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INTRODUCTION

For 1 <n < oo, let GL,(Ny) C GL,(Z) be the multiplicative monoid of non-
negative integer matrices with determinant +1, and let SL,,(No) C SL,(Z) be the
submonoid of non-negative integer matrices with determinant +1.

For 1 <i,j <mnandi # jlet e;; € SL,(Ny) be the elementary matrix with
(i,7)-th entry +1. We identify the n-th symmetric group with the subgroup 3,, C
GL,(Np) of permutation matrices. These are precisely the invertible elements in
GL,(Np).

We are interested in GL,,(Np), because the algebraic K-theory of 2-vector bun-
dles is represented by the space

K(V) =7 x BGLo(V)* ~ QB( I BGLn(V))
n>0

where V denotes the bipermutative category of (finite-dimensional) complex vector
spaces, and G L, (V) is the monoidal category of matrices of complex vector spaces
whose dimension matrix has determinant 1. Hence there is a monoidal functor
GL,(V) — GL,(Ny) and an induced map BGL, (V) — BGL, (Ny).
This leads us to study the classifying space BGL,(Ny), and in particular, its
fundamental group
WlBGLn(No) = Gr GLn(NO)

given by the group completion of the monoid GL,,(Ny). By the universal property
of the group completion, the monoid homomorphism GL,,(Ng) — GL,,(Z) extends
to a unique group homomorphism Gr GL,,(Ny) — GL,,(Z). How close is this to an
isomorphism?

RANKS n < 2

The case n = 1 is trivial, since GL1(Ng) = GrGL;(Np) are both trivial, while
GL1(Z) = {£1} is non-trivial. However, SL;(Ny) = GrSL;(Ng) = SL1(Z).
For n = 2, the inclusion ¥5 C GLy(Ny) splits the extension

2o

|

1 —— SLy(Ng) ——= GLy(Np) T {£1} 1.

R

Typeset by AMS-TEX



2 JOHN ROGNES

01
10

ab
cd

[z 2] Hence we can write GLy(Np) = ¥o x SLy(Np) as a semi-direct product.

The transposition ¢ = [ } acts on SLy(Ng) by conjugation, taking [ } to

Consider the elementary matrices ejo = [(1) 1] and eq; = “ (1)}

I learned the fact that e and eg; generate SL2(Np) from Thomas Kragh and
Sverre Lunge—Nielsen. It is not much harder to prove that these generators satisfy
no relations.

Theorem. Forn = 2,
SLy(Np) = (e12,e21)™" = Ny Ny
1s the free monoid generated by e1o and ea1. Hence
GrSLy(Ng) = (e12,621)P 2 Zx 7

is the free group generated by e12 and es1, and BSLa(Np) ~ Sty St
Furthermore,

GL2(Np) = X X (e19,e91)™" =2 Yo x (Ng * Np)
where the generator o € Yo acts by interchanging e1o and es. Hence

GrGL2(Ny) = 39 X (e12,€21)97 =2 39 X (Z x7)
mlzd BGLy(Ny) ~ EX x5, (S Vv SY), where o € Xy interchanges the two copies of
S

Proof. For A = [Z Z} € SLy(Np), we write ||A|| = a + b+ ¢+ d. Suppose that

A is different from the identity matrix, so that ||A| > 2. We claim that either
(a,b) > (¢,d) or (a,b) < (c,d) in the product partial ordering on NZ, but not both.
Assuming this, we can write

Ry
B I R

in SL2(Np), in the two respective cases. In either case, we can uniquely write A =
e12B or A = eg1 B for some B € SLy(Ny), with ||B|| < ||A]|. Hence, by induction
on ||A]| it follows that A can be uniquely factored as a product of copies of e12’s
and es1’s. In other words, the canonical monoid homomorphism (e, €91)™°" —
SLy(Np) is an isomorphism.

The other claims follow easily from this fact.

