THE BOKSTEDT SPECTRAL SEQUENCE

JOHN ROGNES

We discuss THH-calculations using the Bokstedt spectral sequence, illustrating
duality in THH for regular local Es-rings, as emphasized by Greenlees [Grel6].
Later we shall extend this to duality in TC and Hgy, (syntomic cohomology) for
higher local number rings, as in current work with Devalapurkar and Hahn.

Definition 0.1. A connective Es-ring B is regular local if mo(B) is local with perfect
residue field k£ of prime characteristic p, such that k lies in the thick subcategory
Perfp of Modp generated by B. It complete if moreover B ~ Endgpq, i) (k).

A higher local number ring is a complete regular local Es-ring B with finite
residue field k, such that there exists a finite spectrum V for which V ® B and k
generate the same thick subcategory of Modp.

In other words, for B to be regular local, it must be possible to finitely build &
from B in Modpg, while to be a higher local number ring, the maps in the construc-
tion must be induced up from Sp.

There are MU-synthetic versions of these definitions, replacing spectra with
fil},S-modules. To effectively analyze these, we assume that m.HH(k/B) is con-
centrated in even degrees. A theorem of Bott [Bot58] about H*(2G) suggests that
this is no additional hypothesis, i.e., that this evenness holds for all regular local
E3-rings.

For regular local Es-rings B — k we shall see that THH(B) — THH(k) is
Gorenstein of shift 0, meaning that

Homrynpy(THH(K), THH (B)) ~ THH(k) ,
and that 7 THH(B,k)/pun is a Poincaré duality algebra. Here 7. THH(k) = k[puo]
with |uo| = 2, and p, maps to ul for some n. Today we will present some
examples of higher local number rings, and calculational techniques that illustrate
this duality.
1. THE CYCLIC BAR CONSTRUCTION

For a monoid R in a symmetric (or Eg) monoidal category C with enough colimits,
the cyclic bar construction [Wal79] is the simplicial object

BY(R): [q) — R®'1
with faces and degeneracies
ey Tl Ty e e s for 0 <i<gq,
Bl oyrg) = 4 10Tt TS T
(TqT‘(),Tl,...,Tq_l) fOI‘Z:q

$j(ro, ...y 7q) = (T0, -7, L Tjq1, .o Tg) -
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More precisely, this is a cyclic object [Con83], and its realization
BY¥(R) = C(ilim By (R)
op
inherits a natural S!'-action. Another presentation is as the factorization homology
mez/R,
Sl

using that S* is a framed 1-manifold, cf. [Fral3]. When R is commutative, B% (R)
can also be described in terms of the tensored structure of C over simplicial sets, as
the realization S ® R of the simplicial object

S!® R: [q] — R®S.

Here S; = A}/OA] has 1 + ¢ elements. Interpolating between these cases: if R is
an Eg-monoid then BY(R) is an Ej_;-monoid, by Dunn additivity.

Letting B(R, R, R) denote the two-sided bar construction, giving an R-bimodule
resolution of R, we can write

B(Ra R7 R) QR RoP R = ch(R) )
with (1, 71,...,7q,rq4+1)®1 corresponding to (rq4+17'70, 71, . .., 7). Thisis a model
for the relative tensor product
R ®R®R°P R )

where both tensor products ® = ® are derived, but this model does not make the
Sl-action explicit. More generally, for an R-bimodule M, we let

BY(R,M) = B(R,R,R) ®pgror M: [q] — M @ R®1
be the cyclic bar construction of R with coefficients in M. Then
ch(R,M) ~ R ®@rgror M .
2. HOCHSCHILD HOMOLOGY
Let k be a commutative ring. A k-algebra R is a monoid in the category of
k-modules, with ® = ®j. Its cyclic bar construction is the Hochschild homology
HH*(R) = BY¥(R): [¢] — R®'T9.
Its homotopy groups
HH*(R) = n,HH*(R) = H,(C,.(R), )
agree with the homology groups of the associated Hochschild complex, with C(R) =
R®%4 and 9, = Y1 (—1)%d;.
...— R®R®ORZReRZR—0
Oh:a@bRcr—abR®c—aRbc+ca®b
Oh:a®b— ab—ba
In particular, HH}(R) = R/[R, R]. If R is commutative, then HH¥(R) = Qr/k
agrees with the R-module of Kéhler differentials, via a®b — a db. See e.g. [Lod92].
The Hochschild complex is quasi-isomorphic to the normalized quotient complex
with C,(R) = R® (R/k)®9, so either one can be used to calculate HH*(R).

The S'-action
St ANHH*(R) — HH"(R)
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induces a suspension operator
o: HH¥(R) — HH",,(R)

taking the homology class of » € HHy to the class of 1 ® r € HH;. When R is

commutative, o(r) corresponds to dr € Qg k- In this case, o is also a differential

(0o =0) and a derivation (o(zy) = o(x)y + zo(y), with a sign in the graded case).
From the derived tensor product description, we obtain

HH”(R) = Tor®®*#” (R, R).

