INTRODUCTION TO SPECTRAL SEQUENCES, II

JOHN ROGNES

We introduce the Atiyah—Hirzebruch [AH61] and Serre [Ser51] spectral sequences,
in their homological and cohomological versions, with some examples.

1. THE ATIYAH-HIRZEBRUCH SPECTRAL SEQUENCE (AHSS)
Let X be a CW complex, with skeleton filtration
P=XVc...cx6DcxGc...cx,
and let M, (—) be a generalized homology theory. It is represented by a spectrum M,
with
My(X)=m,(MNX,)=[S",M A X,]
for all n € Z. Its coefficient groups M, are
M, = M, (%) = mp(M).
The associated generalized cohomology theory M*(—) is given by
MY X)=r_,F(X{,M)=[X{,X"M].
Its coeflicient groups M™ are
M"™ =M"(x) =n_p(M).
The skeleton filtration leads to a sequence of spectra
f =Y =Yg =Y Y o o Y
with Ys = M A Xf) and Yo, ~ M A X,. For each s, we have the exact sequence

o ML (XYY 25 ar (X @) Zo p (X®), X G=0) Do pp (XYY o

The associated unrolled exact couple

A Ay 25 A, Ay
\ J{BS
Vs
K

has Ay = M,(X®)), Ao = M (X), A_oo = RA_,, =0 and
Ey =m(Ys,Ys 1) = My (X, XDy
By excision with respect to the pushout square

HaaDS*)HaDS

‘| |o

xG-) o x(s)
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2 JOHN ROGNES
we have isomorphisms

Oscw(XvM* s @M DS 8Ds >~ M. HDS H@D X(S) (s— 1))’

where CEW denotes the cellular chain complex, and o ranges over the set of s-cells
in X. Hence the associated spectral sequence

has £1-page
gsl* S_CSW(X;M**S)'

Introducing the complementary degree ¢t = * — s, this can be written
£l = CSV (X5 My) = Myyi(X).

This is the homological Atiyah—Hirzebruch spectral sequence for M, (—) and X. It
is concentrated in the half-plane with s > 0, hence is a strongly convergent spectral
sequence with exiting differentials.

The d'-differential

di,t: gsl,t = CSCW(X§Mt) C (X M) = g —1,t
is the composite
M5+t(X(5)7X(S_1)) i> Ms+t71(X(s—1)) N Ms+t71(X(S_1)7X(S_2))7

hence equals the cellular boundary homomorphism. Passing to homology, we obtain
the £2-page
€2, = HV(X; My)

where HEW denotes cellular homology.

Theorem 1.1. For each CW compler X and spectrum M, there is a strongly
convergent Atiyah—Hirzebruch spectral sequence

EF, = Hy(X; My) = M,y4(X).

We can also write this as £2, = HEW(X; M,) = M,(X).

2. UNIQUENESS OF ORDINARY HOMOLOGY

If M.(X) = H.(X;T) is ordinary homology with coefficients in an abelian
group I', then My = T" and M; = 0 for ¢ # 0. Conversely, if M.(—) is a ho-
mology theory with M, = T" concentrated in degree 0, then the Atiyah—Hirzebruch
spectral sequence for M and any CW complex X has the form

HSW(X;T) fort=0,

€2y = HV (X5 My) =
0 for ¢ # 0.

Hence it is concentrated on the s-axis. It follows that d" = 0 for » > 2, since d"
increases the t-index by r — 1, and therefore maps from or to a trivial group in each
instance. Thus 5327,5 = &g By strong convergence, in each degree n the abutment
M, (X) is exhaustively filtered by the images

FoM,(X) = im(M,(X®)) = M, (X)),
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with FyM,(X)/Fs_1 My (X) = £2,_, and F,M,(X) = 0 for s < 0. Hence

Fs_1M,(X) = FsM,(X) in all cases, except when s = n, in which case F,,_1 M, (X) =
0 and F, M, (X) = &%, = HOW(X;T). It follows that

M,,(X) = colim Fy M, (X) = HSV(X;T).
S

This proves the Eilenberg—Steenrod characterization [ES45] of ordinary homology:
Any homology theory M, (—) that has coefficient groups M, = I' concentrated
in degree 0 is naturally isomorphic to cellular homology with coefficients in T
This applies, in particular, to singular homology with coefficients in I', recovering
the fact that singular and cellular homology agree for CW complexes. Hence the
Atiyah—Hirzebruch spectral sequence can be written

£2, = Hy(X; My) = M,14(X)
or
&1, =H.(X;M,) = M.(X).

