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We consider the commutati&-algebra given by the topological cyclic homology
of a point. The induced Dyer—Lashof operations in npHdomology are shown
to be non-trivial forp = 2, and an explicit formula is given. As a part of the
calculation, we are led to compare the fixed point spectfitimof the sphere
spectrum and the algebralic-theory spectrum of finité&s-sets, as structured ring
spectra.

55812; 19D55, 55P43, 55P92

Introduction

Let A(x) = K(S) denote Waldhausen'’s algebraictheory of a point 23]. Itis a
commutativeS-algebra, in the sense of Elmendorf, Kriz, Mandell and M&y é&nd

the algebraid -theory A(X) of any spaceX, or more generally the algebraic-theory

K(R) of any S-algebraR, is a module spectrum over it. Hence it makes sense to care-
fully study the commutativé-algebra structure of\(x), or equivalently its structure

as ank,, ring spectrum. To the eyes of mgdhomology, the primary incarnation of
this structure is the Pontryagin algebra structurédQ(A(x)), together with the multi-
plicative Dyer—Lashof operatior® : H.(A(x)) — H.+i(A(x)), as defined by Bruner,
May, McClure and Steinberge?]] Here and elsewhere we writé, (E) for the modp
homologyH.(E; Fp) of a spectrunt.

The additive structure dfl,.(A(x)) is known forp = 2 and forp an odd regular prime,
by the second author’s papefs[ and [19], but at present the Pontryagin product and
Dyer-Lashof operations are not known for tkig, ring spectrum. There is, however, a
very good approximation to Waldhausen’s algeb#aitheory, given by the cyclotomic
trace map to the topological cyclic homology obl&tedt, Hsiang and Madsef][
This is a natural magrc: K(R) — TC(R; p), which we write adrc: A(x) — TC(x; p)
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in the special case wheR = S, where TC(x; p) = TC(S; p) is the topological cyclic
homology of a point. By a theorem of Dund&$, [there is a homotopy cartesian square

Ax) —— K(Z)

\L trc ltl’c

TC(x; p) — TC(Z; p)
(after p-adic completion) of commutative-algebras9, Sect. 6], and this square is the
basis for our additive understandinglaf (A(x)).

We are therefore led to study the commutat8salgebra structure oTC(x; p), in-
cluding the Pontryagin algebra structure and the Dyer—Lashof opesatioits modp
homology. Like in the case of algebrakc-theory, the topological cyclic homology
TC(X; p) of any spaceX, and more generally the topological cyclic homolot¥(R; p)

of any S-algebraR, is a module spectrum ové@rC(x; p), and this provides a second
motivation for the study offC(x; p). In the present paper, we determine the Dyer—
Lashof operations ik, (TC(x; p)) in the case whep = 2, as explained in Theoretn2
and Corollary0.3below.

A third motivation stems from ideas of Jack Mora{d], to the effect that there may be

a spectral enrichment of the algebro-geometric category of mixed Tateewogiven

by A-theoretic R4] or TC-theoretic p] correspondences, followed by stabilization.
The trace map\(x) — TC(x; p) — THH(x) = S defines a fiber functor to the category

of S-modules, with Tannakian automorphism group realized through its Hogdbr@ge

of functions, which will be of the fornS Aaw) S or S Atcpp) S. Rationally, this is

well compatible with Deligne’s results on the Tannakian group of mixed Tate a®otiv
over the integers]. A calculational analysis of the commutatiealgebrasS Aag) S

or S Atcwp) S clearly depends heavily on a proper understanding of the commutative
S-algebra structures di(x) and TC(x; p).

Let T be the circle group and leZ» C T be the (cyclic) subgroup of order". The
spectrumT C(x; p) is defined as the homotopy inverse limit of a diagram
R R R

(0-1) =R Gt R G SCo S
F F F F F

of E ring spectra, wher&%" denotes theCyn -fixed points of theT-equivariant
sphere spectrum, the maps labeRdre restriction maps, and the maps labdfedre
Frobenius maps. Se@Rstedt, Hsiang and Madset pr Hesselholt and Madset(]
for the construction of these maps. Similarly, T&@!)(x; p) denote the homotopy limit
of the subdiagram

