TOPOLOGICAL CYCLIC HOMOLOGY OF THE SECOND
TRUNCATED BROWN-PETERSON SPECTRUM

JOHN ROGNES )
JOINT WITH ANGELINI-KNOLL, AUSONI, CULVER AND HONING

ABSTRACT. We calculate the mod (p,v1,v2) homotopy V(2)+TC(BP(2)) of
the topological cyclic homology of the truncated Brown-Peterson spectrum
BP(2), at all primes p > 7, and show that it is a finitely generated and
free Fp[vs]-module on 12p + 4 generators in explicit degrees within the range
—1 < % < 2p% 4+ 2p% + 2p — 3. Our computation is the first that exhibits
chromatic redshift from pure va-periodicity to pure vs-periodicity in a precise
quantitative manner.

1. STATEMENT OF RESULTS

This concerns joint work with Gabriel Angelini-Knoll, Christian Ausoni, Dominic
Leon Culver and Eva Honing.

Definition 1.1. Let p be a prime. The/a second truncated Brown—Peterson spec-
trum BP(2) is a complex oriented p-local ring spectrum such that

Z(p) [1}1,1}2] C m«BP — W*MU(p) — 7T*BP<2>

is an isomorphism. By Basterra—Mandell and Hahn—Wilson, we may assume BP(2)
is an E3 B P-algebra spectrum.

Suppose p > 7. The Smith-Toda spectrum V(2) = S/p/v;1/ve then exists as
a ring spectrum and admits a vs self-map. Let T(3) = v3 'V(2) be its mapping
telescope.

Theorem 1.2 (AK-A-C-H-R). V(2).TC(BP(2)) is a free Fy[vs]-module on
12p + 4 explicit generators, in degrees —1 < % < 2p3 + 2p% + 2p — 3.

Corollary 1.3. T(3).TC(BP(2)) =T(3).K(BP(2)) = T(3).K(BP(2),) is a free
F,[vi!]-module on 12p + 4 explicit generators.

This exhibits redshift from height 2 (& la elliptic cohomology) to height 3 in a
precise, quantitative, sense.

Assuming that Bhatt—Morrow—Scholze quasi-syntomic descent behaves the same
way for BP(2) as for chromatically quasi-syntomic E, ring spectra, in the sense
of Hahn—Raksit—Wilson, it also calculates the syntomic cohomology of BP(2), and
suggests that the stalk of TC, at a “maximal” perfectoid or semi-perfectoid quasi-
regular (SPQR) cover of BP(2), is a connective cover of the Lubin—Tate theory Ej.

Date: CIRM/Luminy lecture held January 26th 2023.
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2. TRACE METHODS

Bokstedt—Hsiang—Madsen, Hesselholt—-Madsen, Bokstedt—Bruner—Lunge-Nielsen-
R.:

THH(B)!*'
/ L
~ |G
)—" >+ THH(B — (THH(B)' »)hs?
F
/ \ J JF
S5 K(B THH(B) ——— THH(B)!

I
Nikolaus—Scholze:
TP(B)
) ——TC™ (TH H(B)!

S K(B THH(B —>THHB

Bokstedt—Madsen, R., Hesselholt—Madsen, Ausoni—R. calculational strategy:

(1) Recall V(2),THH(BP(2)) = A(A1, A2, A3) @ Fpp[p).

(2) Show that ¢ = ¢, is localization away from p = ps.

(3) Deduce that 7 is a homotopy equalizer (in high degrees).
(4) Calculate homotopy and Tate fixed point spectral sequences

E2, =TF,[t)® V(2).THH(BP(2)) = V(2).TC~ (BP(2))
p B =Fyltl @ 'V(2).THH(BP(2)) = V(2).(THH(BP(2))*“")"
EZ, =F,[t*] @ V(2).THH(BP(2)) = V(2).TP(BP(2))

by induction over C, C --- C Cpn C --- C T.
(5) Identify

G: V(2).TP(BP(2)) = V(2),(THH(BP(2))"“)"

in these terms. e
(6) Find equalizer and coequalizer of G o R* and I'#®"| i.e., of can and T
and recognize their extension V(2),TC(BP(2)).