The construction also extends to the case of pairs (X, A), to reduced homology
theories, and to the case of spectra X. (For spectra X we only consider reduced
homology, writing M, (X) in place of M,(X).)

3. THE STABLE HUREWICZ THEOREM
Let S be the sphere spectrum, with coefficient groups
m™(S) = co}cim Tnr(SF)
the stable homotopy groups of spheres, and associated homology theory
S(X)=mp(SAXy) = co}cimﬂn+k(5k ANXL)

the unreduced stable homotopy groups of X, also denoted 72 (X,). For based
spaces X, the reduced homology theory is S, (X) = m,(S A X) = 75 (X).

By cellular approximation, 7, (S) = 0 for n < 0. Hopf proved that 7o(S) = Z
via the degree of a map, and Freudenthal used his suspension theorem to prove that

m1(S) = Z/2{n}, generated by the stable class of the Hopf fibration n: S* — S2.
Suppose X is (n — 1)-connected. The Atiyah—Hirzebruch spectral sequence

552,15 = ES(X?W(S» = 7T§+t(X)

is then concentrated in the quadrant s > n, t > 0. The bidegrees in the (s, t)-plane
contributing to 72 (X) for * < n + 1 are shown below.

0 ? ? ? ?
0 H,(X;7/2) ? ? ?
X
0 H,(X;7Z) H, 1 (X;Z) Hy2(X;7) ?
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The only possible differential in this region is d7. , o. Hence £7° = cok(d? 5 ). In

o~

total degree n, the only nonzero group is 55 = 52’0 = f[n(X; Z), recovering the
stable Hurewicz theorem

B m3(X) = H, (X 7Z)

for an (n — 1)-connected space (or spectrum) X. In total degree (n + 1), we have

o as above, and 254 o = H,,41(X;Z). Hence there is a short exact sequence

0 = cok(d2,5.0) — 751 (X) "5 Hyi1(X;2) = 0.

We can expand this to a four-term exact sequence

(X5 2) 55 1, (X3 2/2) — 75,0 (X) "™ H, 41 (X3 Z) — 0.

In particular, h,11 is always surjective.

((ETC: Serre proved that m,(S) is finite for each n > 1. Can apply exact
functor, such as rationalization or other localization, to a spectral sequence. This
might not commute with the limits A, RAw, lims FsG and Rlimg FxG, but this
is no concern if A, = 0 for all s < 0. Rational equivalence 7, (X) — H,(X).))

((In the case X = MU, the complex bordism spectrum, it is known that

H.(MU)= H,(BU)= B =1Z[b; | i > 1]
with [b;| = 24, and that
T(MU) 2 L =2Z[z; |i>1]

with |x;| = 2i. Here B is a self-dual Hopf algebra of symmetric polynomials, and L
is the Lazard ring corepresenting one-dimensional commutative formal group laws.
Kochman [Koc90] ran the Atiyah-Hirzebruch spectral sequence

El,=H (MU;my(S)) = MU,y

in reverse, to determine 7, (.S) is a significant range.))

4. REINDEXING FOR COHOMOLOGY (AHSS)
The skeleton filtration also leads to a sequence of spectra
x=Z oL g 1L gLy =1ZLo=F Xy, M)
with Z_, = F(X/X(S_l),M) for s > 0. For each s, we have the exact sequence

o ME(X, X)) 2 (X, XD Loy (x9), x Dy Doy apel (x, X))

The associated unrolled exact couple has A_, = M*(X, X~1) A, = M*(X),
A_ =RA_ =0and

E_y=m_(Z-s,Z—s1) = M"(X® XE71),
By excision, we have isomorphisms

Céay(X; M%) = [ M*(D?*,0D%) = M*(X), X(=D) |

Hence the associated spectral sequence has £'-page

€l 1= (L) st = Cow (X M') = M*H(X).
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We reindex this for cohomology, by setting £5' = &7
s,t € Z, with differentials