(0-2) SCe :R; S,
F
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that is, the homotopy equalizer BfandF. The canonical maps

f
(0-3) TC(x; p) —— TCW(x; p) —=> S
are then maps dt, ring spectra.
The unity: S — TC(x; p) and the restrictiolR: S — S let us split off a copy ofS
from each term in@-3). Let CP> be the Thom spectrum of the negative tautological
complex line bundle-~% over CP>. Its suspensiorECP> is equivalent to the
homotopy fiber of the dimension-shiftif-transfer magy: X°X(CP) — S, see
Knapp [L3, 2.9] or Lemmal.1below. We define the spectrubi to be the homotopy
fiber of the Cp-transfert,: X>°(BGy) — S. For p = 2, there is an equivalence
L>, ~ RP>, whereRP*; is the Thom spectrum of the negative tautological real line
bundle—+2% overRP>. The modp homology groups of these spectra are well known:
H.(XCPX) = Fp{¥0 | k> -1}
HAL%) = Fpfax | k> —1}
H.(E*(BG)+) = Fp{ow|k=0}

Here Y5k has degreel+ 1 anday has degred.

Lemma 0.1 After p-completion, diagranf0—3) is homotopy equivalent to a diagram

svucpe, Mosvie M sy neBC), .

In particular, the Pontryagin product éh.(TC(x; p)) is trivial.

Applying homology gives a sequence

H.(S) & H.(BCP=) 255 HL(S) @ Hu (L) 229 H,(S) @ H.(5%(BGCy).) .

Heref, sends¥fk to apk+1 for k > —1, andg. is the identity oy for k > 0, while
a_1 maps to zero.

We now state our main result, which concerns the Dyer—Lashof operdtiotie
mod p spectrum homolog¥.(TC(x; p)) for p = 2. The calculations will be done in
the auxiliaryE. ring spectra8©2 and TCW(x; 2).

Theorem 0.2 The Dyer—Lashof operation® in H,(TCY(x;2)) and H.(S%) are

given by the formula
- N4+i-1
Ql(aj) = ( 2N +J )ai‘i-j )
wherej > —1 andi is any integer, antl is sufficiently large.
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Corollary 0.3 The Dyer—Lashof operation®?® in H.(TC(x;2)) are given by the
formula

wherej > —1 andi is any integer, and\ is sufficiently large. The operation@d®+1
are all zero for degree reasons.

Note that the binomial coefficients used in the theorem and corollary cavaheated

to
MN+yi-1 () fori.%jzo
( oN +J )Z 1 for(I,J):(Oail)

0 otherwise

modulo 2, for all sufficiently largd\. In particularQ®(a_1) = a_1 andQ%(25_1) =
6.1,

We prove Lemmd.1in Sectionl and Theoren®.2in Section3, after a homological
comparison ofE., ring structures in SectioB. Corollary 0.3 follows immediately
from the lemma and the theorem.

1 Topological cyclic homology of a point

In this preliminary section we review the calculationl&®(x; p) from Bokstedt, Hsiang
and Madsen1, 5.17], in order to describe the mé&pto TC(x; p).

For eachn > 1 the Segal-tom Dieck splitting tells us that the norm—restriction ho-

motopy cofiber sequence=*(BCy) 4+ N SCn R sC%n-1 is canonically split.
The homotopy limitTR(; p) = holim, g SS" of the R-maps in 0-1) thus factors as
TR p) =~ [[50 2 (BCy)+. Letpry: TRx;p) — X*°(BGy)+ denote then-th
projection, and_leﬁ'vR(*; P) =~ [[1>1 2*°(BCy)+ be the homotopy fiber gfrg. There
is a vertical map of horizontal homotopy fiber sequences

(1-1) TC(x; p) —=—= TR(*; p) —= TR(*; p)

fll lpl lpfo
F—R

TCW(x: p) — = 5% S




Homology operations in T@; p) 5

and the augmentatioRC(x; p) — S factors asRo p; o m = prg o . Replacing the
left hand square by the homotopy fibers of the augmentatiofis e get a second
vertical map of horizontal homotopy fiber sequences

(1-2) TC(x: p) TRx; p) ——> TR*; p)

le l pri lpl’o
1,

TCW(x; p) —2> B°(BCp)+ ——§.

In the upper row we have used tHat- R restricted along the inclusion TR(x; p) —
TR(x; p) is homotopic toT — I, where T is the product of theC,-transfer maps
¥(BCy)+ — E°(BCy-1)4 foralln > 1. Seel, (5.18)]. In the lower row we have
used thaF —Rrestricted alongN : ¥°°(BCp)+ — S is homotopic to theC,-transfer
maptp.