For R = k[z] = k{1,z,2% ...} a polynomial ring on one generator (in even
internal degree), the two-sided bar resolution can be replaced with the short free
bimodule resolution

0 — k[z] ® klz] "“"=3%" k2] @ k[z] — k[z] — 0,
so that HH¥ (k[2]) is the homology of the complex
0 — klz] =3 k2] — 0,
concentrated in degrees 0 and 1.
Lemma 2.1. HH*(k[z]) = k[z] ® A(ox) with ox € HH;.
For R = A(x) = k[z]/(2?) an exterior algebra on one generator (in odd internal
degree), the normalized Hochschild complex C,(A(z)) is
o Aa) @ k{a} @ Kz} -5 A(x) @ k{z} -5 A(z) — 0.
Lemma 2.2. HH*(A(z)) = A(z) @ T(ox) with oz € HH;.

Here I'(ox) = k{vyjox | j > 0} is the divided power algebra on oz, with vjox €
HH; the class of 1 ® 2®7, and

(i+5)!

The pairing in Hochschild homology is given by the Eilenberg—Zilber shuffle prod-
uct, and the binomial coefficient counts the number of (4, j)-shuffles.
When k has prime characteristic p, there is a factorization

I'ox) = @ m = kloz]/(ox)? ® k[y,ox]/(poz)? @ ...

of the divided power algebra as a tensor product of polynomial rings truncated at
height p.

Lemma 2.3. HH*(R, ® Ry) = HH*(R,) ® HH*(R,).
It follows that
HH’f(k’[ml, ce Zp]) = k[T, 2R @ Aoz, .. 0ny) .

More generally, the Hochschild—Kostant—Rosenberg theorem says that for any smooth
k-algebra R,

HHY(R) = Q). i= ARQp/k
agrees with the algebra of Kéhler forms. As emphasized by Connes, the suspension
operator ¢ then corresponds to the exterior derivative w — dw.
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We write HH* (R, M) = B% (R, M) for the Hochschild homology of a k-algebra
R with coefficients in an R-bimodule M. Then

HH* (R, M) = Tor®®+%™ (R, M) .

For example,
HH* (k[z1, ..., 2,), k) = Moz, ..., 0n,)

is a finite Poincaré duality k-algebra.

3. TorPOLOGICAL HOCHSCHILD HOMOLOGY

Let S be the sphere spectrum. An S-algebra B is a monoid in the category
of spectra, with ® = A. Its cyclic bar construction is the topological Hochschild
homology

THH(B) = HH®(B) = B¥(B).
This is a spectrum with S!-action. Later we shall see that it is a cyclotomic spec-
trum, say in the sense of Nikolaus—Scholze [NS18], with associated topological cyclic
homology spectrum TC(B) ~ CycSp(THH(S), THH(B)), originally introduced by
Bokstedt—Hsiang—Madsen [BHM93].
Note that THH(B) realizes the cyclic spectrum

THH,.(B): [q] — B®'*4.

For s > —1, let A<; C A be the full subcategory on the objects [g] with 0 < ¢ <'s.
The skeleton filtration

0 =sk_y THH(B) — B =sko THH(B) — ... — sk THH(B) — ...
of THH(B) is the sequence of spectra given by

sk, THH(B) = colim THH, (B).
<s

The associated graded spectra are
sks THH(B)
sks—1 THH(B)

where B/S is the cofiber of the unit map 7: S — B.

(If one instead uses the fat geometric realization, given by colimpser where M C
A is the subcategory of monomorphisms, with skeleton filtration derived from the
subcategories M<, = M N A<y, then the s-th associated graded spectrum is the
unnormalized $°B®1Ts = ¥ B @ B®5.)

Let p be a prime, and write H,(X) for H,(X;F,). Then H.(X) ® H,(Y) =
H.(X®Y). Applying H, to the skeleton filtration of THH(B) we obtain an unrolled
exact couple with

A, = H,(sk, THH(B))
B, = H.(B® (BfS)®) = H.(B) ® H.(B/S)®* = C,(H.(B)).

~ B (B/S)®*,

Here A, = 0 for s < 0, so the exact couple is conditionally convergent, with
abutment A,, = G = H,THH(B). The d!-differential of the associated spectral
sequence agrees with the Hochschild boundary 9, so we obtain the Bokstedt spectral
sequence

&2, = HH,(H.(B))srs = H,THH(B).
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It is concentrated in the half-plane s > 0, with exiting differentials, hence is strongly
convergent. If B is an Es-ring, so that B ® B — B is a map of E;-rings, then
¢: THH(B) @ THH(B) — THH(B) is a pairing of filtered spectra, in the sense that
it restricts to maps

¢s,s sks THH(B) ® sk THH(B) — sk THH(B).
Hence the Bokstedt spectral sequence is then an F,-algebra spectral sequence, with
the pairing
6%+ HH,(H.(B)) © HH, (H,(B)) — HH, . (H.(B))
of £2-pages being given by the shuffle product, converging to the algebra product
¢.: H,THH(B) ® H,THH(B) — H,THH(B).

In this case, H,(B) is (graded) commutative, so HHo(H.(B)) = H,.(B), while
HH, (H.(B)) = Qp_(p)r,- If B is connective, the £2-page begins:

Hy(B)

\
Hy(B) Qo (87, HH;(Ho(B))

Let o/ denote the mod p Steenrod algebra, and 7 its dual. The natural left .o/~
action on H*(X) dualizes to a left oZ.-coaction v on H,(X). The Bokstedt spectral
sequence thus takes values in the category of .,-comodules, meaning that each
column 5;* is an .@Z,-comodule, each differential d" is @Z-colinear, the filtration F,G
of G = H,THH(B) is by &Z-subcomodules, and the isomorphisms FyG/Fs;_1G =
£ are -colinear. If B is Eg, then it is an #7.-comodule algebra spectral sequence.