_¢ for all » > 1 and

s7

dsﬁt: Es,t N gs+r,t7r+1

of cohomological bidegree (r, —r 4+ 1). The increasing filtration
F_ M*(X)=im(r_.(Z_s) — M*(X))

of the abutment M*(X) is reindexed as the decreasing filtration

FEM*(X) = F_,M*(X),
so that FSTI1M*(X) C F*M*(X). The spectral sequence is weakly convergent
when each comparison map

FsM*(X)

FoHM*(X)
is an isomorphism. The filtration is exhaustive, with FOM*(X) = M*(X), and it
is complete Hausdorff if and only if lim, F*M*(X) = Rlims F*M*(X) = 0.

The resulting cohomological Atiyah—Hirzebruch spectral sequence for M*(—)
and X has &-page

— ()"

EXt = HY(X; M'") = M*T(X).

It is concentrated in the half-plane with s > 0, and is a conditionally convergent
spectral sequence with entering differentials. By Boardman’s criterion, it is strongly
convergent if and only if RE,, = 0.

5. MULTIPLICATIVE STRUCTURE (AHSS)

Now suppose that M*(—) is a multiplicative cohomology theory, represented
by a ring spectrum M. In order to get a multiplicative spectral sequence from
the general theory, we need a pairing ¢« .: Z, ® Z, — Z, of filtered spectra, i.e.,
pairings

bpq: FIX/XPV M)e F(X/X@ Y M) — F(X/XPrD 0)
for all p,q € Z. These will be induced by compatible maps
Dy X/XPra=b o x/x (=D A x/x (@D
for all p and ¢, and the ring spectrum pairing u: M ® M — M, as the composite
F(X/X®D M) F(X/X9 D M) -2 F(X/X?D @ x/X@D Mo M)
FDrgt) o x ) x0ra=1 ).

To obtain the D, ,, we start with the diagonal map A: X — X x X. This is hardly
ever cellular, when X x X has the product CW structure, but we can choose a
cellular approximation D: X — X x X that is homotopic to A. Then

D(XPHra—by (X x X)Pra=D ¢ xr=D 5 x y X x X~

for all p and ¢, which implies that D induces the required maps D, ;. Hence there
are pairings
Ur: EXFFQETT — EXF
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giving the cohomological Atiyah—Hirzebruch spectral sequence a multiplicative struc-
ture. The pairing of £ -pages is given by the diagonal approximation, so that the
pairing of £-pages
po: HP(X; M*) @ HY(X; M*) — HPY(X; M*)
is given by the cup product in cohomology, combined with the coefficient ring
pairing M* ® M* — M*. The pairing of abutments
w: M*(X) @ M*(X) — M*(X)
is induced by the diagonal approximation D and the ring spectrum pairing, but

since D ~ A, this agrees with the cup product in the cohomology theory M*(—).
Theorem 5.1. For each CW complex X and ring spectrum M, there is a condi-

tionally convergent and multiplicative Atiyah—Hirzebruch spectral sequence
&' =HY(X; M") = M*T(X).
It is strongly convergent if and only if REs = 0.

6. EVEN COHOMOLOGY THEORIES

The classifying space CP* = BU(1) of the circle group has homology
H.(CP*)=7Z{p;|i>0}
and cohomology
H*(CP>) = Z[y],
with |y| = 2 and y* dual to j3;.
If M, is concentrated in even degrees, so that M; = 0 for all odd ¢, then
£}, = Hy(CP>; My) = H(CP>) ® M,

is concentrated in (even, even) bidegrees. In particular Ssz’t = 0 for s+t odd, which
implies that £, = 0 whenever the total degree s + ¢ is odd. Since d" reduces
the total degree by 1, either the source or the target of each df, is the trivial
group. Hence d" = 0 for all » > 2, and the homological Atiyah—Hirzebruch spectral
sequence converging to M, (CP>) collapses at the £2-page.