It remains to prove the claim. We cannot have both (a,b) < (¢,d) and (a,b) >
(c,d), since then (a,b) = (¢,d) which contradicts ad —bc =1. If a < cand b > d
then ad < be, which also contradicts ad —bc = 1. The remaining possibility is a > ¢
and b < d. If bc =0thenad =1,s0a =d =1 and b = ¢ = 0, which makes A the
identity matrix. Otherwise b,c > 1 s0 a,d > 2 and ad > c¢d > ¢b = bc in Ny. This
contradicts ad —bc=1. O

or

Remark. Geometrically, we are considering two vectors (a, b) and (¢, d) in Nz C R2.
When a > ¢ and b < d, the parallelogram spanned by (a,b) and (¢, d) must contain
the rectangle with vertices (a,b), (a,d), (c¢,d) and (c,b). Since the parallelogram
has unit area, it must be equal to this rectangle. Hence (b, c) = (0,0), and A must
be the identity matrix.
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THE STEINBERG GROUP

Note that 61262_11612 = 62_1161262_11 = [31 H has order 4 in SLy(Z). The Steinberg
group Sta(Z) can be defined by the presentation

Sto(Z) = (212,791 | 1275 T12 = 257 T10257 )P .

It is the universal central extension
1 — ker(mr) — Sta(Z) 5 SLy(Z) — 1

of SLy(Z), where 7 takes z;; to e;;, and the kernel ker(7) = Z is the infinite cyclic
group generated by (x125, 712)*. For a proof, see [Milnor71, Theorem 10.5]. Hence
SL2(7) has a presentation given by that for the Steinberg group, together with the
relation ($12$2_11£E12)4 = 1.

An alternate presentation is given by letting w = 21025 212 and ¢ = zox5]
Note that 212 = ("'w and x91 = ("2w. Then

Sta(Z) = (w,( | w? = VP =2 Zxy T
is the pushout in groups (amalgamated product) of Z 273 Z, and
SLy(Z) = (w,¢ | w® = P, w* = 1) =2 Cy x¢, Cg

is the pushout in groups of C4 & Cy EN Cs. Here C),, = Z/m is the cyclic group of
order m. The relation (% = 1 follows easily from the other two relations.

((Can also write GL2(Z) = D4 xp, Dg where D,,, = 3o X Cp, is the dihedral
group of order 2m.))

There is also a pullback diagram

—_—

Sta(Z) — SLy(R)

SLy(Z) — SLa(R)

where SLo(R) ~ % is the universal cover of SLy(R) ~ SO(2).
The linear path ¢ — eﬁj from the identity to e;; in SLa(R), for 0 < ¢t < 1, lifts

uniquely to a path from the identity in SLy(R). We can map x;; € St2(Z) to the
endpoint of the lifted path, since the two paths

_ 1—¢t2 2t —1¢3
t— 63262115632 = |: —t 1— t2 :|

and

—t ¢ 1t t
tr exfelpen = [—275 81 tz}

are homotopic in SLy(R). Sending e;; € SL2(Ng) to x;; € St2(Z) then determines
the factorization

SLy(Ng) = GrSLy(Ng) — Sto(Z) = SLy(Z)
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of the usual monoid inclusion. Here Gr SLy(Npy) = (e12,€21)% = (w, ()9, with
quotients Stz(Z) and SLo(Z) obtained by cumulatively adding the relations w? = (3
and wt = 1.

The Steinberg group Sts(Z) is isomorphic to the knot group 71(S® \ K) of the
trefoil knot K. The following argument, due to Quillen, is discussed in [Milnor71,
pp. 83-85].

The composite

——~——

—_~—

exhibits SL2(R) as the universal cover of SLy(R)/SLo(Z), so that
T1(SL2(R)/SL2(Z)) = Sta(Z) -

We can identify GLy(R)/G Ly(Z) with the space of lattices L C R? 2 C, i.e., discrete
subgroups L C R? with L = Z?, since GLy(R) acts transitively on such lattices,
and G Lo (Z) stabilizes Z* C R?. The subspace SL(R)/SLy(Z) corresponds to the
lattices where each fundamental domain has area 1.

For each lattice L, the Weierstral p-function is defined by the series

p(z) =p(z L) = 5 + (ﬁ—%).