The S'-action on THH(B) induces a suspension operator

o: . THH(B) — 7.1 THH(B),

but the specification of a lift in 7¢(S%) of the generator of H;(SL) leads to the
formula

coo=1mn-0,

where 7 € 71 (S) arises as the Hopf construction on the product S* x S — S. The
suspension operator in homology,

o: H,THH(B) — H,,,THH(B),

is a differential, as in the algebraic cases. If B is Eo, then o is a derivation. The
topological suspension

H.(B) ¢ H,THH(B) - H, ., THH(B)
is compatible with the algebraic suspension
H.(B) — HHo(H.(B)) =~ HH:(H.(B)),

in the sense that the latter yields an infinite cycle that detects the former.
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4. THE CASE B =T,
Let p = 2 and consider the Eilenberg—MacLane E.-ring B = F5. Then
H.(Fs) = o = F2[G; |1 > 1] = Fo[G | i > 1]

with |¢;| = 2 — 1 for each i > 1. Here {; = x({;) is the conjugate generator, in the
same degree as (;. The coproduct in &7 is given by

VG =D, e and (G =) Gef
i+j=Fk itj=k
where (o = (o = 1. Recall also the Dyer-Lashof operation
Q1(G) = Q% (&) = Gigr -
The indices correspond to the relations 2|¢;| + 1 = || + 2° = [(iy1]-

Since THH(F2) is an E., Fa-algebra, and in particular an Fy-module, it splits
additively as a sum of suspensions of Fo. Hence H,THH(F3) is a commutative
o, -algebra in 7,-comodules, so that

g, @ m,/ THH(Fy) = H,THH(F5)

in this category. The Hurewicz homomorphism identifies 7, THH(F2) with the
subalgebra of #.-comodule primitives in H,THH(F3). Recall that 2 € H,(X) is
of,,-comodule primitive if v(z) = 1 ® z in & ® H.(X). Hence we can determine
m THH(FF3) by calculating H, THH(F2) with its <Z-coaction.

For this we use the Bokstedt spectral sequence

&2, = HH,(#.) = H,THH(F,).
It begins at
€2, = HH.(F[Gi | i > 1)) = Q) HH, (F2[G]) = Q) F2[G:] ® A(0;)
i>1 i>1
~ o, @A |i>1).
The factor o7, = HHg () is the edge 5027* at s = 0. The exterior generator o(; has
bidegree (s,t) = (1,2" — 1) and total degree 2°, and sits on the line 7, at s = 1.
The s-fold product ¢(;, - --o(;, with i; < --- < iy sits in filtration degree s. These

form a basis for £2, as a free @Z.-module.

*,%

0C10C
(o 0
0
(1 0
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For each r > 2 we must have d"(0(;) = 0, since this differential takes value in
filtration s = 1 — r < 0, where the £2-page is trivial. Likewise d” = 0 on each class
in . Since the Bokstedt spectral sequence is multiplicative, it follows that d” = 0
for all r, and so £2 = £°. In other words, the spectral sequence collapses at the
E2-page.

This means that the commutative «%-comodule algebra G = H,THH(F5) has a
multiplicative filtration by .o7,-comodule submodules F;G, with associated graded
isomorphic to £2°, = £2, = o, ® A(o(; | i > 1).

There will, ho,wever, be multiplicative extensions. This can be deduced retroac-
tively from the fact that H,THH(Fs) & & ® 7, THH(FF3) (since THH(F3) is an
Fs-algebra) and 7, THH(F3) = Fauo] with |po] = 2. We instead give a direct
argument.

Lemma 4.1 (Bokstedt, [AR05, Prop. 5.9]). Let B be an Ey-ring, with k > 2.
o: H.(B) C H,THH(B) — H,1(THH(B))
commutes with the available Dyer—Lashof operations, so that
0Q* () = Q*(0w)
for s < x|+ k.
Proof. The adjoint suspension map
&: B — Map(SL, THH(B)) ~ D(S}) ® THH(B)

is an Eg-ring map. Apply the Cartan formula, using that the Dyer—Lashof opera-
tions in H,(D(S%)) are the Steenrod operations in H~*(S*), which are trivial. [

Consider ¢; € Hy(Fy) C HiTHH(F;) and form 0¢; € HyTHH(F,), detected by
o(1 € 7. The ,-coaction v is induced by the coproduct 1, so that

v(eG)=(1@0)®() =121l +Ge1) =180
since (1) = 0. Hence 0(; is #-comodule primitive. Since THH(F) is an Fo-
module, this means that o(; lifts uniquely over the Hurewicz homomorphism

h: m,THH(Fy) — H,THH(IF,)
to a class po € o THH(Fs).

Lemma 4.2. For each i > 1, the Hurewicz image of ,u%ifl € m.THH(F,) is o(; €
H.THH(Fz), which is detected by o¢; € ET5,.