The condition on M, is equivalent to M* being concentrated in even degrees,
since M* = M_,. Assuming this, also

&' = H*(CP™; M")
is concentrated in (even, even) bidegrees, and in even total degrees, so that d, =0
for all » > 2 and & = E. In particular, R, = 0, so that also the cohomological
Atiyah—Hirzebruch spectral sequence is strongly convergent, in these cases. The
algebra structure is given by
E =H"(CP*;M*) > Zly|@ M*.

It follows by induction on n, using the short exact sequences

G G
i — Fn—-1¢y
that the decreasing filtration (F*G); of G = M*(CP®) satisfies

G
F2n+1G

0 — &2 —

— 0,

M*(CP™) =

1%

Zlyl/(y" ) @ M*.
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Passing to the limit over n, we deduce that

M*(CP>) = lim M*(CP") = M"[ly]],

where M*[[y]] = lim,, M*[y]/(y" ') denotes the ring of formal power series with
coefficients in M*.
Examples of spectra M with M, = m,(M) concentrated in even degrees in-

clude the Eilenberg-MacLane spectra HI', complex K-theory KU, connective com-
plex K-theory ku, the complex bordism spectrum MU, the p-local Brown—Peterson
spectrum BP, the Lubin—Tate spectra E,,, the truncated Brown—Peterson spectra
BP(n), the Johnson-Wilson spectra E(n), and the Morava K-theory spectra K (n)

m.(BP(n)) = Zy[v1, . . ., vn]
T (E(n)) = Zpy[vi, - - Vn-1, v
T (K (n)) 2 Fylvy ],

with |u| = 2, |z;| = 24, |v;| = 2p* — 2 and |u;| = 0. If we assume that I = A is a
ring, then these all admit E;-ring structures, or better.
The original Atiyah—Hirzebruch paper considered the case M = KU, for which

KU*(CP*) = Z[u*"][[y]]

with v and y in cohomological degrees —2 and 2, respectively. In particular,
KU’ (CP>) = Z[[z]], with 2 = uy in degree 0, is the ring of functions on a formal
affine line A}, i.e., a formal neighborhood of the origin 0 in the affine line A} over
SpecZ.

((ETC: K(n).(BC,) finite.))

7. SERRE FIBRATIONS

A map p: E — B is a Serre fibration if it has the homotopy lifting property with
respect to D™ for each n > 0:

Dn

E
/1
igl // ip

D'"x I ——DB.

We call FE the total space and B the base space. Given a base point by € B, we call
F = p~1(by) the fiber of p. We also refer to F' — E — B as a Serre fiber sequence.

Every fiber bundle p: F — B is a Serre fibration.

The geometric realization of any Kan fibration is a Serre fibration [Qui68].

The path fibration p: PX — X associated to a based space (X,xg) is a Serre
fibration, where PX = F(I, X) is the space of maps f: (I,0) — (X, zp), i.e., paths



8 JOHN ROGNES
starting at xg, and p = evy takes f € PX to the endpoint f(1) € X. The fiber at
xg is then the loop space 2X, and we have a fiber sequence
QX — PX — X.
Note that PX is contractible, and the connecting maps 9: m,(X) — m,—1(2X) in
the long exact sequence in homotopy are the standard isomorphisms.
8. THE SERRE SPECTRAL SEQUENCE (SSS)

In place of [Ser51], who uses cubical singular chains, we follow [Kud50], [Kud52]
and use CW structures; see also [Whi78].

Let p: E — B be a Serre fibration with fiber F' over the base point by. Suppose
that B is a connected CW complex. The preimages along p of the skeleton filtration

@:B(*l) C.‘.CB(S*U CB(S) c---CB
define a filtration of spaces
p)=E'c---CcE"'CcE‘'c---CE,

where E* = p~'(B®)) for each s. (This is typically not the s-skeleton of a CW
structure on E.) Applying homology with coefficients in I' leads to the exact
sequences

e HU(ESLT) 25 B (BST) 25 H (B, B~ T) 25 H,_(BS°5T) — ...

