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Abstract

Given a compact Lie group G and a commutative orthogonal ring spectrum R
such that R[G]. = m.(R A G4) is finitely generated and projective over m.(R), we
construct a multiplicative G-Tate spectral sequence for each R-module X in orthog-
onal G-spectra, with E2-page given by the Hopf algebra Tate cohomology of R[G].
with coefficients in m, (X). Under mild hypotheses, such as X being bounded below
and the derived page RE® vanishing, this spectral sequence converges strongly to
the homotopy 7. (X'“) of the G-Tate construction X' = [EG A F(EG,, X)|¢
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CHAPTER 1

Introduction

This memoir grew out of an attempt to spell out the details for the Tate spec-
tral sequence for the circle group T. The construction of a multiplicative Tate
spectral sequence for finite groups has been around for a while now: the first con-
struction, due to Greenlees—-May, can be found in [GM95], and another one, due
to Hesselholt—-Madsen, which makes the multiplicative properties of the spectral
sequence more transparent, can be found in [HMO3|. However, while multiplica-
tivity of the T-Tate spectral sequences has been used in computations, the authors
of this memoir have found references discussing the details for how such a spectral
sequence is constructed surprisingly lacking. We hope that this memoir will fill that
gap in the literature.

The authors’ motivation for considering the T-Tate spectral sequence comes
from the study of topological Hochschild homology and its refinements, such as
topological cyclic homology. Given an Fj-ring spectrum B, the topological Hoch-
schild homology THH(B), first defined in the unpublished manuscript [Bok85],
is a genuine T-equivariant spectrum. The study of the Tate construction on this
spectrum using the entire circle action goes back to [BM94] and [AR02], and was
put in the spotlight by Hesselholt in [Hes18| under the name of periodic topological
cyclic homology:

TP(B) = THH(B)'.

Recently, Bhatt—Morrow—Scholze showed that there is a tight connection between
periodic topological cyclic homology and crystalline cohomology [BMS19].

Background and aim

Classically, Tate cohomology is a way to combine group homology and group
cohomology into a single multiplicative cohomology theory, and was first introduced
by Tate in his study of class field theory [Tat52]. We sketch the main ideas in-
volved following [CE56], Section XII.3] and [Bro82]. Given a finite group G, the
main observation of Tate cohomology is this: if we dualise a projective resolution
of Z as a trivial module over Z[G], we end up with a ‘coresolution’ of Z by projec-
tive Z[G]-modules. This ‘coresolution’ Homgz(Px, Z) can be spliced with the original
projective resolution P,, and we so obtain a bi-infinite resolution P, of Z called a
complete resolution. Tate cohomology of G with coefficients in a G-module M is
defined as

H™(G, M) = H"(Homg(P,, M)).

The Tate construction in the category of G-spectra can be seen as a generalisation
of Tate cohomology in the context of higher algebra. Given a compact Lie group G

1

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2 1. INTRODUCTION

and orthogonal G-spectrum X, we define the G-homotopy orbits and G-homotopy
fixed points of X as

Xne=EG, A\¢ X and X"® =F(EG.,X)%,

respectively. Here EG denotes a free contractible G-space. These can be regarded
as generalisations of group homology and group cohomology. Indeed, if G is a finite
group and X = HM is the Eilenberg-Mac Lane spectrum on the G-module M,
then the homotopy groups of the G-homotopy orbits and G-homotopy fixed points
of HM recover group homology and group cohomology of G with coefficients in M,
respectively. Following Greenlees [Gre87|[GM95|, we define the G-Tate construc-
tion on X as the G-fixed point spectrum

X6 = (ET; AF(EGy, X))G

with respect to the diagonal G-action. Here, EG denotes the mapping cone of the
collapse map c¢: EG, — S°. This is a generalisation of Tate cohomology in the
sense that the homotopy groups of the Tate construction on HM for a G-module M
recover the Tate cohomology groups of the finite group G with coefficients in M.

One important property of the Tate construction is that it is multiplicative
in the sense that any pairing X A Y — Z of orthogonal G-spectra gives rise to a
pairing X*G AY*C — Z'C of their Tate constructions. This relies on the existence
of G-maps FG, — EG N EG, and EG A EG — EG. 1t is well-known that the
diagonal map FG; — EG4 A EG induces a pairing

XhG A YhG N ZhG
making the G-homotopy fixed points construction a lax symmetric monoidal func-

tor. The inclusion S° —» EG and the canonical identifications S° A EG = EG =
EG A S induce a natural map

XhG N XtG

and pairings XhG AYHe 5 Z'G and X' AYPE — Z'G. There is a G-map
N: EG A EG = EG extending the canonical identifications, and any two such
extensions are homotopic. Any choice of extension then induces a pairing

XtG A YtG SN ZtG

compatible with the above-mentioned map and pairings In general, the ex-
tension N will only be commutative and associative up to (coherent) homotopy,
so X — X*C is not a lax symmetric monoidal functor to the category of orthogo-
nal spectra, but only satisfies a homotopy coherent version of this property, which
could be made precise using operad actions. For our purposes it suffices to note
that it is lax symmetric monoidal as a functor to the stable homotopy category.

Given an orthogonal G-spectrum X, the aim of the present memoir is to con-
struct a G-Tate spectral sequence

B (X) = mepe(X19),
with an algebraically specified E2-page, converging, in some suitable sense, to the

homotopy groups of the G-Tate construction on X. Moreover, we would like this

IWork by Nikolaus—Scholze shows that this multiplicative structure is actually unique, in a
homotopy theoretical sense; see [NS18] Theorem 1.3.1]. This will not be important for our work,
though.
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MAIN RESULTS 3

spectral sequence to be multiplicative, in the sense that a pairing X A Y — Z of
orthogonal G-spectra should induce a pairing

(E7(X), E"(Y)) — E"(2)

of G-Tate spectral sequences. Finally, we want the pairing of E°°-pages to be
compatible with the pairing

T (X'€) @ T (Y'¥) — m.(2'F)

of abutments. In particular, if X is an orthogonal G-ring spectrum, then the G-
Tate spectral sequence of X should be an algebra spectral sequence converging
multiplicatively to 7, (X*®). As already mentioned, how to construct such spectral
sequences is well-known in the situation of G being a finite group. Our goal is to
generalise this to higher dimensional compact Lie groups.

Main results

Let us start by describing roughly, without going into too much detail, what
we will do in this memoir. We will carry out the construction of multiplicative and
conditionally convergent Tate spectral sequences for compact Lie groups G such
that S[G]. = m.(S[G]) is finitely generated projective as a module over S, = 7.(S).
Here S denotes the sphere spectrum and

S[G] =S A Gy

is the unreduced suspension spectrum of G. Under these assumptions, S[G]. is a
finitely generated projective and cocommutative Hopf algebra over S,, and we will
show that we have access to a multiplicative G-Tate spectral sequence with E2-page
given by the complete Ext-groups

EZ .(X) = Extgig), (Ss, m (X))

of S, over S[G]. with coefficients in the S[G].-module 7,(X). The multiplicative
structure in complete Ext is given by a graded commutative and associative cup
product, and this will serve as a substitute for the failure of X — X' to be
lax symmetric monoidal. This spectral sequence will be strongly convergent under
mild hypotheses, such as for instance in the case when the derived E*°-page RE>°
vanishes and the spectrum X is bounded below.

We note that this generality includes the case where G = T is the circle group,
our main interest, but does not cover cases such as G = SO(3). We therefore
broaden our scope by considering a commutative? ‘ground’ orthogonal ring spec-
trum R and a compact Lie group G such that R[G]. = . (R[G]) is finitely generated
and projective over R, = m.(R), where

2For somewhat technical reasons, it is not sufficient for us to assume that R is homotopy
commutative. We analyse the product in the filtered R-module G-spectrum
EGAF(EG4+,RAX) XL AR M,
with L = RA EG and M = F(EG4,R A X), as a composition
23
LARMARLARM E L AR LA M AR MY LAg M

for filtered products ¢: LAgr L — L and ¥: M Ap M — M. Homotopy commutativity is not
sufficient to ensure that the twist map 7: M Agr L — L Ar M implicit in the definition of (23) is
an R-R-bimodule map.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4 1. INTRODUCTION

This then includes cases such as R = S[1/2] and R = HF,, with G = SO(3). (We
have not classified the pairs (R, G) for which this condition holds, but it is easy
to see that if H.(G;Z) is finitely generated and free over a PID Z with a ring
homomorphism to mo(R), and the Atiyah—Hirzebruch spectral sequence Ef* =
H.(G;R,) = R[G], collapses at E?  then R[G]. is finitely generated and free
over R,. This includes all cases where G is topologically a product of spheres.)
Given an R-module X in orthogonal G-spectra we shall construct a multiplicative
G-Tate spectral sequence

E?,(X) = Extpyg), (Re, (X)) = mopn (X16)

where the E%-page is now given as complete Ext of R, over R[G]. with coefficients
in 7,(X). This will be strongly convergent under the same conditions as before.

Tate cohomology of Hopf algebras. In Chapter 2] we develop a theory
of Tate cohomology of a finitely generated and projective Hopf algebra I' over a
(possibly graded) commutative ring k, with the aim being to algebraically describe
the E2-page of a suitable Tate spectral sequence. Our approach will be different
from the complete resolution approach, and we instead rely on the so-called Tate
complex. Given a projective I'-resolution P, of k, we will denote the mapping cone
of the augmentation map e: P, — k as P,. The Tate complex of a I'-module M,
first defined in [Gre95], is the I'-chain complex

hm, (M) = P, ®; Homy,(P,, M)

where I" acts diagonally on the tensor product and by conjugation on Hom(Py, M).
In the aforementioned paper, the author shows that in the classical case, meaning
k=7 and T = Z|G] for a finite group G, there is a zigzag of maps

P, @, Homy,(P,, M) —— P, @ Homy,(P,, M) +—— Homy,(P,, M)

which become quasi-isomorphisms after taking G-invariants. The conclusion is
that Tate cohomology can also be computed as the (co)homology groups of the G-
invariants of the Tate complex. Recall that P, denoted a complete resolution. We
show that a similar result holds true in our setting: under the assumption that T’
is a finitely generated and projective Hopf algebra over k, the homology of the I'-
invariants of hm, (M), which we can reasonably refer to as the Tate cohomology
of I' with coefficients in M, is isomorphic to the complete Ext of k over I' with
coefficients in M.

THEOREM 1.1. If T is a finitely generated projective and cocommutative Hopf
algebra over k, then

Extp(k, M) = H_,, (Homp(k, hm, (M))).

The above result, which in the text corresponds to Theorem and Re-
mark 229 relies crucially on a result by Pareigis which exhibits the k-dual of a
Hopf algebra I' as an induced I'-module.

THEOREM 1.2 (Pareigis). Let I' be a finitely generated projective Hopf algebra
over k. Then there is an isomorphism

Homy (T, k) = Ind}, P(Homy (T, k)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



MAIN RESULTS 5

of right T'-modules, where P(Homy (T, k)) is a finitely generated projective k-module
of constant rank 1, given as the primitives for the right I'-coaction on Homy (T, k).

Our main reason for working primarily with Tate complexes, as opposed to
complete resolutions, has to do with multiplicative structures. Recall that the cup
product

—: Exty(k, M) ® Exty(k, N) — Extj(k, M ®; N)
relies on the existence of a I'-linear chain map ¥: P, — P, ®; P, covering the
identity map id : k — k ®; k. Such a chain map exists and is unique up to chain
homotopy, by elementary homological algebra. One can extend this cup product
to a product on Hopf ‘algebra Tate cohomology by the existence of a I'-linear chain
map D P, Rk P, - P, extending the fold map P, D P, — P,. For T-modules M
and N the composite pairing

P, @, Homy,(P,, M) ®y, P, ®y, Homy (Py, N)
1971 P, Qk P, ®y Homyg (Py, M) ® Homy(Py, N)

1%(1 ﬁ Rk ﬁ* R Homk(P* Rk Py, M @ N)

*E%" B @y Homy(P,, M @5 N)

is [-linear, and it induces an associative, unital, and graded commutative pairing
— Bxtp(k, M) &, Exty.(k, N) — Extp(k, M @, N)

after passing to homology, which we refer to as the cup product on Tate coho-
mology. This extends the cup product on ordinary Ext, in a suitable sense. See
Proposition [2.34]

Finally, in Section 2.6l we do a full computation of the Tate cohomology, to-
gether with the cup product, of the Hopf algebra

U =k[s]/(s*=ns), |s|=1,
where s is a primitive element and k is a graded commutative ring with an element n

in internal degree 1 satisfying 2 = 0. This has relevance in the situation G = T,
which is our main case of interest. Indeed, we have

7+ (S[T]) 2 . (S)[s]/(s* = ns)

where 7 is the image of the complex Hopf map in 71 (S) 2 Z/2. See Proposition B3l
The conclusion of the computation is the following theorem, which in the text is
Theorem 254 and Remark 2.50]

THEOREM 1.3. Tate cohomology of T' = k[s]/(s* = ns) with coefficients in
the I'-module M is isomorphic to the homology of the differential graded I'-module

MJt, t71]
with differential
d(m) =tms and d(t) = t’n,
where m is an element of M and t has homological degree —1, internal degree |t| =
—1 and total degree ||t| = —2. If u: M @ N — L is a pairing of T'-modules, then
the cup product

< Exty (k, M) ® Exty (k, N) — Extr " (k, M ® N) — Exty " (k, L)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6 1. INTRODUCTION

is precisely the one induced by the obvious pairing
Mt,t 7 |@ N[t,t™ — L[t,t 7]

on homology.

Sequences of spectra and spectral sequences. The main difficulty of the
memoir lies in verifying that there is a construction of the Tate spectral sequence
that is multiplicative. To deal with multiplicative structures on spectral sequences
we have decided to employ Cartan-Eilenberg systems. These are mathematical
gadgets, first introduced in [CE56|, which determine a spectral sequence. For
us, the advantage is that there is a useful notion of pairings of Cartan—FEilenberg
systems, and that one can prove that a pairing of Cartan—Eilenberg systems gives
rise to a pairing of the associated spectral sequences. Our contribution is a detailed
and explicit proof that a pairing of sequences of orthogonal G-spectra gives rise to
a pairing of Cartan—Eilenberg systems. Here, sequence simply means a sequential
diagram

e —= X — Xy — X1 — -

of maps of orthogonal G-spectra, and pairing ¢: (X,,Y,) — Z, refers to a collection
of G-maps

Giji Xi NY; — Zigj
for all integers 7 and j, making the squares

Pi—1,j

X, .1 A\Y; Zigjo1 —I—— X; AYj
XiNY; — 29 g e P XAy,

commute strictly. It is well-known that a sequence of orthogonal G-spectra gives
rise to an unrolled exact couple on equivariant homotopy groups, which in turn
gives rise to a spectral sequence. That a pairing of sequences gives rise of a pairing
of the corresponding spectral sequences can also reasonably be regarded as folklore,
but as the authors feel that an explicit reference for this is not available at the time
of writing, we have decided to give a complete proof of this fact.

For homotopical control in the proofs, some sort of ‘cofibrant replacement’ of
the sequence X, is needed. In this memoir we have chosen to use the classical
telescope construction to deal with these sorts of issues. See Section €3l Our main
reason for this is that these ‘cofibrant replacements’ behave well with respect to
monoidal properties. This allows us to always approximate a sequence X, with an
equivalent sequence T, (X) in a way that will make our analysis of multiplicative
structures more manageable.

The main result of Chapter [ of the memoir is the following, which in the text
corresponds to Theorem

THEOREM 1.4. A pairing ¢: (X,,Y,) = Z, of sequences of orthogonal G-
spectra gives rise to a pairing ¢: (E*(X,), E*(Yy)) — E*(Z,). Explicitly, we have
access to a collection of homomorphisms

¢": E"(X,) @ E"(Yy) — E"(Z,)
for all r > 1, such that:

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



MAIN RESULTS 7

(1) The Leibniz rule
T =6 (@ )+ (@)
holds as an equality of homomorphisms E} (X,) @ ET(Yy) — Bl .(Zy)
foralli,j €Z andr > 1.
(2) The diagram

¢7‘+1

Er+1(X*) ®Er+1(y*) Er—i—l(Z*)

| ¥

H(E"(X,) ® E"(Y,) 5% H(B"(2,))

commutes for all r > 1.

Moreover, the induced pairing ¢. on filtered abutments is compatible with the
pairing ¢ of E*°-pages in the sense of Proposition 12l FExplicitly, the diagram
FiAoo(X*) ® FjAoo(Y*) . Fz’-',—jAoo(Z*)

Fi1Ax(Xy)  Fj1Ax(Yy) Fiyj1Ax(Z))

s | [
(z)OC

EX(X) @ ER(Yy) ————— Ex;(Z0)

commutes, for all i,j € Z. Here the abutments are given as
Aso(X,) =2 78 Tel(X,)
Ao (Yy) =2 w7 Tel(Ys)
Aso(Z,) = 7% Tel(Z,)
with filtrations by the images
Fidoo(X,) = im(78(X;) — Ao (X))
FjAw(Ys) = im(r%(Y;) — A(Y2)
Frdoo(Z.) = im(rS(Zk) — Ano(Z.)),
respectively.

The G-Tate spectral sequence. Given an R-module X in orthogonal G-
spectra, there are a number of ways of constructing Tate spectral sequences ad-
ditively; as mentioned, the difficulty lies in establishing multiplicative properties
of the constructions. The standard way of constructing a Tate spectral sequence
seems to be by filtering the Tate construction

XtG — (TEZ;AF(EG+,X))G ~ ((RAEZ*) AR FR(R/\EG+,X)>G

by filtering Eé, in some suitable sense, dualising this filtration, and splicing, in
analogy with the construction of complete resolutions by dualising and splicing
projective resolutions. This is far from ideal if one aims to prove any multiplicative
properties of the Tate spectral sequence. We will instead prove multiplicativity of
the Tate spectral sequence using a construction along the lines of [HMO03]. In this
construction, we filter F(EG4, X) and EG separately, and totalise to get a filtration
on the Tate construction. In the key case R = S and G = T, essentially the same

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



8 1. INTRODUCTION

construction was considered by Blumberg and Mandell in their preprint [BM17,
Section 3]. See Remark

In more detail, we proceed as follows in Chapter We start by giving the
free G-space EG the simplicial skeletal filtration F, EG coming from the construc-
tion of EG using the simplicial bar construction. This induces a filtration

E,.=RANF.EGy
on R A EG4, which in turn induces a filtration
M (X)=Fr(E/E_-1,X)
on Fr(RA EG4,X), and a filtration
E, = cone(Ey_1 — R)
on R A EG. The convolution filtration
HM,(X) = (B An TOI(X))). = colim B: An T(M(X),
is referred to as the Hesselholt-Madsen filtration. For homotopical control we
have ‘cofibrantly replaced’ the filtration M, (X) with its telescopic approxima-

tion T, (M(X)). Under our projectivity assumptions, we show that the El-page
of the spectral sequence arising from the Hesselholt—Madsen filtration is given by

Ecl,* = HomR[G]* (R*a hmc(ﬂ-* (X)))v
so that the E2-page is given as the Hopf algebra Tate cohomology groups

Ei* = EXtI;[G’]* (R*7 T (X))7

as defined in Chapter 2l See Proposition and Theorem We note that the
Hesselholt—-Madsen G-Tate spectral sequence is not obviously conditionally con-
vergent, so for convergence issues we need to do some additional work. (In the
key case R =S, G = T, Blumberg and Mandell establish conditional convergence
in [BM17, Lemma 3.16].)

The existence of a multiplicative structure on the Hesselholt—-Madsen G-Tate
spectral sequence relies on the existence of filtration-preserving maps

EG, — EG, ANEG, and EGAEG — EG.

The first is known to exist, and we prove by obstruction theory that the second one
exists under the assumption that R[G]. is projective over R,. See Proposition
This guarantees that a pairing X Ag Y — Z of R-modules in orthogonal spectra
induces a pairing

(HM*(X)a HM*(Y)) — HM*(Z)

of the corresponding Hesselholt—Madsen filtrations. The work done in Chapter @
then guarantees that the G-Tate spectral sequence constructed from the Hesselholt—
Madsen filtration has a multiplicative structure. Moreover, we show that the mul-
tiplicative structure on the E%-page agrees with the one given by cup product on
Tate cohomology. See Theorem [6.18 and Theorem [6.2T]

To settle questions about convergence we compare the Hesselholt—Madsen fil-
tration to another possible filtration of the Tate construction. The filtration we are
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ORGANISATION 9

referring to is the filtration GM, (X) given in each degree as

Ey Ar To(M(X)) for k>0,

GMi(X) = {Ee Ar To(M (X)) for k < 0.

Here, the structure maps GMj_1(X) — GMy(X) for k > 1 are induced by
the maps Ek—l — Ek in the filtration E*, while the maps for £ < 0 are those
of T,(M(X)). This filtration is referred to as the Greenlees—May filtration. It is
straight-forward to show that the spectral sequence arising from the Greenlees—May
filtration is conditionally convergent; see Lemma Moreover, in Lemma
we show that there is a map of filtrations

a: GM,(X) — HM,(X),

which induces an isomorphism of spectral sequences from the EZ-page and on.
See Proposition [6.31] We can then deduce convergence results for the Hesselholt—
Madsen G-Tate spectral sequence in certain favourable situations, such as in the
case when the spectrum X is bounded below and the derived EF*-page RE*® van-
ishes. In particular, we have the following result, which in the text corresponds to
Theorem

THEOREM 1.5. If the Greenlees—May G-Tate spectral sequence for X is strongly
convergent, then so is the Hesselholt-Madsen G-Tate spectral sequence for X.

Organisation

Let us discuss the various chapters contained in this memoir, and how they
relate to one another.

Chapter [2k In this chapter we develop a theory of Tate cohomology for
finitely generated projective Hopf algebras, with a view toward being able
to satisfactorily describe the E2-page of a G-Tate spectral sequence for
compact Lie groups.

Chapter Bt In this chapter we do a quick review of orthogonal G-spectra.
Most of this chapter can be regarded as well-known to people working
in genuine equivariant stable homotopy theory. However, we want to
highlight Proposition B8] for which we have not found a reference, and
which will be important in later parts of the memoir.

Chapter [@ In this chapter we discuss sequences of orthogonal G-spectra,
Cartan—Eilenberg systems, and spectral sequences, with a special focus on
multiplicative structures. This chapter may well be read separately from
the rest of the memoir, possibly in addition to Section B.Il which contains
a quick recap on orthogonal G-spectra. We hope it can be of use as a
reference for multiplicative structures on spectral sequences coming from
sequences of spectra.

Chapter Bt In this chapter we discuss the G-homotopy fixed point spectral
sequence for an orthogonal G-spectrum. This is meant as a warm-up to
the G-Tate spectral sequence, but can absolutely be read in its own right.

Chapter [6t In this chapter we discuss various constructions of the G-Tate
spectral sequence of an orthogonal G-spectrum. The reader who only
cares for the T-Tate spectral sequence will find a summary of the relevant
results at the very end of the memoir, in Section
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CHAPTER 2

Tate Cohomology for Hopf Algebras

The algebraic objects that we are led to work with when constructing the Tate
spectral sequence are Hopf algebras and chain complexes of modules over these. The
topological context we will discuss later in the memoir allows for Hopf algebras over
fairly complicated rings, which forces us to work in the generality of Hopf algebras
over arbitrary, possibly graded, commutative rings. We give a brief account of this
in Section 2.1 and Section 22 referring e.g. to [ML95, Chapter VI| for a fuller
discussion. We go on to give a suitable definition of Tate cohomology of Hopf
algebras via the so-called Tate complex in Section 23l In Section 2.4] we relate
this definition to the ordinary definition of Tate cohomology in terms of complete
resolutions. In particular, we show in Theorem [2.2§ that our definition agrees with
what is traditionally referred to as Tate cohomology or complete Ext, in the case
when our Hopf algebra I' is finitely generated and projective over its base ring k.
The crucial point that allows us to do this is a result of Pareigis, which in particular
forces the k-dual of T" to be finitely generated and projective over I', under the same
hypotheses. We discuss the multiplicative structure of Tate cohomology in Section
23] and finish with an explicit computation in Section

2.1. Modules over Hopf algebras

Let k be a graded commutative ring, where we mean commutative in the graded
sense. All unlabelled tensors and homs are to be taken over k. We denote the
closed symmetric monoidal category of right k-modules by Mod(k). Note that such
modules are implicitly graded, and that morphisms of such modules, which we will
refer to as k-linear homomorphisms, are degree-preserving.

DEFINITION 2.1. A Hopf algebra T over k is a k-module equipped with five k-
linear homomorphisms: multiplication ¢: T'QT — T', comultiplication ¢: T' — I'®T,
unit n: k — T, counit e: I’ — k, and antipode x: I' = I'. These are subject to the
following conditions:

(1) Multiplication and unit provide I" with the structure of a k-algebra.

(2) Comultiplication and counit provide I' with the structure of a k-coalgebra.

(3) Comultiplication and counit are k-algebra morphisms, or equivalently,
multiplication and unit are k-coalgebra morphisms.

(4) The antipode satisfies the formulae ¢(1 ® x)¥ = ne = ¢(x @ 1)¢.

We say that a Hopf algebra is cocommutative if the comultiplication satis-
fies 7¢) = 1), where 7 denotes the twist in Mod(k). We are going to assume that all
Hopf algebras we work with are cocommutative in this memoir.

11
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12 2. TATE COHOMOLOGY FOR HOPF ALGEBRAS

A module over a Hopf algebra is just a module over the underlying k-algebra.
For a right I'-module M we denote the right action by ppr: M ®I' — M. We denote
the category of right I'-modules by Mod(T"). This is a closed symmetri monoidal
category if we endow the category with the tensor products and internal homs
over k together with appropriate I'-actions on these objects. Here let M, N, and L
be I'-modules. The tensor product M ® N is endowed with the diagonal I'-action.
This is the composition

MoNoT 2 e NeToT UL M eTo N T Y e N |

The unit of the tensor product is k regarded as a trivial [-module via the counit:

kol -2 kok=k.

The internal Hom Hom(N, L) becomes a I'-module by giving it the conjugate I'-
action. This is the I'-action that needs to be on the internal Hom to make sure
that Hom(NV, —) is right adjoint to (—) ® N: Mod(T") — Mod(T"). In other words,
the characterising feature of the conjugate I'-action is that it is the I'-action on
Hom(N, L) that makes the counit Hom(N,L) ® N — L and the unit M —
Hom(M ® N, N) into I'-linear maps. Explicitly, the conjugate action is adjoint
to the composition

Hom(N,L) ® T @ N -5 Hom(N,L) @ N @ I' ~222% Hom(N,L) @ N@ ' @ T

1919, Hom(N, L)@ N@T ®@T

29PNEL Hom(N, L) @ N@ T 228 LT 25 L.

These actions on tensor and hom-objects ensure that the forgetful functor
U: Mod(T") — Mod(k)
is strict closed monoidal.

LEMMA 2.2. Let M and N be I'-modules, where we assume that M is projective
over I' and N 1s projective over k. Then M ® N 1s projective over T.

PROOF. By the tensor-hom adjunction we have a natural isomorphism
Homr (M ® N, —) = Homr (M, Hom(N, —))

of functors. Since N is projective over k the functor Hom(N, —) is exact, and
since M is projective over I' the functor Homp (M, —) is exact. The left hand
functor Homp(M ® N, —) is then also exact, being naturally isomorphic to the
composition of two exact functors. This is equivalent to the assertion that M @ N
is projective over T'. O

The forgetful functor U admits a left adjoint
Ind}, : Mod(k) — Mod(T),

which we refer to as induction. This functor sends a k-module C to C ® I with
the I'-action given by

Coreol 2% cer.

1Symmetry uses that T' is cocommutative.
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2.1. MODULES OVER HOPF ALGEBRAS 13

The forgetful functor U also admits a right adjoint
Coind}, : Mod(k) — Mod(I"),

which is referred to as coinduction. This functor sends a k-module C to Hom(T", C')
with I'-action given as the adjoint of

Hom(I',C) @ T @ T 225 Hom(I', ) ® T @ T 2% Hom(T',C) @ T @ T

ELIN Hom(T,C)®@T <% C.