Proof. We know this for ¢ = 1. Suppose it is known for one ¢ > 1. Then the

. . i i—1 .
Hurewicz image of u3 = (ug )% is

(06:)? = Q¥ (04;) = 0Q* (&;) = 0Cisa
by the lemma and the known Dyer—Lashof operations in 7. This completes the
inductive step. [

We can write each m > 0 uniquely as a sum
m:2i1—1 _~_._._~_2is—1
with s > 0and 1 <iy <--- <is Then
i1—1 ig—1
pe' =g oopy € mTHH(E)
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has Hurewicz image
oG, - -0(. € H,THH(F,)
and is detected by the .@Z,-module generator
oG, -0, € Eos -

Hence the free o7,-module generated by the Hurewicz images of the ug* precisely
accounts for all of £29,, and therefore also for all of H, THH(F3).

Theorem 4.3 (Bokstedt). The Hurewicz homomorphism identifies
W*THH(FQ) = ]FQ [,u,o]
with the o, -comodule primitives in H,THH(Fy) & o, @ Fa[uo], mapping po to 0.

5. THE CASE B =T,

Next, let p be an odd prime and consider the Eilenberg—-MacLane E.-ring B =
F,. Then

H (Fy) = =TFpléi | i 21 @A | i 20) 2 Fpl& | i > 1] @ A(7i | i > 0)
with [&;| = 2p’ — 2 and |r;| = 2p’ — 1 for each i. We write & = x(&) and 7; = x(7;)
for the conjugate generators. The coproduct is given by

) =Y. &' ey and  Yn)=nel+t Y & o,
i+j=Fk it+j=Fk
which in the conjugate form appears as
&)= > &®f and  Y(mH)=len+ Y Hef .
i+j=k it+j=k
Here &y = &y = 1. In particular, 3(7) = &. Recall also the Dyer-Lashof operations
_ k  — — k
Qap—2(§k) = QY (§k) = &kv1 and  Qp-1(Ti) = QF (T) = Tht1 -
The indices correspond to the relations p|&x| + 2p — 2 = |&| + pF(2p — 2) = |Epaa

and p|7| +p — 1= |7| + p*(2p — 2) = [Tt -
Since THH(F,,) is a sum of suspensions of F,,

H,THH(F,) = o, ® r, THH(F,,)

as a commutative o7 -algebra in .oZ-comodules, with 7, THH(F,) identified with
the @7,-comodule primitives in H,THH(F)).
The Bokstedt spectral sequence

&2, = HH, (o) = H.THH(F,)

begins
€2, = HHL(F,[& | i > 1] ® A(7 | i > 0))
= (R HH,.(F,[&]) @ (X) HH. (A(7))

i>1 i>0
= ®Fp[gz] ®A(0&) @ ®A(7’¢) ®@T(o7;)
i>1 i>0

~ o, @MNo& |1 > 1)@ (07 |i>0).
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The factors @7 and A(c&; | i > 1) are generated by classes in filtration s = 0 and
s = 1, respectively. All differentials on these generators land in trivial bidegrees,
so all differentials on these factors are zero.

Recall that

(o) ®IF [Ype o Ti]/ (pe 0 Ti)P
e>0

is generated as an algebra by 7,e07; in filtration s = p®, for each e > 0. Hence
the e = 0 factor Fy,[07;]/(07;)P consists of infinite cycles, but there is room for
differentials on the generators 7y,eo7; for e > 1.

Lemma 5.1. There are nonzero differentials
&P~ (40 T) = 0

for each i > 0. Hence

A" (j0T) = 01 -V poTi
for each j > p, and

857* >, ® ®Fp[0'7_'i]/(0'7_'i)p .

i>0

Proof. More generally, Hunter [Hun96] shows that d?~!(y,02) = BQ,—1(z) for |z|

odd. A direct argument due to Ausoni goes as follows: Let o7; € H,THH(F)).
Then

(O’fi)p = Qpl(aﬂ-) = O'Qpl (77'1) = 0Ti+1,
so its Bockstein image
B(oT)?) = B(0Tit1) = 0&isa
must be 0, by the Leibniz rule in characteristic p. Hence 0,4, € &2 2pi+1—1 must
be a boundary, i.e., in the image of some differential. By induction on i, the only
possible source of this differential is v,07;. See Figure 1.

There is a Hopf algebra structure on this Bokstedt spectral sequence, induced
as in [AR05] by a coproduct

THH(F,) ~ S* ® F, — (S' v §') ® F, ~ THH(F,) ®%, THH(F,).
It follows that dP~! satisfies a co-Leibniz rule with respect to the coproduct

b(pow) = Y vior @ 0w
i+j=k
in I'(ox). (This is dual to the product y* -y = "™/ in I'(ox)¥ = F,[y] with y dual
to ox. The dual spectral sequence may also be easier to visualize.) This leads to
the formula for d?~! on ~;07;, and that £ = EP~L.

The formula for £ follows from the Kiinneth isomorphism and the calculation
that the homology of A(0&;11) ® I'(o7;) is FploT;]/(oT:)P. O

Since the algebra generators of EP are concentrated in filtrations s € {0,1}, it
follows that &7 = £>°. Consider 7y € H.(F,) ¢ HiTHH(F,) and form o7y €
H;THH(F,). Then

viem)=120)(1@7+7H®1) =107,

so 0Ty is “-comodule primitive, hence of the form h(pg) for well-defined class
po € mTHH(F,).
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OTit+1 0&it1 Vp—jOTi
| o
ar—t
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U€¢+1 750ﬁ3
qr—1 o
YpOTi
7205?
O?%‘

FIGURE 1. dP~! for THH(F,)

Lemma 5.2. For each i > 0, the Hurewicz image of ugi € m,THH(F,) is oT; €
H.THH(F,), which is detected by o7; € ET5,.