There is a third vertical map of horizontal homotopy fiber sequences

(1-3) holimy 5°°(BCy); — TR(*; p) ——= TR(*; p)
f3l/ lpl lpfo
hofibE — 2R) — %~ g R _ ¢

Replacing its left hand square by the homotopy fibers of the augmentatiéhsiate
also recover diagrani{2).

Lemma 1.1 There are equivalences

TC(x; p) ~ hofib (tr : YY(CPY) — S) ~ XCPXy
(afterp-completion) and

TCO(x; p) ~ hofib (t,: ©®°(BCy)4 — S) = L™ .
Whenp = 2, L™, ~ RP>.
Proof The dimension-shiftindl'-transfer maps for the bundl&Cy — BT induce
an equivalencez*°3(CPS°) ~ holim, X°°(BCy). after p-completion [L, 5.15]. The

augmentation holim:>°(BCy)+ — S then gets identified witlyy, which implies the
first claim.

There is aT'-equivariant homotopy cofiber sequer®e % S -5 T, A S, wherez is
the zero-inclusion. The right hand majs the Pontryagin—Thom collapse associated
to the standard embeddirigC C, as in Lewis, May and Steinberger4, 11.5.1]. The
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dimension-shiftingT -transferty : X°°X(CPS°) — S for ET — BT is constructed as
the balanced smash product

1A 260 BT, Ap 22C(SY) — BT Ap ST A S,
see [14, 11.7.5]. Hence its homotopy fiber BT . Ap X1-C(S) = ©CP.

The proof thatRP>; is the homotopy fiber of, for p = 2 is essentially the same.0

Proof of Lemma0.1 Undertheidentifications of Lemnial, the mapd : XCP>, —
L> andg: L™ — X°°(BGy)+ correspond to the magds and gy in diagram (-2,
respectively.

The Cp-transfer ma, induces multiplication by on mp, and the zero map in maul
homology, sor_1(f) is surjectivef, mapsXS_1 to «_1, andg, mapsak to «ax for
all k > 0. It remains to see thaj.f, mapsXfk to ax,1 for k > 0. This is clear
from diagram (-3, since gsfz agrees in positive degrees with tietransfer map
YON(CPY) — X°°(BGy)+, which has this behavior on homology. |

2 Algebraic K-theory of finite G-sets

In this section we will compare the algebrddctheory spectrum of finité&-sets with
the G-fixed points of the sphere spectrum, as structured ring spectra. Bg@state
the result we recall some of the definitions involved.

The K-theory construction we use is that of ElImendorf and Mand!l When the
input category is a bipermutative categafy their machine produces a symmetric
spectrumK(C), in the sense of Hovey, Shipley and Smifli], with an action of the
simplicial Barratt—Eccles operad. We will use the same notation for the geoatigtric
realized symmetric spectrum in topological spaces, which has an action

Kt EY) xy K(C)N — K(C)

of the operadEX consisting of the contractiblg; -free space&?;. As usualEX}; can
be defined as the neniS); of the translation category;, for j > 0. TheK-theory
construction itself is somewhat involved, but all we need to know is that tratze
s~paceK(C)o is the nerveNC of C, so the zeroth space &b x s K(C)N is the nerve of
¥jxx,Cl, and the action oEY onK(C)o is given by the maps; : EY;; Xy NCAJ‘ — NC
that are induced by the functors taking an objecta, ..., &) in Xj xyx, ' to the
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objecta, 1) ® - - ®a,-15 in C (see B, Sect. 8]). Herex denotes the product in the
bipermutative structure ofi. Hence there is a commutative diagram

Kj

ESj xy;, K(C)N

|

Lo i SN
EXj xx; (BPNC)Y —— N%(ES) xx; NCY) = £oNC

K(C)

for eachj > 0.