The fact that the forgetful functor is strict monoidal makes sure that induc-
tion and coinduction interact with the forgetful functor in various useful ways.
In [LMSMS86|, Section 2.4] the following formulae, in the context of equivariant
stable homotopy theory, are called untwisting isomorphisms, and we will refer to
them as such also in this memoir.

PROPOSITION 2.3. Let M be a I'-module and let C be a k-module. There are
natural I'-module isomorphisms:

(1)
Ind}, (C ® U(M)) = Ind}, (C) ® M
(2)
Hom(M, Coind}, (C)) 2 Coind}, (Hom(U (M), C))
(3)

Hom(Ind},(C), M) = Coind}, (Hom(C, U(M))).

PROOF. The result follows formally from the Yoneda lemma together with
the fact that Mod(I') — Mod(k) is strict closed monoidal. We show the first
isomorphism and leave the others for the reader, as they are proven in a similar
manner.

Consider the functor corepresented by Indy (C ® U(M)). By adjunctions we
have natural isomorphisms

Hom (Indy (C ® U(M)), =) = Hom(C & U(M), U(-))
= Hom(C, Hom(U(M),U(-))).
Since the forgetful functor is strict closed monoidal we have the identity
Hom(C, Hom(U(M),U(—))) = Hom(C, U(Hom(M, —)))
and by adjunctions again
Hom(C, U(Hom(M, —))) = Homp (Ind}, (C), Hom(M, —))
=~ Homr(Ind}, (C) ® M, —).
The Yoneda lemma now asserts that we have a natural isomorphism, as wanted. [J
COROLLARY 2.4. Let M be a I'-module. There are natural isomorphisms
Indy (UM)) =T ®M and Coind} (U(M)) = Hom(T', M)

where the I'-actions on the right hand sides are the ordinary diagonal and conjugate
actions, respectively.

PROOF. Use that T' = Ind}, (k). O
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14 2. TATE COHOMOLOGY FOR HOPF ALGEBRAS

We will also deal a lot with functional duals of modules over Hopf algebras, so
let us now recall this story.

DEFINITION 2.5. For each I'-module M let
DM = Hom(M, k)
be its functional dual. This is a I'-module by using the usual conjugate I'-action.

Note that the evaluation pairing ev: Hom(N,L) ® N — L gives rise to a
natural I'-linear pairing

a: Hom(N, L) ® Hom(N', L) — Hom(N @ N', L ® L')
adjoint to the composition

Hom(N, L) ® Hom(N', L) ® N @ N’ 22721 Hom(N, L) ® N ® Hom(N’, L') @ N’

evev L ® L/.
In the case N’ = L = k this specialises to a natural I'-linear homomorphism
v: DN ® L' — Hom(N, L').

This map is an isomorphism when N is finitely generated and projective over k.

So far we have only discussed I'-modules, but we can also talk about (right)
comodules over I', by which we mean comodules over the underlying coalgebra
structure of I'. If I is finitely generated projective over k then we can endow its
functional dual DI with such a I'-coaction. Moreover, this I'-coaction is compatible
with the I-action in a suitable way. See [Par71] Prop. 2]. This allows us to conclude
the following.

THEOREM 2.6 ([Par71l Lem. 2, Prop. 3]). Let T be a finitely generated projec-
tive Hopf algebra over k. Then there is an isomorphism
DT = Ind}, P(DT)
of right T'-modules, where P(DT") is a finitely generated projective k-module of con-

stant rank 1, given as the primitives for the right I'-coaction on DT .

Note in particular that a direct consequence of I' being finitely generated and
projective over k is that DI is itself finitely generated and projective over I'. This
result will be crucial in our treatment of Tate cohomology of Hopf algebras. For now,
let us simply note that the result implies that we have a ‘Wirthmdiller isomorphism’.

COROLLARY 2.7. Let T be a finitely generated and projective Hopf algebra over k
and let C' be a k-module. There is a natural isomorphism

Ind;,(P(DI') ® C) 2 Coind}, (C)
of I'-modules.

PRrROOF. We can assume that C' is obtained from a I'-module M by forgetting
the I'-action, as in C = UM. By the first untwisting isomorphism of Proposition 2.3l
we have
Ind}, (P(DT) ® U(M)) = Ind}, (P(DT)) ® M.
By Pareigis’ result it follows that

Ind},(P(DT)) ® M = DI' ® M.
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2.2. CHAIN COMPLEXES OF I'-MODULES 15
Finally, by I" being finitely generated projective over k and untwisting, more specif-
ically Corollary 2.4] we have
DT ® M = Hom(T', M) = Coindy, (U (M)).
O

Since P(DT") is tensor-invertible over k the above tells us that induced modules
are the same things as coinduced modules. We also note that that duals of finitely
generated projectives over I' are themselves finitely generated projective over I'.

COROLLARY 2.8. Let I' be a finitely generated projective Hopf algebra over k
and let M be a finitely generated projective I'-module. Then its dual DM 1is also
finitely generated projective over I'.

PROOF. Since M is finitely generated, we can find a short exact sequence

0 ker(r) B, ST —— M ——0

of I'-modules, where I is a finite indexing set. Since M is projective, this short
exact sequence splits, so that we can find a I'-linear map u: M — @,; X" T such
that ru = idys. Consider the k-dual picture. Applying Hom(—, k) gives us a long
exact sequence of I-modules:

o —— Ext}(M, k) «—— Dker(r) «—— D (@, 2"T) «— DM 0.

Since M is projective over I', which is in turn projective over k, it follows that M is
projective over k, from which we conclude that Exty (M, k) = 0. We are left with a
short exact sequence, which is also split since u*r* = idps. We conclude that DM
is finitely generated projective over I' since it is a retract of the finitely generated
projective I'-module

D <@ E"T) =@ v Dr = s "nd; P(D).

i€l iel el

2.2. Chain complexes of I'-modules

In this section we give the conventions for chain complexes of I'-modules. A
lot is standard: the category Mod(T") is an abelian category and what we mean by
chain complexes of I'-modules is nothing more than the ordinary category of chain
complexes in this abelian category. However, we want to make a point of clarifying
certain subtle points, especially related to grading and signs.

DEFINITION 2.9. A chain complex X, of T-modules is a family (X,,)necz of I'-
modules together with morphisms of I'-modules 9: X,, — X,,_1, called boundaries,
such that 92 = 0. A chain map f: X, — Y, is a family of I'-module homomor-
phisms f,: X,, — Y, that commute with the boundaries.

The I''module X, in the chain complex is of course implicitly graded:

Xn = @Xn,lv

LET
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16 2. TATE COHOMOLOGY FOR HOPF ALGEBRAS

and if we want to emphasize the bigrading we will write X, . for the complex. We
remark on the following point: as the boundaries 9: X,, — X,,_1 are morphisms of
I'-modules, they preserve the I'-module grading in the sense that they are given as
a direct sum of maps 0 : X, ¢ — Xp—_1,¢. We use the following terminology for the
different degrees.

DEFINITION 2.10. Let X, be a chain complex of I'-modules. If x is an element
in X,, ¢ we say that « has homological degree n, internal degree |x| = ¢, and total
degree ||z|| =n+£.

The category of chain complexes of I'-modules is closed symmetric monoidal.
If X,, Y., and Z, are chain complexes of I'-modules then the tensor product X, ®Y,
of the complexes X, and Y, is (either the evident bicomplex or) the complex given
in degree n as

(XoY),= P XieY;, dzey) =) ey+(-)I"lzeay).
i+j=n

The unit for the tensor product is k£ concentrated in homological degree 0. Note
that the twist isomorphism is given as

X, 0V, — Y, 09X, zoy— (-1, gz

The Hom complex Hom(Y, Z,) of Y, and Z, is (either the evident bicomplex or)
the complex given in degree n as

Hom(Y, 2), = [] Hom(Y_;,Z;), (9f)(x) = (f(2)) = (=) f(9(x)).
i+j=n

We will in particular be interested in the case when Z, is a I'-module M, regarded
as a chain complex concentrated in homological degree 0. In this case, we will
often denote the differential in the resulting function complex as 0* = Hom(0, 1).
Explicitly, we have

Hom(Y, M),, = Hom(Y_,, M), (9" f)(z) = =(=1)l/1 f(9(x)).

As before, the evaluation pairing ev: Hom(Yi, Z,) ® Y, — Z. gives rise to a natu-
ral I'-chain map

a: Hom(Y,, Z,) ® Hom(Y/, Z.) — Hom(Y, ® Y., Z, @ Z.)
adjoint to the composition
Hom(Y,, Z.) ® Hom(Y,, Z,) @ Y. @ Y/
1279L Hom(Y,, Z,) ® Y, @ Hom(Y/, Z.) ® Y/
NN, 7. @ ZL.

Note that this introduces a sign in the formula for o coming from the twist 7.
Explicitly,

(2.1) o(f®g)(z@y) = (~D)VIIf(2) @ g(y).

We now turn to suspensions and mapping cones. These are determined by
specifying a ‘circle chain complex’ and an ‘interval chain complex’.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2.3. TATE COMPLEXES 17

NoOTATION 2.11. The interval object is the chain complex I, given as
0 — k{ir} -2 k{igt — 0, 9(i1) = do.

Both of the generators ig and i; are regarded as having internal degree 0 and the
subscripts indicate the homological degrees.

NoOTATION 2.12. The circle object is the chain complex C, given as
0— k{er} — 0,

again with ¢; regarded as having internal degree 0 and with the subscript indicating
the homological degree.

The convention we will use in this memoir is that chain complexes are suspended
on the left. In more precise terms, the suspension of a chain complex X, is the
chain complex X[1], = C, ® X,. From the definition of the symmetric monoidal
structure and the appropriate identifications we get

X[, = Xpo1, Oxpy(z) = —0x(2).

DEFINITION 2.13. The mapping cone of a chain map f: X, — Y, is the chain
complex cone(f), given as the pushout in the diagram

x,— 1 Ly,

I, ® X, —— cone(f).
where ig(z) =iy ® x.

Explicitly, we have
cone(f), 2 X, 10Y,, J(z,y)=(-0(x),d(y) + f(x)).

We have a short exact sequence of chain complexes
0 —— Y. —— cone(f), —— X[1], —— 0

where the first map is y — (0,y) and the second one is (z,y) — x. We leave it to
the reader to convince themself that these are indeed chain maps.

2.3. Tate complexes

Consider a projective I'-resolution e: P, — k of the trivial I'-module k. We will
denote the mapping cone of the map € as P,. With the conventions from before we

hence have
15” ~ k ifn=0
P,_1 otherwise
with boundary 0: ]5n — ]Sn,l given as

5z = {—a(x) if n > 2

e(x) ifn=1.

Let us use the notation 7: &k — ]5* for the inclusion. We now define the so-called
Tate complex.
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18 2. TATE COHOMOLOGY FOR HOPF ALGEBRAS

DEFINITION 2.14. For each I'module M let
hm, (M) = P, ® Hom(P,, M)
be the Tate complex of [Gre95l, §3].

Complexes of this type arise from a filtration of the Tate construction on
a G-spectrum that we call the Hesselholt—Madsen filtration, which is adapted
from [HMO3|, and this explains the notation ‘hm’. See Section 63l Explicitly,
the Tate complex is given in each homological degree by

hm, (M) = € P ® Hom(P_;, M)
i+j=n
with boundary given as
Oz ® f) = (@) ® f + (-1)*Nz ® 0" (f).
DEFINITION 2.15. For an integer n let
Extp.(k, M) = H_,(Homp (k, hm, (M)))
be the k-module given by the (—n)th homology of the chain complex
Homr (k, hm, (M)) = Homp (k, P, ® Hom(P,, M)).
We call this the nth Tate cohomology group of T with coefficients in the I'-module M.

To be able to compare this definition to the standard definition of Tate coho-
mology in terms of complete resolutions, it is convenient to introduce an alternative,
quasi-isomorphic chain complex.

DEFINITION 2.16. For each I'-module M, let gm, (M) be the pushout in the
diagram

M —< 5 Hom(P,, M)
f@l i
PooM — gm, (M).
Here the top horizontal morphism is the map
€* = Hom(e, 1): M = Hom(k, M) — Hom(P,, M)

contravariantly induced by the augmentation, and the left hand vertical morphism
is the map

il M2k®M — P, @M

induced by the inclusion of k into the mapping cone P, = cone(e).

Complexes of this type arise from a filtration of the Tate construction on a G-
spectrum that we call the Greenlees—May filtration, which is adapted from [GM95],
and this explains the notation ‘gm’. See Section

PROPOSITION 2.17. FEzplicitly, the complex gm, (M) is given in each homolog-
ical degree as

gm,, (M)

1%

B, @M ifn>1
Hom(P_,,M) ifn <0
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2.3. TATE COMPLEXES 19

and under these identifications the boundary Ogm: gm, (M) — gm,_,(M) is given
as
0®1 ifn>2
Ogm = 0" ifn<0
ProM <S5 M S Hom(Py, M) ifn=1.
PrROOF. The only non-trivial case happens when the homological degree is
n = 0. In this case we have a pushout square

M —<— Hom(Py, M)

e |
Py®M ——— gmg(M).

Since ¢ ® 1 is an isomorphism in this homological degree it follows that so is the
map Hom(Py, M) — gmy(M).

It is straight-forward to see that the boundary Ogm: gm, (M) — gm,_,;(M)
is given by J® 1 and & when n > 2 and n < 0, respectively. For the re-
maining boundary, note that the element 1 ® m in ]30 ® M is identified with
the element f:y — me(y) in Hom(Py, M) when both are viewed as elements
of the pushout gmy(M). The boundary wants to take the element x ® m in
PL® M = gm; (M) to e(x) ® m in Py ® M. This is identified with the map
y — (=D)I™=lme(x)e(y) in Hom(Py, M). Schematically, we are taking the com-
posite

Py M 2 By @ M 2 M =~ Hom(k, M) ~— Hom(Py, M). 0
Visually, gm, (M) is the complex

2 Py @M —— Hom(Py, M) %5 Hom(Py, M) — -+

o A

We will often refer to the complex gm, (M) as being obtained by ‘splicing’ P.oM
and Hom(P,, M) together.

Note that the universal property of the pushout ensures that we have an in-
duced T'-chain map 6: gm, (M) — hm,(M) in the commutative diagram

Hﬁz@M

M —<— Hom(P,, M)

J{i@l
i®1

P,®@M —— gm, (M)
x
1®e* hm* (M)
Here the ‘bendy’ map

1®e: P, ®M = P, ® Hom(k, M) — P, ® Hom(P,, M)
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20 2. TATE COHOMOLOGY FOR HOPF ALGEBRAS

is again the map contravariantly induced by the augmentation, and the other
‘bendy’ map
i®1: Hom(P,, M) = k ® Hom(P,, M) — P, @ Hom(P,, M)
is induced by the inclusion i: k — P.,.
PRrOPOSITION 2.18. The k-linear chain map
Hom(1,0): Homr(k, gm,(M)) — Hompr(k, hm,(M))

s a quasi-isomorphism, inducing isomorphisms

_——n

H,,(Homr(k, gm, (M))) — Bxtp (k, M)
for all integers n.
PRrROOF. We compatibly filter gm, (M) and hm, (M), setting

0 for k > s,

F,om, (M) =
gy (M) {gmk(M) for k <s

and
Fyhmy (M) = @ P ® Hom(P_;, M).

itj=k
i<s

We obtain a vertical map of short exact sequences

Fygm, (M)
st M FS * M -
0s1 05 95J
Fshm, (M)
0 —— Fs_1 hm,(M) —— Fshm, (M 0.
1 m ( ) m ( ) Eg_lhm*(M)

Each horizontal short exact sequence is degree-wise split as an extension of I'-
modules, hence remains short exact after applying Homr (k, —).

For s = 0, the map Fygm, (M) — Fyhm, (M) is an isomorphism. We claim
for each s > 1 that the map of filtration subquotients
. Fsegm, (M) . Fshm, (M)

Forgm. (M)  Foihm, (M)

induces a quasi-isomorphism Hom(1, ;) after applying Homr(k, —). It follows by
induction that Hom(1, 6,) is a quasi-isomorphism for each s > 0. Passing to colimits
over s it follows that Hom(1,8) is a quasi-isomorphism.

It remains to prove the claim. We can rewrite f for s > 1 as

1®¢: Py®@ M — P, @ Hom(P,, M).
Here ﬁs is I-projective, so it suffices to prove that
Homr(1,1®€*): Homr(k,L ® M) — Homr(k, L ® Hom(P,, M))

is a quasi-isomorphism for any projective I'-module L. By preservation of quasi-
isomorphisms under passage to retracts, we may assume that L is free. Since
the functor Homr(k, —) commutes with direct sums, it suffices to consider the
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2.4. COMPLETE RESOLUTIONS 21

case L = I'. Using the Hopf algebra structure of I', there is a natural untwisting
isomorphism

I ® N = Ind} (N)

for any I'-module N, where I' acts diagonally on the left hand side and we use
the induced I'-action on the right hand side. See Corollary 24l The augmentation
€: P, — k admits a k-linear chain homotopy inverse. Hence €*: M — Hom(Py, M)
also admits such a chain homotopy inverse, and

Indy, (¢*): Ind}, (M) — Ind}, (Hom(P,, M))
admits a I'-linear chain homotopy inverse. By naturality of the untwisting isomor-
phism,
1®e: T®M — T ®Hom(P,, M)

admits a I'-module chain homotopy inverse, and therefore induces a k-module
chain homotopy equivalence after applying Homr(k,—). This proves the claim
that Homp(1,1 ® €*) is a quasi-isomorphism. O

COROLLARY 2.19. The inclusion Hom(P,, M) — gm, (M) induces an isomor-
phism

~v: Extip(k, M) — E}R?(k,M)

for each n > 1, and a surjection for n = 0.

2.4. Complete resolutions

In this section, we make the standing assumption that the cocommutative Hopf
algebra I' is finitely generated and projective over k. Let us now relate the com-
plex gm, (M) to the complete resolutions often used when defining Tate cohomology.
See [CK97| for a standard treatment of this topic.

DEFINITION 2.20. Let P, be the pullback in the diagram
b, —— P,
DP, "k
where Dﬁ* = Hom(ﬁ*7 k).

PROPOSITION 2.21. Ezplicitly, the chain complex P, is given in each homolog-
ical degree as

n —

5~ P, forn >0,
D(P_,) forn<0

with boundary given as

On forn >0,
O =<eoe forn =0,
D()_n) forn<0

under these identifications.
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PROOF. The only non-trivial case is when we are dealing with something in-
volving homological degree 0. Since DPy — k is an isomorphism, it follows that
the projection Py — Py is one, as well. This shows that the chain complex is given
in each homological degree as asserted. The only thing left to prove is that the
boundaries are given as claimed. To do so, note that the inverse to the projection
is the map Py — P, given by

Py —)p():PO Xk Dﬁo, T — (x,e(x))
It is clear that the boundary 9: P, — P,_ is given by 8, and D(d;_,) when n > 0
and n < 0, respectively. When n = 0, we are looking at the boundary

Py xj DPy — DPy, (x, f) = € (f)
which under the identifications made above corresponds to the composition

Py— B XkDﬁQ—)Dﬁl, I’—)(E*OE)(I). O

Diagrammatically, we can visualise P, as the ‘spliced” complex

Py Py
k

We will show that if P, is assumed to be a projective resolution of finite typeE then
this is a complete resolution. See Remark 2.291 First we need a lemma.

LEMMA 2.22. Let

151

P_y

Q. —L A,

b

¢, —2 B,
be a pullback diagram of chain complexes. Assume that there is some chain map
¢: By — A, such that f¢ = idp, and ¢f ~ ida, witnessed by a chain homotopy

H: A, — A,y1 satisfying fH = 0. Then there is a chain map ¢': C, — Q. such
that f'¢' =ide, and ¢'f ~idg, .

PRrOOF. Consider the diagram

Q. L A,
b
c, 2> B,

in which we have an induced chain map ¢': C, — @, by the universal property of
a pullback. This shows that f'¢’ = id¢,. Let us show that this constitutes a left
homotopy inverse, as well.

2Recall that a chain complex Cx of projective modules is said to be of finite type if it is
finitely generated in each homological degree.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2.4. COMPLETE RESOLUTIONS 23

Let Hy,: A,, — An+1 be the chain homotopy between ¢f and id4,. That is
ida, —¢f =0H, + H,—10.

We want to use this data to build a chain homotopy between idg, and ¢’ f’. To do
this, consider the diagram

!
g
Qn+1 ” An+1

I

g
Cpn41 —— Bpta

which commutes since fH, = 0, by assumption. Again, by the universal property
of a pullback we have induced maps h: A, — Q,+1. Let us set

H;z = hg/: Qn — Qn+1-

We claim that these maps constitute a chain homotopy between idg, and ¢'f’.
That is, we claim that they satisfy

idg, —¢'f' = 0H], + H],_,0.

To show this, we appeal to the uniqueness of maps induced from pullbacks. Consider
the diagram

OHng'+H,_10g’

Q"./\

Qn —2— A,

lf ! lf

c, —2— B,.

This diagram commutes, since

fOH,g + fHy-109 = 0fHyg' + [Hn-10¢’
= O7
so we do indeed have a unique induced map in the diagram. We claim that the
question-mark in the diagram can be filled by both idg, —¢'f" and 0H], + H],_,0,

so they must agree by uniqueness of the induced map. Checking this claim is
straight-forward. The checks

g'(idg, —¢'f) =g —dd'f
=g —¢gf
=g —ofd
= (ida, —0f)d
= (0H, + H,_19)d,
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24 2. TATE COHOMOLOGY FOR HOPF ALGEBRAS

and
fidg, =¢'f) =1 = f'¢'f
—
=0
show that the map idg, —¢'f’ fits into the diagram. The checks
g'(0H,, + H,, _,0) = g'0hg’ + g'hg'0
= dg'hg’ + g'hdg’
=0H,q + H,_10q
= (0H, + H,_10)¢’
and
f'(0H;, + H;,_,0) = f'OH,, + f'H,,_
=0'f'H, + f'H],_,0
=Jf'hg' + f'hg'd
—0

show that the map 0H], + H] _,0 also fits into the diagram, which concludes the
proof. O

PROPOSITION 2.23. Assume that P, is of finite type over I'. Then P, is an
acyclic complez: of projective T'-modules such that Homr (Px, Q) is acyclic for every
coinduced I'-module Q).

PROOF. Since P, is finitely generated and projective over I' in each homological
degree n, it follows that P, must be finitely generated and projective over I', as
well, by Corollary [Z8

To show that P, is acyclic, we show that it is k-linearly contractible. Since
€: P, — k is a chain homotopy equivalence, we can find a homotopy inverse k — P,.
In this case we can pick n: k — P, so that en = id; on the nose. Since k is
concentrated in homological degree 0 we know that the chain homotopy ne ~ idp,
is zero after post- composition with €, so that Lemma [2.22] applies. This shows that
the map P, — DP, is a chain homotopy equivalence. Since P, is chain contractible,
we conclude that so is its dual DP, and hence also P

If Q = Coind},(C) for some k-module C, then

Homp (P,, Coindj, (C)) = Hom(P;, C).

Since P, is k-linearly contractible it follows that Hom(ﬁ*, () is contractible, and
therefore acyclic. O

Let M be a I-module. The chain map P, — P, induces a chain map
Hom(P,, M) — Hom(P,, M)

which is an isomorphism in homological degrees * < 0. In addition to this map, we
also have a chain map composition

P, ® M — DDP, ® M % Hom(DP,, M) —s Hom(P,, M).
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In particular, this is an isomorphism in homological degrees * > 1 under the as-
sumption that P, is of finite type over k. Note that the chain maps described above
fit into the commutative diagram

M—< Hom( P*,M

J{i@l
PoM — gm
Hom(P,

so that we have an induced chain map § by the universal property of gm, (M).
PROPOSITION 2.24. Suppose that P, is of finite type over k. Then the map
B: gm, (M) — Hom(P,, M)
s a natural isomorphism of T'-chain complexes.

PROOF. The assertion is clear in homological degrees n > 0 and n < 0. If
n = 0 we are looking at the diagram

M ——— Hom(FPy, M)

Lk

Po@M — gm, (M)

i

Hom(Py, M),

in which we have marked the obvious isomorphisms. It is then clear that 3 is an
isomorphism, as well. O

COROLLARY 2.25. Suppose that the projective I'-resolution P, is of finite type
over k. Then there is a natural isomorphism
Extp(k, M) = H"(Homp(P,, M))
foralln € Z.
ProoF. Combine Proposition 2.I§ and Proposition |

It turns out that, under the assumption that I' is finitely generated projective
over k, we can always construct the projective resolution P, so that it is of finite type
over I'. It is then necessarily also of finite type over k. This can be done via the bar
construction, which we now review. See ([May72| §9, §10, §11] and [GM74l, App.
Al]) for more details.

CONSTRUCTION 2.26 (The bar construction). Let I' be a k-algebra, M a right
I-module, and N a left I'-module. We form a simplicial object Be(M, T, N): AP —
Mod(k) as follows. In simplicial degree ¢ we let

By(M,T,N)=M®T®® N.
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26 2. TATE COHOMOLOGY FOR HOPF ALGEBRAS

It is customary to write

myl-yn=men @@y en

for an element in the ¢th simplicial degree; hence the terminology bar construction.
In this notation, the face maps are given as

myi[y2| - [ygln i=0
di(m[vi|- - vgln) = S mnl- - |vivigal - lygln 0<i<gq
m[’Yl‘ te |”Yq—1]7qn 1=q

and the degeneracy maps are given by

si(m[nil- - [gln) = mlyl - [yl - lgln.
The simplicial k-module Be(M,I', N) can be turned into a non-negative k-
complex in essentially two ways.

e The most straight-forward way to turn Be(M,T", N) into a I'-chain com-
plex B.(M,T,N) is by taking the I'-module in homological degree n to
be equal to the n-simplices of Bo(M, T, N) and to let the boundary in the
chain complex be the alternating sum of the face maps:

B, = B,(M,T,N) and 0= Z(—l)idi: B,, — By_1.
1=0

This is referred to as the bar complex.

e To get a smaller but quasi-isomorphic chain complex that is more con-
venient for computations, we can turn Bo(M,T", N) into a chain complex
NB, = NB.(M,T,N) by quotienting out by the degenerate simplices.
Explicitly, in homological degree n we have

NB, = Bn/(SOanl +-+ snlenfl)
~MeT " ®N,
where _
T = coker(n) = ker(e)
The boundary 9: NB,, — NB,,_1 is given by the same formula as before,
which makes sense because

a(SQBn,1 + -4 Snlenfl) =0.
We refer to (N B, d) as the normalised bar complex.

There is a natural T'-action on the simplicial k&-module B, (M, T',T) arising from
viewing N = I" as a ['-I'-bimodule. Explicitly, in each simplicial degree we have the
right T-action By(M,T,T)®T' — B,(M,T',T') given by

myl- - Vg ® v = mmnl - [vglver1y
and this T-action commutes with the simplicial structure maps of Be(M,T,T),
so that Be(M,T',T") extends to a simplicial I'-module. It is a standard exercise
in simplicial homotopy theory to check that Be(M,T',T") is simplicially homotopy
equivalent to M viewed as a constant simplicial I'-module. As a consequence, the

complexes
B.(M,T,T) and NB,(M,I'\T)

3This isomorphism follows from en = idy.
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are resolutions of M as a I'-module. We refer to these as the bar resolution and
normalised bar resolution of M as a T-module, respectively. See [May72| Prop.
9.9] and [GM74] Lem. A.8].

PROPOSITION 2.27. Assume that T is finitely generated and projective over k.
If M is finitely generated projective over k, then the bar resolution B.(M,T,T) and
the normalised bar resolution NB,(M,T,T") are T-projective resolutions of M of

finite type.