+1 i

= (ug )" 1s

(07:)" = Q' (07:) = 0Q” (%) = 0Fiy1 -

Proof. By induction, the Hurewicz image of zf)

We can write each m > 0 uniquely as a finite sum
n= S
i>0
with m; € {0,...,p — 1} for each i. Then
u = [T(b)™ € = THH(F,)
>0
has Hurewicz image
[[(e7)™ € H.THH(F,)
i>0
and is detected by the oZ,-module generator
[[(e7)™ € £y .-
>0
Here a(m) = >_,.,m; is the sum of the base p ‘digits’ of m. Hence the free .7

module generated by the Hurewicz images of the uj* precisely accounts for all of
£, hence also for all of H,THH(F),).

*, %9
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Theorem 5.3 (Bokstedt). For p odd, the Hurewicz homomorphism identifies
7. THH(F,) = F, [uo
with the o, -comodule primitives in H,THH(F,) & o/, QF,[uo], mapping uo to o7o.
Corollary 5.4. For any perfect (e.g. finite) field k of prime characteristic p > 0,
m. THH(k) = k[uo)
with |pol = 2.

Proof. This follows from the case k£ = F,,, using that HH? (k) = k concentrated in
degree 0. (]

Remark 5.5. We shall see that for a class of ‘fp-type n—1" connective Es-rings B
with residue field k, there is a degree 2p™ class u,, € m.THH(B,k) mapping to
ug", such that the quotient ring 7, THH(B, k)/uy, is a Poincaré duality k-algebra,
ie., that there is a homomorphism [: m,THH(B,k)/pu, — Xk for a suitable
stem/shift s, such that the composite

m.THH(B, k)/pn @ m. THH(B, k) /p, — m. THH(B, k) /tin i> ¥k

is a perfect pairing. Thus 7. THH(B, k)/uy, is k-linearly dual to 75—, THH(B, k) / tir,.
In current work with Sanath Devalapurkar and Jeremy Hahn, we establish this for a
class of ‘higher local number rings’, which satisfy that there is a finite ‘type n’ spec-
trum V such that k and V' ® B generate the same thick subcategory of B-modules.
Moreover, the duality extends to THH(B) and TC(B), suitably interpreted.

6. TRUNCATED BROWN—PETERSON SPECTRA AT p = 2

The Eilenberg-MacLane E..-ring B = Z has
H(Z) =F[(F,¢i | > 2],
with the inclusion in 7 being induced by Z — Fs.
More generally, there are p-local truncated Brown—Peterson spectra B = BP{(n—1)
with - -
At any prime p, Hahn—Wilson [HW22] show that these can be realized by E; BP-
algebras, in such a way that the composite ring homomorphism

Z(p) [Ul, Ce ,Unfl] C m«BP — F*BP<7’L—1>

is an isomorphism. Note that BP(—1) = F, and BP(0) = Z,), while BP(c0) = BP
is the original p-local Brown-Peterson spectrum with m.BP = Z[v, | n > 1],
which is a summand of the p-local complex bordism spectrum MU .

For p = 2, we have BP(1) = ku(y), the 2-local connective complex K-theory
spectrum. The integral spectrum has w.ku = Z[u] with |u| = 2, and u maps to
vy upon 2-localization. We also have BP(2) = tmf;(3)(s), the 2-local topological
modular forms spectrum for elliptic curves with I'; (3) level structure. The integral
spectrum has w.tmf;(3) = Z[ay, as] with |a;| = 2 and |az| = 6, and v; = —a; and
vy = —Tag after 2-localization. (See [BR21, §9.3] for references.) These particular
examples are in fact all E,,-rings.

The following calculations for BP(0) = Z,) and BP(1) are due to Bokstedst,
and McClure-Staffeldt [MS93], respectively. For n > 3, the more commutative
structure on BP(n—1) was not available at that time.
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To calculate H, THH(BP(n—1)) as an «Z-comodule algebra, we use the Bokstedt
spectral sequence

&2, =HH,(H,.(BP(n—1))) = H.(THH(BP(n—1))),
with
& =HH(F2[CF, ..., G Gi | i > n))

~®HH F2[C7]) @ () HH(F2((i])

i>n

—®IF2 Flo Mo} © Q) FalG] @ A(0(;)

>n

~ HABP(n-1)) © AT 0Ty |5 ).
All algebra generators are in filtrations s € {0,1}, so all differentials on these
generators land in trivial groups, and therefore £ 2 =g,
For each 1 < k < n, consider (? € H.(BP(n—1)) and form
o(} € H,THH(BP(n—1))
in degree 2**! — 1. Then
_ _ — —5it1
(oG =1 =00 Y Gl
itj=k
=2 i+l =2
= Z Geolg )=1®0¢,
itj=k
since ¢ is a derivation so that o(2?) = 0 mod 2. Hence o(? is an @-comodule

primitive detected by the £>-class with the same name, in bidegree (1,2(2% — 1)).
Moreover,