This is fully carried out in [AK-A-C-H-R]. Along the way we determine the
F,[vs]-modules V(2).TP(BP(2)) and V(2),TC~ (BP(2)), which play the roles of
the prismatic cohomology of BP(2) and a step in its Nygaard filtration, respectively.
These contain a large amount of vs-power torsion, but the syntomic cohomology
“eigenspace” is vs-torsion free, as stated above.

A key technical point is to show that classes A1, A2, A3 € V(2),TC~(BP(2))
(with F(\;) = )\;) are actually equalized by G o R" and f’fsl, not just up to a
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unit or modulo filtrations in the Tate spectral sequence. To achieve this, we first
construct classes

A5 A A € V(2).K(BP(2)
with tr(AK) = \;, and let \; = mtre(\K).

3. STEP (1)
Note that V(2) A BP(2) ~ H = HF,. We obtain
H.V(2) = Ao, 71,72)
H,BP(2) = A(%; | i>3) @F,[& | i > 1]
inside A, = H.H (the dual Steenrod algebra). Hence
H.THH(BP(2)) =2 H.BP(2) ® A(0&;,0&,0&) @ FyloTs)
V(2).THH(BP(2)) = A(A1, A2, A3) @ Fy[ps]

where the o-operator comes from the circle action on THH. The Hurewicz map
ho: V(2) = H sends \; to o&; and u = s to o7s.

4. POWER OPERATIONS

For E; ring spectra R such as S, or K(B), TC(B) and THH(B) for E3 ring
spectra B, we use braided extended powers and maps

flo: S 1DV (0) — Br, 87
i : 221DV (1) — Br,2?*1DV(0)
to define homotopy power operations
P*: mop_1(R) — V(0)apr_1(R)
P*: V(0)2k-1(R) — V(1)zpr-1(R)

that are compatible with Cohen’s homology operations & = Q¥: Hop_1(R) —
Hjpi—1(R), and satisfy a Cartan formula (under additional commutativity hypothe-
ses).

Bokstedt exhibited a class A € Ky,_1(Z) with tr(\) generating THHo, 1(Z) =
Z/p. The map K(BP(2)) = K(Z,)) is 2p — 1-connected, so we can lift A to

M € Ky, 1(BP(2)).
We then define
A= PP(A{() € V(0)qp2 1 K(BP(2))
ME = PP (AF) € V()o1K (BP(2))

and view these as classes in V' (2),K(BP(2)).
Let a1 = jo(v1) generate map— 3(5) Z/p, and define

ﬂl - 1( ) (0)21)2721771
7 = PP P(B7) € V(L)gpo et

Their images in V(2), agree with those of the Greek letter elements 8] = j;(v2)
and v = jo(v3).
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5. STEP (2)
In the T-homotopy fixed points spectral sequence
E7 = Fy[t] © A(A1, A2, A3) @ Fp ]
= V(2).TC™ (BP(2))
with ¢ € E2,, the classes \; = 7 trc(AF) are detected by A; € Eg® Gpi_1- 1t s easy
to show that mtrce(cy) and wtrce(vs) are detected by tA; and tu, respectively.

The Cartan formula, and a delicate check of indeterminacies, then let us show that
2
mtreu(B]) and wtree(y)) are detected by tP Ay and P A3, respectively.

| —— {t)\l}
,81 — {tp)\g}
’}/1 — {tp )\3}
vy — {tu}
Consider the C)p-Tate spectral sequence
E2,(Cp) = Alwr) @ Fpt] ® A(Ar, A2, Az) @ Fy[]
— V(2).THH(BP(2))°

with u; € B2, ;. The composite
Fcanmtrce: S — THH(B)'®

factors through B, so tAq, tP Ao, P’ A3 and tp must be boundaries in this spectral
sequence. The only possibilities are

d*(t'7P) =
dzpz(tp P’ ) =tPAs
a2 () = 7

d2p3+1(u1t_p ) =tu
up to units in F,, which we suppress. This leaves
E:?*(CP) = Fp[tipg] ® A(A1, A2, A3)
Hence
©: V(2).THH(BP(2)) — V(2).,THH(BP(2))'“" =2 A(A1, A, \3) @ Fp [T

inverts u, with ©~' detected by #” in the target.