The associated unrolled exact couple (A, Es, s, Bs,vs) has Ag = H (E*;T), As =
H.(E;T), Ao =RA_ =0 and

E,=H,(E*,E*1.T).
For each s-cell of B we have a pullback square of pairs
(D* xp E,0D® xp E) —— (E*, E*71)

| lp

(D*,0D%) — 22 o (B®), B,

The Serre fibration hypothesis, together with the fact that D® is contractible, en-
sures that there exists a fiber homotopy equivalence D* xg E ~ D* x F over D?,
giving a homotopy equivalence of pairs

(D° xg E,0D° xg E) ~ (D° x F,0D° X F).
When combined with excision, we get isomorphisms

CEV(B; Ho_o(F;T)) = €D H.(D* x F,0D* x F;T)
e
~ (P H.(D* xp E,0D® x5 E;T)

~ 0, (E%, B 4T).
This gives us the homological Serre spectral sequence

gl =08V (B;Hy(F;T)) = Hot(E;T).
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It is concentrated in the quadrant where s > 0 and ¢ > 0, and is strongly convergent.
In each total degree n, the filtration

0=F_H,(E:T)C - C F,H,(E;T) = H,(E;T)

has finite length, since FyH, (F;I') = im(H,(E*%; ") - H(E;I')) and E™ — E is
n-connected. Convergence amounts to the isomorphisms

~ OO

F,H,(B;T) _
Fs—lHn(E;F) oo

for 0 <s<n.
The choice (up to 2-homotopy) of fiber homotopy equivalence depends on a choice
of path from by to the s-cell in question, which implies that the d'-differential
diy: €y = CSWV(B; Hy(FiT)) = Hey(E*, E*71T)
3 S— S— ~
= Hopy1 (B B2 T) =2 CEW(By Hy(FiT)) = E vy
corresponds to the cellular boundary with twisted coefficients, for a geometrically

defined action by 71(B,bg) on H;(F;T). Hence the £2-page of the Serre spectral
sequence

£2, = Hy(B; Hy(F;T))

will in general be given by homology with twisted coefficients. If B is simply-
connected, this is the same as homology with ordinary coeflicients.

Theorem 8.1. For each Serre fibration F — E — B with B path-connected, and
coefficient group T, there is a strongly convergent Serre spectral sequence

E2, = Hy(B; Hy(F;T")) = H, 4 (E;T).

We can also write this as Ef’* = H.(B;H.(F;T)) = H.(E;T).

9. TRANSGRESSIONS
Let n > 2. If X is (n — 1)-connected, then QX is (n — 2)-connected, and the
Serre spectral sequence

£, = H(X; Hy(0X)) = H 4 (PX)

satisfies
Hy(X) fort=0,
5827]5 = H(2X) for s =0,
0 for1<t<n—-2orl<s<n-1.

The remaining terms lie in the region s > n and t > n — 1, with total degree
s+t >2n—1. Since H.(PX) = Z concentrated in total degree 0, we must have
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EX, = Z concentrated in bidegree (0,0).

Hap_2(0X) 0 0 ? ? ?

Z 0 0 H, (X) Hp1(X)  Hap-1(X)
To achieve this, the long (‘transgression’) differentials
T=diy: Hy(X) — Hy_ 1 (QX),
which are defined for n < s < 2n — 2, must be isomorphisms. Moreover,
A5 710 Hano1(X) = Hayno(QX)/im(dy, )
must also be an isomorphism. It follows that the composite ‘homology suspension’
Hy 1 (QX) <2— Hy(PX,0X) —"> H,(X)

is an isomorphism for s < 2n — 2, and a surjection for s = 2n — 1. This result can
be viewed as dual to the Freudenthal suspension theorem concerning E: mg(X) —
Ts+1(2X). The Hurewicz isomorphism also follows by induction on n, since

(X)) 2 7101 (QX) 22 Hyy 1 (QX) = H,y(X)

for n > 2.

More generally, for a fiber sequence F' — E — B with F being (m —1)-connected
and B being (n — 1)-connected (for m > 1 and n > 2), the convergence of the Serre
spectral sequence leads to the (finite length) Serre exact sequence

Hn-l—nL—l(F) — Hn—i—m—l(E) £> Hn+m—1(B) ;> Hn-l—'rn—Q(F) ...
<o = Ho(E) 25 Ho(B) - Hy(F) — Hy(F) - 0.
This is formally dual to the homotopy excision (Blakers—Massey) theorem.