PROOF. Since Be(M,T,T') is simplicially homotopy equivalent to M, the bar
resolution is a resolution of M. It is finitely generated, and projective in each
degree by an application of Lemma The proof in the normalised case is very
similar. |

THEOREM 2.28. When T is finitely generated and projective over k, each short
exact sequence
0—M —M-—M"—0

of I'-modules induces a long exact sequence
_——n —n —n —n—+1
... — Bxtp(k, M) — Bxtp(k, M) — Extp(k, M) -2 Exty (k, M) — ...

Furthermore, if M is an induced or coinduced F-moduleﬂ then E/)x\t;(k, M) =0 for
alln € Z.

PRrROOF. If T is finitely generated projective over k, then the bar complex
B.(k,T,T) constitutes a projective I'-resolution of k of finite type, so that Propo-
sition 2.23] applies. The long exact sequence is then induced by the short exact
sequence

0 — Homp(P,, M') — Homp (P,, M) — Homp(P,, M") — 0

of k-module chain complexes. Here we are using Corollary .25 to identify the
terms in the long exact homology sequence. That Tate cohomology vanishes on
induced/coinduced modules is a direct consequence of Proposition 2.23 a

REMARK 2.29. Note that if T" is finitely generated projective, the chain com-
plex P, constructed from P, = B, (k,T',T) is indeed a complete I'-resolution of k
in the sense of [CK97, Definition 1.1]. This uses Proposition and the fact
that all projective I'-modules are retracts of induced I'-modules, which are coin-
duced I'-modules by Corollary 77l In particular, the results of [CK97] apply and
we can conclude that our E}?ﬁp(k‘, —) agrees with what is traditionally referred to
as ‘complete Ext’, in this case.

REMARK 2.30. In this approach to Tate cohomology and complete Ext the
Hopf algebra structure of I', rather that just its algebra structure, enters in two
ways: First, it is needed for Pareigis’ theorem (Theorem [2.0]), which is used in
Definition to ensure that the spliced complex P, consists of projective I'-
modules, as required for a complete resolution. Second, the Hopf algebra diagonal
and conjugation are used in Definitions 2.14] and .16l to make sense of the I'-
module structure of the Tate complex hm, (M) = P, ® Hom(Py, M), as well as for
its variant gm, (M).

4Due to the assumption that I is finitely generated projective induced modules are coinduced
by Corollary 27 and vice versa, so these are actually equivalent conditions.
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2.5. Multiplicative structure of Tate cohomology

We will now define a suitable pairing on Hopf algebra Tate cohomology. As
before, we will assume that I' is finitely generated and projective over k, so that
this theory coincides with complete Ext.

ProPOSITION 2.31. There is a unique, up to chain homotopy, I'-linear chain
map V: P, — P, ® P, covering the identity map id: k — k® k.

PRrROOF. We first note that the chain complex P, ® P, with diagonal I'-action,
is a I'-resolution of k ® k = k. To see this, use the spectral sequence associated
to P, ® P, viewed as a double complex. This converges strongly to the homology
of P, ® P,. The first page of the spectral sequence is given by

E;,t gHt(PS@)P*) = Ps ®Ht(P*)7

since P; is projective over I', and hence over k. This is zero unless ¢t = 0, where
it is P,. The d'-differential is induced by the horizontal differential in the double
complex, so that the E2-page is k concentrated at the origin.

Classical homological algebra then asserts that there is a unique (up to chain
homotopy) I'-linear chain map as asserted; see [MIL95] Chapter III Thm. 6.1]. O

The T'-linear chain map ¥: P, — P, ® P, described above induces a product
on Ext{ (k,—) via the pairing

Homp (P,, M) ® Homp(P,, N) = Homr (P, ® P., M @ N)
X, Homp(P,, M ® N)

of k-module complexes. By cocommutativity of I' and uniqueness (up to chain
homotopy) of ¥, we have that ¥ ~ 7 o ¥. Passing to homology, this gives us an
associative, unital, and graded commutative multiplication

—: Exti(k, M) @ Ext}-(k, N) — Ext{(k, M @ N)

that we will refer to as the cup product. In particular, Ext}.(k, k) is a k-algebra,
and Extf.(k, M) is an Ext(k, k)-module for each T-module M. If M is a T-module
algebra, then Ext[.(k, M) is an Ext[.(k, k)-algebra.

We proceed to define the cup product in Tate cohomology for Hopf algebras.
For this, we need a unique (up to chain homotopy) I'-linear extension of the fold
map in the category of chain complexes of I'-modules under k. Explicitly, the fold
map V is the induced map in the commutative diagram

kok —2L 5 P,

ll@i

where the inner square is a pushout diagram. Let us start with a more general
result.
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LEMMA 2.32. Let A, B, and C, be chain complexes of I'-modules, where we
assume that C, is non-negative and exact. Let i: A, — B, be an injective chain
map and assume that Q. = coker(i) is projective over T' in each homological degree.
Then, for each chain map f: A, — C, there is a chain map g: B, — C, such
that gi = f. Moreover, this chain map is unique up to a chain homotopy that is
zero on the image of i.

ProOOF. Counsider the diagram

A, — B, — Q. 0
fl %
C.,,

where the top sequence is short exact in each homological degree. Since C, is non-
negative, we must have g, = 0 for n < 0. To construct the rest of the chain map we
proceed by induction. Assume inductively that we have constructed g, satisfying

0

ngm = fm and gmfla = agm

for all m < n. Since
0= gn—282 = agn—l8
and C, is exact we know that g,—10 lands in 9(C,,). Consider the diagram

0 A, — B, —" Q, 0
J,fnr///tq/n/ J{gn—la
C, —— 9(Cy)

in which we want to find a dashed map g, : B, — C,, that makes both triangles
commute. Since @, is projective, the short exact sequence at the top of the diagram
splits, and we can find s,: @, — B, and t,,: B,, — A, such that

intn + Sprn =1dp,, .
Moreover, we can find a map h,: Q, — C,, such that g, _10s, = 0h,,. We define
Gn: Bn — C}, by setting
Gn = faln + hnry.
This map satisfies
Inin = fatnin + Anrpin = fn +0=f,
and
Ogn = Ofntn + Ohypry,

= fn_10t, + Oh,ry

= Gn-1in-10tn + gn-108nTn

= gn—10(intn + SnTn)

= gn—10,

which concludes the construction of g.

We now show that the map g: B, — C\ is unique up to a chain homotopy that
iszeroon i(A,). Let ¢’: B, — C, be another chain map satisfying f = ¢'i. We want
to show that we can find a chain homotopy between k = g — ¢’ and 0 that is zero
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on the image of i. That is, we want to find a collection of maps H,,: B, — Cp11
such that

kn=H,_10+4+0H, and Hpi, =0

for all n. Again, we use induction. Since C, is non-negative we must have H,, = 0 for
n < 0. Assume inductively that we have constructed H,,: B, — Cp,11 satisfying

ky, =H,_10+0H,, and H,i, =0
for all m < n. Consider the map k,, — H,,_10: B, — C,,. Since
Oky, — Hy—10) = 0k, — 0H,,_10
= 0k, — (kp—1 — Hp—20)0
= 0k, — kpn_10
=0
and C, is exact we know that k,, — H,,_10 lands in 9(C,,+1). Consider the diagram

Qn
ﬁf?// J{knsn —Hp_10sn

Cpy1 —— 0(Cpy1) —— 0
in which we have a map ,, since @Q,, is projective. We define
H, = Bury: By — Chy1,
which vanishes on the image of i,, since r,i, = 0. Furthermore, we have
H, 104+ 0H, = H, 10+ 08,y

=H,_ 10+ kpspryp — Hp_10s,7),

=H, 10+k,— Hp,_10

=k,
where the penultimate equality sign follows from the fact that &k, and H,,_; vanish

on the image of i, and i,_1, respectively, so that k, = k,(intn + Snrn) = knSnTn
and

Hy 10 = Hy 10(intn + Sp7y)
= H,,_10i,t, + H,_10s,71,
=H, _1ip_10t, + H,_108,Tn,
= H,_10s,Tn. O

PROPOSITION 2.33. There is a unique, up to chain homotopy, I'-linear chain
map ®: P, ® P, — P, that makes the diagram

ﬁ*@kﬁ* v ﬁ*

commute.
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PRrROOF. This is an application of Lemma[2.32] The diagram we are considering
is

O*>13*e9k15**i>ﬁ*®]3*%62**>0

We only need to check that the cokernel of the map ¢ is projective over I' in each
homological degree. By construction, the cokernel is the total cokernel of the com-
mutative diagram

Eok —2L. P ok
1®Zl ll@i
koP, -2 P oP,.

This can be calculated by computing the cokernels of the two horizontal maps
followed by the cokernel of induced vertical map. Explicitly:

coker(7) 2 coker(coker(i ® 1) — coker(i ® 1))

coker(1®i: P[1], ® k — P[1], ® P,)
P[1]. ® P[1],.

1%

1

In particular, we note that the cokernel is a complex of projective I'-modules. [

We can now define a pairing on hm,(—) using ® and ¥. For Imodules M
and N the composite pairing

P, @ Hom(P,, M) ® P,® Hom(P,, N)
1T P @ P ® Hom(P,, M) ® Hom(P,, N)
1218 P ® P, ® Hom(P, ® P.,, M ® N)
*e%" B ® Hom(P,, M @ N)
is I'-linear, so it induces a pairing

Homr (k, hm, (M)) ® Homr(k, hm,(N)) — Homr(k, hm,.(M ® N))

of k-module complexes. Note that the uniqueness of ® up to chain homotopy
guarantees that ® o7 ~ ®, and we have already observed that 7 o ¥ ~ W, which
ensures that we get an associative, unital, and graded commutative pairing

— Extp(k, M) ® Bxtp(k, N) — Exty.(k, M ® N)

after passing to homology. The inclusion Hom(P,, M) — hm, (M) provides us with
a map

Ext} (k, M) — Exty.(k, M).

This map is compatible with the multiplicative structures we have defined above,
in the sense of the following proposition.
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ProPOSITION 2.34. The two diagrams

Ext (k, M) @ Ext? (k, N) —— Ext2™2(k, M @ N)

| |

——b ——b
Ext? (k, M) ® Exty. (k, N) — Exty " (k, M ® N)

| |

Exty, (k, M) @ Bxty” (k, N) —=— Exty " (k, M ® N)

and

Ext¥ (k, M) ® Ext?? (k, N) —— Ext? 2 (k, M @ N)

| l

—b +b
Exty. (k, M) ® Ext? (k, N) —— Exty. " (k, M ® N)

| |

Exty. (k, M) ® Bxty’ (k, N) —=— Extr " (k, M ® N)
commute. In particular it follows that Ex\tr(k; k) is an Exty(k, k)-algebra, and
Exti(k, M) — Extp(k M) is an Extp(k‘ k)-module homomorphism. If M is a I'-

module algebra, then Exty(k, M) — Extp(k M) is an Exty.(k, k)-algebra homomor-
phism.

Proor. This follows from the commutative diagrams

k@k ——==1k k@k ———=Fk
l | l |
po——P wd Pof——F
l H l |
Ry} CRY Y S

2.6. Computation

In this section we look at a sample computation of the Tate cohomology of a
Hopf algebra. Let k be a graded commutative ring with an element 7 in degree 1
such that 2n = 0. We will consider the Hopf algebra

D = ksl/(s* = ns), |s| = L.

Here s is a primitive element, so that comultiplication is given by ¢ = s®14+1® s,
counit by €(s) = 0, and antipode by x(s) = —s. To clarify: our goal is to compute

E/);c;(k:,M ) where M is a I'-module. This situation naturally appears when we
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consider the Tate construction on a spectrum X with an action of the circle T. In
this situation, we will have

I' = 7. (S[T]) k= m.(S) M = 7m.(X).

See Proposition [3.3] and Chapter [Gl
A projective resolution P, of k as a trivial ['-module is

T{ps} 2 T{pa} —2 T{p1} —2 D{po} 0

with the internal degree of the generator p, being |py| = b and the total de-
gree being ||py|| = 2b. As (right) k-modules we have P, = I'{py} = k{pp, pos}
where ||pys|| = 20+ 1. The boundary of the complex is given by

Dy ( )= PpS b >0 even
b+1\Pb+1) = p(s+m) b>10dd

and the augmentation e: P, — k is given by e(py) = 1.
By definition, the mapping cone P, = cone(P, — k) is isomorphic to the
complex

{5} —2 T} — 2 T} —2 k{fio} —— 0

where the internal degrees of the generators are |py| = 0 and |p,| = a—1 for a > 1,
and the total degrees are ||po|| = 0 and ||ps]| = 2a — 1 for @ > 1. As before, we
can also write this as a complex of (right) k-modules I'{p,} = k{Da,Pas} for a > 1,
where |p,s| = a and ||pgs|| = 2a. The boundary is given by

Do a=1
9a(Pa) =  —Pa-15 a > 2 even
—Pa—1(s+n) a >3 odd.
The chain complex we want to consider is the Tate complex hm, (M), or rather,

its -invariants. Recall that the Tate complex hm, (M) is given in each homological
degree by

hme(M) = P P.® Hom(P_,, M)
a+b=c
with boundary given as

(@, f) = 0(2) @ f + (=)*lz @ 07 (f).
When calculating the second term we also remember that
@ f)(w) = == £(D(v))

for an element f € Hom(P,, M) since M is concentrated in homological degree 0.
It will also be useful to consider the Tate complex in its bicomplex version. In
this case, we will write (hm, .(M),d", ") where

hm, (M) = P, © Hom(P_, M)

and the horizontal and vertical boundaries are the first and the second term in the
formula for the boundary in hm,, respectively. The total complex of this bicomplex
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is equal to the Tate complex, by definition. Moreover, let us write (Us ., 9", 9?) for
the restriction of the bicomplex to the I'-invariants

Ua.» = Homp (k, P, @ Hom(P_y, M)).

We refer to the total complex of this bicomplex as (U, " + 9?); it is isomorphic
to Homp (k, hm, (M)). Let us introduce some notation for the different elements in
the bicomplex U, . to keep our computations from becoming too messy.

NOTATION 2.35. Let x be an element of M and write

—
fb'x—ﬁo®<pb x)

PpS — TS
for an element in Homp (%, ?0 ® Hom(Py, M)) for b > 0.

NOTATION 2.36. Let y be an element of M and write
- Do Y _ po — 0
Gab Y = Pa & (pr . y8> + PasS (24 <pb5 N (_1)|yy>
for an element in Homp(k, P, ® Hom(Py, M)) for a > 1 and b > 0.

NOTATION 2.37. Let z be an element of M and write

- Pyt 2
hay -2 =
ab " % PasS @ (pr . Z(S + 77))

for an element in Homp(k, P, ® Hom(Py, M)) for a > 1 and b > 0.

It is a straight-forward computation to check that these are indeed I'-invariant
elements, in the sense that

(ga,b y)-s=0,
and analogously for fp - x and hg - 2, using the following lemma.

LEMMA 2.38. The (right) conjugate action of s on an element f of Hom(M, N)
is given by

(fs)(m) = (=)™ (f(m)s — f(ms)).

PrOOF. Recall that the characterising property of the conjugate action is that
it is the action on a function object Hom(M, N) such that the evaluation pairing
ev: Hom(M,N) ® M — N is I-linear. Explicitly, the I'-action on Hom(M, N)
makes the diagram

Hom(M,N)® M T <25 N T

pHom(JvI‘N)®MJ J(PN

Hom(M,N)® M —=—— N
commute. The top composition sends a generic element to
fem®s— f(m)®s— f(m)s,
while the bottom composition sends the generic element to
feomes— foms+ ()Ml fs@m e fims) + (=1)I™I(fs)(m).

These must agree, which necessarily gives us the assertion. ([l
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Furthermore, these form an ‘M-basis’ of the I'-invariants of the Tate complex
in the sense of the following proposition.

PROPOSITION 2.39. Let b > 0 and a > 1. There are k-module isomorphisms
pILY Y = Homr (%, ﬁo ® Hom(FPy, M))
T fp-x
and
2ot @ 2P M =5 Homr (k, P, ® Hom(P,, M))
(Ys2) ¥ Gap " Y + hap - 2.

ProoOF. The maps are clearly injective, so we only need to show that they are
surjective.
A general element in Py ® Hom(Py, M) is on the form

- Pp— T
Po & ( >
bys =y
By Lemma 238 the right action of the primitive element s on such an element is
~ Pp— TS —
Do ® ( Y >
PosS = Yyn —ys

For our original element to be I'-invariant this must be zero, which gives us y = ws.
In other words, a I'-invariant element in Py ® Hom(Py, M) can be written f; - x,
where we let x range throughout M. The grading suspension appearing in the
isomorphism makes sure that this is actually a map of graded k-modules. Indeed,
the internal degree of our element is

| fo - x| = |po| + [x] = |ps| = || = b.
A general element in P, ® Hom(P,, M) is on the form
~ —= T - =z
pa®(pb ) +pas®<pb )
Pus Y pps — w

We assume that this is a homogeneous element, so that |y| = |z| + 1, |z| = |z| — 1,

and |w| = |z|. Letting the primitive element s act on this element from the right
we obtain
_ =T _ =TS —
(_1)1|pa3®<19b >+pa®<pb y)
Dvs =y Dps = yn —ys

- Do — 2z - Pp— 28— W
— (-1)"lp,sn @ + Pas ® :
(=1 Pasn PpS — W Pa? PpS — W — WS

For our element to be I'-invariant we want this to add up to zero. In other words,
we need to solve the following system of equations

s — Y =0
yn —ys =0
(=1)l*lz + 2 4 25 — w =0

(=1)l*ly + wn +wn —ws = 0.
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It is straight-forward to check that the solutions are given by the two independent
equations

y =8
w = (=1)lz + 2n + zs,
which tells us that a I-invariant element can be written
Gap T+ Nap -z

where we are free to vary z and z in M. The suspensions in the source of the k-
isomorphism are again there to make sure that the grading is preserved by the
isomorphism. Indeed,

9ab - | = |Pa| + 2| = [po| =a =1+ |z] = b
and
|hap - 2| = |Pas| + [2] — [pb| = a + |2 — . O

We now need to figure out what the boundary on these generic I'-invariant
elements looks like. Keeping track of all the signs we end up with the following
description of the horizontal and vertical boundaries in terms of our ‘M-basis’.

LEMMA 2.40. The horizontal boundary on fy - x is given by
"(fy-x)=0
and the vertical boundary is given by
0" (fy - ) = {—<—1>'ffb+1 s b> 0 even
—(=D)lfyq -z(s+n) b>1 odd.
LEMMA 2.41. The horizontal boundary on gqp -y 1s given by
fory fora=1
0" (Gap-y) = —ha-15"Y for a>2 even
Ga—16 - YN — ha—1p -y fora >3 odd
and the vertical boundary is given by
0% (Gap - y) = {(_1)|yga,b+1 “ys + hapr1-y Jor b>0 even
’ (—D)¥gu i1 -y(s+n) + hapir-y forb>1 odd.
LEMMA 2.42. The horizontal boundary on hqy - 2 is given by

ha—14-2n fora>2 even

({)h(hmb . Z) =
0 fora>1 odd

and the vertical boundary is given by

0" (hap-2) = —(=1)* kg1~ 2(s+1)  forb>0 even
a,b _(_1)|Z‘ha,,b+1 .28 fOsz 1 odd.

We calculate the homology of U, by filtering the first tensor factor of U, . and
using the spectral sequence for the total complex of a bicomplex:

E} _, = H_,(Homp(k, P, ® Hom(P,, M))) = H,_(Homr (k, P, ® Hom(P,, M))).

The bicomplex (U, ., 0", %) is displayed in Figure [ for the convenience of the
reader.
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REMARK 2.43. Let us clarify how to interpret Figure[lland the matrix notation
appearing in it. The horizontal and vertical boundaries are given in terms of the ‘M-
bases’ {fp} for Up,—p and {ga b, hap} for U, —p. We record fy -2z and gop-y +hap- 2
as the column vectors

[x] and {y} ,
z

respectively. The boundaries are then indicated by multiplication with the corre-
sponding matrices appearing in the figure. Multiplication is done, as is usual, with
the matrix on the left hand side. So, to clarify: A vertical boundary 9°: U, —p —
Uqa,—p—1 recorded as a 2 x 2-matrix (with entries in I') and multiplied with the
relevant column vector (with entries in M)

gl Y| _ |tz
k L |z |ky+£z
indicates that this boundary is given as

Gap Y+ hap 2 gapir - (Y +32) + haptr - (ky + £2).

Note that in this convention I' ends up acting on M from the left, through the twist
isomorphism followed by the right action. To see that the boundaries given in the
matrix notation actually agree with the ones given in Lemma Lemma [2.47],
and Lemma we have to switch the position of the I'-values (i, j, k, and /)
and the M-values (y and z), which typically introduces a sign. For example, the
boundary 9Y: U,,—p — U,,—p—1 for even b is recorded in the figure as

ﬁ —(so+ 77)] '

Left multiplication of this matrix with the column vector corresponding to g, - ¥

gives
-l [ -1V

which tells us that this vertical boundary is given by
G Y a1 5y + hapir -y = (=1 gapi - ys + hapir -,
which is indeed in agreement with Lemma 2.47]

Before we explicitly compute the first page of the spectral sequence for the
bicomplex Ui ., we again introduce some notation.

NOTATION 2.44. Let z be an element of M and write

Ug 2= —(=1)lgao - 2(s + 1) = hapo - 2
— _(—)Flp, @ (po — z(s +77)> s ® (po = Z)

pos — 0 pos — 0

for the specified element in Homr (k, P, ® Hom(Py, M)) for a > 1 and b > 0.
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SITIN (Y T RCY)

= [ -l [ sl [} — ()]

AP LA [0 9] Us s [ o] o EX
] | I LA | I 1)

NSO (L) g Ex " KN o EX)

=] [F ()] [} — k)] [~ ()]

FIGURE 1. The bicomplex (U, .,d",d%) for I = k[s]/(s? = ns)

PROPOSITION 2.45. The E'-page of the bicomplex spectral sequence for Ui« 18
given as

fo - ker(s) forb=0,
ker(s + )
~ [ A >
H_y(Homp (k, Py @ Hom(P., M))) = { fo- gy forb=1 odd,
ker(s)
[ A >
fo (s 1) for b > 2 even,

when a =0, and as

Ug - M forb=0

H?b(HomF(lﬁﬁa®HOIH(P*,M))) = ;
0 otherwise,

when a > 1.

PRroor. This is essentially an exercise in linear algebra using the matrices in
Figure[Il The kernels of the boundaries are computed by computing the null spaces
of the corresponding matrices. Similarly, the images of boundaries are computed by
computing the column spaces of the matrices. Let us give the details for the a > 1
case, as the a = 0 case is directly visible by inspecting the figure. The null spaces

of the matrices
s 0 s+n 0
[1 —(s+ n)} and { 1 —s]
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are generated by the column vectors

1 e ]

respectively, and the column spaces are generated by the column vectors

S s+n

HEE !
respectively. From this is follows that the homology is concentrated in homological
degree b = 0, in the a > 1 case. Here it consists of elements of the form

Ga,0- (s+M)z+heo-2= (—1)|z‘ga’0 ~z2(s+m) + heo- 2

for varying z in M. For reasons concerning the multiplicative structure, we have
decided to denote the above element by —u, - 2. O

In particular, note that the above result tells us that the E'-page of the spec-
tral sequence is concentrated around the boundary of the fourth quadrant. The d'-
differential d*: E;,_b — E;—L— , in the spectral sequence is induced by the horizon-
tal boundary, and is by degree reasons only non-zero on the positive a-axis. There
it is given by

—(=1)=lfo - 2(s +1) for a =1
d" (ug - 2) = —(=1)*lug_q - 2s for a > 2 even
—(=1)*lug_q - 2(s +7n) fora >3 odd

by using Lemma [Z4]] and Lemma 242 We conclude that the second page of the
spectral sequence is concentrated along the a- and b-axes and that

k
fb-ﬂ for a =0 and b > 0 even,
im(s +n)
k
fyM for a =0 and b > 1 odd,
im(s)
E? =~
’ k
Uy - ——— ex(s) for b=0 and a > 2 even,
(s + 1)
k
UQ-M for b=0 and a > 1 odd.
im(s)

There is no room for further differentials, and the infinite cycles along the upper
and left hand edges are necessarily also d'-cycles in the total complex U,. We
conclude:
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PROPOSITION 2.46.

ker(s
fe- (s 1) (+)17) for ¢ >0 even,
f,yM for ¢ >1 odd,
oy im(s)
k
U_g .erg(s) for ¢ < =2 even,
(s + 1)
P w for ¢ < —1 odd.
im(s)

Now all that remains is to describe the multiplicative structure. That is, given
two ['-modules M and N we want to determine the cup product
- = ——c1t
—: Bxtp (k, M) ® Exty (k, N) — Exty.(k,M @ N).
In order to do so we need a I'-linear chain~map~\lf: P*~ — P, ® P, covering the
identity of k, and a I'-linear chain map ®: P, ® P, — P, extending the fold map,
as per Section

LEMMA 2.47. A T-linear chain map V: P, — P, ® P, that covers the identity
is given by

Upp) = Y Py @by
by +ba=b

By T'-linearity we have
U(pps) = D Pb,5 @ Poy + Py @ Db, S
b1 +bo=b
This chain map is cocommutative: ¥ = 7V,
ProOOF. Note that
d(py) = po—1(s + (b—1)n)

for b > 1. To verify that ¥, as specified in the statement of the lemma, is a chain
map, we must show that

oT(py) = Y ) @ pu, + po, @ Apyy)

by +ba=b
= Z Py —1(5+ (b1 — 1)) @ py, + P, @ Poy—1(5 + (b2 — 1)n)
b1+ba=b
is equal to
Y (9(pp)) = ¥ (po—18) + ¥(pp—1)(b—1)n.
Here

Z Pby—18 @ P, + Poy @ pr—18 = ¥(pp—1)s,
bi+ba=b
so it remains to check that

D o a(br = D0 @ po, +po, @ p, 1 (b — 1)y = U(pp_1)(b— 1),
b1+ba=b
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When b is odd the terms of the left hand side cancel in pairs, and the right hand
side is zero. When b is even only the terms with b; and by both even contribute to
the left hand side, and these add up to ¥(py—_1)n, as required. Finally,

(e®e)(¥(po)) =1 = €(po),

so ¥ is indeed a chain map covering k ® k = k. Cocommutativity of ¥ is clear from
the explicit formulas. O

LEMMA 2.48. A T'-linear chain map ®: ﬁ* ®ﬁ* — ﬁ* that extends the fold map
is given by

®(Pay @ Pay) =0
®(Pay ® Pays) = —Pa
P (Pa, 5 @ Pay) = —Pa
®(Pay 8 @ Pays) = —Pals + 1)

forai,as > 1 and a = a1 + as. Furthermore,

and ®(Po ® Po) = Po. This chain map is commutative: & = Pr.

PROOF. Note that the differential in the chain complex ﬁ* can be described as

5@): Do fora=1
¢ —Pa—1(s+an) fora>2.