It is a meromorphic function of z € C, having a double pole with residue 0 at each
lattice point A € L. Letting

1

92—92(L):60 Z F
0#XeL

1

93 = g3(L) = 140 Z 36
0#NEL

the p-function satisfies the differential equation

0 (2)* = 4p(2)° — g20(2) — g3

where the discriminant

A= A(L) = g5 — 27g3

of the cubic polynomial is nonzero. The correspondence L <> (g2(L), g3(L)) induces
a diffeomorphism
GL3(R)/GLy(Z) =2 C*\ V,

where V' = {(g2,93) | g5 = 2793}. Let K = S3 NV, where S C C? is the unit
sphere. Then K is a trefoil knot, and there are homotopy equivalences

SLy(R)/SLy(Z) ~ GLy(R)/GLy(Z) 2 C*\V ~ S3\ K

so that
Stg(Z) = Wl(SLQ(R)/SLQ(Z)) = 7T1(53 \ K)

is the knot group of the trefoil knot.
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RaNks n > 3

The elementary matrices e;; in SL,(Z), for 1 < 4,j < n, i # j, satisfy the
following commutation relations, where also 1 < k, ¢ < n:

{ [61‘]',6][] = €y for 17 7é E,
[eij,eké] =1 for j 7£ k, ) 7£ /.

Here [g, h] = ghg~'h™! is the usual commutator. For n > 3, the Steinberg group
Stn(Z) is defined by the presentation

Stn(Z) = (wij | [wij, wje] = @i, [2i5, Tre] = 1)7P
where 1 <i,5,k, 0 <n,i+# j,1# ¢ and j # k. It is the universal central extension
1 — ker(n) — St,(Z) = SL,(Z) — 1

of SL,(Z), where 7 takes z;; to e;;, and the kernel ker(7) = Z/2 is the group of
order two generated by (x12x511x12)4. For a proof, see [Milnor71, Theorem 10.1].
Hence SL,(Z) has a presentation given by that for St,(Z), together with the rela-
tion (m12x§11x12)4 =1.

There is also a pullback diagram

SL,(Z) —> SLy,(R)

——~—

where SL,(R) ~ Spin(n) is the universal (double) cover of SL,,(R) ~ SO(n).

Proposition. Forn > 3, the surjection 7 factors
Stn(Z) — Gr SL,(Ng) = SL,(Z)

so that Gr SL,,(Ng) — SL,(Z) and Gr GL,(No) = GL,(Z) are surjective.

To prove this, we define Steinberg monoids that are closely related to the Stein-
berg groups.
We can rewrite the defining relations for St,,(Z) as

{ TijTje = TigTjeTij for ¢ 75 E,
TijThe = ThoTij for j £k, i # L.
We define the Steinberg monoid St,,(Ng) by the presentation

Sty (No) = (@ij | Tijje = Ti0®jo®ij, TijTre = Tpeiy)™ "

where 1 < 4,5 <n, i # j in the generating set, 1 < ¢ < n, i # j # { # i in the first
set of relations, and 1 < k,¢ < n, i # j # k # { # i in the second set of relations.
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Proof of Proposition. There is a monoid homomorphism 7: St,,(Ng) — SL,(Np)
that takes z;; to e;;, and we can identify the group completion Gr St,(Ny) with
the Steinberg group St,(Z). We get a commutative diagram:

Stn(Ng) —— Gr Stn(Ng) ——> St (Z)

| | )

SL,(No) —— Gr SL,(Ng) — SL,(Z)

where the horizontal composites are the standard inclusions. Hence the surjection
w: Stn(Z) — SLy,(Z) factors as

St (Z) 2 Gr St,(No) — Gr SLy(No) — SLn(Z),

so the right hand map must be surjective. The permutation matrices ¥,, C GL,,(Np)
together with SL,(Z) generate GL,(Z), so the result above also implies that
GrGL,(Ny) = GL,(Z) is surjective. [

Remark. If St,(Z) — GrSL,(Np) is surjective, for some n > 3, then either
Gr SL,(Ny) = St,(Z) or GrSL,,(Ny) = SL,(Z).

Lemma. The elementary matrices e;; and 3, do not generate GL,(Np) as a
monoid for n > 3.