Let G be a finite group, and le€® denote the category of finit&-sets andG-
equivariant bijections. This is a symmetric bimonoidal category under digjoion
and cartesian product, taking,(Y) to X ] Y andX x Y, respectively. We giv&X x Y
the diagonalG-action. There is a functorially defined bipermutative categbé?,
and a natural equivalen&® — ®£C [16, VI.3.5]. It follows that there is a homotopy
commutative diagram

Kj

(2-1) EYj iy, K(@EC)N K(®EC)

1l><eAjT TG

. o~ DYDY
EXj iy, (EFNECYN ——= B0(EY) xy; (NECYN) ——> yrooNgC

for eachj > 0, where
A EXj sy (NECYN — NEC

is induced by the functok; xs, (€C) — £ that takes ¢; Xy, . . ., Xj) to the cartesian
product

Xg—l(l) X (Xa—l(Z) X X (Xa_l(j—l) X Xa_l(j)) c. )

Let &/ be a completés-universe, and leC denote the linear isometries operad with
space<(j) consisting of linear isometrigg — U/, wherel! denotes the direct sum of
j copies oft/. There is an action d& on eachZ(j) given by conjugation, and this gives
L the structure of aE,, G-operad in the sense of Lewis, May and Steinberddy [
VII.1.1]. The E,, ring structure on th&-equivariant sphere spectru$g = EOGOSO is
given by an action

G L) xx;, S¢ — Se

of this operad (where, for once; denotes the twisted half-smash product in Lewis—
May spectra). Itis compatible with a corresponding action

wj: ﬁ(j) D(Ej Q(;(S))/\j - QG(S))
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on the underlying infinite loop spa&@s(S°) = Q>°Sg = colimyy 2VS’, inthe sense
that the following diagram commutes.

(2-2) L) wx; (5FQa(®)N —= B7(L() 3y Qo(S)N) —— L 52Qu(<)

1><e/\1¢ €

L(j) xx, Sey ‘ Se

Herew; sends an element if(j) xy; Qa(S°)N represented byf(gs, . .. ,0j), where
f: U — U andg: S — S, to the element represented by the composite of the
following maps.

A+ AGj fa
9 9 1 BV) — = JV1DDV)

S V16 BV)) <fT Q1D BV
By taking G-fixed points we get the non-equivarialt, ring spectrunS® = (Sg)®
with an action
§: L9G) x, (88 — 8°
of the non-equivariark,, operad® of G-equivariant isometries. The corresponding

infinite loop spaceN™(S°) is the spaceQg()¢ = colimyy (QVSY)C, with the
inherited £C-action

s £9G) x5, (Qa(S)®)Y — Qa(S)°.

Next we recall the definition of the Dyer—Lashof operati@is Let C.(—) denote the
cellular chains functor, from either CW complexes or CW spectra to chanplexes.
Let E be a spectrum with an action of &, operad©, and letW, be the standard
free Cp-resolution of Fp, with basis elements in degreei. There is a chain map
W, — C,(O(p)) lifting the identity onF, unique up to homotopy, and we also denote
the image ofg under this map byg. Let x € Hqg(E) be represented by a cycle
z € C4(E). Now consider the image of the cyate® z®P under the map

C(O(p) @5, CLE)PP —= CL(O(P) 5, EP) —2- C,(E),
and denote its image in homology I8)(x). Here¢p is the E,, structure map. Then
for p = 2 defineQ'(x) = 0 wheni < ¢, and

Q) = Qg
wheni > qg. Forp > 2 defineQ'(x) = 0 when 2 < q, and
QX = (—1)'(a) - Qai—gp-1()
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when 2 > g, wherev(q) = (—1)%@-DC-D/4((1(p—1))!))9. See Bruner, May, McClure
and Steinberger2] Ch. Ill] for more details.

The spectr&® andK (®£€) should be equivalent &, ring spectra, but we will only
need the following weaker result.

Lemma 2.1 There is an equivalenc®® ~ K(®EC) of spectra such that the induced
isomorphismH,.(S®) = H,(K(®£®)) commutes with the Dyer—Lashof operations.

Proof Our first goal is to construct a commutative diagram

(2-3) EX) iy (NES)T — > Ng©

EY) xy;, (NES) —— (ES) x £8()) x5, D} — = Dy NES

~ ~

Vi

Cu W

£8(j) x5, (Qa(S)8)N —> Qg(L)C.

We start by describing the spa€g,. Let V be an indexing space i&X. For each
finite G-setX, consider the spadé, (X) of X-tuples of distance-reducing embeddings
of V in V, closed under the action &&. More precisely, this is the space &
equivariant mapg [y V — V such that the restriction to each summagydV — V

is an embedding that satisfiégg(v) — g(w)| < |v—w| for all v,w € V. Let Ky(X)

be the space of paths,[0] — Ey(X) such that the embeddings at the endpoint 0 are
identities, and the embeddings at 1 have disjoint images. Now let

K/ (X) = colimKy(X) .
u(X) zolin v(X)

These args-equivariant versions of the spaces in the Steiner op&2d The group
Aut®(X) acts freely onk;,(X) by permuting the embeddings, and the sp@geis to
be the disjoint union
Cu = [ Ku(X¥)/ Aut®(x)
X]
whereX ranges over all isomorphism classes of firiesets.