To check that @, as specified in the statement of the lemma, is I'-linear, we observe
that

(P((ﬁal ®15a2)8) = ®(Pa; @ Pays — Pay 8 @ Pay)
= _ﬁa +ﬁa
=0
= ®(Pa, ® Pay)$s

and that
Q((Pay ® Pay8)s) = ®(Pay 8 @ Pays + Pay @ PayS)
= _ﬁa(s + 77) + Pan
= —ﬁas

= ®(Pa; © Pa,5)s.
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The check that ® is a chain map is contained in the computations
(05, 5. (Pay ® Paz)) = P(0(Pa,) @ Pay) — P(Pay, ® O(Pay))
—®(Pa,-1(s + a1n) ® Pas)
+(I)(ﬁa1 ®]5a271(5 + a277)) for ay, az > 27
(b(ﬁo ®ﬁa2)
+(I)(151 ®ﬁa2—1(8 + azn)) foray =1, as > 2,

_@(ﬁmfl(s + 61177) ®Z~71)
_(I)(f)al ®]50) fOr al Z 27 as = 1

a—1 _ﬁafl

1
o ™

O(®(ay © Pas))
and
(05 5. (Pay ® Pays)) = P(0(Pay) @ Pays) — P(Pay ® O(Pays))
_q)(ijal—l(s + al’]) ®p~a25)

+®(Pay ® Pay—1(s +azn)s) for ay, ag > 2,
©(ﬁ0 ®ﬁa28)

+P(P1 ® Pay—1(s +agm)s) for ag =1, az > 2,
~®(Pay1(s +a1n) @ p15)

—®(Pa, @ Pos) for as > 2, a9 =1
= Pa-1(s + an)
= ~0(pa)
= 0(®(Pay ® Pays))-
Commutativity of ® is clear from the explicit formulas. O

Now we want to use the above chain maps to compute the multiplicative struc-
ture. Recall that the cup product is induced by the composite pairing

P ® Hom(P,, M) ® P.® Hom(P,, N)

19791 p, ® P, ® Hom(P,, M) ® Hom(P,, N)

18182 B & P, ® Hom(P, ® P,, M ® N)
29V, B, @ Hom(P,, M ® N).

There are two signs to be wary of here; the first one comes from twisting the factor
Hom(P,, M) past the second P;-factor, and the second sign comes from using the
canonical map «. Please refer to Equation (Z1]). We note that the cocommutativity
of ', symmetry of a, commutativity of ® and cocommutativity of ¥ imply that
this particular model for the cochain cup product is graded commutative. The
cup product computations, which can be found in the lemmas below, are straight-
forward computations. We only include the verification of two of the lemmas, as
the other two are very similar.
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—b
LEMMA 2.49. Let fp, - m be a cycle with homology class in Extpl(k,M) and
b
let fy, -n be a cycle with homology class in Extr2 (k, N). The cup product of these
is the cycle
fbl -m\/sz 'n:fbl-‘rbg men
. . =—bi+b2

with homology class in Extp "~ (k, M ® N).

LEMMA 2.50. Let uq, - m be a cycle with homology class in E)(\i:l:al(k,M) and

let uq, -1 be a cycle with homology class in E}R;M(k, N). The cup product of these
is the cycle

Ug, * M~ Ugy "N = Ug, ta, - MAON
. . ————ai1—a2
with homology class in Extp (k, M ® N).

—0
LEMMA 2.51. Let fo-m and uy-n be cycles with homology classes in Extp(k, M)

and E)?t;a(k, N), respectively. The cup product of these is the cycle
form—us, n=u, - men
. . i . .
with homology class in Extp (k, M @ N). By graded commutativity we have

Ug - N — fo-m=1u, -nm.

PROOF. Since fy - m is assumed to be a cycle in U, we know that m is an
element in ker(s). An explicit description of this cycle is then

- Po = m
-m = .
fo Po @ (pos 0)

The first map 1 ® 7 ® 1 in the composite pairing twists the second tensor factor
past the third one, so that

- po = m Inl po—=n(s+n)\ _ . Po
—(-1 a — FPa
po@(posH())@( "8 ®( pos — 0 Pt pys 3 0

~ ~ —m po — n(s+mn)
s —(—1)Iml+In] s
(-1) Do ® Pa ® pos o 0 ® pus 13 0

- ~ PorH—>m Po—n
Po @ Pas @ <P08 — 0> @ <P08 '—>0)'
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The second map in the composite is 1 ® 1 ® «, so that

po — m> @ (po > n(s+77)>

(=) Ml 5y @ 5.
(=1 Do @ Pa & Dos 5 0

pos +— 0

- - PorH—m Po—n
Po & Pas <P08'—>0> ® <P08H0>
Po ®po—= men(s+n)
Pos @ pg — 0

Po ® pos — 0
Pos @ pos — 0

= —(=D)I"H"5 @ p, @

PoQpPo—men
Pos @ po — 0
Po ®pos — 0
Pos ® pos — 0

— Do ® Pas &

Lastly, the computations of ¥ and ® given in Lemma 2.47] and Lemma 2.48] tell us
that the final map in the composite is such that

Po @ po = mn(s+n)
Pos @ pg — 0
Po ® pos — 0
Pos @ pos — 0

— (=DMl @ p, @

Po@pPo— MmN

~ ~ p08®p0 > 0 Im|+|n| = Po m®n(8+77)
— — —(—1
Bo®has® [ 0 (-1) Pa ® P05 1 0
Pos ® pgs — 0

5 s ® Por—rmen
— DaS
Pa pos+— 0

where the target can be identified with u, - (m ® n), as wanted.
By graded commutativity of —, we have

- n— form=(=1)""fo.m—u,-n

= (=)™l men

Ug - N RQ M.

|
—1
LEMMA 2.52. Let f1-m and uy-n be cycles with homology classes in Exty(k, M)
——1
and Extp (k, N), respectively. Then the two cycles
fim—u-n>~fi-men.
are homologous in the complex U,. It follows that they determine the same class

—0
in Extp(k, M @ N).

PRrROOF. Since f;-m and u; -n are assumed to be cycles we know that m and n
are elements in ker(s+n), which directly implies that m ®n is an element of ker(s)
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since
(m@n)-s=mans—+ (-D)"mseon
=mens+meny+menn+ (-1D)"mseon
=m@n(s+n) + (=D"m(s+n) @n

=0.
An explicit description of the two cycles fi -m and uq - n is
- pL—m ~ Por—n
-m =Py ® and u;-n=-p1s® .
h Po (pls — ms) ! b1 (pos — O)

The first map 1 ® 7 ® 1 in the composite pairing twists the second tensor factor
past the third one, so that

- pr—m - Po—n - - pr—m Pot—n
—Do® & ® = —Po® ® ® .
PO <p18 = mS) e <P08 = 0> pos=ie <P18 > ms) (POS — 0>

The second map in the composite is 1 ® 1 ® «, so that

PL®pPo = men

o pLm Po N o p1s ®@po = (=1)"ms@n
— — —
Po®P18&@ (pls S)@(pos 0) Do®P15& D1 & pos 5 0

P18 @ pos — 0

Lastly, the computations of ¥ and ® given in Lemma 247 and Lemma 2.48] tells
us that the final map in the composite is such that

PL®OPo = men

NP p1s®@po —~ (—1)"ms@n - pL—=men
_ o .
Po@pis e 1 @ pos — 0 P p1s— (—)I"ms@n
P1S ® pgs — 0

The right hand term can be identified with —h1; - m ® n. We conclude that
firm—u-n=-h;; -men.
Note that the boundary of g1 0-m ®n is
O(gr0-men)=fo-m@n+hi1-men,
which tells us that fo-m ® n and —h; ;- m ® n are homologous in U,, and hence
represent the same class in Ex\tl(l (k,M ® N). O
We decide to make a final change of notation.
NOTATION 2.53. Let t* - m and t~® - n denote the homology classes
t'm=1[f,-m] and t % -n=|ug-n)
in Ex\tl;(k;, M) for b > 0 and in E}?c;a(k;, N) for a > 1, respectively.
Note that t* - m has internal and total degrees equal to those of f; - m, so that
[t°-m|=1|m|—b and ||t° m| = |m|— 2b.
Similarly, ¢~ - n has internal and total degrees equal to those of u, - n, so that

[t=%-n|=a+|n| and |t n| =2a+ |n|
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We conclude that, formally, the symbol ¢ has homological degree —1, internal degree
|t| = —1 and total degree ||¢|| = —2. Using this new notation we have the following
theorem.

THEOREM 2.54.

k
¢. .er—(s) for ¢ even,
. im(s +n)
Extp(k, M) =
k
Gt ) -
im(s)

The cup product

—c1+c2

Exty. (k, M) ® Exty. (k, N) — BExtp.  (k,M ® N)

is given by
(t - m) — (t2 - n) =t*T2 .men.

COROLLARY 2.55.
B (k) = {

In this case, the cup product

t¢ - coker(n) for ¢ even,
t¢ - ker(n) for ¢ odd.

Acl+02

Bxty (k, k) ® Exty, (k, k) — Bxty (k. k)
is given by
(t - 2) — (2 y) =t oy
and makes E}?t;(k, k) into a k-algebra over which Ex\t;(k, M) is a module for any I'-
module M.

REMARK 2.56. Note that in Theorem [2.54] above, the answer is also the ho-
mology of a differential graded I'-module

Mt t™]
with differential given by
d(m) =tms and d(t) = t*n,
where m is an element of M and ¢ has homological degree —1 and internal degree —1.
More precisely, the differential satisfies a Leibniz rule in the form

d(tm) = d(t®)m + t°d(m) = ct“ym + t“Tms

{t”lms if ¢ is even,

ttlm(s+mn) if cis odd,

and this gives us the same homology groups as in Theorem 254l Note that this is
also true multiplicatively: if u: M ® N — L is a pairing of I-modules, then the
cup product
—c ——cCo ——c1+ca ——c1+tc2
Extp (k, M) ® Extp (k,N) — Exty (b, M ® N) — Extr (k, L)
is precisely the one induced by the obvious pairing
Mt,t™ ] @ N[t,t '] — Lt,t "]

on homology.
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CHAPTER 3

Homotopy Groups of Orthogonal GG-Spectra

In this chapter we discuss some results regarding equivariant stable homotopy
groups. Our chosen model for equivariant spectra is orthogonal G-spectra, and
we recall some basic theory about these objects and their homotopy groups in
Section 31l In Section we define the main Hopf algebra that we will work with
in this memoir, namely the (non-equivariant) homotopy groups of the unreduced
suspension spectrum of a compact Lie group, also referred to as the spherical group
ring S[G] of that group. Since our main group of interest is the circle T, we also give
an explicit description of m,(S[T]) as an algebra over m,(S). Lastly, in Section [3.3]
we show, under suitable projectivity assumptions, that we can sometimes describe
the equivariant homotopy groups 7&(X) of an orthogonal G-spectrum X as the
‘7, (S[G])-invariants’ of the non-equivariant homotopy groups m,(X).

3.1. Equivariant homotopy groups

Let G be a compact Lie group, and let X be an orthogonal G-spectrum, as
in [MMO02| §II1.2] and [Sch18, §3.1]. In what follows, we will always assume
that G acts from the right. Recall that, in particular, X associates to each (finite-
dimensional, orthogonal) G-representation V' a based G-space X (V'), and to each
pair (U, V) of G-representations a G-equivariant structure map o: Y X (V) —
XUaV).

We can define G-equivariant homotopy groups 7 (X) associated to X. To do
this, one fixes a complete G-universd] % containing a fixed copy of R*>°. Note
that the set of finite-dimensional G-subrepresentations of % is partially ordered
by inclusion. For non-negative integers ¢ > 0, we define the gth G-equivariant
homotopy group of X as the colimit, over this directed partially ordered set, of the
sets of homotopy classes [f] of G-maps f: ¥V .S7 — X (V):

T (X) = colvim[zvsq, X(V)]€.

Similarly, to define the non-positive G-equivariant homotopy groups, we let

G [V R e
2 (X) = CO‘I}HI[Z SO X (V)]

where V' — R? denotes the orthogonal complement of R? in V. Here the colimit is
formed over the partially ordered set of subrepresentations V' in % that contain RY.
These definitions agree for ¢ = 0. Each equivariant homotopy group w(?(X ) is
naturally an abelian group.

1A complete G-universe is an orthogonal representation of countably infinite dimension in
which every finite dimensional G-representation, and their countably infinite direct sums, embeds.

47
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48 3. HOMOTOPY GROUPS OF ORTHOGONAL G-SPECTRA

Given a group homomorphism H — G, we can view any G-spectrum as an
H-spectrum. This gives rise to a restriction map

resG: ¢ (X) — 7 (X)

of graded abelian groups. In particular, any G-spectrum can be viewed as a non-
equivariant spectrum via the inclusion homomorphism 1 — G, where 1 denotes the
trivial group. In this case, we will write 7, (X) in place of 71(X), as these are simply
the ordinary non-equivariant homotopy groups of X viewed as a non-equivariant
orthogonal spectrum.

The category of orthogonal G-spectra is symmetric monoidal, with the symmet-
ric monoidal product being denoted A and referred to as the smash product. The
unit of this symmetric monoidal structure is the sphere spectrum S with the trivial
G-action. Any pairing ¢: X AY — Z of orthogonal G-spectra gives rise to a pairing
of the corresponding equivariant homotopy groups. Consider classes [f] € 75 (X)
and [g] € 75 (Y), represented by homotopy classes of G-maps f: XV'S? — X (V)
and g: YW S9 — Y/(W), respectively. The induced pairing

¢ TS (X) @7 (Y) — 75, (Z)

maps [f] ® [g] to the element represented by the homotopy class of the composite
nVewgrta 2, 5\Vigr A xW g1 I () Ay (W) - Z(V e W).

Similar constructions can be carried out if p or ¢ is negative, although this is
a bit tricky. One approach is to use the suspension isomorphisms E': ﬂf (X)

7T§+1(X A S1) and define ¢, as the composite

(X))@l (V) = rf (X AS") @a5,, (Y AS™)

— T mqrm(X ASTAY AS™)

SN T qtmim(X AY AS™AS™)
— G inim(ZNSTAS™) 27 (Z)
for n and m such that p+n > 0 and ¢+ m > 0. In this way, we obtain a pairing
bu: 76 (X) @ 76 (Y) — 76(2)

of graded abelian groups.

REMARK 3.1. More generally, given a group homomorphism a: G — H x K
and an a-equivariant map X AY — Z, where X, Y and Z are orthogonal H-, K-
and G-spectra, respectively, we obtain a pairing

(X)) @K (Y) — 7%(2).
Here, a-equivariant means that the diagram

XAY NGy Y28 XAYANH AK, 2" XAH AYAK, —— XAY

! |

ZAG, A

commutes.
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3.2. A COCOMMUTATIVE HOPF ALGEBRA 49

If R is a commutative (non-equivariant) orthogonal ring spectrum, with multi-
plication u: R A R — R, then the induced pairing

ty: Tx(R) @ T (R) — 74 (R)

of (non-equivariant) homotopy groups makes R, = 7,(R) into a graded commuta-
tive ring. A right R-module in orthogonal G-spectra is an orthogonal G-spectrum X
with an associative and unital action p: X A R — X, defined in the category of
orthogonal G-spectra. Here R is regarded as a G-spectrum with trivial action. In
this case, there is an induced pairing

pe: 78 (X) ® R — 78(X)

making 7&(X) into a right R,-module. If X and Y are two R-modules in orthog-
onal G-spectra, then the canonical map X AY — X Agr Y induces a pairing

rd(X) @l (Y) — 1 (X ARY)

that equalizes the two composites from 7¢(X) ® R, ® 7¢(Y), so that we have the
induced dashed map making the diagram

(X))@ R @ (Y) == 7d(X) @ ni(V) — 7(X) @r, 7(Y)

commute.

3.2. A cocommutative Hopf algebra

Let us introduce the Hopf algebra that we will work with through the remainder
of this memoir. The right R-action on R[G] = R A G is given by the composite
map

RAGLARYL RARAG, 2L RAG,.

LEMMA 3.2. If R[G]. = m«(RAG4) is flat as a (right) R.-module, then R[G|.

is naturally a cocommutative Hopf algebra over R, = m(R).

PRrROOF. We have a pairing

R[Gl« ®r, R[Gls = m(RAGy) @ (r) (RN GL)
— T (RAGL) AR (RANGL)) 2 (RAGL NG,

where the left R,-action on the right hand copy of R[G]. is equal to that obtained
by twisting the right R.-action. When R[G]. is flat as a right R,-module, it follows
by a well-known induction [Ada69l Lec. 3, Lem. 1, p. 68] over the cells of a CW
structure on the right hand copy of G that the pairing above is an isomorphism of
R.-modules.

The unit inclusion 1 — G, group multiplication G x G — G, collapse G — 1,
diagonal G — G x G and group inverse G — G give us R-module maps R — RAG,
R/\G+/\RR/\G+ — R/\G+, R/\G+ —>R, R/\G+ — R/\G+ /\RR/\G+ and
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50 3. HOMOTOPY GROUPS OF ORTHOGONAL G-SPECTRA

RANGy — RA G, that induce R,-module homomorphisms
n: R, — R[G]«
¢: R[G]« ®g, R|G]. — R[G].
RG]« — R
¥: RIG). — RIG). ®r. RG],
Xx: R[G]« — R|[G].

which make R[G]. a Hopf algebra over R,.. The cocommutativity of the diagonal
implies that ¢ is cocommutative. |

€:

By the discussion in Section 2] the category of modules over R[G]. is closed
symmetric monoidal. Note that if X is an R-module in orthogonal G-spectra, then
the commuting right R- and G-actions combine to define an action

v: XAgrRGIZXNGy — X

which makes the underlying (non-equivariant) orthogonal spectrum of X into a
right R[G]-module in the category of (non-equivariant) R-modules. The induced
pairing

Yot 1 (X) B, RG], — m(X)
gives the (non-equivariant) homotopy groups 7. (X) the structure of a right R[G].-
module. If Y is a second R-module in orthogonal G-spectra, the pairing

(X)) @p, (V) — m (X ARY)

is a homomorphism of R[G].-modules, where the Hopf algebra R[G|. acts diagonally
on the left hand side. Likewise,

T Fr(X,Y) — Hompg, (7.(X), m(Y))

is a homomorphism of R[G].-modules, where the Hopf algebra R[G]. acts by con-
jugation on the right hand side.

The case we are the most interested in is when the Lie group is the circle, so let
us compute the homotopy groups of the spherical group ring of this specific group.

PROPOSITION 3.3. When G =T = U(1) is the circle group,
R[T]. = R.[s]/(s* = ns)
with |s| = |n| = 1. Here s generates the augmentation ideal
R[T], = ker(e: R[T], — R.) = R.{s},

and 1 is the image of the complex Hopf map in m(S) = Z/2. The generator s
is primitive, so the coproduct and involution are given by ¥(s) = s®14+1® s
and x(s) = —s.

PRrROOF. It suffices to prove the result for R = S. Proving this we would know
that S[T], is free over S,, so that the case of a general ground ring spectrum R
follows immediately from the isomorphism R[T], 2 S[T]. ®s, R..

To prove the result for the sphere spectrum, we start by noting that the cofibre
sequence

S0~1, —T, —T=x=g"
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3.2. A COCOMMUTATIVE HOPF ALGEBRA 51

admits a retraction T, — 1,. Hence the induced stable cofibre sequence
S -4 S[T] -2 =S

admits a retraction ¢: S[T] — S and a section s: XS — S[T] with ps ~ 1 and cs ~
0. The maps ¢ and s represent classes in S[T], of total (and internal) degree 0
and 1, respectively, and induce an isomorphism S.{i, s} = S[T].. Here, ¢ is the
multiplicative unit and s generates the augmentation ideal W* = S.{s}. It only
remains to prove that we have the relation s?> = ns in S[T],. This is the content
of formula (1.4.4) in [Hes96]. We give the following direct argument using the
bar construction [Seg68], §3|, [MayT75] §7] and the bar spectral sequence
§5], §11]. We shall discuss these tools at greater length in Section [5.11

The bar construction of T is the geometric realization BT = |B,T| ~ CP*> of
the simplicial space

lq] — B,T =T1,
with the usual face and degeneracy maps. There is a standard filtration of BT by

simplicial skeleta. The associated spectral sequence in (reduced) stable homotopy
has E'-page given as the normalised bar complex N B, (S, S[T]., S«)

- 1

0« 0 <2 ST, <2 S[T], ®s, ST, <= -

)

which we reviewed in Construction2:26l This spectral sequence converges (strongly)
to m. X (BT) =2 1,2 (CP>). The part of the E'-page that will be relevant to us
is pictured below, with the origin in the lower left hand corner:

0 S[T], +—— S[T]; ® S[T},
0 S[TT, 0 0
0 0 0 0 0
Firstly,
dy(z ® y) = e(x)y — vy + xe(y) = —ay
for z,y € W*, since x and y both augment to zero. With prior understand-

ing of the stable homotopy groups of CP>° we can now figure out the displayed
differential. The stable class of the inclusion S? = CP! — CP™ is well-known
to generate maX°CP> = Z. For degree reasons this must be detected by +s in

Ef = Ef | = S[T]; = Z{s}. The 4-cell in CP? is attached by the Hopf fibration 7

to CP', so that m3X°°CP> = 0. This forces ns € E{ 5 = S[T], = Z/2{ns} to be a
boundary in the spectral sequence. For degree reasons, the only possibility is that

ns = di(s ® s),

so that s? = ns.

Note that the coproduct t(s) must contain the terms s ® 1 and 1 ® s by
counitality, and cannot contain other terms since S[T]. is connected and |s| = 1.
Hence s is a primitive element of our Hopf algebra. O
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52 3. HOMOTOPY GROUPS OF ORTHOGONAL G-SPECTRA

PROPOSITION 3.4. When G = U = Sp(1) is the 3-sphere group,
R[U. = R.[t]/(t* = it)
with |t| = |#| = 3. Here t generates the augmentation ideal
R[UJ, = ker(e: R[Ul, — R.) = R.{t},

and v is the image of a generator of ws(S) = Z/24. The coproduct is given by
Pt)=t@1+1at.

PROOF. Similar to the circle case. O

Note that we cannot assert from this line of argument that  is the image of the
quaternionic Hopf map. The bar spectral sequence argument for R = S only shows
that t? = ot with 7 some generator of 73(S) = Z/24. A more geometric argument
might link 2 to the standard generator v of m3(S), but we will not pursue this here.

3.3. A restriction homomorphism

As explained earlier, the inclusion homomorphism 1 — G gives rise to a map
of graded abelian groups

res{: 78 (X) — m,.(X)

taking the homotopy class of a G-map f: ¥¥'.S9 — X (V) to the homotopy class of
the underlying non-equivariant map, and similarly for G-maps XV ~8* 59 - X (V).
Tracing through definitions shows that res{ is R,-linear if X is an R-module in
orthogonal G-spectra. We are interested in the following refined restriction homo-
morphism.

LEMMA 3.5. There is a natural R,-module homomorphism
wx : 78 (X) — Hompg), (Ry, m (X))
making the triangle in the following diagram commudte.

md(X)

*

J res¥
wx
2l

Hompgiq), (Ra, T (X)) —— . (X) _=

Homp, (R[G]., ™. (X))

Here € denotes the adjoint of the trivial R[G].-action €, on m.(X), which equals the
composite

et m(X) ®p. RG] 225 7.(X) ®p. R 2 m.(X).
Similarly 4 denotes the adjoint to the R[G].-action
Voot T (X) ®r, R[Glw — mi(X)
on T (X).

Proor. We claim that the two composite homomorphisms

rcslc®1 - R
77 (X) ®r, RG] —— m(X) ®g, R[G]: ___{m(X)

€x

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



3.3. A RESTRICTION HOMOMORPHISM 53

are equal. This implies that the two adjoint homomorphisms

res¥

7 (X) —— T (X) Hompg, (R[G]«, ™ (X))

.
B
are equal, so that res§ factors uniquely through the equalizer Hom Rla). (R, T (X))
of the two right-hand arrows.

By fibrant replacement we may assume that X is an Q-G-spectrum [MMO02],
Def. I11.3.1], meaning that each adjoint structure map X (V) — QV=VX (W) is a
weak G-equivalence, where V' C W lie in our fixed complete G-universe %/. Then
each element x in 7 (X) is represented by the homotopy class [f] of a G-map
f: 8™ — X(R"™), for suitable non-negative integers m and n. Here G acts trivially
on 8™ so f factors through the fixed points X (R"), where the G-action ~ is trivial.
It follows that 7 and € agree on res{ (z) ® y for any y € R[G]., as claimed. O

PROPOSITION 3.6. If R[G]. is projective as an R.-module, and X ~ F(G4,Y)
for some R-module Y in orthogonal G-spectra, then the natural homomorphism

o

wx : 7T>~<G(X) — Homp(g), (Rs, 7 (X))
is an isomorphism.

PROOF. By fibrant replacement, we may assume that Y is an Q-G-spectrum.
As usual we give F(G4,Y) = Fr(R[G],Y) the conjugate G-action. By naturality
of wx we may assume that X = F(G4,Y), in which case X is also an Q-G-spectrum.
Let us consider the commutative diagram

.G
resy

7 (X)

|= I

7.(Y) —— Hompg, (R[G]., 7 (Y)).

‘We make the maps involved a bit more explicit. The vertical isomorphisms are given
as follows. The left hand vertical isomorphism 7&(X) = 78 (F(G4,Y)) — m.(Y)
takes the homotopy class of a G-map f: S™ — X (R") = F(G, Y (R"™)) bijectively
to the homotopy class of f/: S™ — Y (R™) given by f'(s) = f(s)(e), where e € G is
the unit element of our group. The right hand vertical isomorphism is the special

case Z = R|G] of the natural R[G].-module homomorphism
mFr(Z,Y) — Hompg, (7.(Z), m(Y)).

Indeed, this is an isomorphism whenever 7,(Z) is projective as an R,-module. The
top horizontal map is the restriction homomorphism we described at the beginning
of this section, and the lower horizontal homomorphism 4 is adjoint to the R[G].-
module action on m,(Y). Note that the diagram does indeed commute, since the
lower and upper compositions both send the homotopy class of the G-map f: S™ —
F(G4+,Y(R™)) to the homomorphism R[G]. — 7.(Y) induced by the left adjoint
S™AGL = Y(R™) of f.
The homomorphism 4 identifies 7.(Y") with the R,-submodule

Hompgq), (R, Homg, (R[G]., m.(Y'))) = Hompgq), (R[G]«, m.(Y))
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54 3. HOMOTOPY GROUPS OF ORTHOGONAL G-SPECTRA

of its target, while res§ factors through Homgq), (R«, 7«(X)) by the previous
lemma. Hence we can apply Homgg), (R«, —) to the right hand vertical isomor-
phism in the diagram above to obtain another isomorphism, and a commutative
square

7 (X) ———— Homgpq. (Rs, (X))

| :

m.(Y) —— Hompg). (R., Homg_ (R[G]., m.(Y))).

It follows that wx is an isomorphism, as asserted. O

1R

To handle multiplicative structure, we need the following observation.

LEMMA 3.7. The natural transformation w is monoidal, in the sense that the
diagram

(X)) @r, 7E(Y) : (X ARY)
lwx®wY
Hompgqy, (R, m(X)) @ g, Hompgq, (R, m(Y)) WXARY

Homp(qy, (R, m(X) @R, me(Y)) ————— Hompgg), (Rs, m(X ARY))

commutes.

PROOF. Since Hompgg), (R«, (X ARY)) = T (X ArY) is a monomorphism
it suffices to show that

79 (X) @p, 7E(Y) —— 7 (X ARY)

res? [ resfl lres?

(X)) ®g, m(Y) —— (X ARY)

commutes, which is clear. O

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



CHAPTER 4

Sequences of Spectra and Spectral Sequences

In this chapter we associate a Cartan—Filenberg system, an exact couple, and
a spectral sequence to any sequence of orthogonal G-spectra. We identify cer-
tain well-behaved sequences called filtrations, and use these to show how pairings
of sequences induce pairings of Cartan—Eilenberg systems and spectral sequences.
This is essentially the content of Section and Section 6] culminating in The-
orem [4.26] and Theorem We shall rely on the classical telescope construction
to approximate general sequences by equivalent filtrations. Finally we discuss how
pairings can be internalized in terms of the convolution product of two sequences.

4.1. Cartan—Eilenberg systems

A Cartan—Eilenberg system is an algebraic structure, introduced in [CE56],
which determines two exact couples [Mas52] and a spectral sequence. This struc-
ture has the advantage that one can give a useful definition of a pairing of Cartan—
Eilenberg systems, which determines a pairing of the corresponding spectral se-
quences. These definitions were reviewed by Douady in [Dou59al and [Dou59b].
As opposed to these sources, which use cohomological indexing, we adopt homo-
logical indexing for our Cartan—Eilenberg systems, as in [HR19].

We start with some preliminary definitions. We will in particular make use of
the posets [1] = {0 — 1} and [2] = {0 — 1 — 2} regarded as categories. Note that
we have three functors

80,01, 62: [1] — [2],

with subscript indicating which object of the target is skipped. In addition, we
have natural transformations

i: 00 — 91 and p: & — do.