(0C}) =@ o) = 0™ (G = o(0) =0,
since Q°(22) = Ditj—s Q' (x)@’ (x) by the Cartan formula, and all terms in this sum
cancel pairwise when s is odd. Hence o(?,...,0(? generate an exterior subalgebra
of H,.THH(BP(n—1)).
Next, consider (,4+1 € H.BP(n—1) and form
0Cnr1 € H,THH(BP(n—1))

in degree 2"*!. Then

V(0Cnr1) = (1@ 0)((Cni1)) = ) Y. Gol¥
i+j=n+1
= Y (@) =1800Cu +G @2
itj=n+1

This means that £,(0C,11) = 02, where 3, denotes the homology Bockstein dual
o B =Sq'. In particular, 0,11 is not #%-comodule primitive, hence is not in the
Hurewicz image from 7, THH(BP(n—1)).

As in the case of THH(F,), (0¢;)? = 0(;+1 in H,THH(BP(n—1)) for all i > n.
Hence each non-negative power of o, 1 corresponds to a unique product of distinct
classes o(; with i > n. These multiplicative extensions lead to the following formula.
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Proposition 6.1 ([AR05, Cor. 5.13]). Atp=2,
H.THH(BP(n—1)) = H, (BP(n—1)) & A0, .., aC2) @ Fa[oCoy]

in commutative <,-comodule algebras. The <, -coaction on H.(BP(n—1)) is the
restriction of the coproduct on ., the classes o(%,...,0C% are o,-comodule prim-
itive, and v(0Cpi1) = 1@ 0Cpi1 + (1 @ 0C3.

For small n and sufficiently large primes p, there exist Smith-Toda complexes
V(n—1), i.e., p-local finite spectra with BP,.V(n—1) = BP./(p,...,v,—1). Equiva-
lently, H.V (n—1) =2 A(C1, ..., Cn), and H*V (n—1) = A(Qo, - . ., Qn-1), cf. [Tod71],
where the Q; defined by Qo = Sq* and Q; = [Sq*', Q;_1] are the Minor primitives
in . In particular, V(—=1) = S and V(0) = S/p. When V(n—1) admits a self-
map v, inducing multiplication by v,, in BP-homology, V' (n) can be constructed as
the cofiber

2272V (n—-1) 2% V(n—1) — V(n).
Informally, we can write V(n) = S/(p,...,v,). By the Smith-Hopkins periodicity
theorem [HS98], V(n—1) always admits a self-map inducing multiplication by some
positive power v¢ in BP-homology, but here we are assuming e = 1. Note that
V(n—1) ® BP(n—1) ~ F, and H,(V(n—1)) ® H,(BP(n—1)) = <. We write
V(n—1).X for m.(V(n—1) ® X) when thinking of V(n—1) as defining a homology
theory, generalizing stable homotopy and stable homotopy mod p.

There is a unique augmentation map BP(n—1) — F,, which is as highly struc-
tured as BP(n—1). Hence we can view F, as a BP{n—1)-bimodule, and form
THH(BP(n—1),F,). When V(n—1) exists, we have equivalences

V(n—1) ® THH(BP(n—1)) ~ THH(BP(n—1),V(n—1) ® BP(n—1))
~ THH(BP(n—1),F,),
so that V(n—1), THH(BP(n—1)) & 7, THH(BP(n—1),F,).
There is a Bokstedt spectral sequence with coefficients
g2, =HH,(H.(B),H,(M)) = H,THH(B,M).
With B = BP(n—1) and M = FF3, we have
£, = @No(,...00, 0( |i>n)
converging to
H,(THH(BP(n—1), F>)) = o, & A(0CZ, ... 0C2) @ Fa[0Cya]

Since THH(BP(n—1),F2) is an Fo-module, the Hurewicz homomorphism A identi-
fies m, THH(BP(n—1),F3) with the %-comodule primitives in this abutment. Our
calculations then show that there are homotopy classes A, with

h(Ar) = 1@ 0(F
for 1 < k < n, and a homotopy class u, with
h(pn) =1© 0Cuir + G ® 0Cr

such that
T THH(BP(n—1),F3) = A(A1, ..., An) @ Falun]

as a commutative Fo-algebra. Here we use that

V(G ®o(l)=1® (G ®c(2)+G®(1eal?)
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FIGURE 2. The subalgebra <7 (1) of &

and ¢; = —(;.
Proposition 6.2. The Hurewicz homomorphism identifies
m THH(BP{n—1),F3) = A(A1,..., \n) @ Falu,]
with the <, -comodule primitives in
H,THH(BP(n—1),Fy) = o, @ A(6(2,...,0¢%) @ Fa[0Cpii],

mapping A\, to 1 @ 0(? and p, to 1 @ 0Cpi1 + (1 @ 0C2. If V(n—1) exists as a
spectrum (resp. ring spectrum), then this is also

V(n—1).,THH(BP(n-1))
as a graded Fo-module (resp. Fa-algebra).

7. REAL K-THEORY AT p = 2

The connective real (topological) K-theory E.-ring ko has

with the inclusion in & induced by the unique unital (Eo-)map ko — Fy. The
Bokstedt spectral sequence has

€2, = H.(ko) ® A(oCt,0C3,0Ci | i > 3).