The action of the operad® on C, is defined as follows. Lef: U/ — U be a
G-linear isometry, and letgf],1 < i < j, be elements irC;,, represented by paths
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of X;-tuples of embeddingg; € Ki;(X;). Denote the component paths of embeddings
that constituteg; by g; x, wherex; € X;. The resulting elemeny(f;[gi],...,[g]) in

Cy is represented by an element{gy, (X1 x - - - x Xj), which on the summand indexed
by (X1, .. .,%) is given byf o (g1x x -+ x gjx) of 1.

There is amayt,, — Qg(S°)C, given by evaluating a Steiner pathiiy (X) at 1 to get

a G-equivariant embedding: [[xV — V, and then applying a folded Pontryagin—
Thom construction to obtain &-equivariant mapy: ¥ — SY, which is a point
in Qg(S)®. Given the distance-reducing embeddiaget S’ — \/ S’ be theG-
equivariant map that is given bg~* on the image ofe in V ¢ S and maps the
remainder ofS to the base point of/y S > [y V. Let \/x S — S’ be the fold
map thatis the identity on each summand. The folded Pontryagin—Thom cuiitstig

is the composite of these tw@-maps. If we permute the embeddings indexedXoy
we get the same element @c(S°)®, so our map is well-defined. A comparison of
definitions shows that this construction is compatible with fifeactions onC;, and
Qs(S")C, so the lower square i2£3 commutes.

Let

Dy = [ J(EAUtS(X) x Ky (X))/ Aut®(X),
[X]

where Auf(X) acts diagonally on the product. The nem&® splits as a sum of
components

(2-4) NS ~ T BAUtS(X),

X
where the disjoint union is over the isomorphism classés-setsX. Projection on the
first factor in D, followed by this homotopy equivalence gives the nizyp — NEC
in (2-3), while the mapD;; — Cy, is the projection on the second factor. There is an
induced action of the product oper&® x £& on Dy, defined as follows. Lete(f) €
EY x £C8(j) and let &, f;) € E Aut®(X) x Cys(X) represent elements by, for 1 < i <
j. The image undey; is the element represented byj(€; ey, . . ., §), v(f; f1, ..., ).
This makes the upper and middle square2#3( commute.

Let
NEy = (JJ(EAUt(G/H) x Ky (G/H))/ Aut®(G/H)) |,
(H)
where the coproduct is taken over the conjugacy classes of sulsgfiooipG. The map
NES — Dy in (2-3 is the inclusion of the components indexed by the isomorphism
classes of transitiv&-sets.
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The maps¢ and ) are defined by commutativity of the right hand triangles in the
diagram. We claim that the adjoints

(2-5) YONES — K(EC) ~ K(DEC)
(2-6) YONEE — S©

of the mapsp and1), respectively, are both equivalences. HEIE®) is the additive
K -theory spectrum of€, with zeroth spac& (£%)g = NE€, which only depends on
the additive symmetric monoidal structure&f. There is an equivalence

SONES ~ \/ S@BWeH., |
(H)
whereWgH = NgH/H = Aut®(G/H) is the Weyl group ofH and the wedge sum
is over the conjugacy classes of subgroup&oBy Waldhausen’s additivity theorem
[23, 1.3.2] applied to a suitable filtration 61° according to stabilizer types, there is a
splitting
K(E®) ~ \/ K(EWeH)),
(H)

where&(WgH) is the category of finite fre#V/gH -sets and equivariant bijections. The
map @-5) is equivalent under these identifications to the wedge sum of the maps

(2-7) YBWeH . — K(E(WGH))
that are left adjoint to the inclusio®WsH, — NE(WsH) = K(E(WgH))o.

The Barratt—Priddy—Quillen—Segal theore20,[3.6] says that each of the majzs-7)

is an equivalence, henc2-{5) is an equivalence. The map-6) is an equivalence by
the Segal-tom Dieck splittind.§, V.11.2]. The composition of these two equivalences
is the equivalenc&8® ~ K(®£C) referred to in the statement of the lemma.