DEFINITION 4.1 ([HR19, Def. 4.1]). Let (Z, <) be a linearly ordered set.

e Let ZIU = Fun([1],Z). The objects in this category are pairs (4,7) in Z
with 4 < j, and we have a single morphism (¢, j) — (¢, j’) precisely when
1 <4 and j < j'.

e Let 712l = Fun([2],Z). The objects in this category are triples (4,7, k) in
7 with ¢ < j < k, and we have a single morphism (i,5,k) — (i',j', k)
precisely when ¢ < ¢/, j < j  and k < k'.

The functors dg, d1, and Jo defined above induce functors
do,dy,do: TP — 701,

55
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These map (i, j, k) to (4, k), (i,k) and (4, 7), respectively. The natural transforma-
tions 7 and p induce natural transformations

t:dy —dy and w:dy — dp

with components ¢: (4,7) — (¢,k) and 7: (i,k) — (4, k), respectively.

Let k be a graded ring and let A be the graded abelian category of k-modules.
The grading ||z|| of a homogeneous element z € M in an object M of A will be
referred to as its total degree.

DEFINITION 4.2 ([HR19] Def. 4.2, Def. 6.1]). An Z-system in A is a pair (H, J)
where H: ZIY — A is a functor and 9: Hdy — Hds is a natural transformation of
functors ZI2 — A, such that the triangle

Hdy —2* Hd,

RN

Hdy

is exact. We assume that H: and H7 have total degree 0, while 0 has total de-
gree —1. We generically write n: H(i,j5) — H(i,j’) for the total degree 0 mor-
phisms in A induced by morphisms in Z[.

DEFINITION 4.3.

e A finite Cartan—Filenberg system is a Z-system (H,d), where Z denotes
the integers with its usual linear ordering.

e An extended Cartan—FEilenberg system is an Z-system (H,9) for T = Z U
{£o0}, with the extended linear ordering where —oo is initial and +o0 is
terminal.

e An extended Cartan—Eilenberg system (H,9) is a Cartan—Eilenberg sys-
tem if the following condition, called (SP.5), is satisfied: The canonical
homomorphism

colim H (i, j) — H (i, 00)
J
is an isomorphism for all ¢ € Z.

An extended Cartan—Eilenberg system thus associates to each pair (7, j) with
—00 < i < j <ooamodule H(i,j), in a functorial way. Furthermore, it associates
to each triple (7, j, k) with —oo <1 < j < k < 00 a long exact sequence

o — H(i,j) — H(i, k) — H(j,k) -5 H(i,§) — ...,

where 0 is a natural transformation of total degree —1. If the homomorphism in
condition (SP.5) is an isomorphism for one —oo < i < 0o, then it is an isomorphism
for every such i. This follows by using the 5-Lemma twice in the following map of
exact sequences:

...— H(—o00,1) — colim; H(—o0, j) — colim; H(3, j) N H(—00,i) — ...

- |

.. — H(—00,i) —— H(—00,00) —— H(i,00) —% H(—00,i) — . ...
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An extended Cartan—FEilenberg system determines a finite Cartan—Eilenberg system
by restriction to (7, ) with —oo < ¢ < j < 0.

REMARK 4.4. Apart from the switch in variance, the definition given by Car-
tan and Eilenberg in [CE56], §XV.7] corresponds to our Cartan—Eilenberg systems.
This is also the definition recalled in [McCO01, Ex. 2.2]. In [Doub9al § II C],
Douady works with data defining an Adams spectral sequence, which is concen-
trated in non-negative cohomological (so: non-positive homological) filtration de-
grees. He therefore assumes that H(i,0) = H(i,7) for all i <0 < j < oo, so that
condition (SP.5) is trivially satisfied.

DEFINITION 4.5 ([HR19, Def. 7.1]). Let (H, ) be a Cartan—Eilenberg system.
Let the left couple (A, E') be the exact couple given by

Ay =H(—0c0,s) and E!=H(s—1,5)
fitting together in the exact triangle
As,1 E— AS

N

El
associated to the triple (—oo, s — 1,s). The abutment of this exact couple is
Ay = colim Ay =2 H(—00,00).
This abutment is exhaustively filtered by the images
FiAsp =im(As — Awo).

The Cartan—Eilenberg system and the left couple give rise to the same spectral
sequence (E",d"). The pages of this spectral sequence are given by

B = 21/B;
and the differentials di,: El — E?_, are of total degree —1. Here
7T =ker(9: B} — H(s —1,5—1))
B’ =im(d: H(s,s +r—1) — E})
define the r-cycles and r-boundaries in filtration degree s, respectively, and
d;([x]) = [0(2)]

where x € Z7 and & € H(s — r, s) satisfies (Z) = x. There are preferred isomor-
phisms H(E",d") = E™!. We let
ZX =lmZ,, BX=colimB;, and E* =7 /B".
We refer to [CE56l, §XV.1] or [HR19, Prop. 4.9] for the verification that
(E™,d") is indeed a spectral sequence. Note in particular that it only depends on

the finite part of the Cartan—Eilenberg system (H, d). The abutment and EF*°-page
are related as follows.

LEMMA 4.6. There is a natural monomorphism
F Ay
i ——— — EF
5 stleo s

in each filtration degree s.
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PROOF. See [Boa99, Lem. 5.6] or [HR19, Lem. 3.15(a)]. O

The main purpose of reviewing the above definitions is to let us record the
following definitions of pairings of (finite and classical) Cartan—Eilenberg systems.
We assume that k is graded commutative, and write ® in place of ®y.

DEFINITION 4.7. Let (H’,0), (H”,0) and (H,d) be finite Cartan—Eilenberg
systems in A. A pairing ¢: (H',H"”) — H of such systems is a collection of k-
module homomorphisms

¢ H'(i =7 i) @ H"(j —7,j) — H(i+j —ri+j)

of total degree 0, for all 4,5 € Z and r > 1. These are required to satisfy the
following two conditions:

SPP I: Each square

H'(i = r,i) @ H"(j — 1, ) — H(i + j —7,i + )

H/(Z-/ _ T/,i/) ® H//(j/ _ ,’,,/7]-/) ¢r/ H(Zl +]l _ T/’,L'/ +]/)

commutes, for all integers ¢, 7,7, and r,7’ > 1 with¢ <4, i—r < —71/,
j<jandj—r<j —r.
SPP II: In the (non-commutative) diagram

H' (i = r,i) @ H'(j — 1,§) —2 s H'(i = 1,i) @ H"(j — 7 — 1,5 — 1)

K
o®n H(i+j—ri+j) é1
\
HG—r—1i—r)@H'"(j-1,j) — 2 S H@+j—r—1,i+j—1)

the inner composition is the sum of the two outer ones:

0pr = ¢1(0®@n) + ¢1(n @ 9).

In terms of elements, this identity in H(i + j —r — 1,i + j — r) can be
written

0 (x @ y) = ¢1(0x @ ny) + (—1)1"I gy (na @ dy)
for x € H'(i — r,i) of total degree ||z|| and y € H"(§ —r,j).

REMARK 4.8. Apart from the switch in variance, this definition agrees with
that of Douady § 1T A}, except for the fact that we ignore 7 = 0, since ¢
carries no information, and Douady omits the cases ¢ > 0 and 7 > 0, due to his
focus on Adams spectral sequences. In the definition given in [McCO01, Ex. 2.3,
the homomorphism ¢ is missing from the right hand term in his equation (2), and
the conditions n > 0 and ¢ > 0 should be omitted.
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DEFINITION 4.9. Let ("E",d"), ("E",d") and (E",d") be k-module spectral
sequences. A pairing ¢: ('E*,” E*) — E* of such spectral sequences consists of a
collection of k-module homomorphisms

Q/)T: /ET‘®//ET’ HEW“
for all » > 1, such that:
(1) The Leibniz rule
d"¢" =¢"(d"®@1)+¢"(1®d")
holds as an equality of homomorphisms 'E}f ® "E} — ET,; . for all
i, € Z and r > 1.
(2) The diagram

! r+1 1" pr+1 ¢T+1 r+1
E QR"E — F

|

H(g") H(E")

H(/E'I" ® //E'f’)
commutes for all r > 1.

By a multiplicative spectral sequence, we mean a spectral sequence (E",d")
equipped with a pairing
¢: (E*,E*) — E*.
If *: E* ® E* — E° (usually with a = 1 or a = 2) is associative and unital, then
each pairing ¢" for r > a is also associative and unital, and we call (E",d"),>, an
algebra spectral sequence.

THEOREM 4.10 ([Dou59bl Thm. IT A)). Let (H',8), (H",0) and (H,d) be
finite Cartan—FEilenberg systems, with associated spectral sequences referred to as
(E",d"), ("E",d") and (E",d"), respectively. Let ¢: (H',H") — H be a pairing
of finite Cartan—FEilenberg systems. Then there is a pairing ¢: ('E*," E*) — E* of
spectral sequences, uniquely defined by the condition ¢' = ¢,.

PROOF. Douady leaves the proof to the reader (‘s’il existe’). Starting with
setting ¢': "B} ® "E} — E},; equal to
¢r:'H(i—1,4) @ "H(j — 1,j) — H(i+j - 1,i+j),

the point is to inductively show that d" satisfies the Leibniz rule with respect
to the pairing ¢" of E"-pages, so that ¢"t! can be defined to be equal to the
induced pairing in homology with respect to d”. A full proof can be found in
[Hell7] Prop. 3.4.2]. O

We now move from finite Cartan—Eilenberg systems to classical ones.

DEFINITION 4.11. Let (H',0), (H"”,0) and (H,0) be Cartan—Eilenberg sys-
tems. A pairing ¢: (H',H") — H of such systems consists of a pairing (¢,),>1 of
the restricted finite Cartan—Eilenberg systems, together with k-module homomor-
phisms

¢oo: H,(—OO,’Z) ®H,/(_Oovj) I H(_Oo’i +j)
of total degree 0, for all i,j € Z. These are required to satisfy the following
additional condition:
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SPP III: The squares

H'(—00,i) @ H"(—00, §) —2= s H(—~o00,i + §)

H/(—OO,i,)®H//(—OO,j/) &) (—OO,i/+j/)

and

H'(—o00,i) ® H"(—00, j) —2=— H(—00,i + j)

H'(i = r,i) @ H"(j = 7, ) —2 H(i 4 j —r,i + j)
commute, for all integers ¢ <4/, j < 5 and r > 1.

We emphasize that the ¢, in the definition above must satisfy the condi-
tions (SPP I) and (SPP II), by virtue of defining a pairing of finite Cartan—Eilenberg
systems. The new condition (SPP III) is an analogue of (SPP I) for r = co.

With notation as in Definition .0 we can rewrite ¢, as compatible pairings

(bi,j: A; ® A;’ — Ai+j

in the corresponding left couples, for all i, j € Z. Passing to colimits, we obtain a
pairing of abutments

Pu: AZ)O ®Ago — Ao
This is filtration-preserving in the sense that it sends F; AL ® F; A7 to Fi1jAx,
by virtue of the commutative diagram

| |

F?,Aéo ® FJAZO — Fi+jAoo
A QAL P A

Being filtration-preserving, the pairing ¢, then induces pairings of filtration sub-
quotients

é*: 1’7‘2142>o FJAIO/O _ Fi+jAoo
F, 1AL, Fj AL Fiyj 14«
for all 4,5 € Z.
In a similar way, the spectral sequence pairing ¢ = (¢"),>1, induced by the
pairing (¢, ),>1 per Theorem .10, maps

/27‘®//ZT _>va
/BT®//ZT —>BT7
/2T®/IBT —>BT7
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hence also maps
'Z°@" 7% — Z*°,
'B*® ®"Z>* — B>,
'Z>° ®"B>* — B>,

It follows that ¢ also induces k-module homomorphisms

[ A nle’s) 11 Thoo e’}
(4.1) ¢ B @ EF — B,

sending [7] @ [y] to [¢p'(z @ y)] for any pair of infinite cycles z and y. Condi-
tion (SPP III) ensures that we have the following compatibility.

PRrROPOSITION 4.12. Let ¢ = (¢.): (H',H") — H be a pairing of Cartan—
Eilenberg systems, with induced pairing ¢ = (¢"): (E*,"E*) — E* of spectral
sequences, per Theorem A I0. Then the pairing ¢, of filtered abutments is compatible
with the pairing ¢ of E°°-pages, in the sense that the diagram

FzA:)o FJAgo o FiJrjAoo
Fi 1AL, Fj_ 1AL Fiyj 1A

B®BJ I@‘
6%

i 1
EX®"EP — ' EX

commutes, for all i,j € 7.

PROOF. A detailed proof is given in [Hell7, Prop. 3.4.4]. |

REMARK 4.13. As a consequence of Theorem [0 if (H, d) is a multiplicative
Cartan—Eilenberg system, meaning that it is equipped with a pairing ¢: (H, H) —
H, then the associated spectral sequence (E",d") is also multiplicative. Moreover,
Proposition tells us that the induced pairing on the filtered abutment A, is
compatible with the induced pairing on the E°°-page of the spectral sequence. In
this situation, we say that A, is a multiplicative abutment. When (E",d") con-
verges strongly to Ao, meaning that the filtration (FsA)s is complete Hausdorff
and exhaustive, and that g is an isomorphism, multiplicativity of the abutment
means that we can reconstruct the product ¢, on A, from the product ¢ on
E°°, up to the usual ambiguity created by extensions and filtration shifts.

4.2. Sequences

Our Cartan—Eilenberg systems will in practice be obtained from filtrations and
sequences. Let us first set up some terminology, so that it is clear what we are
discussing. Again, GG denotes a compact Lie group.

DEFINITION 4.14. A sequential diagram X, of orthogonal G-spectra and G-
maps of the form

-~-—>Xi_1 —)Xz' —>Xi+1 —_—
indexed over i € Z, is called a sequence.

We can extend the sequence to be indexed over Z U {£o0} by setting
X_oo =% and X, = Tel(X,),
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where
Tel(X,) = \/[i,i + 1]+ A X/~
i€z
is the classical telescope construction. Here, the equivalence relation ~ is given by
identifying {i}+ A X;—1 with {i}+ A X; using the G-map X;_; — X;. There are
standard inclusions X; = {i}+ A X; C Tel(X,) for all ¢ € Z, and each diagram

Xi—l e Xz

.

Tel(X,)
commutes up to preferred homotopy.

DEFINITION 4.15. The Cartan-Eilenberg system (H = H(X,),0) associated

to the sequence X, of orthogonal G-spectra is given by
H(i,j) = nd(X; — X;)
for all —o00 <7< 7 < o0, and
9: wl(Xj = Xi) — w1 (Xi — X))

forall —co <i<j<k<oo.

Let us elaborate on the definition above. In the ¢ > 0 case, the expression

H(i,j) =78 (X = Y)

denotes the colimit, over the partially ordered set of finite-dimensional G-sub-
representations V of the complete G-universe %, of the groups of homotopy classes
[f, f] of pairs (f’,f) of G-maps f': ¥V S971 — X(V) and f: 2V D? — Y (V)
making the square

Vsl — s »Vpa

f 'l J{f

X(V)——Y(V)
commute. Similar definitions can be made for ¢ < 0, but will be left to the reader.
By the stability of the homotopy category of orthogonal G-spectra there is a natural
isomorphism

(X = Y) 2 rd (Y UCX),

where Y U CX is the mapping cone of X — Y. This isomorphism takes the
homotopy class [f’, f] to (the image in the colimit over V of) the homotopy class
of the composite map

sV§e = sV (pruosety 0 (v yox)v),

where the first map is a (V-suspended) homotopy inverse to the collapse map
DiuCSI~t - D1/Sa—1 = g9,
The connecting homomorphism 9: ’R’?(Y —Z)— W?fl(X — Y') mentioned in
/

the definition takes the homotopy class [¢’, g] of a pair of G-maps ¢’: ¥V 5971 —
Y(V) and g: XV D? — Z(V) to the homotopy class [, g'wr] of the maps

#:XV892 5« — X(V) and ¢n: XVDIP L yVeetl L y(V),
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where 7: D971 — §971 identifies D97!/S972 with S9=!. The diagram
xV8i—2 —— yVpat
Jﬂ
* ———— BV gl
L b
X(V)——Y(V)
evidently commutes. Under the isomorphism ¢ (X = Y) = «f (Y UCX) the
homotopy class [, g’m] corresponds to the homotopy class of the composite map
$V5i-t Ly (V) — (Y UCX)(V).

Note that the graded abelian group 7% (X; — X;) is functorial in ¢ < j, the
homomorphism 9 is natural in ¢ < j < k, and the sequence

o (X = X)o7 (X = X)) o mG (X o X)) D wG (X o X))
is exact for all i < j < k and ¢ € Z. The canonical homomorphism

colim 7% (X;) — 7€ Tel(X,)
J

is an isomorphism, which implies that condition (SP.5) is satisfied. Hence (H, ) is
indeed a Cartan—Eilenberg system in the sense of Definition 3]

We can extract two different exact couples [Mas52] from (H (X, ), d), but shall
only be concerned with the ‘left’ couple of Definition Explicitly, the exact
couple (A4, E') = (A(X,), E*(X,)) associated to X, is given by

Ay =7n8(X,) and E!=7%X,_1 — X,),
fitting together in the exact triangle

78 (Xeq) ——— 78 (X,)

T

WG(XS_l — XS)

*

where 0 has total degree —1.
Recall from [Boa99| Def. 5.10] that the spectral sequence associated to the
unrolled exact couple (A, E') is said to be conditionally convergent to the abutment

(4.2) Ase = colim 79 (X,) =2 % Tel(X,)
if and only if
A_ = liin A;=0 and RA_ = Rlsim A, =0.
Here Rlim = lim" denotes the (first right) derived limit of a sequence. In view of
the short exact sequence
0 — Rlim e (Xs) — 78 (holim X,,) — lim 79(X,) — 0
this is equivalent to the condition that
¢ (holim X,) = 0.
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In particular, conditional convergence holds if holimg X, ~¢ *.
The spectral sequence (E™ = E"(X,),d"),>1 associated to the sequence X, (and
the Cartan—Eilenberg system (H(X,),d), and the exact couple (A(X,), E}(X,)))
has
E;,t = 77?+t(Xs—1 — X)

and d*: E;t — Eslq,t is equal to the composite homomorphism

4]
7TSGH(Xsfl - X5) — 7TsG+1571(Xsfl) — 7TsG+t71(X872 — Xs-1)-

Here s + t is the total degree, s is the filtration degree, and t will be called the
internal degree. The d"-differentials have the form

T T T
d . Es,t Esfr,t%»rfl

and there are preferred isomorphisms H(E",d") = E™*1 for all r > 1.

4.3. Filtrations

The category of orthogonal G-spectra is based topological, meaning that it is
enriched in the closed symmetric monoidal category of compactly generated weak
Hausdorff spaces with base point.

DEFINITION 4.16. Let I = [0, 1], with boundary 0I = {0, 1}.

e A G-map i: A — X of orthogonal G-spectra is an h-cofibration (also
called: Hurewicz cofibration) if it has the homotopy extension property
with respect to any target Z:

XUAANT —— 2

r e
e
-
b
e

XA,

e A G-map p: E — B of orthogonal G-spectra is an h-fibration (also called:
Hurewicz fibration) if it has the homotopy lifting property with respect
to any source X:

X— > E
s P
7
e
XAI, —B.

e Adapting [SV02| Def. 2.4], we say that i: A — X is a strong h-cofibration
if the G-map X Uq AA Iy — X A I has the left lifting property with
respect to any h-fibration:

XUs AN, —— E
[ )
XA, —B.

Strong h-cofibrations are closed under cobase change, retracts, arbitrary sums,
and sequential colimits [SV02, Lem. 2.6]. For each map f: X — Y the inclusion
iog: X = Y Ux X A I} is a strong h-cofibration [SV02| Rmk. 3.3(2)]. It follows
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that each g-cofibration (= Quillen cofibration, [MMO02, Def. I11.2.3]) is a strong h-
cofibration. Each strong h-cofibration is evidently an h-cofibration. Our main
reason for working with strong h-cofibrations is the availability of the following
theorem.

THEOREM 4.17 ([SV02, Thm. 2.7]). Ifi: A - X and j: B — Y are strong
h-cofibrations, then the pushout-product map

iNTULIAj: ANY Upgpng XAB — X AY

is a strong h-cofibration.

We can now specify well-behaved sequences, called filtrations, for which we
can directly prove that pairings of sequences induce pairings of Cartan—FEilenberg
systems and of spectral sequences.

DEFINITION 4.18. Let X, be a sequence of orthogonal G-spectra. We say
that X, is a filtration if each G-map X;_1 — X, for ¢ € Z is a strong h-cofibration.

In particular, if X, is a filtration, then the G-maps are all h-cofibrations, so
the canonical maps

X;UCX; — X;/X; and Tel(X,) — colim X; = U X;
i

are G-equivalences, so that
H(i,j) = n%(X;/X;) and A, =78 <U Xi)

in the associated Cartan—Eilenberg system.

We can always approximate a sequence X, with an equivalent filtration T, (X).
To do this, we proceed as follows. For each integer j we let

T3(X) = {53+ A X5V i+ 14 A X/~
i<j
be the subspectrum of Tel(X,) with telescope coordinate in the interval (—oo, j]
within the real line (—oo,00) = J;[i,7 + 1]. The sequence T,(X) given by the
inclusions
R Tj_l(X) — E(X) — Tj+1(X) — ...

is then a filtration.

For each integer j there is a deformation retraction

€j: T](X) — Xj

identifying {j}+ A X, with X; and mapping [i,i + 1|1 A X; to X, by the evident
composition [i,7 + 1]4 A X; — X; — X, for each ¢ < j. The resulting diagram

...—>Tj,1(X) :Z}(X) Tj+1(X)—)...
Zgl Zgl ZGJ/
...—)X]‘_l Xj Xj+1—)...

commutes, and defines a G-equivalence of sequences €: T, (X) — X,. It follows
that the associated maps

k=T o(X) —= X_ =% and Tu(X)— X, =Tel(X,)
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are both G-equivalences. Hence the induced maps of Cartan—Eilenberg systems
H(T.(X))(i,4) = n(Ti(X) — T3(X)) — 7l (X; = X;) = H(X.)(i,).
and of spectral sequences
(B (Tu(X)), d)rz1 — (B7(X.),d )1,

are both isomorphisms. Their common abutment for convergence to the colimit is
Aso(X,) =2 78 Tel(X,), filtered by the image subsequence

F A (X,) = For€ Tel(X,) = im(7%(X,) — € Tel(X,)).

REMARK 4.19. Some form of cofibrant replacement of maps is necessary to
convert general sequences to filtrations. We have chosen to use mapping cylinders
and telescopes, which have convenient monoidal properties. For finite groups, Hes-
selholt and Madsen [HMO3| §4.3] instead use a functorial G-CW replacement to
convert G-spectra to G-CW spectra. There exists a functorial G-CW replacement
also for compact Lie groups [Sey83], but its construction is comparatively intricate,
and the monoidal properties are less clear, which may partially justify our choice.

4.4. Pairings of sequences

We now turn to discussing pairings of sequences and how these behave under
passage to mapping telescopes.

DEFINITION 4.20. Let X, Y, and Z, be sequences of orthogonal G-spectra. A
pairing ¢: (X, Ys) — Z, is a collection of G-maps

Giji Xi NY; — Zigj
for all integers ¢ and j, making the squares

X AY 22 Zi 2 XY

ws | | |

XinNY; — 2 s 7z, 2 XY,

commute. We say that a sequence X, is multiplicative if it comes equipped with a
pairing ¢: (X4, X,) — X,.

We note that, from [MMO02, §I1.3] and [Sch18, §3.5], the smash product X;AY;
of orthogonal G-spectra is defined in such a way that ¢; ; associates to each pair
of G-representations U and V a G-map of based G-spaces

¢i’j(U, V) XZ(U) AN YVJ(V) — ZiJrj(U (&) V),
subject to bilinearity relations for varying U and V.

LEMMA 4.21. A pairing of sequences ¢: (Xy,Y,) — Z, induces a pairing of
sequences T(p): (To(X), Tu(Y)) = Tu(Z), such that the diagram

T(¢)i,j
T.(X) ATy (V) T,.(2)

NGJ JNG
®i,j

X NY; — 7,

commutes for all integers i and j.
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PrROOF. Given a pairing ¢ of sequences, we can form G-maps
(4.4) i+ 1y AXG A, J+ 1 AY; — [k b+ 2|4 A Zy, — Tel(Z,)

for any integers ¢ and j, with k = ¢+ j. Here [i,i + 1] x [j,5 + 1] — [k, k + 2] sends
(x,y) to x+y, while X; \Y; — Zj is given by ¢; ;. The second map factors through

ok + 13 AZ Uk + 1,k + 24 A Ziga,

and is given by Zy — Zp41 on [k+1,k+2] C [k, k+2]. The maps (&) for varying i
and j are compatible with the identifications defining Tel(X,) and Tel(Y}), hence
combine to define a G-map

Tel(¢): Tel(X,) A Tel(Ys) — Tel(Z,).
By construction, it restricts to compatible G-maps
T(9)iy: Ti(X) NT3(Y) — Tit(2)

for all integers ¢ and j, defining the pairing of sequences T(¢): (T%(X),To(Y)) —
T.(Z)). Tt is then clear that the square in the lemma commutes, and that the
vertical maps are G-equivariant deformation retractions. ([l

COROLLARY 4.22. If (X4, ¢) is a multiplicative sequence, then so is the sequence
(TW(X),T(¢)). Moreover, the equivalence €: T, (X) — X, respects the multiplicative
structures.

4.5. Pairings of Cartan—Eilenberg systems, I

The goal of the following two sections is to show that a pairing of sequences gives
rise to a pairing of the resulting Cartan—Eilenberg systems. By Theorem EI0 and
Proposition[LI2 this is enough to guarantee that we have a pairing of the associated
spectral sequences in such a way that the induced pairing on filtered abutments is
compatible with the pairing on E°°-pages. Referring back to Definition 7] and
Definition fIT] we note that there are three things to check. In this section we
deal with (SPP I) and (SPP III).

Let ¢: (X4, Y:) — Z, be a pairing of sequences. For integers 4, j and r, with
r > 1, we define induced pairings

¢r: HX)(i =) @ HY)(j —1,j) — H(Z)(i+j—ri+])
as homomorphisms
br: 75 (Ximyp = X)) @G (YVjmp = Y5) — 75y ((Zijer — Zigj).

Here p and ¢ range over all integers, but for (relative) brevity we concentrate on
the case when p > 0 and ¢ > 0. Given two pairs of vertical G-maps

yuer-l s sUpp and YWeel — Ve
fi Jf g'l lg
Xi—(U) — X;(U) Y (V) —Y;(V)
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we first form the commutative diagram

yUeV gr—1 A ga—1 YUV pp A §9-1
= SUSV gr—1 A D1 SUSV Dp A D4
sUgr—1 A3V ga-1 SUDpP ARV -1 =
f'ng' nUgr—1 A vV Da SUDP A YV D
I'Ag Ing'
Xi o (U)AY;_ (V) Xi(U)AY;_p(V) Ag
birgr(UV) X (U) A Y;(V) Xi(U) AY;(V)
¢w,jm bi.i—r(OV) ¢, (UV)
Zitj—2r(UV) Ziyjr(UV)— Zip (U V).

For typographical reasons, we will often suppress the stabilising G-representations U
and V and simply display this diagram as

SP—L A ga—1 DP A S91
f'ng' SP—L A D1 DP N D1
f'Ag ng'
Xiir A }/j—r X; A }/j—r fng
Pi—rj—r Xir A Y} Xi A ij
Zitj—2r Zijy —— Liyj-

Let

Spra—l — gP=1 A DU g, 1, gs-1 DP A S971
W=X,_, A Yj UX'i—r/\}/j—r X; A Yj_,«

denote the pushouts in the squares of the upper and middle layer of the diagram,
respectively. In particular, SP*9~1 is the boundary of D? A D? = DP+4, We then
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have an induced commutative diagram

SP=1p§a-t — grta-l ____, ppta

lf'/\g’ l(f/\g)’ lf/\g
w

(45) Xifr /\Yrjfr Xl /\}/j

l(bifr,j —r J‘z’W l@',]‘

Ligjopr —— Zigj—yv —— Ligj.