10. REINDEXING FOR COHOMOLOGY (SSS)

Applying cohomology with coefficients in I' leads to the exact sequences

o HY(E,E%T) 2% B (B, B*~4T) 25 B (B*, B*~41) 25 H*H (B LT) — ... .

The associated unrolled exact couple has A_, = H*(E,E*"1T), Ay = Ay =
H*(E;T), A_oo = RA_ =0 and

E_,=H*(E*, E°L.T).
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The Serre fibration hypothesis and excision give isomorphisms
H*(E*, E°~1iT) = Cow(B; H*7*(F;T))
and yield the cohomological Serre spectral sequence
& = Céw(B; H'(F;T)) = H**'(E;T).
It is concentrated in the quadrant where s > 0 and ¢t > 0, and is conditionally
convergent. For each (s,t) we have d5' = 0 when r is sufficiently large, so RE, = 0,
and the spectral sequence is in fact strongly convergent. In each total degree n, the
filtration
0=F"""H"(E;T)C---Cc F°H"(E;T) = H"(E;T)
has finite length, since F*H"(E;T) = im(H"(E, E*~4T) — H"(E;T)) and (E, E™)
is n-connected. We have isomorphisms
FSHH(E; F) o g5 m—s
FstlH"(E;T) %
for 0 < s <n.
Again, there is an action of 71 (B, by) on H*(F;T'), and the differential
Ayt € = Ceay (B HU(F;T)) =5 Cgik(B; HY(F;T)) = &1
is the cellular coboundary with twisted coefficients, so that
&' = H*(B;H'(F;T))
is given by cohomology with twisted coefficients.

Theorem 10.1. For each Serre fibration F — E — B with B path-connected, and
coefficient group I, there is a strongly convergent Serre spectral sequence

&' = H*(B;H'(F;T")) = H*"(E;T).
We can also write this as £ = H*(B; H*(F;I')) = H*(E;T).
11. MULTIPLICATIVE STRUCTURE (SSS)

Let A be a ring. The diagonal map A: B — B x B admits a cellular approxima-
tion D: B — BxB. A homotopy A ~ D gives a homotopy (po)oA = Aop ~ Dop,
which lifts to a homotopy from A: E — E x E to a map D: E — E x E taking
the filtration (E?®), of E to the convolved filtration of F x E. Hence

D(EPYY) c EPl x EUE x B9,
so that D induces compatible maps
Dyq: E/EPTT"Y — E/EPTI A E/ET!
for all p and ¢q. Hence there are pairings
pp: EFTRENT — EXT

giving multiplicative structure to the cohomological Serre spectral sequence for
F — E — B and the coefficient ring A. The pairing of E-pages

p2: HP(B; H*(F; A)) @ HY(B; H*(F; A)) — HPY(B; H* (F; A))
is given by the cup products in cohomology for B and F. The pairing of abutments
w: H*(E;A) @ H*(E;A) — H*(E; A)
is induced by D ~ A, hence is equal to the cohomology cup product for E.
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Theorem 11.1. For each Serre fibration F — E — B with B path-connected, and
coefficient ring A, there is a strongly convergent and multiplicative Serre spectral
sequence

&' = H*(B;H'(F; \)) = H*"'(E;A).

12. p-TORSION IN 72, (S3)

By the Hurewicz theorem, m3(S®) = H3(S3) = Z. Let k*: S% — K(Z,3) be
the 73-isomorphism representing a generator of H3(S3) = Z. Let E = fib(k?) be
its homotopy fiber. Then S® — K(Z,3) is the third Postnikov section of S3, and
p: E — 83 is its 3-connected Whitehead cover. The homotopy fiber fib(p) is then
equivalent to QK (Z,3) ~ K(Z,2) ~ CP®, as in the Puppe fiber sequence. In
particular, we have a fiber sequence (up to homotopy equivalences)

cpP* —E - 53
with F a 3-connected space. The associated cohomology Serre spectral sequence
Ey" = H*(S% H*(CP>)) = H*(E)
has
£ = H* (S Z[y]) = A(2) @ Z[y],

where |y| = 2 and |z| = 3. Here A(z) = Z{1, z} denotes the exterior algebra, with
22 =0.