We apply the suspension spectrum funciisf to the diagramZ-3), combine it with
diagram 2-1) and theG-fixed part of @—2), take homology, and end up with the
following commutative diagram.
(2-8)

H. (3); Ho(K(@£9)®1) > H, (K(£9))

€1 N

H. (55 Ho(NES)®T) = H. (S5 AL (D) @) — > A,(Dy) < H.(NEE)

~ l lEZ gd)
5 *

HL(55 Ha(8%)) — = H.(s%)
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We need the fact that; and ¢, have the same kernel. In fact, all summands in
H.(Dy) indexed byG-sets with more than one orbit map to zero under beth
and e2. This follows from the fact that Pontryagin products and additive Dyer—
Lashof operations vanish after stabilization. More precisely, a decatigoosf a
G-setX = Hik:1 ni(G/H;), where theH; lie in distinct conjugacy classes, induces a

factorization )

BAUtS(X) = [ [ B(Sn  WaH) .
i=1
The homology grouH.(B(Xn ¢ WeHi)) C H.(NEC) is generated byH.(BWH;)
under iterated Pontryagin products and Dyer—Lashof operation§aiesn, Lada and
May [3, I.4.1], which all map to zero undei ande, unlessk = 1 andn; = 1.

Let x € H.(K(®£®)), and lety € H,(S®) be the element corresponding xaunder
Y, 0 7L, via an element € H.(NEF). We need to show that the imag&(x) of
g ® x®P under the top map corresponds, via the isomorphism, to the iQgge of
& ® y*P under the bottom map. The elemento Z°P € H,(Sp; H.(NES)®P) maps
to an element;(2) € H.(Dy), which further maps ta@Q;(x) and Qi(y) undere; and
€2, respectively. Letv € H,(NES) map toQ;(x) under¢,. Since the maps; and
> have the same kernel, the eleme®$2) andw have the same image . (S®),
which implies the result. O

Remark 2.2 The additive equivalenc8® ~ K(£€) ~ K(®E®) of spectra can be
realized as th&-fixed part of aG-equivalencéSg ~ Kg(€) of G-spectra, for example
using Shimakawa'’s constructiof]] of G-equivariantk -theory spectra. Presumably
this is aG-equivalence ok, ring G-spectra.

3 Proof of the main theorem

Recall theE,, structure maps\j: EXj xyx, (NE€)N — NES. We have inclusions

BAut®(G) — NEC and §: BAut®(Gl) — NEC, corresponding to the summands
indexed byX = G andX = G = G x --- x G, respectively, in the decomposition
(2—4) of NEC., Restricting); to these summands, we have a commutative diagram

(3-1) E) wy, (NEC) i NEC

| i

ES) xy, BAUS(G) ——— B(S; x AutS(G)l) —2~ BAuS(G),
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where the homomorphism sends an elementr(fy, ..., f) in ¥j x Aut®(G) to the
G-automorphisnf, 1) x - -+ x f, 15 of G.

We write ¥ ¢ Aut®(G) = 31 G for the wreath producEj x Aut®(G) . The freeG-set
G splits intok = |G|~ orbits, and we fix &-equivariant bijectiorG = [], G. This
induces an isomorphism ABG) = Aut®(]], G), and we also have AB(][, G) =
Yk 1 G. Thus we get a commutative diagram

(3-2) B(Sj % AUtS(G)) —2~ BAUS(G)
B(Zj16) — 2 - B(S1G)

where we also write for the induced homomorphisiij: G — ¥k G.

Now we specialize to the cage = 2. First we study the Dyer—Lashof operation
QZZ Hl(SCZ) — Hg(SCZ).

Lemma 3.1 The operatiorQ? in H,(S®?) satisfiesQ?(a1) = as.

Proof Let C = C,. By Lemma2.1, we may instead comput®? in H., (K(®£°)).
We letj = 2, combine diagram2€1), (3—1) and @-2), apply homology, and end up
with the upper half of the diagram

(3-3) H.(EX, x5, K(PEC)'2) 2> H,(K(DEC))

T Te*oé*
Bo.

H.(B(32? C)) —————H.(B(X2:0))

Bd. T TBL*
B,

H.(B(X2 x C)) — 2~ H,(B(C x C)).