Proof. The matrix

A=

— = =
O N =
w o =

lies in SL3(Np), but cannot be written as A = e;; B for any matrix B € SL3(Np).
Hence SL3(Np) is not generated by elementary matrices. It does not help to add
permutation matrices, since these can all be collected at the right end of a word.
The same example, suitably stabilized, works for n > 4. [

STABILIZATION

Let K, be the kernel of the surjection Gr GL,,(Ng) — GL,(Z) for n > 2. The
stabilization homomorphism i: GL,,(Z) — GL,+1(Z) taking g to [g ﬂ induces a

commutative diagram:

1 K, Gr G L, (No) GLn(Z) —>1

1 —— Kn_|_1 —— Gr GLn_H(No) — GLn_H(Z) —1

Proposition. Fach stabilization homomorphism i: K,, — K,4+1 is trivial. Hence
the natural map

Gr GLoo(Ng) = GLoo(Z)
18 an isomorphism.

This is a consequence of a stronger topological result that appeared in [BDRO04].
The following Lemma is a direct application of Quillen’s Theorem B.
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Lemma. Let f: M — G be a monoid homomorphism, with G a group. We write
mg for f(m)-g. Let Q = B(x, M,G) be the translation category for M acting on G,
with objects g € G and morphisms [m|g € M x G to mg from g. Then the diagram

Q = B(x,M,G) —» BM 2% BG

18 a homotopy fiber sequence.

Proof. View f as a functor BM — BG of one-object categories. The right fiber
of f at x is then the category @ = B(x, M, G) with objects g € G and morphisms
[m]g € M x G from g to f(m) - g = mg.

iy BLLLERG
! fll If
no! g Lf(m)

For each h € G, viewed as a morphism x — % in @, the pullback functor Q —
Q takes g to gh and [m]g to [m]gh. It is an isomorphism, hence a homotopy
equivalence, since G is a group. Then by [Quillen73, Theorem B], the diagram

B(%,M,G) —— BM

l le

B(x,G,G) —— BG

is homotopy cartesian. Here EG = B(*, G, G) is the right fiber of the identity of G
at x, which is contractible. The claim follows. [

Proposition. Let Q, = B(x,GL,(Ny),GL,(Z)), so that m(Qy,) = K,. The
stabilization map 1: Qn — Qni+1 s null-homotopic, so that i: K,, — K, 1 s the
trivial homomorphism. Hence Qoo = B(%, GL(Ny), GLo(Z)) is contractible, and

BGLy(Ny) = BGLoo(7Z)

15 a weak equivalence.

Proof. We prove that the functor ¢: @),, — Q.41 is related by a chain of natural
transformations
14 J—k

to a constant functor. The middle functor 5 will have the form
. v
j(g) = {g (lg )}
for a suitably chosen function v: GL,(Z) — Ng, while the constant functor k will

have the form
I, 0
Kg) = [ }

—w 1

where w = [1,...,1].
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For each morphism [m]g: mg — ¢ in @, the diagram

i(mg) <—— j(mg) — k(mg)

L

i(g) j(g) k(g)

must take the form

mg+v(mg)w v(mg)

e T

0 1 —w 1

(5 1) 5| [ 3]

w 1

[Ig v(lg)] [g ”(19)} |:g—|—fv(g)w U(g)] [_IZ, (1)]

where each arrow [m/]g’: m’g’ — ¢’ is simply labelled m/. For j to define a functor,
and for j — k to be a natural transformation, we must have

v(mg) = mu(g)
for all morphisms [m|g: mg — ¢ in @, and
g+v(g)w =0

for all objects g in @,,.

((Check inductive beginning!))

We define v(h) inductively for each h € GL,,(Z), assuming that v(g) has been
defined for all g € GL,,(Z) such that h = mg with m € GL,(Np) \ ¥,,. There are
only finitely many such pairs [m]g, so we can find a y € Ng with [y, ...,y]T > mv(g)
for all [m|g with mg = h with m ¢ X,,. After possibly increasing y, we may also be
sure that g+ v(g)w > 0, and then we define v(h) = [y,...,y]T. Since ocv(h) = v(h)
for o € ¥,,, we then have v(mg) > mu(g) for all [m]g with mg = h.

U



