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Outline

Exotic spheres



Framed bordism
Theorem (Pontryagin (1936, 1950), Thom (1954))

fr ~ .S
Qm:ﬂ'm

M, f] < a

» Closed, smooth M™ c R™+"
» Normal framing f: 1" = €”
» Collapse and projection maps

a: 8™ — Th(v") = Th(e") — S"

» Framed cobordism W™ with oW = M — M.



The h-cobordism theorem

Theorem (Smale (1960))
(W; M, M) h-cobordism < W = M x [0,1].

» Assumes m > 5, © = m1(M) trivial

» h-cobordism means M = W & M’

» Implies M = M

» Obstruction 7 € Wh(~) in general; Wh(Z/2) = 0.



Homotopy spheres

Theorem (Kervaire—Milnor (1963))
0= bPmi1 = Om— w5/ Imdm — Z/2

> ©mn > [£™] h-cobordism classes of homotopy m-spheres
» bP,.1 subgroup of X = 9P with P parallelizable

» Each homotopy m-sphere admits a normal framing

» Change choice of framing «» add element of Im Jp,.



Surgery obstruction groups

» Browder—Novikov—Sullivan—Wall surgery theory assigns to
a degree 1 normal map (f,f): (M™,vy) — (X,€) an
obstruction

o(f, f) € Lm(Z[m1 (X)), w(£))

to modifying M by surgeries until f becomes a (simple)
homotopy equivalence.

» Milnor—Kervaire and Wall calculated
L.(z)=(Z,0,Z/2,0,...)
L(Z[z)2],+1) = (Z® Z,0,72/2,Z)2,...)
L.(Z[z)2],-1) = (Z/2,0,Z/2,0,...)

» Hence Ly, n(Z[Z/2],(—1)")=0if nisevenand k + n=1
mod 4, or if nis odd and k + n is odd.
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Large and small actions

» The standard m-sphere S™ admits a nontrivial smooth
O(m + 1)-action; dim O(m + 1) = m?/2 + m/2.
» (Wu-Yi Hsiang, 1967) Exotic m-spheres ¥ (with m > 40)
admit effective smooth G-action only for dim G < m?/8 + 1.
Question
Does every homotopy m-sphere admit a nontrivial smooth
circle action?

Theorem (Schultz (ca. 1985))
Yes, if m < 30.



Circle/odd cyclic actions

Theorem (Schultz (ca. 1985))
Given
» (XK, a) framed homotopy k-sphere
> [2K,a] = o € (7§)p), p 0dd prime
> B € R(a) C (7 ,)(p) root invariant
there exists
> (k1 b) framed homotopy (k + n)-sphere
> [zk+n7 5] — 5
such that:
> If nis even, then X**+" admits a smooth Z/p-action with
fixed set K.
» If nis odd, then £¥t" admits a smooth circle action with
(k — 1)-dimensional fixed set.



Example

Consider

» podd,g=2p—-2,i>1

> a; € (73)(p) With k = iq — 1

> Bi € R(a;) C (75, n)p) With kK +n=i(p+1)q — 2p.
— There exists a framed homotopy (k + n)-sphere (X¥*7, b)
with a nontrivial smooth circle action and [XX*7, b] = ..

> Bi ¢ (ImJ)kin
= This (k + n)-sphere is exotic.
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The Mahowald root invariant at p = 2

» ~ | RP* tautological line bundle
» P_, = Th(—nvy) Thom spectrum
> aeny=m1(S"), Benp, ,=m1(S"T)
» R(a) =+ Imtif 0 # pr(a) = j(B)
a m1(S7T)

oA
-2

Tk—1 (P—oo)

8 Jpr

mk(P_p) — = m_1(S"" 1)#7% 1(P-n_1) —2= m_1(P_p)



Necessary condition for Z/2-action

Theorem (Stolz (1988))

Let ¥ and ¥¥+" be homotopy spheres. If there is a smooth
7./2-action on Z_"*” with fixed points ¥, then there exist
framings @ and b such that o = [XX, 3] and g = [ZK", b] satisfy

pr(a) = j(B) € mk—1(P-n-1)-

Remark
Let 3’ € R(a) C 7§, - The conclusion is then equivalent to

Belmt ifn<n.

{5 €R(a) ifn=n



Sufficient condition for Z/2-action

Theorem (Stolz (1988))

Let (XX, a) and (Xk*", b) be framed homotopy spheres, with
bordism classes a € 7§ and 3 € 7}, such that

1. pr(a) = j(B) in mk_1(P-n-1)

2. n>k+1and Ly n(Z[Z/2],(—1)") = 0.
Then there exists a smooth Z./2-action on YA+NUS! for some
[X'] € bPxyni1, with fixed point set .

Remark
Let ' € R(a) C 7§, - The first condition is then equivalent to

{ﬁ € Rla) ifn=nr'

Belmt ifn<n.



Twisted normal bordism

Lemma

Qun(RP; —ny) = mi(P-n)
is the bordism group of triples (M, f, f) where
» M is a closed, smooth (k + n)-manifold
» vy is the stable normal bundle of M
» f: M — RP> isamap
> f:uy @ ek =4 F*(—ny) is a stable isomorphism.

Proof.
Use Pontryagin—Thom collapse map and functoriality

SK = Th(vm @ €) = Th(f*(—nvy)) — Th(—ny) = P_p,.



Projective n-space

Forpr: S™' - P_oo — P_p_1

Qn(RPOO; —(n + 1)’)/) = 7T_1(P_n_1)
[RP", f,f] < [pr]

where
> f: RP" — RP™> is the inclusion
> fis negative of Tppn @ €' = (N4 1)7.