6. STEP (3)

This used to rely on Tsalidis or Bokstedt—Bruner—Lunge-Nielsen-R., but is now
handled by Nikolaus—Scholze.
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7. STEP (4)
Let V(3) = V(2)/vs be the homotopy cofiber.

A posteriori, there is little room for differentials in the v3-Bockstein spectral

sequence
V(3).,TC(BP(2))[vs] = V(2).TC(BP(2)).

For expositional purposes we might therefore instead calculate directly in V'(3)-
homotopy, using modified, or “delayed”, homotopy and Tate fixed point spectral
sequences. These are defined by viewing multiplication by vs as a filtration-shifting
self-map, and passing to homotopy cofibers. This is inspired by the approach of
Hahn-Raksit—Wilson, who pass to the associated graded for their even filtration,
i.e., to syntomic cohomology.

The delayed T-Tate spectral sequence for V(3)-homotopy

aaB2, = B2 /(tn) = Fplt™'] @ A(A1, Ao, As)
= V(3).TP(BP(2))
exhibits the same even length differentials
d?P(t17P) =t
q2r° (tp—pz) — 1P )y
4?7 (17" P) = 177 g
as the Cp-Tate spectral sequence, and then collapses to
1 B2 = [t ] @ A, Ao, Ag) -

Similarly, the delayed T-homotopy spectral sequence

Fplt] @ A(A1, Ao, Az) @ Fy[p]
()

delEf,* = Ei*/(tu’) =

= V(3).TC™ (BP(2))
has differentials
d?P(t) = t'"TP
42 (1) = 7P ),
a2 (%) = "% )
leaving
D7 © AL A2, As)
A2, M) {tA\ | 0 < d < p}
A, A3){tPX0 | 0 < d < p}
® A, M) {t%° X3 | 0 < d < p}
&> A(/\l, A2, Ag) @ Fplp] .
Finally, the delayed p-inverted T-homotopy spectral sequence
paa B2 = nTVEL L (t) = A, A2, As) @ B[]
— V(3).(THH(BP(2))'%)""

aab, =F
S5
S5
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collapses immediately, so that
g B = M1, Ao, Ag) @ Fp[u™'].

8. STEP (5)

Since the \; come from A\X they are equalized by G o R" = can and f‘}fs f= ",

so V(3).G maps A; to \; and t£P” to 4!, the latter up to some unit in Fp.
9. STEP (6)

e The summand ,
F [ {7’} ® A(A1, A, As)
maps isomorphically under can and trivially under T, hence does not
contribute to their equalizer or coequalizer.
e The summands

AX2, M) {t?\ | 0 < d < p}
&AM, A){t? X2 | 0 < d < p}
& AL M) {t% X5 |0 < d < p}

map trivially under can and under ¢, hence contribute to their equalizer.
e As in Step (5), the summand

A<)\17 )‘27 )‘3)

is equalized by can and ©"T (not just up to a unit in F,), hence contributes
both to their equalizer and coequalizer.
e The summand
A(A1; Az, As) @ Fp [l {p}
maps trivially under can and isomorphically under "', hence does not
contribute to their equalizer or coequalizer.

It follows that there is an extension
0= 7 A, A2, A3) -2 V(3).TC(BP(2)) = A(A1, Ao, A3) @
B A2, A3) {91} @ A1, A3) {E%P A2} @ A1, M) {t%° A3} — 0,

where 0 < d < p in each case. The total dimension is 8 + 8 + 4(p — 1) + 4(p —
1) +4(p — 1) = 12p + 4, the bottom generator is 9(1) in degree —1, and the top
generator is A\j Aoz in degree 2p + 2p? + 2p — 3.

With this approach, additional information is needed to prove that the wvs-
Bockstein spectral sequence collapses, but only the primary Bockstein, of degree
2p% — 1, needs to be considered.

The actual argument in [AK-A-C-H-R] calculates in V(2)-homotopy, where the
T-homotopy fixed point and Tate spectral sequences each have infinitely many
families of differentials. The associated filtrations suffice to ensure that in V(2)-
homotopy the equalizer and coequalizer are both vs-torsion free.
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