Here, (f A g)': SPT4=1 — W is the induced map between the pushouts in the top
and bottom square of the boxed-shaped diagram appearing above, and ¢y is the
induced map in the diagram

XZ’*’I’ A ijfr — Xz A Y—jfr

| | s

X; yAY; ———— W

o~

Zitj—r-
Bi—r,j

We define the homomorphism

br: Ty (Ximy = Xa) @7 (Yyop = Y5) = 1y (Zinjr = Ziny)
as sending [f/, f] ® [¢’, g] to the homotopy class of the pair

dw(fAg): SPTI = Zi; o and ¢ ;(f Ag): DY — Ziy,

. . G
which is an element of g

as the commutative square

(Zivj—r = Ziy;). As a diagram, this pair is visualised

Spta—1 _____y ppta

¢w(f/\g)’J( J{lﬁi,j (frg)

Zigyjy — Zigj.

In symbols:

or: [f Fl@ 1 gl — low (fF A g)s @i (f Ag)l.
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Spelled out with the stabilising G-representations U and V, this diagram should be
interpreted as the commutative diagram

EU@Vspﬂ]fl UV pp+q
YUSP-IAXVDIuXUDP ARV S — 5 U DP A XY DY

(frg) frg
Xio(U)AY; (VYU Xi(U) A Y (V) —— Xo(U) AY;(V)

ow (U,V) ¢4,;(U,V)

Zivj—(UYV) Zirj (U V)

The pushouts on the left hand side are formed along XLYSP~! A ¥V 891 and
Xi—r(U) NY;_(V), respectively.

REMARK 4.23. We note that the pushout W is not generally equivalent to the
corresponding homotopy pushout, but this will hold if X, and Y, are filtrations.

We also note that if one only has a weak pairing, in the sense that the squares
in diagram (43 commute up to homotopy, then there is in general no preferred
commuting homotopy in the diagram

W——X;AY

% [

Zitj—r — ZLitj,

and therefore no well-defined pairing ¢,. Any construction of spectral sequence
pairings that only assumes such compatibility at the level of the (stable) homotopy
category is therefore likely to contain a logical gap.

The pairing ¢, is evidently natural in ¢, j and r, in the sense that the square

H(X.)(i —r,i) @ H(Y.)(j —r,d) —2 H(Z)(+j—ri+])

(4.6) l l

H(X)( — ') @ HY,)( —r.5") —2 H(Z) + 5~ + )

commutes for all integers 4, j, r > 1, ¢, 7/, v’ > 1 with i < ¢, 1 —r < i — ¢/,
j<j and j—r <j —r’. As we recalled from § IT A] in Definition E7]
this is the first (SPP I) of two conditions for (¢,),>1 to define a pairing of (finite)
Cartan—FEilenberg systems.

We now check condition (SPP III). The pairings ¢, can be extended to the
case r = oo by letting

Poo: H(X,)(—00,i) @ H(Y,)(—00,j) — H(Z,)(—00,i+ j)
be defined by homomorphisms
Do : WE(XZ‘) ® Wf(Y]) — 7r§+q(Zi+j).
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Given G-maps f: LYSP — X;(U) and g: XV S7 — Y;(V), the homomorphism ¢
sends the homotopy classes [f] and [g] to the homotopy class of the composite

RV grta = wUgr A BV 59 I x(0) a vy (v) L0,

In symbols, suppressing U and V:

Poo: [f1@[g] — 01,5 (f A g)l.

These pairings are natural in 7 and j, which verifies the first part of (SPP III).

Recalling that our convention is such that X_,, =Y_ = Z_, = *, we note
that the isomorphism 7 (X;) = 75 (X_s — X;) takes the homotopy class of f to
the homotopy class [, fn] of the pair x: XY SP~1 — X (U) and fr: XUDP —
X;(U). Here m: DP — SP identifies D?/SP~! with SP. The pairing ¢, then
corresponds to the pairing ¢, as defined in the paragraph above, for r = oo, with
every reference to X;_,, Yj_r, Zi4j—r and Z;1;_o, replaced by x. By the discussion
above, it then also follows that the extended naturality condition

Zigj(Ua V).

H(X,)(—00,) ® H(Y;)(—00, ) —=— H(Z,)(—00,i + j)

(4.7) J i

H(X,)(i = r,6) ® HY.) (G —1,5) —2 H(Z)(i+j —r,i + )

holds for the pairings ¢, with 1 < r < oco. This is the second part of condi-
tion (SPP III) from Definition [A.T1]

4.6. Pairings of Cartan—Eilenberg systems, 11

Having proved (SPP I) and (SPP III), we now turn to the second condition
(SPP II) from [Dou59bl § IT A]. Recall that it says that, for (¢,),>1 to define a
pairing of Cartan—Eilenberg systems, we want the Leibniz rule

(4.8) pr = ¢1(0@ 1) + ¢1(n ® 9)
to hold. That is, we want the composite
H(X,)(i = 7,0) @ H(Y,)(j = 7,§) £ H(Z)(i+j =7, + j)
S HZ)i+j—r—1i+j—7)
to be equal to the sum of the composite homomorphisms
H(X,)(i—r,1) © H(Y,) (G — 1) Z% HX) (i~ —Li—r) @ HY,)([j - 1,4)
S H(Z) i+ j—r—1i+j—7)
and
H(X*)(/L - Tai) ® H(Y*)(j - ruj) % H(X*)(Z - 172) ® H(Y*)(] —r—= 17.7 - ’I")
S H(Z) i+ —r—1i+j—7)
Here

n: H(X,) (i — 1) — H(X,)(i—1,i)
n: HY.)(j—rj) — HY.)(G - 1,J)
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denote the natural maps. Regarding signs in the Leibniz rule, we recall the con-
vention that

@) (zy)=0z®y and (1®39)(r®y)=(-1)Pz® Jy,

for z € wg(Xi,T — X;) in total degree p of H(X,)(i —r,1).

To verify condition ([J)) for a given pairing ¢: (X,,Y,) — Z,, it follows from
the naturality of the boundary homomorphisms 9, and the case i = ¢/, j = j/,
r > 1’ =1 of (&H), that it suffices to establish the rule

(49) a¢r = ¢r(6 ® 1) + ¢r(1 ® 8)

Here the left hand side is the composite

H(X)(i—ri) @ HY.)(G —rj) 2 HZ) i+ —ryi+j)
S H(Z)i+j—2r i+ —r),

and the right hand side is the sum of the two composite homomorphisms

H(X.)(i — i) ® HY.) (G —1.5) 225 H(X,) (i — 20— ) @ HY)(j —7,j)
O H(Z) i+ § — 2ri+§ —1)

and

H(X)(i—r,i) @ HY.) G — 1) ~2% H(X,)(i — i) @ H(Y)(j — 2§ — 1)
O H(Z) G+ § — 2ryi 4§ — 7).

We shall now show that the identity (£9]) holds for pairings of filtrations of orthog-
onal G-spectra. Thereafter we use approximation by mapping telescopes to deduce
that the identity holds for pairings of arbitrary sequences, as well.

PROPOSITION 4.24. If ¢: (X,,Yy) — Z, is a pairing of sequences of orthogo-
nal G-spectra, and X, and Yy are filtrations, then

9¢r = ¢ (0®1) + ¢, (12 0)
as homomorphisms
H(X)(Gi—ri)@ HY) (G —r,j) — H(Z)(i+j—2ri+j—r)
for all integers i, j,r with r > 1.

PROOF. In this proof we will, for the same typographical reasons as in Sec-
tion [£5] suppress the stabilising representations U and V implicit in the presen-
tation of elements of w5 (X;_, — X;) and 7§ (Y;_, — Y;) by homotopy classes of
pairs (f, f) and (¢’,g) of G-maps. The reader can reconstruct how the diagrams
could be embellished with these suspensions and shifts.

For each map A — B we have natural maps B — BUCA — B/A to the
homotopy cofibre and cofibre. The right hand map is an equivalence when A — B
is an h-cofibration. Applied to the left hand maps in diagram ([3]), this gives us a
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commutative diagram
Spta=t __ grta-lyO(SPI A ST — =5GPt A Sy SP A 9T

(ng)’J J(f/\g)/UC(f’/\g’) lf’Ag”Vf”Ag’

W s WUCX, AYjy) — s X AY /Y ooV X/ X A Y,
©

T
Zivjr ——Ziyjr UCZiyj o
Here
78" — X /X~ and ¢": ST —Y;/Y;_,
are the quotient maps induced by (f/, f) and (¢, g), respectively, and we write
= UCPh;—pj
for brevity. If X, and Y, are filtrations, as we assume, then
Xiow NYj_p — W
is an h-cofibration, so the collapse map
O:WUC(X;—w ANYj_y) — Xi n ANY;/Y; VX /X n NY

is an equivalence.
The left hand side of Equation ({3) applied to [f’, f] ® [¢, g] is

(4.10) 96 ([f', f1® g’ 9]) = Olow (f A g)' bii(f A g)]
=[x ow (f Ag)'7].

Under the isomorphism 7T1?+q71(ZZ‘+j,2T — Zipjr) = wg+q71(Zi+j,r UCZitj—2r)
this corresponds to the homotopy class of the composite map

—1
Serq — ZH»j*T — Zi+j7r U CZiJrj,QT

in the diagram above. Equivalently, by the commutativity of the diagram, we can
describe it as the homotopy class of the composite map

gpra=l _, grta=lo(srt A §9h)

(f/\g)lUC(f//\g/) WUC(X AY; )
? i—r j—r

2 Zitjr UC(Zigj—2r).

Alternatively, we can describe it as the image ®.([a]) of the homotopy class [a] of
the composite map

a: SPTa—t — gpta—l yo(gPTt A 59T
(fAg)'VC(f'Ng") W UC(Xi—y AYj_,)
under the homomorphism
P, : 7T§+q71(W U C(XZ‘,T AN Y},T)) — 7T§+q71(Zi+jfr @] CZiJrj,Q»,‘).
We shall confirm that Equation (£9) holds by writing it in the form

0. ([al) = ®.([b]) + (=)D ([c])
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for some specific classes [b] and [¢], to be defined later, and showing that

in 75, (WUC(X;_ AY;_,)). The latter identity will be confirmed by showing
that

where O, is the isomorphism

O 78 L (WUCX, AYj ) S a8, (X AV V X X e A Y ,)

induced by the map © on homotopy. With this aim in mind, we note that ©.([a])
is the homotopy class of the composite

gpta—1 __, gpta—1 C’(Sp_l A Sq—l)
=5 (8P AS9) v (SP A SITY
M Xi v NY;)Y; oV X/ Xip NY

again by commutativity of the above diagram. Checking orientations in the bound-
ary of DP A D? the composition of all but the last map in the displayed map
has degree +1 when projected to SP~1 A S9, and degree (—1)? when projected
to SP A S971. Hence O,([a]) is the sum of the homotopy class of the composite

(4.11) SPiast LA x AY Y,

B Xir N /Yo N X Xy A Yy

and (—1)? times the homotopy class of the composite

(4.12) sp st LN X Ay,

in2

— X, A }/j/}/j—r V Xi/Xi—r A\ }/j—r-

The first term of the right hand side of Equation ([9) applied to [f’, f]®[¢', 9]
is

(4.13) e (@@ 1)([f", fleld . g)) = én(lx f'rl @ 19", g))-
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Unravelling the definition of ¢,., see the discussion in Section for more details,
we form the commutative diagram

SP=2 A g9t Dpr=1 A ga—1

SP=2 A DA DP=1 A D4
f'rng

* Xir A }/j—r f'ang

* Xi—?" A YVJ

Xi72r A Y’jfr Xifr A Y’jfr =
Pi—2r,j—r Xi_or A Y] X A Yj
d’i—r,"—r d’i—r,‘
Ziyj—3r Zivj—2r —— Zitj—r-

We also introduce the pushouts
SPHa=2 — GP=2 A DY Ugp 2, gq-1 DP7LASIE
and
U=X; oo NY;Ux, yony,_, Xior NYj 4

mapping to DP~! A D9 = DPT4=1 and X;_, AYj, respectively. This leads to the
commutative diagram

Spte—2 _____  ppta-1
*Uf'mAg’ f'mAg
Xi—r A E/j—r —_— Xi—r A Yj

U X, NY

Qi j—r \

du Pi—r,j w

Zigj—or —— Ligj—r.
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The class in 7r1?+q71(Zi+j,2T — Z;yj—r) described in Equation (@.I3) is represented
visually as the big rectangle in the diagram, that is, by the pair of maps

¢i77‘,j77‘(* @] f/']T A gl)l Sp+q_2 — Z,H,jfgr
Girg(f'TNG): DV Ziny s

We can extend the diagram to the right, as follows,

~

pr+a—1 y ppta—1 o gpta—2 = Spta—1

f'nAg F'mnguUC (xUf'mAg") lf/AgN

Xi o AY) — 3 X A(Y;UCY ) —— 2 X AY Y,

Jinl
()

W s WUC(Xir AYj_y) — Xi AY; )YV X/ X AY
e

ow P

Zigjr ——— Ziyj—r VCZi1j o

where the maps marked (~) are equivalences by our assumption that X;_,. — X;
and Y;_, — Y are strong h-cofibrations. Under the isomorphism 7r1?+q_1 (Zigj—or—

Zivj—r) = 750 1(Ziyj—r UCZiyj o) the class described in Equation @I3) is
given by the composite

gpta—1l =, ppte=1 o gpta—2
— Xifr A\ (Y} U Cijfr)
— WUC(X;—r NY, ;)
2, Zitj—r UCZitj_op,

where the first map is a homotopy inverse to the collapse map. This is the im-
age D, ([b]) of the homotopy class [b] of the composite map

b:srraml =, prra-lycsrte? L WUC(Xi—, AYj_,).
Since the composite
gpra=l =, pra-lyggrra=2 =, gra-l o gp=l A g

is homotopic to the identity, ©.([b]) is the homotopy class of the map ([@II)). That
is, it is the image of [f’ A ¢”] under the inclusion (iny)..
The second term of the right hand side of ([@3) applied to [f’, f] ® [¢, g] is

(4.14) e (L), fleld . gl) = (=1)Pr([f' f1® [+, g'n]).

By a similar analysis as for the first term of the sum, the class ¢,.([f’, f] ® [*, ¢'7])
in 7r1?+q_1(Zi+j_2T — Z;+j_r) is represented by a pair of maps

Gimrjr(f Ng'mUs): SPYI2 5 Zi o,
¢i7j*r(f A g/ﬂ—): prrat — ZiJrj*Ta

where SPT972 is the boundary of DPT9~1 = DP A D4~!, The corresponding class in
75 1(Zigj—r UCZi1j_3,) is the image @, ([c]) under ®, of the homotopy class [c]
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of the composite map

c: §pra—l =, prratl yogrte 2 L WU C(Xi, AYj,).
The class ©.([c]) is then the homotopy class of the map [@I2). That is, it is the
image of [f” A ¢'] under (ing)..

Summarising, we have now defined classes [a], [0], and [¢] in w§+q71(W U
C(Xi—r NY,_;)) satisfying
©.([a]) = ©.([b]) + (=1)PO.([c])-

Since ©, is an isomorphism, we deduce that

[a] = [b] + (=1)"[c] and  ®.([a]) = D.([b]) + (=1)"P([c]).

Since @, ([a]), ®.([b]) and (—1)?P,([¢]) are the three parts in Equation (£9) evalu-
ated at [f', fl1®[d',g], and [f, f] and [¢’, g] were arbitrarily chosen, it follows that
Equation (€3] holds whenever X, and Y, are filtrations. O

We now extend the result above to all pairings of sequences.

PROPOSITION 4.25. If ¢: (X,,Yy) — Z, is a pairing of sequences of orthogo-

nal G-spectra, then
0y = ¢ (0@ 1) + ¢ (1 ®0)
as homomorphisms
H(X)(i=ri)@HY.)( —rj) — H(Z)(i+j—2ri+j—r)

for all integers i, j,r with r > 1.

PROOF. Let T(¢): (T (X), Tu(Y)) — T4 (Z) be the pairing of filtrations defined
as in the proof of Lemma .21l The equivalence €: T, (X) — X, and its analogues

for Y, and Z, are compatible with the pairings. Hence we have a commutative
diagram with vertical isomorphisms

H(T (X)) (i — r,d) —2— H(T.(X))(i — 2r,i — 1)

{: :Je

H(X,)(i—ryi) —2— H(X,)(i — 2r,i —r),
together with its analogues for Y, and Z,, and

H(TL (X)) (i = 1,1) @ HT(Y)( = 1,5) 2% H(TL(Z))(i + 5 — 1 + )

e(@elm ’ﬁj{e

H(X,)(i —r,i) ® HY.)(j — 1§) ——— H(Z) (i +j — 7,0 + ),

for all » > 1. By Proposition L2l applied to the pairing of filtrations T'(¢) we know
that

as homomorphisms
H(T (X)) = i) @ H(TW(Y))(J = 7,J) — H(T(Z))(i+j = 2ri+j — 7).

In view of the vertical isomorphisms e, this implies that 0¢, = ¢,.(0®1)+¢.(1®09)
as homomorphisms H (X, )(i—r, )@ H(Yy)(j—r,j) = H(Z,)(i+j—2r,i+j—r). O
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This finishes the goal we set out for ourselves at the start of Section 5] namely
to prove that a pairing of sequences gives rise to a pairing of the resulting Cartan—
Eilenberg systems. Let us phrase this conclusion in a theorem, so that we can refer
back to it when needed.

THEOREM 4.26. A pairing ¢: (X,,Ys) — Z, of sequences gives rise to a pairing
¢: (H(X,),H(Y,)) — H(Z,) of the associated Cartan—FEilenberg systems, in the
sense of Definition [L.11].

PrOOF. The proof of (SPP I) and (SPP III) is the content of Section [£.5] and
the proof of (SPP II) is the content of the present section. O

This directly gives us the following consequence for the associated spectral
sequences.

THEOREM 4.27. A pairing ¢: (X4, Ys) = Zi of sequences of orthogonal G-
spectra gives rise to a pairing ¢: (E*(X,), E*(Yy)) — E*(Z,), in the sense of
Definition 9. Explicitly, we have access to a collection of homomorphisms

¢": E"(X,)® E"(Y,) — E"(Z,)
for allr > 1, such that:
(1) The Leibniz rule

d"¢" = ¢"(d" @ 1)+ ¢"(1@d")

holds as an equality of homomorphisms Ej (Xy) ® £} (Yy) — Bl ;_.(Zy)
foralli,j €Z andr > 1.
(2) The diagram

¢7‘+1

E7’+1(X*) ® Er+1(y*) Er-‘,—l(Z*)

| ¥

H(E" (X)) ® E(Y.) 2% 1B (2,))

commutes for all r > 1.

Moreover, the induced pairing ¢. on filtered abutments is compatible with the
pairing = of E>°-pages in the sense of Proposition [A12l Explicitly, the diagram

FiAoo(X*) ® FjAoo(Y*) . Fz’-',—jAoo(Z*)
Fi1Ax(Xy)  Fj1Ax(Yy) Fiyj1Ax(Z))

pos | £
(z)OC

EX(Xy) @ B (V) ————— EX(Z0)
commutes, for all i,j € Z. Here the abutments are given as
Aso(X,) = 78 Tel(X,)
Ao (V) =l Tel(Y,)
Ax(Z,) 2 78 Tel(Z,),
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and are filtered by the images
FiAdo(X,) = im(78(X;) — Ax(Xy))
FiAw(Ys) = m(nf (Y)) — Ax(Y3))
FrAoc(Z,) = im(n8 (Z1) — Ax(Z4)),
respectively.

Proor. This follows from combining Theorem [.26] with Theorem E.I0] and
Proposition 4.12] O

COROLLARY 4.28. If (X4, ¢) is a multiplicative sequence of orthogonal G-
spectra, then the associated spectral sequence (E(X,),d) is multiplicative with mul-
tiplicative abutment.

4.7. The convolution product

Given two sequences X, and Y, of orthogonal G-spectra there is an initial
pairing ¢: (X,,Y,) — Z,, where the sequence Z, is given at each level by

Zy, = colim X; A 'Y},
i+5<k

with the canonical G-maps Z,_1 — Zj; between them. We call this sequence Z,
the (Day) convolution product of X, and Y,, and write

Z,=(XNY),.
The universal pairing ¢: (X,,Y,) = (X AY), has components
tig: Xi NYj — (X AY)igy,
each given by a structure map to the colimit. Per the discussion of Section [4.5] the
universal pairing ¢: (X,,Y,) = (X AY), induces homomorphisms
b (Ximy = X)) @75 (Ve = V) — w5 (X AY)igjr = (X AY)igg)
for r > 1, and Theorem shows that the pairing ¢ extends to a pairing
Lt B (X)) @ E*(Y,) = E*((X AY),)

of spectral sequences, in such a way that the induced pairing on filtered abutments

- Fyr€ Tel(X,) Fyr& Tel(Y,) . Fijn8 Tel((X AY),)

Y F_mG Tel(X,)  Fj_1m€ Tel(Y,) Fiyjo1mG Tel((X AY),)

is compatible with the induced pairing on E°°-pages.

REMARK 4.29. The colimit defining Zj; can equally well be calculated over the
cofinal subcategory of pairs (i,5) € Z% with k —1 < i+j < k, i.e., as the colimit of
the zigzag diagram:

oo™ X1 AYmia

|

XiaANY g —— X AN Yy

T

XiANYp s —— ...
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If (X, ¢) and (Y4, ¢) are multiplicative sequences of orthogonal G-spectra, then
the convolution product ((X AY )4, p A1) is a multiplicative sequence as well. Here,
the component

(QZS A 1/})1'7]‘2 (X A Y)z A (X AN Y)] — (X A Y)”H—j
is defined as the colimit over 7 + i < i and j; + jo < j of the composite maps

Diq i1 NVig,j
Xil/\}/i’z/\le/\szMXil/\le/\)/i’z/\}/jz — 2

Li j1.i2+7
SR (XAY )it tiztss — (X AY )iy

Xi1+j1 A Yiz-‘rjz

LEMMA 4.30. If (X4, ¢) and (Yi, ) are multiplicative sequences, then the ho-
momorphism ' : EY(X,) ® E1(Y,) = EY((X AY),) is multiplicative, in the sense
that the diagram

EY(X,)® E'(Y,) ® ENX,) @ E\(Y,) 225 E(X AY),) ® EY(X AY),)

1®T®1J/E
Fl'(X,)® E'(X,) ® E(Y,) @ EL(Y,) (¢Ae)!
¢1®wll
EY(X,)® EY(Y,) ! EY(X AY),)

commutes.

PROOF. Let us write § = ¢ A 4 for brevity. The diagrams

Lig,ig Nljy,jo

Xiy NYi, NXG NY ———— (X A Y)i1+i2 A (X A Y)j1+j2

1/\7'/\1J(E

X NXG ANY, ANY, O3y +i5.51+42
Piq,i1 AwiQ:JQJ{
Liy 441, ig+iz

Xi1+j1 A Y;2+j2 (X A Y)i1+j1+i2+j2

commute, and are compatible, for all i1, io, j; and js. This implies that the
composite homomorphism

H(X,)(iy — i) @ H(Y,)(iz — 7r,d2) @ H(X,) (51 — 7, 51) @ H(Y3)(j2 — 7, 72)
LB H(X AY)) (i1 + iz — iy +i2) @ H(X AY),)(j1 + j2 — 7,51 + o)

0, , . . . , , . ,
= H((X AY)y) (i1 +d2 + j1 + jo — 7,41 +i2 + j1 + J2)
is equal to the composite homomorphism
H(X,)(ix — 1) @ H(Y:)(i2 — ryi2) ® H(X,)(j1 = 7,51) ® H(Y.)(j2 — 7, j2)
= H(X,) (i — 7,i1) ® H(X,) (1 — 7, 1) @ H(Y) (i — 7,i2) ® H(Y;)(j2 — 7, j2)

@Yy . . . . . . . .
OBy H(X, ) (i1 + 1 — iy + 1) @ H(Y3) (i + ja — 12 + o)
5 H(X AY)) (i + g1 + 2 + jo2 — 1,0 + 1 + i2 + )

for each » > 1, where the homomorphisms ¢, ¢, ¥, and 6, are defined as in
Section For r = 1, this gives the claim of the lemma. O
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Note that for general sequences X, and Y, we typically have no homotopical
control of their convolution product. However, if both X, and Y, are filtrations,
then we can view each X; A'Y; as a subspectrum of

coliimXi A co%iij = UXi A UYJ
i J
and their colimit for ¢ 4+ j < k can be formed as the union
(XAY), = U X;A\Y;.
itj=k

PROPOSITION 4.31. If the sequences X, and Yy are filtrations, then their con-
volution product (X NY), is a filtration.

PRrROOF. We must show that each map
(X /\Y)k:—l — (AX/\Y')}C

is a strong h-cofibration. This is the colimit of a sequence of maps, each of which
is the cobase change of a pushout-product map

Xifl/\ijUXi/\ijfl—>Xi/\Yrj

with ¢ + j = k, where the pushout is formed over X;_; A Y;_;. By assumption
Xi—1 — X; and Y;_1 — Y; are strong h-cofibrations, so the conclusion follows
immediately from Theorem L1717 a

In the special case when two arbitrary sequences X, and Y, are first replaced
with equivalent filtrations T, (X) and T,(Y), we can give the following alterna-
tive, more explicit, argument for why the resulting convolution product is always a
filtration.

LEMMA 4.32. For any two sequences X, and Y, of orthogonal G-spectra, the
convolution product (T(X)ANT(Y))s is a filtration.

PrROOF. In degree k,

(TX)ATY )= | T(X)ATH(Y).
i+j=k

This is the subspectrum of Tel(X,) A Tel(Y,) with telescope coordinates x and y
satisfying [z] + [y] < k. Here [z] denotes the least integer i with = < i. The
inclusion (T(X)AT(Y))g—1 = (T(X)AT(Y)) is then the composite of a sequence
of cobase changes of maps of the form

i0: A_>BUAA/\I+,
with A the double mapping cylinder of the diagram
X1 A Y} — X, A ij‘,l — X; A ij',l

and B = X; AYj, for i + j = k. Since each such map iy is a strong h-cofibration,
so is the structure map in (T(X) A T(Y)),, as claimed. O
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As a consequence of Proposition [£.31] we can write the first page of the spectral
sequence associated to the convolution product of two filtrations X, and Y, as

EL(XAY)) =7 (X AY o1 = (X AY)R)
=1 (XAY)R/(X AY)p-1)

P =X/ Xioa NY;/Y50)
itj=k

1%

since

(X/\Y)k -~
Tavhs = VXX nyy/Yi
-1 ik

Furthermore, the diagram
EY(X,) ® ENY,) —“— EY(XAY),)
(4.15) d1®1+1®d{ ldl
EY(X,)® EY(Y,) —— EY((X AY),)

commutes. To proceed we usually need more explicit control of the d'-differential
for (X AY),, e.g., by use of ([£IH) in situations where ¢! is surjective.

Suppose now that (X,,¢) and (Ys, ) are multiplicative sequences, and also
assume that the former is a filtration. This will be the situation when we filter
the G-Tate construction in Chapter fl By Corollary [£.22] the telescopic replace-
ment (T,(Y),T(¢)) is a multiplicative filtration, and by Proposition L3T] the con-
volution product (X AT(Y)), ¢ A T()) is then also a multiplicative filtration.
Lemma E30 shows that !': E1(X,) ® EX(Y,) = EY((X AY),) is multiplicative, in
the sense that the diagram

1 1
E'Y(X,) ®®E (L) ver, EV(X AT()) ® EY(X AT(Y)))
ENX.) ® BNT.(Y))

1®7’®1l§

EY(X,)® EYX,)
®
EYT.(Y)) ® ENT.(Y))

(GAT(9))*

¢1®T(w)1l
EY(X,) ® E\(T.(Y)) & EY(X AT(Y)),)

commutes for all 7, j € Z. In situations where ¢! is surjective, this gives us algebraic
control of the product on E*((X AT(Y)),) in terms of the products on E*(X,) and
BY(T,(Y)) = E\(Y,).