The vertical homomorphisms in the lower square are induced by the homoaisrarph
d = 1x A thatsendsd, X) to (; X, X), and the inclusion of the subgrout x C = C?

in 31 C = 3, x C2. The homomorphismy is the restriction of to ¥, x C. Itis
easily checked thap takes values in the subgro@px C (sincep = 2) and is given
by ¥(o,X) = (X, oX), using the description op given after diagram3-1). We have
By.(e ®1) = 1® «j and

By (1® qj) = Au(y) = Z as® o,
SH=j
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which combine to give

Biu(@®aj) = > as®(ai*ar),
s+H=j
wherex denotes the Pontryagin productlifi(BC) induced by the topological group
multiplication BC x BC — BC. We recall that * oy = (7" iy

By May’s paper 15, 9.1] the mapBd. is given by
Bd.(e @ aj) = > &akj @ Sd(0y) @ Sd(ey) .
k

Recall thatSd (o)) = (") aj_k, whereSd denotes the dual of the Steenrod operation
Sd. In particularBd,(e; ® ay) = €1 ® a1 ® a1, which further maps t@1(cv1) in the
upper right hand corner oB£3). But now Q1(«1) is also the image of; ® az under

€4 0 05 o Buy 0 Bip,. Using the description dBi), above, we see th&d:(«1) equals

(3-4) > adl®as® a1+ ay).
stt=2
The mape, vanishes on decomposables with respect to the prodi(iNE®) induced
by the additive symmetric monoidal structuregh. The element, (1® as® (a1 * o))
is the image of
as @ (01 % o) € Hy(BAUt(C) x BAut®(C))

in H.(BAUt®(C]] C)) C H.(NE®) under the map induced by disjoint union, thus the
only non-zero term in3—4) is the one withs = 0 andt = 2, andQ?(a1) = Q1(av1) =
&(1® ao ® (1 * @) = as. O

Proof of Theorem0.2 We now turn to the operations iR, (TCO(x;2)) = F» &
H.(RP>). The general formula for th€' will follow from Lemma 3.1 and the
Nishida relations, which say in particular (s€el]l.1.1]) that

. _ 2N _j—-1 _

| H+1Oi () — k—j—1 .

@5 S =Y ([ 55, )9S,
whereN is sufficiently large. Whelk > j + 2 the eIemenSdﬁ(a,-) is zero for degree
reasons, and when< j the fact thatQ¥~1—1 vanishes on classes in degree higher than
k —j — 1 implies thatQ“1=1Sd{(¢j) = 0. Hence the sum I8¢5 simplifies to the
single term

sq10) = (2,0 ) Psd e

for k=j + 1, whereN is large.
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Bob Bruner has observed that

N—j—1y_ AN4i-1
N—i )7\ 2N+

mod 2, for largeN. Here is a quick prooNf. Lex denote thek’th bit in the binary
expansion of a natural number Then (/%) = 1 if and only if (¥ — i) = 1

N
implies (2 —j — 1) = 1 for all k, and (2”2@;1) =1ifandonly if (N +j}k =1
implies (2 4 i — 1), = 1 for all k. But for N large compared td, j andk the bit
(2N — i)k is complementary to {2+ i — 1), and (& —j — 1)k is complementary to
(@ + ). s0 (P15 1) = 1ifand only if (177 = 1.

The operationSd in H.(RP>) are given by the formula

Sdi(ey) = <j ;k> k-

This follows by the corresponding formula f@&P*> and James periodicity. More
precisely, a theorem of Jamed] says that giverm < n, there is a positive integév,
depending only om — m, such thaﬂRP”mﬁ ~ YRP? when/ is a positive multiple
of 2M. The spac&P?, is the stunted projective spadd"/RP™1. If we now define
the spectrumRP" ; to be Z*@EOORP?J[{ for such/ (depending om), we have that
RP> = colim, RP" ;. The Steenrod operations kh,(RP>) can now be calculated
from the operations irh-l*(RPfo), and the stated formula follows by noting that the

relevant binomial coefficients aré’2periodic in the numerator.
In particularScL*l(aj) =qa_q forallj > —1, and we have

Nyi—1

G 0
de‘]"‘ Ql(al) = ( 2N _|-J >Q (Oé_l) .
If Q%a_1) were zero, it would follow thaQ‘(aj) =0 for all i andj, sincesdferrl is
an isomorphism to dimensionl. But this contradicts Lemn&1l HenceQ®(a_1) =

a_1, and the formula stated in the theorem follows. O
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