The classes with the same names in H,THH (ko) satisfy (0¢{)? = 0, (0¢3)? = 0 and
(0¢;)? = 0y for i > 3, by the same Dyer-Lashof arguments as before, and their
o,-coactions again follow from the formulas for ¢ and commutation with o.

Proposition 7.1 ([AR05, Thm. 6.2(a)]). At p =2,
H,THH(ko)  H, (ko) & A(oC}, 0G3) @ Falody)

in commutative <, -comodule algebras. The <-coaction on H, (ko) is the restriction
of the coproduct on <, while

v(oG) =1@0(]
Wo@) =100 +F o}
v(oGs) =1®00+ G ®0l + G ool
As observed by Davis—Mahowald [DM81], there exist four finite spectra A(1)
with ko, A(1) = Fo and H*A(1) = /(1) the finite subalgebra of o7 generated by

Sq' and Sq®. See Figure 2. We have H*(ko) = .o/ ®.7(1) F2. Dually, H.A(1) =
Fo[C1, ¢2]/(¢F, ¢2), but A(1) does not admit a ring spectrum structure.
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Proposition 7.2. The Hurewicz homomorphism identifies
7. THH(ko, Fy) = A(N], A2) @ Fa[us]
with the <7, -comodule primitives in
H.THH(ko, Fy) = o, ® A(0C}, 0(3) @ FaloGs)

mapping \| in degree 5, Ao in degree 7 and ps in degree 8 to

h(A\) =1®o(}

h(A2) =1® 0 + (@ o}

h(kz) =1® G+ ®0C + (@ ad],

respectively. This agrees with A(1),THH (ko) as a graded Fa-module.

8. TOPOLOGICAL MODULAR FORMS AT p = 2

The connective topological modular forms E..-ring tmf has
H, (tmf) = Fo[(F, (5, G5, Gi | 0 > 4],

with the inclusion in 7 induced by the unique unital (Eoo-)map tmf — Fo. The
Bokstedt spectral sequence has

€2, = H.(ko) ® A(oC¥,0Ch,0C3,0Ci | i > 4).

The classes with the same names in H,THH(ko) satisfy (0(})? = 0, (¢(3)? = 0,
(0¢2)? =0 and (0(;)? = (i1 for i > 4, by the same Dyer—Lashof arguments as be-
fore, and their «7-coactions again follow from the formulas for ¢ and commutation
with o.

Proposition 8.1 ([AR05, Thm. 6.2(b)]). Atp =2,
H,THH(tmf) = H, (tmf) @ A(0C}, 05, 0C3) @ Fa[oly]

in commutative <,-comodule algebras. The . -coaction on H,(tmf) is the restric-
tion of the coproduct on <., while

v(o(F) =1®o(}

v(o¢y) =1® 00 + (@ o}

V(@) =100+ G ®0l + G ®a(]

(o) =1® 00+ QR+ Lol +(3®al].

Let <7(2) be the 64-dimensional subalgebra of 2 generated by Sq', Sq? and Sq*.
As proved by Marilyn J. Roth (now Blockus) [Rot77], there are 1600 %7/-module
structures on 7 (2) extending the given free &/(2)-module structure. The ex-
plicit enumeration of these structures given by Bruner [Bru], together with Toda’s
obstruction theory [Tod71, Lem. 3.1], and a machine calculation with Bruner’s
ext, shows that each «/-module structure on «7(2) is realized in cohomology by
a unique spectrum A(2). Hence there are 1600 such spectra, with H,A(2) =

FQKMCZ? CB]/(ClSa <§17<32) and A(Q) ® tmf ~ IFQ'
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Proposition 8.2. The Hurewicz homomorphism identifies
7. THH(tmf, Fa) = AN/, A5, A3) ® Falus]
with the <, -comodule primitives in
H,THH(tmf,Fy) = o7, @ A0}, 003, 0C2) @ Faloly],
mapping \| in degree 9, N in degree 13, A3 in degree 15 and us in degree 16 to
h(\) =10}
h(Xp) =1® oG + ¢ @ o]
h(ds) =1@ 0G5 + G @0l + G oy
h(ps) =1®@ oG+ ® 0 + Q@ al; + (3@ al],
respectively. This agrees with A(2).THH(tmf) as a graded Fo-module.

9. TRUNCATED BROWN—-PETERSON SPECTRA AT p ODD
Let p be an odd prime. The Eilenberg—MacLane E.-ring B = Z has
Ho(Z) =Fpl&i | i 2 1@ A7 | i > 1),
with the inclusion in <7, being induced by Z — F,. More generally, the p-local
truncated Brown—Peterson spectra B = BP(n—1) have
H,(BP(n—1))=TFy& |i > 1@ A7 |i>n).
There is an Eqo-ring map BP(1) — ku(,), formally similar to the cyclotomic exten-
sion Z — Z[(,], and an additive splitting
p—2
kug) = \/ Z*BP(1)
i=0
of p-local connective complex K-theory as a sum of suspensions of BP(1).
To calculate H, THH(BP(n—1)) as an «Z-comodule algebra, we use the Bokstedt
spectral sequence
&2, =HH,(H.(BP(n—1))) = H.(THH(BP(n—1))),
with
£ =HH(Fpl& | i > 1] @ A(T; [ i > n))