REMARK 4.33. The results of this chapter readily generalise to the case of
sequences of R-modules in orthogonal G-spectra, for any fixed commutative or-
thogonal ring spectrum R. Letting X, denote a sequence

e —= X — Xy — X1 — -

of R-module G-spectra and R-module G-maps, the telescope Tel(X,) is an R-
module G-spectrum, and the following all live in the category of R,-modules: the
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Cartan—Eilenberg system (H,d), the exact couple (A, E'), the filtered abutment
Ao = 7¥ Tel(X,), and the spectral sequence (E™,d"). The telescope filtration and
equivalence
e: T (X) — X,
also live in the category of R-modules.
Given sequences X, Yy and Z, of R-modules in orthogonal G-spectra, an R-
bilinear pairing
o (X, Y) — Z,
consists of compatible R-linear G-maps
¢Z XZ /\R }/J — Zi-i-jv
where the usual smash product has been replaced with the smash product over R.
Such pairings induce R,-module homomorphisms
¢r: H(X\)(i — 1) @p, HY.)(j —r,j) — H(Z)(i+j —ri+]),
where the usual tensor product has been replaced with the tensor product over R,.
The Leibniz rule holds for ¢,., so that ¢ induces an R.-linear pairing of R,-module
spectral sequences
¢": E"(X,)®gr, E"(Y,) — E"(Z,).
The corresponding R,-linear pairings ¢, and ¢> of the filtration subquotients
and E°°-pages are compatible under the R,-module monomorphism
5: FFZAZO

1—1<41oco
The universal R-bilinear pairing ¢: (X4, Yy) — Z, is given by the R-module convo-
lution product Z, = (X ArY)s, with

(X AR Y)k = gﬂ}lSI%Xl AR Y;

— Ep*.

If X, and Y, are R-module filtrations, then (X Ar Y'), is an R-module filtration.
For general R-module sequences X, and Y, the diagram (@I5) commutes after
replacing ® and A by ®g, and Ag, respectively. Finally, if (X,, ¢) and (Y%, ) are
multiplicative R-module sequences then (!: E*(X,) ®gr, E*(Y,) = EY(X ARY),)
will be multiplicative. This depends on the existence of R-module maps
(23) =1ATAL: Xi1 /\RY;‘2 /\Rle /\Rij2 _>Xi1 /\Rle /\RY;‘2 /\RY}2

that are strictly compatible for varying i1, j1, i and jo. This is a point where we use
the assumption that R is strictly commutative, not just homotopy commutative,
as an orthogonal ring spectrum.
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CHAPTER 5

The G-Homotopy Fixed Point Spectral Sequence

Given an R-module X of orthogonal G-spectra we can define the G-homotopy
fixed points as the genuine fixed points

X" = F(EG,,X)Y = FR(RAEG 4, X)%.
In this chapter we construct a spectral sequence
EL.(X) = m(X"9)

with abutment being the homotopy groups of the G-homotopy fixed points of X, for
any compact Lie group G. This spectral sequence will be induced by the filtration,
covered in Section [B.0] on the free and contractible G-space EG coming from the
simplicial bar construction. In Section [(.2] we show that this spectral sequence is
multiplicative with multiplicative abutment. See Theorem Under the assump-
tion that R[G]. is finitely generated and projective over R, we can algebraically
identify the E2-page of the G-homotopy fixed point spectral sequence as

Ef,*(X) = EXt};FG]* (R*7 T (X))7

with the multiplicative structure being identified with the cup product on the right-
hand side. See Theorem [5.14l Lastly, in Section (4] we discuss the relationship
between the simplicial skeletal filtration on E'T and the often-used filtration coming
from odd-dimensional spheres.

5.1. The filtered G-space EG
As always, G is a compact Lie group. We let
EG = B(x,G,G)

be the free and contractible (right) G-space obtained by taking the geometric real-
ization of the simplicial space

lq] = By(x,G,G) =G x G,

with the usual face and degeneracy maps [May75| §7]. There is a simplicial con-
traction of Be(*,G,G), so EG is indeed contractible [May72] Prop. 9.8]. We
let F;EG be the image of the structure map A? x B;(*,G,G) — EG to the geo-
metric realization, yielding the following exhaustive filtration [May72| Def. 11.1]:

@ZFflEGCFoEGC"'CFi,1EGCFiEGC-"CEG.

85
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86 5. THE G-HOMOTOPY FIXED POINT SPECTRAL SEQUENCE

Here, the group G acts freely from the right in each simplicial degree, hence also
on each term in this filtration. The structure map induces a G-equivariant homeo-
morphism

YHGMAGL) = AYJOAN NG NGy = F;EG/F;_EG

for each i > 0. Each smash power G = G A --- A G (with i copies of G) is formed
with respect to the base point e € G given by the unit element.

REMARK 5.1. When G is finite, F;EG gives the i-skeleton of a free G-CW
structure on FG. When G = T = U(1) is the circle group, F;EG gives the 2i- and
2i + 1-skeleta of a G-CW structure (with no odd-dimensional G-cells). Similarly,
when G = U = Sp(1) is the 3-sphere, F;EG gives the 4i-, 4i + 1-, 4i 4+ 2- and
47 + 3-skeleta of a G-CW structure. For other Lie groups the relationship is more
complicated. Hence our filtration will agree with that used by Greenlees and May
in [GM95] §9] when G is finite, be a doubly accelerated version when G = T, and
be a quadruply accelerated version when G = U. The two filtrations might be quite
different for other compact Lie groups G, though.

We give the Cartesian product EG x EG the product filtration:

Fy(EG x EG) = | | FEG x F,EG.
i+j=k

Note that the diagonal G-map A: EG — EG x EG, sending = to A(z) = (z,z), is
not filtration-preserving. However, by [Seg68| Lem. 5.4] or [May72| Lem. 11.15]
it is naturally homotopic to a filtration-preserving map D: EG — EG x EG, which
we call a diagonal approximation for EG. By inspection, both D and the natural
homotopy A ~ D are G-equivariant. Subject to this condition, the precise choice
of diagonal approximation will not be important, only its existence.

LEMMA 5.2. Any diagonal approzimation D induces a commutative diagram of
based G-spaces and G-maps

!’
D

FkEG Dy, Fk(EG X EG) PT; ; FZEG FJEG

Fk_lEG Fk_l(EG X EG) Fi_lEG Fj_lEG
EG Dy, EG x EG EG A EG
Fk_lEG Fk_l(EG X EG) Fi_lEG Fj_lEG

Di,j
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foralli+j=k. The G-maps D; ;j are compatible for varying i and j, in the sense
that the squares

EG A EG D; ; EG D; ; EG A EG
F, L EG  F; 1 EG F,_1EG F,_.EG F;_EG
EG A EG Dy, EG Dj i1 EG A EG
FEG  F;_ EG FL.EG F,_.EG F;EG

commute.
ProoF. This follows from the inclusions
D(F,_1EG) C Fy_1(EG x EG) C (F;-1EG x EG)U (EG x F;_1EG)
and the splitting

Fy(EG x EGQ) _ F,EG  F,EG
kal(EG X EG) o FiflEG ijlEG.

+i=k

5.2. G-homotopy fixed points

Let X be an orthogonal G-spectrum. In this section we will construct a spectral
sequence computing the homotopy groups of the G-homotopy fixed points of X, that
is, the G-fixed points of a fibrant replacement of the function spectrum F(EG, X):

Xh¢ = F(EG,, X)C.
To this end, note that the sequence of based G-spaces

__BG_ BEG . EG__ EG
~FLEG  FREG F,.EG ' FEG

induces a sequence

EG, Lo %

M, (X)=F(EG/EG_,_1,X)
of orthogonal G-spectra. Explicitly, M, (X) is the sequence

EG EG
"'%F<W7X)%F(W,X)%...

EG

DEFINITION 5.3. The spectral sequence (E™(X),d") = (E"(M,(X)),d") asso-
ciated to the sequence M, (X) above is called the G-homotopy fized point spectral
sequence of X.

Each map of function spectra F(EG/F;EG,X) — F(EG/F;_1EG,X) is a
monomorphism of orthogonal G-spectra, but it is unlikely in general that these maps
are h-cofibrations, so M, (X) need not be a filtration. Since the sequence M, (X) is
eventually constant, there is a natural G-equivalence

Moo (X) = Tel(M, (X)) ~¢ F(EG, X).
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88 5. THE G-HOMOTOPY FIXED POINT SPECTRAL SEQUENCE

There is also a G-equivalence
EG EG

since hocolim; F;_1EG ~g EG. We conclude that the G-homotopy fixed point
spectral sequence is always conditionally convergent to the abutment

Ao (M, (X)) = 78 Tel(M, (X)) = 79 F(EG ., X) = m, (X"%).
Let us now explicitly compute the E'-page of this spectral sequence.
LEMMA 5.4. The E'-page of the G-homotopy fized point spectral sequence of X

is given by

1
E—i,*

FEG )\ Z.
(M (X)) =78 F (m,X> >~ rCF(Gy, F(GY, X))

and the differential

dlfi,*: Eiz*(X) - Eliq,*(X)
is contravariantly induced by the composite G-map
F 1 EG N EG ~ EG U ( F,EG )—)Z F,EG .
FEG F,EG F,_1EG F,_ 1EG F,_ 1 EG

PROOF. The cofibre sequence
F,EG . EG N EG
F, 1 EG F, 1EG FEG
of based G-spaces is a homotopy cofibre sequence, hence induces a homotopy fibre
sequence

FEG
M—i—l(X) — M_z(X) — F (m,X>

of orthogonal G-spectra. It follows that
FEG
X)=q¢ F|—""F1 X
( ) 7T—z+* (FllEGv )
= W§i+*F(Zi(GAi NGy), X)
= WSF(G+aF(G/\ZaX))

El

—i,%

for i > 0. The d'-differential is the composite of the connecting homomorphism
2 ~ EG
T8 (Moo (X) = Moy(X)) = 7y (Moioa (X)) = af ) F (mvx)
induced by
F,EG

27
" *F_EG’

EG  EG F,EG
F,EG ~ F;,_1EG (Fl-lEG>
and the homomorphism
7 (Moi1 (X)) — 78y (Moo (X) = M1 (X))
induced by
F, 1 EG . EG
FEG F,EG
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REMARK 5.5. When G is finite, the spectral sequence E" (M, (X)) agrees with
the G-homotopy fixed point spectral sequence obtained from the G-equivariant
Whitehead (or Postnikov) tower for X. Greenlees and May prove this in [GM95]
Theorem B.8]. When G =T or U it is an accelerated version of the latter spectral
sequence. In Theorem B.I4] we will give an algebraic description of E?(M, (X))
when X is an R-module and R[G], is finitely generated and projective over R,.

The homotopy fixed point construction is a lax symmetric monoidal functor.
To see this, let u: X AY — Z be a pairing of orthogonal G-spectra, and recall the
diagonal map A: EG — EG x EG. The associated pairing X"¢ A YPCG — ZhG ig
given by the composite

F(EG{,X)  NF(EG,,Y)Y % F(EG, NEG{, X NY)¢
L pEGL, X AY)C
£ F(EG,, 2)C.

From this point of view it is hence relevant to understand how the homotopy fixed
point spectral sequence interacts with multiplicative structures. First note that the
maps D; ; from Lemma [5.2] induce G-maps

EG EG o EG EG
Fl— X|AF|—"—_Y)-%F A XAY
(F“EG’ ) (FleG’ ) (F“EG F;_1EG’ )
D;, EG
M P XY
(FklEG’ )

e EG
L pl—2 7
(Fk_lEG’

for k = i+j. These are compatible for varying ¢ and 7, in the sense of Definition .20
and so define the components ji_; _; of a pairing

fi: (M (X), M (Y)) = M.(Z)
of sequences of orthogonal G-spectra.

THEOREM b5.6. Let u: X ANY — Z be a pairing of orthogonal G-spectra. There
is then a pairing

pr EN(ML (X)) © ET (M (Y)) — E"(M.(Z))

of the associated G-homotopy fixed point spectral sequences, and the induced pair-
ing i, on filtered abutments is compatible with the induced pairing

i EX(M(X)) ® B®(M,(Y)) —» E*(M,(Z))

of E°°-pages.
Moreover, the pairing it of E'-pages is contravariantly induced by

 F,EG . F,EG F,EG
4 F._1EG F,_ .EG  F; ,EG

under the isomorphism of Lemma B4, and the pairing
o T (X)) @ 1, (YHE) — 7, (27

equals the pairing induced by X"G NYhC — ZhG,

D!
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PrROOF. In the paragraph before this theorem we noted that a map p: XAY —
Z of orthogonal G-spectra gives rise to a pairing fi: (M, (X), M (Y)) = M,(Z) of
sequences. By Theorem .27 it follows that we have an induced pairing between the
associated spectral sequences, and that the induced pairing fi, on filtered abutments
is compatible with the pairing n>° of E°°-pages.

Tracing through the definitions shows that the pairing ﬂlﬂ.ﬁ j of E'-pages is
compatible with the pairing induced by DZ’-J under the isomorphism

B (M(X)) = 7% (M1 (X) — M_i(X))
F,EG
=T 1% (Fi_lEG7 )

and its analogues for Y and Z.
The abutment A, (M, (X)) = 7¢F(EG, X) is filtered by the images

FaCF(EG,,X) =im(x¢F(EG/EG_,_1,X) — n¢F(EG,, X)).

Note that this exhaustive filtration is constant for s > 0. The pairing fi, is induced
by the composite map

foo: F(EGL,X)NF(EG4,Y) = F(EGy ANEG,, X \Y)

Do

—= F(EG+, X AY)

2 F(EG,, Z).
In view of the based G-homotopy AL ~ D, = Dy, it is also induced by the
composite map

F(EG{,X)\NF(EG,,Y) > F(EG. NEG,,X \Y)

a3
S F(EGL, X AY)
M_*> F(EG+7Z)7

where AJ'_: EG+ — (EG X EG)+ = EG+ N EG+ |

COROLLARY 5.7. If (X,u: X AN X — X) is a multiplicative orthogonal G-
spectrum, then the G-homotopy fized point spectral sequence (E"(Mi(X)),d") is
a conditionally convergent and multiplicative spectral sequence, with multiplicative
abutment T, (X").

5.3. Algebraic description of the E'- and E2-pages

Under suitable flatness hypotheses there is an algebraic description of the first
two pages of the homotopy fixed point spectral sequence. Recall from Chapter B
that R is our ‘ground’ commutative orthogonal ring spectrum. We write

R.(X)=m(RAX)
for the associated (reduced) homology theory. We will assume that R[G]. is flat
over R,, so that R[G]. is a cocommutative Hopf algebra over R,, per Lemma 3.2
Let us write
E=RANEG; and E;=RA(F,EG);.
Each map F;_1 — E; is a g-cofibration, hence a strong h-cofibration, so that F, is
a filtration
e — Fi —)Ei—>Ei+1 —_—
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of R-modules in orthogonal G-spectra. Here E; = x for ¢ < 0, and
E. = Tel(E,) ~¢ E.
The R- and G-equivariant collapse map 1Ac: E = RAEG, — RAS° = Ris anon-

equivariant R-equivalence, inducing an R[G].-module isomorphism 7.(E) = R,.

DEFINITION 5.8. Let (P; 4, 0) = NB,(R., R[G]«, R|G].) denote the normalised
bar resolution, as defined in Construction

Explicitly, the normalised bar resolution of the R[G].-module R, is a non-
negative chain complex given in homological degree n > 0 as

Pn.. = NBy(R., R[G]., RIG].) = R[G]." ®r. R[G].,

where
R[G], = coker(n: R. — R[G].) = ker(e: R|G]. — R.)

. . Qmn . .
denotes the augmentation (co-)ideal, and R[G], " is its n-th tensor power over R,.

The boundary 0, : Py, + — Pn—1 . is induced by the alternating sum of face opera-

tors
> (=1)'d;

i=0
for n > 1, with
 Jex1®m for i =0,
T 1% R e @18 for 0 <i < n.
Note that the simplicial contraction [May72| Prop. 9.8] of Be(R., R[G]«, R[G]«)
shows that the augmentation e: Py, = R[G]. — R. admits an R,-linear chain
homotopy inverse, so that the augmented chain complex

0, €
coo— Py — Py — - — Pr &PO,* — R, — 0
is exact. Hence (P «,0) is a flat R[G].-module resolution of R.,.

LEMMA 5.9. If R[G]. is flat over R., then the (E',d')-page of the non-equi-
variant homotopy spectral sequence

El* = 7Ti+*(Ei—1 — Ez)

1,
associated to E, is isomorphic to (Py.,0). The edge homomorphism Py, —
7«(E) = R, is equal to the augmentation €: R|G]. — R., and makes (P .,0)
a flat R[G].-module resolution of R.. In particular, the spectral sequence collapses
at the E?-page, where is it given by
E*=E> =R,
concentrated in filtration degree i = 0.

PRrROOF. The R-module filtration F, has an associated R[G].-module spectral
sequence (for non-equivariant homotopy groups) with E*-page
F,EG
Bl =7miu(Bi1 = B) 2 Ry | s
T,% 7T+ ( 1 ) + (FllEG)
and d'-differential equal to the composite

F,EG
Ry < ) i> Ri_14(Fi1EGL) — Ri_14. (

F,_1EG
F,_ EG '

F; o EG
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By the proof of [Seg68, Prop. 5.1] or [May72, Thm. 11.14], (E*',d') is the nor-
malized chain complex associated to the simplicial R[G].-module

(4] = Ru(B,(+,G,G)2) = R((G" x G)2).
The products

R[G]. ®r, R[G)s ®r, --- @r, RG]«
— 1 (RANGLARRANGL AR~ AR RANGY)
~r (RAGL AGy A+ AGy)
induce a homomorphism of simplicial R[G].-modules
Be(R., R[Gls, R[G]x) — Ru(Ba(*, G, G))4).

Since R[G].« is assumed to be flat over R, the products are isomorphisms, so
that (E',d') is indeed isomorphic to the normalized chain complex associated to
the simplicial R[G].-module Bq(R., R[G]«, R[G]«). O

REMARK 5.10. If R[G]. is projective over R,, then R[G], is also R.-projective,
and each P, . is R[G].-projective by Lemma It follows that the chain com-
plex (Pi«,0) is a projective R[G].-module resolution of R.. Moreover, if R[G],
is finitely generated over R,, then so is R[G],, and each P, is finitely generated
as an R[G],-module. We conclude that (P .,0) is a projective resolution of finite

type, in this case.

To deal with the multiplicative structure of the spectral sequence we introduce
the convolution product (E Ag E).. Explicitly, this is given by

(EAR E)r = RAF,(EG x EG) 4,
with filtration subquotients
(EARE)k E; E;

—_ = A\ .
(E AR E)g-1 Ei 4 n E; 4

itj=k
Let in; ; denote the inclusion of the (¢, j)-th summand in this splitting.

LEMMA 5.11. The (E*', d')-page of the homotopy spectral sequence associated
to (E AR E)y is isomorphic to the tensor product

(P*,* ®R* P*,*,a®1+1®a),

with the same signs occurring in the boundary as specified in Section 221 In par-
ticular, this spectral sequence collapses at the E%-page, where it is given by

E?=FE*>~R,®p R, =R,
concentrated in filtration degree 0.

PROOF. Theorem [£.27] applied to the initial pairing ¢: (E4, Ey) = (E Agr E),
gives us a pairing

" E"(Ey) ®r, E"(Ey) — E"((E AR E),)
of R[G].-module spectral sequences. Since each copy of E is a filtration, the pairing

Ll Pi,* OR. Pj7* = Ezl,*(E*) XR, Ejl,*(E*) — E%,*((E AR E)*)?

NE
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for r =1 and i + j = k, is induced by the product

s ®R* Js T <E7,1 R EJl)

and the inclusion
E E; EANgE
AR I ( R )k .
E; E; 4 (E AR E)g—1
Since R[G]. is flat over R,, so that each P, is flat over R,, the product is an
isomorphism. Adding these together for i + j = k we obtain the degree k part of
an isomorphism of R[G].-module chain complexes

m; j:

Ll: P*,* ®R* P*,* i Ei7*((E AR E)*)

In particular, Theorem H.27] ensures that the tensor product boundary operator
0®1+1®0 on the left hand side corresponds to the d'-differential on the right hand
side. The calculation of the E2-page then follows as in the proof of Proposition 2311

O

LEMMA 5.12. The diagonal approzimation D: EG — EG x EG induces a map
of filtrations 1 A Dy : E, — (E Agr E)« and a chain map

(1AD)': EY(E,) — E'(E AR E),),

which corresponds, under the isomorphisms of Lemma B9 and Lemma B.I1], to
an R[G]«-module chain map

v P*,* — P*,* ®R* P*,*~
In particular, the component
\I/iJ' =PI, oWy : P"%* — Pi)* XR. Pj7*

of Wy, for k =i+ j, is induced by the G-map D; ; of Lemma and Theorem 5.0l
The chain map WV is characterised, uniquely up to chain homotopy equivalence,
by the commutative square

04
P*,* — P*,* ®R* P*,*

R* i) R* ®R* R*
of R[G]«-module complezes.

PRrOOF. The map of E'-pages induced by the diagonal approximation is in-
duced by 1 A Dy, and the (7,7)-th component in the direct sum splitting of its
target can be recovered by projecting to that summand, which is therefore induced
by 1A D; ;.

By naturality of the edge homomorphism, we have a commutative square
of R[G].-modules

Yo
Poo —— Py« ®r, Pox

R.—— R, ®n. R..
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Hence the R[G],-module chain map ¥: P, , — Pi . ®g, P . is a lift of the iso-
morphism R, = R, ®g, R.. Since e: P,, — R, is an R[G].-projective com-
plex over R,, and e ® €: Py, ®g, Py« — R, ®pg, R, is a resolution, it follows
from [ML95, Thm. I11.6.1] that such a chain map ¥ exists and is unique up to
chain homotopy. ]

We now suppose that X is an R-module in orthogonal G-spectra. There are
then compatible adjunction equivalences
Fr(E/E;—1,X) 2 F(EG/F;_1EG,X) = M_;(X)
for all 4. The left hand side exhibits M, (X) as a sequence of R-modules in orthog-
onal G-spectra, so that the G-homotopy fixed point spectral sequence E" (M, (X))
is a spectral sequence of R,-modules. Theorem readily generalizes: If Y and Z

are also R-modules in orthogonal G-spectra, and y: X Ap Y — Z is a map in this
category, then we obtain a pairing of R,-module spectral sequences

s BN (M(X)) @r, B"(M(Y)) — E"(M.(Z))
such that the resulting pairing of E°°-pages is compatible with the R,-linear pairing
fi: TOF(EGy, X) ©p, OF(EG,,Y) — wCF(EG,, 2)

of abutments. We can now give algebraic descriptions of the (E!, d')-pages and the
pairing fi!, for R[G]. projective over R..

PROPOSITION 5.13. Assume that R[G], is projective as an R.-module. There
is then a natural isomorphism

BL,; (Mi(X)) = Hompg), (Pis, T (X))
of Ri-modules. Under this zsomorphism the d*-differential
d1 —z *(M*(X)) —>E11 1*(M*(X))

—,%
corresponds to the boundary in the chain complex, with signs as specified in Sec-
tion 22 The pairing

pEL L

(M.(X)) ®r. BL; (M.(Y)) — EL, ,(M.(Z))
with i + j = k is contravariantly induced by the component

Vij: Prw — Pix @R, Pj.

)

— %

of the chain map V.

Proor. By Lemma [5.4] and adjunction there are isomorphisms
El, (M(X)) =%, F(F,EG/F,_\EG,X) =% Fr(E;/Ei_1,X).

Note that the spectrum appearing in the last term can be written Fr(FE;/E;—1, X ) &
F(Gy, X') with

X' = Fr(RAGN, X) = F(GM, X).
Under our assumption that R[G]. is projective, it follows from Proposition B.6] that
the natural R,-module homomorphism

w: 7%, Fr(Ei/Ei1,X) — Hompg). (Re, i1+ Fr(Ei/Ei—1, X))

is an isomorphism. Moreover, since P; . = m;.(E;/FE;_1) is projective over R[G].
and hence also over Ry, it follows that the natural R[G].-module homomorphism

T—isnFr(Ei/Ei_1, X) — Hompg, (i1+(E;/Ei_1), (X)) = Homp, (Pi.., 7(X))
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is an isomorphism. Applying the functor Hompgq, (R«, —) yields an isomorphism

Hompgq, (Re, T iy FR(E: [ Ei 1, X))
= Hompgy. (Re, Homp, (P ., (X)) 2 Hompg), (Piy, m(X)).

Composing this chain of R.-module isomorphisms gives the asserted natural iso-
morphism.

We now identify the d'-differential. By Lemma [5.4] again, we have a commu-
tative diagram

El

—1,k

(Mu(X)) ——— 7%, Fr(E:/ i1, X)

J

dt, 7% 1 Fr(E/E;, X)

o

By (M(X)) —— 7 1 Fr(Ein/Ei, X)

—i—1,%

of R,-modules. By the naturality of w in Lemma the diagram

7% FR(Ei/Ei1, X) —=— Homgq). (Rs, 7 i1+ Fr(Ei/Ei 1, X))

o

| l

7T€i71+*FR(E/Ei, X) L} HOII’IR[G]*(R*,’JT,iflJr*FR(E/Ei, X))

| J

7% 14+ FRr(Eit1/Ei, X) —— Homp(q, (R, 7 i 11+ Fr(Eit1/Ei, X))

commutes. Note that these two diagrams fit together along one edge. We also have
a commutative diagram of R[G].-modules

T ivsFr(E;/Ei_y, X) ———— Hompg, (P, m.(X))

J{ l Hom(9;41,1)

T—i—14+FR(E/E;, X) —— Homp, (414 (E/E;), 7. (X))

l J

T_i—14+Fr(Eiy1/E;, X) ——— Hompg, (Pij1,4, 7 (X))

since 0;11: Piy1,+ — P; « can be calculated by either composite from the left to the
right in the diagram

Tit14+(Bip1/Ei) —— Tiy14(E/ E;)

T, T

Tigx (Bi) —— Tips(Ei/ Ei—1).
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Applying Hompgjg), (R«, —) we obtain a commutative diagram of R.-modules, which
fits together with the previous one. Hence the square

B, (M, (X)) —— Hompg), (Pi.., ma(X))

71*

a, J lHom(BHl,l)

E', 1*(M*(X))—>H0mR[G] (Piy1,0, (X))

commutes, as asserted.
We now identify the multiplicative structure on the E'-page. By Theorem [5.6}
the diagram

B, .(M.(X)) ®r, E

—,%
gJ«

7T€i+*FR(Ei/Ei,1,X) PR, 7T€j+*FR(Ej/Ej,1, Y) E— W§k+*FR(Ek/Ek,1, Z)

M(Y))

Ll

commutes, where the lower arrow is induced by
1A D;J : Ek/Ek:—l — Ei/Ei—l AR Ej/EJ_l
Since the natural homomorphism w is monoidal, per Lemma [B.7], the composite
7T€1-+*FR(EZ‘/EZ‘,1, X) QR. W€j+*FR(Ej/Ej,1, Y) — ngJr*FR(Ek/Ek,l, Z)
— Hompq, (R, T k1+ Fr(Ey/Ex-1, 2))
is equal to the composite
G . . G ) ) WwRwW
W FR(E/Eio1, X) @R, 7T—j+*FR(EJ/EJ—1a Y)—
Hompq), (Ry, T—it«Fr(Ei/Ei-1, X)) ®r, Homp(g), (Ra, 7 j 1+ FR(Ej/Ej-1,Y))
—= Homp(q), (Ru; T—i« Fr(Ei/ Bio1, X) ®r. 71+ Fr(E;/Ej-1,Y))
£> HOIIIR[G]* (R*, 7T_k+*FR(E;€/E;C_1, Z))

Note that the final arrow is also induced by 1 A D;j: Ey/Ex-1 — E;/E;_1 AR
E;/E;_,. Next, we use the commutative diagram

T ivx FR(Ei/Ei 1, X) ®r, 7_j 1« FR(Ej/Ej1,Y) —— 7 _ 41« Fr(Ey/Ex 1, Z)

”J k

Homp, (P; ., (X)) ®@pg, Hompg, (P}, 7(Y)) ————— Homg, (P «, 7+(Z))

of R[G].-modules, where the lower homomorphlsm is induced by 1 A Dj ;. In view
of the isomorphism P; . ®r, Pj . = miy;(Ei/Ei—1 Ar E;/E;_1) from the proof of
Lemma [5.1T], this is the same homomorphism as that induced by ¥, ;, as defined
in Lemma
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Applying the monoidal functor Hompg(g), (R«, —), we obtain a commutative
square of R,-modules. Combining these results we have a commutative square

B (M.(X)) ©r, B, (M (V) v B, .(M.(2))

| I

Hompgq), (Pix, 7 (X)) ®@r, Hompq), (Pj«, m(Y)) —— Hompgqy, (Pr s, m:(Z))

where the lower homomorphism is induced by ¥; ;, meaning that it is equal to the
composite

Hompgg), (Pi, m(X)) @R, Hompq), (Pj, me(Y))
i) HOI’IIR[G]*(PL* ®R* Pj)*,’iT*(X) ®R* W*(Y))

2L, Hompia. (P (X) @, 7. (Y)
+= Hompg). (Py v, 7 (2)).
This is the same as the (7, j)-component of the chain map
Hompgqy, (P s, T+ (X)) @r, Hompig), (Py s, m(Y))
= Hompc, (Prx @R, Prw, T(X) @p, me(Y))
=5 Homp(g), (Paw, 7e(X) @, mu(Y))
LI Hom gy, (Pr s, 74(Z))
induced by W. ]

As a direct consequence, we get a description of the E?-page of the homotopy
fixed point spectral sequence.

