Y A Y/)SH — Y/ i) szl///’l =FEA YYS////

g
is null-homotopic by a generalization of Lemma
The strict pairing of towers then gives a pairing of spectral sequences
EYV)REY) — E(Y AY)
as before, while the weak map of towers gives a map of spectral sequences
E(YANY') = E(Y")

which combine to the desirect pairing of Adams spectral sequences. The spectral
sequence &.(Y AY’) is more general than the canonical Adams spectral sequences
we have discussed here, but it agrees with the canonical Adams spectral sequence
for Y AY’ from the &-term and onward.

The first pairing of £;-terms can be identified with the pairing

Homg_g(E.,I?) @ Homp, g(E,, I° ) — Homp. g(E,, (I* @ 'T*)*t%)
that induces the external pairing
Ext}y, p(Ea, Eu(Y)) @ Bxtp, g 8 (Be, Bu(Y')) — Ext3 5 (B, E.(Y AY"))

of &-terms. The weak map of Adams towers then induces the standard homomor-
phism
Bxt}, 5B, B.(Y AY')) — Bxty, p(B., B (Y")),
and these combine to the expected pairing of Adams E>-terms.
((ETC: I believe this result cannot be justify purely within the stable homotopy
category.))

A.3. The cobar resolution

Suppose, until further notice, that E is an orthogonal ring spectrum. The
Amitsur complex is the coaugmented cosimplicial diagram

nAid Aid
nAid Snid
U] S — PN
S E ENE —idanAid— . ..
_ ——id A¢
id An
id Aid An

of orthogonal spectra, i.e., a functor A, — Sp® where A, is the simplex category
A together with an initial object [—1]. The functor maps [¢g] = {0 < 1--- < ¢} to
EA---AE with 14q copies of E, the face operators/monomorphisms [p] — [¢] induce
maps invoving the unit n: S — E, and the degeneracy operators/epimorphisms
[p] — [g] induce maps involving the product ¢: E A E — E. More precisely
6 Jg—1] = [g] for 0 < i < g is given by id" A Aid?7": BN — EMNT while
o7 [q+ 1] = [q] for 0 < j < ¢ is given by id™ A A1d?77 . EAVFaHL o pAlta,
The homotopy limit (or totalization) of the unaugmented part of the diagram,
i.e., with ¢ > 0, is called an E-adic completion S7 of S, and we obtain a completion
map 7: S — Sp.
We can smash the diagram (from the right, say) with any given orthogonal
spectrum Y and obtain an Amitsur complex
. —
LN [ — DY) 5/ G —
4> <—
-
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with homotopy limit Y7, together with a completion map ny: Y — Y2 lifting
1 Aid. If we smash either one of these diagrams (from the left, say) with E, then
the product ¢ equips the resulting diagram with an extra degeneracy operator !,
or cosimplicial contraction, given by ¢ Aid"?Aid: EN?T4AY — ENHOAY for

q=>0.

HAid dAId Aid #Aid Aid Aid

/\/—\

EANY ——— EANEAY ¢——— EANEANEANY — ...

—_—
This implies that EAY — (E AY)} is an equivalence.

The corresponding construction at the level of homotopy groups provides a
resolution of m.(EAY) = E.(Y) by extended E,E-comodules. To effect this, we
allow F to be a ring spectrum up to homotopy, but assume that it is flat, so that
(E., E.E) is a Hopf algebroid. For each ¢ > —1 let

C1=Cf p(E.E,E(Y)) = E.E®p. -+ @p, E.E®p. E.(Y)
= 1 (EANEN---ANENY)

with 1+ ¢ copies of E,E, and 2 + ¢ copies of the spectrum E. Note that C~! =
E,(Y). We get coface operators §°: C7~1 — €9 for 0 < i < ¢, given by id®" @y ®
id®?™ for 0 < i < ¢, while §7 is given by id®? ®v. Here 1: E,E ®p, E,F is the
Hopf algebroid coproduct, and v: E.(Y) — E.E ®pg, E.(Y) is the coaction.

60
0 §° s
E.(Y)— 5 EE®p E.(Y) ' E.E®p E.E®p E.(Y)—5— ...
st 2

((ETC: Get a cosimplicial graded abelian group, an extra codegeneracy, giving a
cosimplicial contraction.))
For each ¢ > 0 we can form the alternating sum

q
d=>) (-1)i¢": CT! — 9.
i=0
Note that d: C~! — C%is v: E.(Y) — E.E ®p, E.(Y), while d: C° — C% is
¥ @ id —id @v. The (cosimplicial) relations satisfied by the coface operators imply
that d o d = 0, so that we obtain a cochain complex
0= E(Y) Lot Lot Lo .

Here each C'? with ¢ > 0 is an extended, hence relatively injective, F, E-comodule.
((ETC: Get a cochain contraction.))

((ETC: Taking into account the codegeneracies, we may pass to the normalized
sub-cocomplex where each of the inner ¢ copies of E, E is replaced by ker(e: E.E —
E.).))

More generally, Cf(M, N) can be defined for any (flat) Hopf algebroid (A,T"),
right I'-comodule M and left I'-comodule N.

((ETC: Might prefer to say all this in terms of monad actions, or comonad
coactions.))

((ETC: Give cobar resolution and cobar complex for calculating Ext ;" (E., M,)
of any E,FE-comodule M,.
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A.4. The classical Adams spectral sequence
((ETC: Specialize to E = HF,,, with
Exty, (Fp, H.(Y;F,)) = Exty (H*(Y;F,);Fp),

where Ext o (M,F,) is formed in the category of o7-modules, as usual, by applying
Hom (—,F,) to any projective &/-module resolution P, — M and passing to
cohomology.))

A.5. The Adams—Novikov spectral sequence
((ETC: Specialize to E = MU, with
Ext o, mu(MU,, MUL(Y)) = m.(Y)
where Ext is formed in the category of MU, MU-comodules.))
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