= (X) HH..(F,[4]) ® Q) HH.(A(%;))

i>1 i>n
- RF, & ® Aod) © RAF) @ T(o7)
i1 i>n

~ H,(BP(n—-1)) @ A(c& |i>1)@T (o7 | i >n).
Lemma 9.1. There are nonzero differentials
AP~ (poTi) = 0
for each i > n. Hence

AP~ (yj07;) = 01 -0 Ty
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0'7_'n+ 1
O'gn—i-l
ar—1!
YpOTn
’720—77—71
OTn
o1

FIGURE 3. dP~! for THH(BP(n—1))

for each j > p, and
£, 2 H,(BP(n—1)) @ A(0&; | 1 < i <n) @ Q)Fplo7]/(07:)".
i>n

Proof. This follows by Lemma 5.1, together with naturality of the Bokstedt spectral
sequence with respect to the map BP(n—1) — F,,. See Figure 3. (]

For each 1 < k < n, consider & € H,(BP(n—1)) and form
o0&, € H,THH(BP(n—1))
in degree 2p* — 1. Then
V(o) = (10 0) (&) = (1oo) Y Lol
itj=k

=Y Goo@) =100k,

i+j=k

since o is a derivation so that o(z”?) = 0 mod p. Hence o is an .7-comodule
primitive detected by the £>-class with the same name, in bidegree (1,2p* — 2).
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Moreover, (0€;)? = 0 by graded commutativity, since the degree 2p* — 1 is odd.
Hence 0&1,...,0&, generate an exterior subalgebra of H,THH(BP(n—1)).
Next, consider 7, € H,BP(n—1) and form

o7, € H,THH(BP(n—1))

in degree 2p™. Then
Wo7) = Leo)wiE) = 1o (1om+ Y ned)
i+j=n
=107+ Y H@0()=100%, +7 @k,
i+j=n
This means that S.(07,) = 0&,, where 3, denotes the homology Bockstein dual
to 8. In particular, o7, is not @Z-comodule primitive, hence is not in the Hurewicz
image from 7, THH(BP(n—1)).
As in the case of THH(F)), (¢7;)? = 0741 in H,THH(BP(n—1)) for all ¢ > n.
Hence
(07.)™ = [[(07nsi)™ € H.THH(BP(n—1))
i>n
for each m = Y ,oommp" > 0 with m; € {0,...,p — 1}. These multiplicative
extensions lead to the following formula.

Proposition 9.2 ([AR05, Cor. 5.13]). For p odd,

H.THH(BP(n—1)) & H.(BP(n—1)) ® A(c&1,...,0&,) @ Fylo7,]
in commutative <,-comodule algebras. The ,-coaction on H.(BP(n—1)) is the
restriction of the coproduct on <., the classes 0&,...,0&, are @,-comodule prim-
itive, and v(oT,) = 1 ® 0Ty + To ® 0.

At odd primes p, the Smith-Toda complexes V(n—1) satisty H,V(n—1) =
A(70,- -+, Tn1), and H*V(n—1) = A(Qo,...,Qn-1), Where the @; defined by
Qo = B and Qiy1 = [PP',Q;] are the Minor primitives in 4. When V(n—1)
exists, we have V(n—1) @ BP(n—1) ~ F, and

V(n—-1) ® THH(BP(n—1)) ~ THH(BP(n—1),F,) .
The Bokstedt spectral sequence with coefficients
Sf,* =HH,(H.(BP(n—-1)),H.(F,)) = H.THH(BP(n—1),F,).
has
53,* =2, @A0& |i>1) @0 (07 | i >n)
and
E, 2, @ No& |1 <i<n)®QF,[on]/(07)
i>n
converging to
H,(THH(BP(n—1),F,)) & . @ A(c&,...0&,) @ Fa[o7,].

Since THH(BP(n—1),F,) is an F,-module, the Hurewicz homomorphism A identi-
fies 7, THH(BP(n—1),F,) with the </-comodule primitives in this abutment. Our
calculations then show that there are homotopy classes A, with

h(Ar) = 1® ok
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for 1 < k < n, and a homotopy class u, with
h(pn) =1 07p + 70 @ 0&p

such that
m THH(BP(n—1),F,) = A(A1, ..., An) @ Fplun]
as a commutative F),-algebra. Here we use that 79 = —T7g is coalgebra primitive.

Proposition 9.3. The Hurewicz homomorphism identifies
m THH(BP(n—1),F,) = A(A1, ..., An) @ Fplun]
with the <7, -comodule primitives in
H,THH(BP(n—1),F,) = & @ A(c&i,...,0&) @ Fplo7,],

mapping A\ to 1@0€y and py, to 1@ 07, +19@0&,. If V(n—1) exists as a spectrum
(resp. ring spectrum), then this is also

V(n—1),THH(BP(n—1))
as a graded F,-module (resp. Fy-algebra).

Remark 9.4. To summarize,
7 THH(BP(n—1), F,)) /stn = A(A1, - ., An)
for n > 0 and all primes p, while
7 THH(ko, Fa) /112 = AN, A2)
and
m THH(tmf, Fs) /g = AN, N5, A3)
at p = 2. In each case, |\p| = 2p* — 1 and |, | = 2p™, while |\;| =5, |\]| = 9 and
|AS| = 13.
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