Geometric interpretation of root invariant
Set P = RP> = BZ/2, with base point inclusion b: « — P.
Mg QF

[Nk+n’5] Jpr

Qesn(Pi =) = Q= Qiin( Py —(141)7) = Qiin1 (P =m)

> pr: [MK, 3] — [MK x RP", fopry,axf]
> j: [Nk b] —s [NK+7 b, b]

b:uy® = = b (—(n+1)y)
> R([Mk 3]) = [NK+7 b] + Im t if

0 # [MX x RP",fopry,ax f] = [NK+" b, b].



Equivariant framed bordism

Let o = R with the sign action.

Lemma
o ~ /2
Qn(RP>; —ny) = Qk_/;_ng
is the bordism group of pairs (M, ¢) where
» MK has free 7, /2-action
> C: 1y s €K7 s 7,/2-equivariant.

Proof.
Pull f: M — RP* back along Z/2-cover S — RP. Forget
structure map to S*°. Let ¢ be negative of pullback of f. O



Equivariant n-sphere

The class [pr] € 7_1(P_n,_1) corresponds to
00 ~ 2
Qp(RP>; —(n+1)y) = Q%/H_(n_H)g
[RP",f,f] <+ [S((n+ 1)0), ]

where
» S((n+ 1)) = S" with antipodal action
> C: Tg((ni1)0) B €' = ™17 is Z/2-equivariant.



Equivariant interpretation of root invariant

(mx -z QF
[N¥+", -] Jpr
72 t fr J 72 P 7/2
Qk+na Qk+n 3 Qk—1+(n+1)a } Qk—1+na

> pr: [Mk,—a] — [Mk x S((n+1)0),a x ¢
> j: [N+ —B] — [NUN,bU b

bub: Ty s e 1 (e
> R([MK —a]) = [NKt", —b] + Im t if

0 #£ [MX x S((n+1)0),ax ¢] = [NFH"U N bLip.
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Existence of Z/2-action

Theorem (Stolz (1988))

Let (XX, a) and (Xk*", b) be framed homotopy spheres, with
bordism classes a € 7§ and 3 € 7}, such that

1. pr(a) = j(B) in mk_1(P-n-1)

2. n>k+1and Ly n(Z[Z/2],(—1)") = 0.
Then there exists a smooth Z./2-action on YA+NUS! for some
[X'] € bPxyni1, with fixed point set .

Remark
Let ' € R(a) C 7§, - The first condition is then equivalent to

{ﬁ € Rla) ifn=r,

Belmt ifn<n.



Proof (1/5)

1. Since pr(«) = j(3) we can choose a Z/2-equivariant
k + (n+ 1)o-framed bordism
(WK1 3 (EK < S((n+1)0), axc) ~ (ZF"uzk+" bub).

2. Choose Z/2-equivariant map s: W — o, transverse to 0,
with
> s|Zk x S((n+ 1)o) projecting to the last coordinate
> 5|k YK+ mapping to {+1}.

3. Let VK7 = s71(0) be k + no-framed. Then
oV =¥k x S(no)

with kK — 1 4+ no-framing a x ¢'.
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Proof (2/5)

4. The orbit manifold VA" = V/(Z/2) is normally
—nry-twisted, with

OV =k x RP"1T

5. Split £ = D& Ug D for some g: 9Dk = OD¥.
6. View V as a —ny-twisted cobordism

V: DEk x RP™ 1 ~ D x RP

relative to g x id: DK x RP"" =~ 9Dk x RP1.



Proof (3/5)

7. Kreck (1999) gives a version of surgery theory for “normal
g-smoothings”, showing that surgery relative to the
boundary can change V to a relative h-cobordism V; if an
obstruction in

Litn(Z[Z/2],(=1)")  (=0)

vanishes. Thisassumes k+n>5and n> k + 1.

8. Let Wy: V ~ V; rel @ be the trace of this —ny-twisted
surgery, so that RP"~1 ~ V.

9. The universal cover Wy: V ~ V;rel 0 is the trace of a
framed surgery, with S"~1 ~ V.



Proof (4/5)
10. Let

Witk c W and  Dy(no) € S((n+1)o)
be the parts mapping by sto [0,00) C 0. Then
W,: 5K x D (no)u V ~ xk+n

is a framed bordism.
11. The union of bordisms
(idUWp) U Wy : £K x Dy(no) U Vy ~ TKED
is also a framed bordism.
12. The union

Y5 x S(no) = 0Vy —— V4 ~ 8™

! !

YK x Dy (no) ——— =K x D, (no) U V4

is a homotopy k + n-sphere.



Proof (5/5)

13.

14.

15.

16.

The framed homotopy spheres ¥ x D, (no) U V4 and

¥ K+" represent the same element in 5.

By Kervaire—Milnor, there is an ¥’ with [X'] € bPy .1 and
an h-cobordism from X x D, (no) U V4 to TK+145".

By Smale, there is a diffeomorphism
h: £k x Dy (no) U Vy = SKHay !

The trivial action on £, the sign action on D, (no’) = D(no)
and the free action on V4 combine to a smooth Z/2-action
on XX x D, (no) U Vy with fixed points XX. Conjugate by h
to transport this action to Tkt7#3y".



Example

Theorem (Behrens, Quigley)
Each of the
1,28,2,992

oriented homotopy spheres
S8 57 59 51

that bound parallelizable manifolds arises, respectively, as the
fixed points of some smooth involution on an exotic sphere of
dimension

9,17,21,33

that admits a framing with bordism class

v € R(®),m* € R(4o),vv* € R(n?0),n{q} € R(Pp).



E. — 7T*(S)g
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