Z{y"}

/

Z{y*} : : Z{y3=}

/

Z{y*} : : Z{y*=}

Z{y} Z{yz}

//

Z{1} . . Z{z}
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The dots indicate trivial groups. Since E is 3-connected, the £,.-term must be 0 in
total degrees 1 < n < 3. It follows that y must support a differential, and z must
be hit by a differential. The only possibility is that

dg(y) =Zz.

By possibly replacing z with —z, we may assume the sign is +. Then, by the Leibniz
rule we obtain

ds(y*) = d3(y) Uy +y Uds(y) = zy +yz = 2y2.
By induction, it follows that
ds(y*) = ky" 'z

for all £ > 1. All later differentials vanish, since the &-page is concentrated in
filtrations s € {0, 3}, so &4 = £ appears as follows.

0
0 . . Z)4{y* 2}
0 . . Z./3{y*z}
0 . . Z.)2{yz}

Z{1} . . 0

Since there is at most one nonzero group in each total degree, there are no extension
questions. Hence

Y/ forn =0,
H"(E)=<Z/k forn=2k+1,k>2,
0 otherwise.

The homological Serre spectral sequence shows (also without a precise calculation
of its differentials) that each H,,(E) is a finitely generated abelian group, for each n,
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so the universal coefficient theorem and the calculation of H*(FE) tells us that

Z for n =0,
H,(E)=<Z/k forn=2k k>2,
0 otherwise.

In particular, for any prime p, the p-localized homology
Hn(E)(p) = Hn(E; Z(p))

begins with Z,) in degree 0 and Z/p in degree 2p. By a p-localized version of the
Hurewicz theorem, realized either by Bousfield-Kan localization of spaces, or by
working with Serre classes of abelian groups, it follows that

T (E)(p) = {

0 for n < 2p,

Z/p for n = 2p.

But £ — S3 induces an isomorphism on 7, for n > 4. Hence
0 for n < 3,

Zpy forn =3,

0 for 3 < mn < 2p,
Z/p for n = 2p.

T (S%) (p) &

The order p generator of 72,93 can be denoted a1, and is represented by a homotopy
class of maps S% — S3.
Further work (see e.g. [Spa66]) shows that the iterated stabilization map

mp (%) = colim m, 14(S7F) = 7, _3(S)

is an isomorphism, so that the stable class of a; is the generator of the lowest-degree
p-torsion in the stable homotopy groups of spheres, i.e., ma,_3(5) ) = Z/p{aa}.
When p = 2, the map a;: S* — S2 is the suspension of the Hopf fibration n: $% —
S2, and 71 (S) = Z/2{n}.

13. GROUP (CO-)HOMOLOGY

Ifl1—>N— G — Q — 1 is an extension of groups, there are models for their
classifying spaces such that BN — BG — BQ is a Serre fibration. In the Serre
spectral sequence

gs2,t = HS(BQ,Ht(BN7F)> — Hs+t<BG,F)

the action by Q = m(BQ) on H.(BN;I') is induced by the conjugation action of
G on N: for each ¢ € Q we can choose lift g € G, and n — gng~"' defines an action
of gon N, BN and H,(BN;T'). When g € N the latter turns out to be the trivial
action, hence gives a well-defined action of ¢ € @ on H,(BN;T'). We can rewrite
this in terms of group homology as

gsz,t = HEP(Q; HfP(N;T)) = Hfit(G;F) )
which is known as the (Lyndon—)Hochschild-Serre spectral sequence [HS53]. If N

is central in G, the conjugation action is trivial, and then HE?(N;T') has the trivial
Q-action.
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The cohomological version takes the form
)t . . .
& = ng(Q,Hép(N,I‘)) = H;;;t(G,I‘) .
This can also be written in terms of Ext for group rings, as the Cartan—Eilenberg
spectral sequence

&' = Extyyg) (Z, Extyy (Z,T)) = Ext;v[tg] (z,T),

which is constructed purely algebraically in [CE56], and generalized to extensions

of augmented algebras. It is also a special case of Grothendieck’s composite functor
spectral sequence [Gro57].
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