THEOREM 5.14. Let G be a compact Lie group and let R be a commutative
orthogonal ring spectrum. Moreover, let p: X ARY — Z be a pairing of R-modules
in orthogonal G-spectra. Assume that R[G]. is projective as an R.-module. Then
there is a natural isomorphism

E?; ((M.(X)) 2 Extig), Ry, m(X))

—4,%
of R.-modules, for each integer i. The pairing

P2 B2, (M(X)) @r, E2; (M.(Y)) — E2

—1,% — 7% —i—j,*(

M,(Z))
is giwen by the cup product

— i Extipg). (R, (X)) @r, Extlyg (Re, m(Y)) — Extiily (R.,m.(2))

associated to the R|G].-module pairing p.: 7. (X) ®g, m(Y) = 7(Z), in Ext over
the Hopf algebra R[G]..

ProOF. By Proposition (.13 the first page of the spectral sequence, together
with its d'-differential, is identified with the chain complex Hompg(qy, (P s, 7+ (X))
where (P, ., 0) is a projective resolution of R,. It follows that the E*-page is given
by the homology of this chain complex, which by definition is the graded R.-module

B2 (X) 2 Extiyg, (R, m(X)).
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Let us now identify the multiplication on the FE?-page with the cup product.
Let f: P, — m(X) and g: Pj, — m(Y) be (graded) R[G].-module homo-
morphisms with f0;11 = 0 and g0j4+1 = 0. They correspond to i- and j-cycles
in Hompgjg), (Ps«, m«(X)) and Hompq, (P «, 7<(Y')), respectively, with homology
classes [f] € E?; ,(X) and [g] € E*; (Y). The pairing of E*-pages sends [f] ® [g]
to the homology class in E2 k.+(Z) of the k-cycle given by the composite (graded)
R[G]+-module homomorphism

Pow 24 P g, Py 1295 1.(X) @5, m(Y) L5 1(2).
The verification that p.(f®g)¥; ; is a k-cycle uses the fact that ¥; ; is a component
of an R[G].-module chain map ¥: P, , — P, . ®g, Pi ., so that
U, i0kt1 = (0i1 @)W1 + (1 ®0j41) ¥ jy1-
This is the definition of the cup product
— 1 Extpig), (B, m(X)) @R, Extygy, (Re, 7 (Y)) — Extyiq), (Rs, m2(2))
associated to the pairing p.. See Section O

REMARK 5.15. A well-known consequence of the comparison theorem [ML95]
Thm. I11.6.1] is that

Extiye, (Re, (X)) = H' (Hompg), (Pes, me(X)))

can be calculated with any projective R[G].-module resolution P, of R,, not
necessarily the one introduced in Definition 5.8 Likewise, by Proposition [Z31] the
cup product can be calculated with any R[G],-module chain map

U: Piw — Py @R, Pix
lifting R, = R, ®pr, R., not necessarily the one induced by a given diagonal ap-
proximation D.
EXAMPLE 5.16. When G is finite,
RG] = R.[G] = ZIG] @z R,

any projective Z[G]-module resolution Q. of Z induces up to a projective R.[G]-
module resolution P; , = Q. ®z R, of R,, and any Z[G]-module diagonal approxi-
mation ¥: Q. — Q. ®z Q. induces up to an R, [G]-module diagonal approximation
U1 Py =Q®z R = Qu ®z Qi ®z Ry =2 Py, ®r, Py Hence there is a

natural isomorphism
Exth, (6] (Ros 7. (X)) 2 Exthy (Z,m, (X)) = H'(G, 7. (X))

identifying the E2-page of the G-homotopy fixed point spectral sequence with the
group cohomology of the G-module m,(X), and this identification is compatible
with the cup product structure on both sides.

EXAMPLE 5.17. When G = T is the circle group, we showed in Proposition [3.3]
that
R[T]. = R.[s]/(s* =7s) and R[T], = R.{s}.
As we discussed in Definition [5.8] the normalized bar resolution gives a (minimal)
resolution P, . = NB.(R., R[T]., R[T].) of R., with

P, = RT]. @g. RT]. = R[T].{p:}.
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Here p; = s®---®s®1 = [s]|...|s]1 has homological degree i, internal degree |p;| = i
and total degree ||p;|| = 2¢, for ¢ > 0. The differential is given by
9i(pi) = pi—1((i = L)n + (=1)'s)

for ¢ > 1. This means that P, , is not strictly equal to the resolution P, specified at
the beginning of Section 28] with P; = R[T].{p;} and 9;(p;) = pi—1(s+(i—1)n), due
to the sign (—1)? before the contribution from the last face operator. However, the
two resolutions are isomorphic, by way of the chain map sending p; to (—1)i(i+1)/ 2p;
for each i > 0. Even without this isomorphism, we are free to use P, to calculate

Extgp), (Rs, (X)) as the homology of Hompgyr), (Ps, (X)), and that calculation
was essentially done in Section For each b > 0 the rule

x»—>fb~x:—<pb’_>x>

DpS — TS

defines a bijection ¥ 77, (X) = Hompy), (Hom(P,, 7,(X))), and the boundary on
such an element is given by

O (fo-z) = {

—(=Dl=lfy g - as for b > 0 even,
— (=)l fyyq -x(s+n)  for b>1 odd.

Hence we can compute the homology as

fo-ker(s: m(X) = mig1(X)) for b=0,

, I ker(s 4+ n: e (X) = mip1(X))
Ext gy, (B, 7 (X)) = im(s: m_1(X) = m (X))

for b > 1 odd,

 ker(s: m (X) = mg1 (X))
" im(s 4+ n: me_1(X) — (X))
Please compare with Proposition 2:39] Lemma 240} and Proposition
For a description of the cup product, we can use any chain map ¥ : P, —
P, ®g, P, lifting the identity on R,. Such a map is given in Lemma 247 so that
we can compute the cup product as

for b > 2 even.

fbl‘x\-/be'y:fleer‘x@y-

Please compare with Lemma2Z49 Formally writing the class of f,-x as t*-z, we can
then express Ext gy, (R«, 7«(X)) as the homology of the differential graded R[T].-
module

T (X)[1]
with differential given by d(x) = txs and d(t) = t?n, for € 7.(X). Here t has
homological degree —1, internal degree |t| = —1 and total degree ||t]| = —2.

5.4. The odd spheres filtration

In the important case G = T, the circle action on odd-dimensional spheres
provides a pleasant alternative model for EG. For each i > 0 let S(iC) = S§%~1
be the unit sphere in iC = C?, with the standard, free T-action. We obtain an
exhaustive filtration

PcS(C)c---cSHEC)cC S((:+1)C) C--- C S(coC)
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of free T-spaces. Here S((i + 1)C) is obtained from S(¢C) by attaching a free T-
equivariant 2i-cell D% x T along the group action map

%71 % T2 S(iC) x T — S(iC),

so that S((i + 1)C) is the 2i-skeleton in a free T-CW structure on S(coC). This
filtered model for a free, contractible T-CW complex was used in [BRO5, §2] to
discuss the T-homotopy fixed point spectral sequence.

There are well-known T-equivariant homeomorphisms

S((i+1)C)=Tx*---xTx*T

with (i41) copies of T, where * denotes the join of spaces. These homeomorphisms
are compatible for varying i > 0, and S(coC) is isomorphic as a filtered space to
Milnor’s infinite join construction from [Mil56], for G = T, which we denote by

EG=G+«G*«G=*....

The identifications made in the iterated join are included among those made in
geometric realization. Hence the structure map A’ x G x G — EG factors through
a G-map
q:Gx---xGxG — F,EG

with (i 4+ 1) copies of G, collapsing degenerate simplices. These are compatible for
varying 4, yielding a G-map ¢: &G — EG. As explained in [Seg68| §3], the Milnor
join construction is a special case &G = EGy of the two-sided bar construction for a
topological category Gy, and there is a continuous functor Gy — G inducing the G-
maps ¢; and g. It follows that the filtration-preserving diagonal approximation
Dy: EGy — EGy x EGy constructed in [Seg68, Lem. 5.4] is compatible with the
diagonal approximation D: EG — EG x EG that we have used in the present
memoir. In particular, the T-map

¢': F(ET4,X) — F(ET,, X) = F(S(c0C) 4, X)

maps our multiplicative sequence M, (X) to the multiplicative tower used in [BRO5],
§4]. Furthermore, for G = T the G-maps ¢; and g are equivalences, so that the
two multiplicative towers of orthogonal G-spectra are equivalent. Hence they give
isomorphic T-homotopy fixed point spectral sequences, converging to the same mul-
tiplicative filtration on the abutment.

A similar discussion applies for the 3-sphere G = U = Sp(1) acting on the unit
spheres in iH = H, showing that S(ccH) = &U is a perfectly good alternative
filtered model for EU.
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CHAPTER 6

The G-Tate Spectral Sequence

Given an R-module X in orthogonal G-spectra we can define its G-Tate con-
struction as the genuine fixed points

X' = (EGAF(EG4, X)),

where EG is the mapping cone of the collapse map EG — S°. In this chapter we
construct an R,-module spectral sequence

B!, = m.(X'0)

with abutment the G-equivariant homotopy groups of EGAF (EG4, X), for any
compact Lie group G. We do this by letting the filtration F, induce a filtration E,
of R A\ EG and consider the so-called Hesselholt—Madsen filtration

HM,(X) = (EAg T(M(X))).

obtained by forming a convolution product. Under the assumption that R[G].
is finitely generated and projective over R, we show that the resulting spectral
sequence EA’;*(X) = B ,(HM,(X)) is multiplicative, as a functor of X, with mul-
tiplicative abutment. With the same assumptions we also algebraically identify
the E%-page as
E2.(X) = Extpg), (R, m(X),

with the multiplicative structure given by cup product on the right-hand side.
See Theorem To say something about the convergence of this spectral se-
quence we compare the Hesselholt—-Madsen filtration to another filtration GM, (X)
of EG A F(EG4,X), dubbed the Greenlees—May filtration. While the multiplica-
tive properties of the Greenlees—May G-Tate spectral sequence are less clear, it is
easy to obtain convergence results for the latter spectral sequence. By the compar-
ison we can then also obtain convergence results for the Hesselholt-Madsen G-Tate
spectral sequence. See Section [6.6] and in particular Theorem

6.1. The filtered G-space EG

As always, let G be any compact Lie group. Let c: EG, — S° denote the
based and G-equivariant collapse map, and define

EG =S"UC(EG,)
to be its reduced mapping cone, as in [Car84l p. 198] and [GM95] p. 2]. Non-

equivariantly, ¢ is an equivalence, so EG is (non-equivariantly) contractible. For
1 >0 we let

F,EG = S°UC(F,_1EG,)

101
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102 6. THE G-TATE SPECTRAL SEQUENCE

be the mapping cone of c¢ restricted to F;_1 EGy, where F;_1 EG is defined as in
Section 5.1l For ¢ < 0, we set F; EG = *. This defines an exhaustive filtration
(6.1) *:F_lfﬁJCSO:FOEEJC--'CFi_lf?ECFiEC/JC---CEC/J

of based G-spaces. Each map FHE?; — FlE\CJJ is a strong h-cofibration, so this is
indeed a filtration, as opposed to simply a sequence. Moreover, there are homeo-
morphisms

F, 1EG " “F_,EG
for ¢ > 1. Per Theorem [£.17] each pushout-product map
F, 1EG A F,EGUF,EG A F;_1EG — F,EG A F,EG
is a strong h-cofibration, with cofibre
FE\E At E\E
F, «EG F;EG

FEG wFi1 EG

REMARK 6.1. When G is finite, FZ/E\C/T' gives the i-skeleton of a based and non-
free G-CW structure on EG. When G = T = U(1), FyEG = S° is the O-skeleton,
while F,L./E‘\é for 7 > 1 is the 2¢ — 1-and 2i-skeleton of a G-CW structure on EG.
Similarly, when G = U = Sp(1), FZ/E\C/T' gives the 41 —3-, 4i—2-, 4i—1- and 4i-skeleta
of a G-CW structure.

REMARK 6.2. For G = T, the G-equivalences ¢;—1: S(iC) — F;,_1EG from
Section [5.4] induce G-equivalences §;: S°C — FZ-E\C:*, where we identify the one-
point compactification S*C with the mapping cone S°UC(S(iC), ). Hence we have
a G-equivalence from the exhaustive filtration

% — 80 .5 GUC  gi€ Ly gooC

SOO(C

to (G.J]), showing that we may use as a filtered replacement for EG , if desired.

We give EG A EG the (convolved) smash product filtration, with
F((EGNEG)= | | F.EGAFEG.

i+j=k
The identifications S°AEG = EG = EGAS° agree on S°ASY = S9 hence combine
to a fold map
V: EGUg EG=EGAS°US° A EG — EG.
We seek a G-map N: EGAEG — EG extending V, so that the diagram

EGAS°US°AEG —— EGAEG

\_LN

EG

commutes. For these pairings to induce pairing of spectral sequences, we must
arrange that N is filtration- preserving. We do not know how to give a direct
definition of such an extension N: EG A EG — EG in analogy with the explicit
diagonal approximation D: EG — EG x EG. Instead we will use obstruction
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theory to show that such a filtration-preserving extension N of V exists after base
change to our ground ring spectrum R, assuming that R[G]. is projective over R,.
See Proposition

DEFINITION 6.3. Let
E=RAEG and E;=RAFEG.
Each map Ei,l — El is a strong h-cofibration, so that E* is a filtration
—E; 1 —E; — Ejy —> ...
of R-modules in orthogonal G-spectra. Here El =x for i <0, Eo = R, and
Eo = Tel(E,) ~¢ E.
Since EG is non- equivariantly contractible, 7. (FE ) =0.

Applying non-equivariant homotopy we obtain the following unrolled exact
couple

s —— o (Ei_q) —>7r*~ _ ..
(6.2) S5 ?
W*(Ei—l %Ei)

with O of total degree —1. Recall the R[G].-module resolution (P .,d) of R,
introduced in Definition B8

DEFINITION 6.4. Let (ﬁ**, 5) be the mapping cone of the augmentation
€: Py — R,
in the sense of Definition Z.13]

Explicitly, we have

)

]31'*%’ R, fori=0
Pi—17* fOI"LZl

with boundary 0: 152,k — 131-_17* given as

~ o Je(x) fori=1
Ow) = {—3(:16) for ¢ > 2.

We note that ]5** is an exact complex of flat R.-modules, by our standing as-
sumption that R[G]. is flat. If, furthermore, R[G], is finitely generated projective
over R,, then so is each P ..

LEMMA 6.5. If R[G]. is flat over R., then the (E',d')-page of the non-equi-
variant homotopy spectral sequence
Eil’* = 7Ti+*(EZ‘,1 — El)
associated to E, is isomorphic to (ﬁ**,g) In particular, the spectral sequence
collapses at the E?-page, where it is given by

E?=E®=0
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PROOF. Note that E is the mapping cone of the collapse map 1 Ac: E — R
and can be viewed as the pushout

&=

ANE
E.

f e {01} T ST =51 =5

of the unit interval I = [0, 1], where I = {0, 1} sits in filtration degree 0. Let L, (R)
be the non-negative filtration consisting of copies of R and identity maps between
them. We then have a pushout of filtrations

— 1

1Ace

%

=

—
Let I, be the filtration

E, —— (INE).
(6.3) lm |
L.(R) —— E,

with colimit being the pushout square above. That this is indeed a pushout of
filtrations can be checked in each filtration degree separately, noting that
(I/\ E)k =0INE,UINE,_1=E,UCE,_;.

It follows as in Lemma that we have a commutative square of associated chain
complexes

(6.4) Py ——0lL,®P,,——1,®P.,
R, El,.

Here R, is the chain complex consisting of R, concentrated in homological degree 0,
and I, is the reduced cellular chain complex

0 — Z{i1} 25 Z{ig} — 0

of I, with 0 (i1) = ip. Both iy and i; have internal degree 0, and lie in homological
degree as indicated by their subscript. The chain complex 01, is the subcomplex
given by Z{io} concentrated in homological degree 0. Since the map

P*,*gal*(gp*,* —>I*®P>k,*

is injective, a Mayer—Vietoris argument for the filtration subquotients of ([6.3]) shows
that (6.4) is in fact a pushout of chain complexes. This proves that E* , 1s indeed
the algebraic mapping cone of e: P, , — R,, by the definition of the latter chain
complex. (Il

LEMMA 6.6. The (E1 dl) -page of the non- equwamant homotopy spectral se-
quence associated to (E Ag E), is isomorphic to (P* . ®r. P, H0®1+1®0).

PROOF. This is very similar to Lemma G111 O

LEMMA 6.7. The homomorphism m,(E;_1) — m.(E;) is zero, for each i.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6.1. THE FILTERED G-SPACE EG 105

Proor. This follows from the exactness of (Ei Hdh) = (P* +,0), by an induc-
tion on ¢ in the unrolled exact couple ([@2]). The claim is clear for i < 0. Assume by
induction that a: m,(E;_1) — m,(E;) is zero, for some i > 0. Then f3: 7ri+*(Ei) —
]SM is injective. Consider any class # € ;4. (E;). Since 8;(8(z)) = BOB(x) =
exactness at P; , implies that 8(z) = 8,41 (y) = B0(y) for some y € P,y1.,. Byi injec-
tiveness of f it follows that x = 8( ). Since x was arbitrary, 9: PZ+1 o = i (E7)

is surjective, so av: m, (E;) — my(Eiy1) is zero. O

LEMMA 6.8. There always exists an R-module map of orthogonal G-spectra
N:EARE—E

extending V : E Ur E — E, and any two choices are homotopic.

PRrROOF. This follows by obstruction theory, since

EGUEG=EGAS°US°AEG C EGANEG

can be given the structure of a free relative G-CW complex, and m, (E) = 0. O

The above lemma, together with the map Ay : EGy — EG4 AN EG4, makes
sure that the Tate construction is multiplicative, in the sense that a G-equivariant
R-module pairing X Ag Y — Z induces an R-module pairing X' Ap Y¢ — ZtC.
See Section[6.2]1 To arrange that the Tate spectral sequence preserves this structure
we need to make sure that we can find a filtration-preserving approximation of NV,
in the same way as we could find the filtration-preserving approximation of D. The

following proposition addresses difficulties raised in Problem 11.8 and Problem 14.8
of [GM95].

PROPOSITION 6.9. Suppose that R[G]. is projective over R,. Then there exists
a filtration-preserving map

N:(E AR E), — E,
of R-modules in orthogonal G-spectra, extending the fold map
V:E,UpE, = (E,A\g R)U(RAR E,) — E,.

ProoF. We inductively assume that V has been extended to a filtration-
preserving map Nj_1: (E AR E)k | — Ep 1, and show that N,_; can be further
extended to a ﬁltratlon—preservmg map Ny : (E AR E);C — Ek It suffices to extend
Nj_1 over E; /\RE for i,7 > 1 with i4+j = k. In particular, there is only something
to prove for k > 2. Let us consider the diagram

~ ~ ~ Ni 1 ~
Ei 1 ARE;UE; AN E; 1 —5 Fp_4

[k

Ei/Eifl AR Ej/Ejfl
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106 6. THE G-TATE SPECTRAL SEQUENCE

where the left hand column is a (Hurewicz) cofibre sequence. By the homotopy ex-
tension property, in order to find a dashed map IV; ; making the diagram commute,
it suffices to find an extension up to homotopy of ao Ni_1. Let

W=E, 1/Ei 2 AR Ej_1/E; 2 2 RANG" NGy AGNTIAG,
so that 22W = Ei/Ei,l AR Ej/Ej,l. There is then a (stably defined) homotopy
cofibre sequence
W i) Ei,1 AR E'j U Ez AR Ej,1 — 51 AR Ej — E2W
and it suffices to prove that o Ng_100: W — Ek is null-homotopic. We confirm
this by showing that « induces the trivial homomorphism

o [SW, Er_1]G — [SW, ES,

where [—, —]% denotes homotopy classes of G-maps of R-modules in orthogonal G-
spectra. Note that G acts diagonally on the two copies of G4 in W, so that there
is an untwisting isomorphism W = V A G, where

V=RAGNIAGNTIAG,

has trivial G-action. By adjunction we can therefore rewrite the homomorphism
above as

Oyt [EV, Ekfl]R — [E‘/, Ek]R

where [—, —|r denotes homotopy classes of maps of (non-equivariant) R-modules.
By our assumption that R[G]. is R.-projective, it follows that

®

(V)= R[G. ' @n RG.

1
is R.-projective. Hence we can rewrite «, as the homomorphism

Hompg, (57, (V), m(Ex_1)) — Hompg, (S, (V), 7 (Ey))

given by composition with «: 7, (Eg_1) — m.(Er). By Lemma [6.7] that homomor-
phism is zero, which completes the proof. O

DEFINITION 6.10. Suppose that R[G]. is projective over R,. Let
d: -ZS*,* QR, 13*,* — ﬁ*,*

be the R[G].-module chain map that corresponds, under the isomorphisms of
Lemma and Lemma [6.6] to the pairing N! of (E!,d')-pages induced by the
filtration-preserving map N: (E Ar E). — E, of Proposition

LEMMA 6.11. Suppose that R[G|. is projective over R.. Then the map
O ﬁ*v* QR. ﬁ*,* — ﬁ*v*

is uniquely characterized, up to R[G].-module chain homotopy, by being an R[G].-
module chain map that extends the fold map V.

PROOF. By construction, ® extends the fold map, and it follows that this map
is unique up chain homotopy equivalence by Proposition 2.33 O
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6.2. The G-Tate construction

Let X be an R-module in orthogonal G—spectra In this section, we discuss
the Tate construction and its multiplicative properties.

DEFINITION 6.12. The G-Tate construction X1*G is the G-fixed point spectrum
of (a fibrant replacement of) EG A F(EG,,X):

X6 = (ET; AF(EGy, X))G
Note that the homotopy groups
7. (X'9) = 7% (EG A F(EG4, X))
naturally form an R,-module, and that we can write
EGAF(EG4,X) = E Ap Fr(E, X).
The inclusion S° — EG induces a G-map
F(EG,,X)~S5°AF(EG,,X) — EGAF(EG,, X)

and a map of their corresponding G-fixed points X"¢ — X*&. We can write these
as maps of R-modules, using the inclusion R — FE, to obtain a G-map

Fr(E,X) = RAg FR(E,X) — E A Fr(E, X)

and a canonical map
~ G
v: X"C = Fp(E, X)¢ — (E AR FR(E,X)> — X!G

inducing a homomorphism 7, (X"%) — 7, (X'“) of R,-modules.

The Tate construction interacts well with the multiplicative structure on ho-
motopy fixed points we described in the paragraph following Remark [5.5l Note first
that given a pairing p: X AR Y — Z of R-modules in orthogonal G-spectra, the R-
module pairing X"% Agr Y"E — Z"E extends to R-module pairings X ‘¢ Ap Y —
ZtG and XhC AR YG — Z!G | The first is given by a composite

~ G a A ~ G
(E Ar Fr(E, X)) A Fr(B,Y)C 2 (E A Fr(E,X) Ap Fr(E, Y))
1N«

ey (E AR FrR(E Ar E, X \r Y))G
S, (g BB, X A Y))
0ty (E g FulE.2))

The second one is similar, and left to the reader. The two pairings induce R,-module
pairings 7, (X'%) @p, 7 (YY) = 71,.(Z2'C) and 7, (X"Y) @g, m(YE) = 7, (Z9).

1If X is an orthogonal G-spectrum without R-action, the discussion in this section applies
to R A X in place of X.
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108 6. THE G-TATE SPECTRAL SEQUENCE

These pairings are all compatible via the canonical map, meaning that the R-module
diagram

XtG AR YhG XhG AR YhG } XhG AR YtG
yAZS v ZhG v 7tG

and the induced R,-module diagram both commute. Per Lemma 6.8 we can choose

umque (up to homotopy) extension N : E/\RE — F of the fold map V: EURE —
E, in the category of R-modules in orthogonal G-spectra. We can then promote
the two R-module pairings to an R-module pairing X'¢ Ag Y!¢ — Z'C¢ | given by
the composite

(7 rn Fu5,3)) A (B P2, 1))

~ ~ G
2 (E Ar Fr(E,X)Ar E A FR(E,Y))

IATAL

~ ~ G
1ATAL, (E A E Ag Fr(E, X) Ap Fr(E, Y))
G

INIAa

E— (E/\RE/\RFR(E/\RE,X/\RY)>

. a
NAAARL), (E A Fr(B,X AR Y))

~ G
RN (E Ar Fr(E, Z))

These pairings are also compatible via the canonical map, meaning that the R-
module diagram

XtG’ AR YhG’ XtG AR YtG {7/\ XhG AR YtG
\ ZtG /

and the induced R,-module diagram both commute. Taken together, these dia-
grams show that

v XM 5 XY and A, W*(XhG) — ﬂ*(XtG)
are multiplicative. We would now like to access 7.(X*“) and the pairings above
through filtrations and their associated spectral sequences.
6.3. The Hesselholt—Madsen filtration

We can now generalize the filtration of X*¢ from [HIMO3, §4.3] to the case of
compact Lie groups G.

DEFINITION 6.13. Let
HM,(X) = (E Ar T(M(X))),
be the filtration
= HMy 1 (X) = HMp(X) > HMp1(X) — ...
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of R-modules in orthogonal G-spectra given by the Day convolution product of the
filtrations F, and T, (M (X)).

Recall: we introduced the filtration £, in Definition .3, the sequence M, (X)
in Section (2] and its telescopic approximation Ty (M (X)) in Section A3l The
convolution product of E, and T,(M (X)) was defined in Section E7, and is a
filtration by Proposition 3Tl We can realize

HMy(X)= |J EiArT;(M(X))
i+i=k

as a subspectrum of E/\RTel(M*(X)). The structure maps HMj,_1(X) — HM(X)
are then inclusions of subspectra. These are (strong) h-cofibrations, so the canonical
map

Tel(H M, (X)) — colim HM;(X) = E Ag Tel(M, (X))

is an equivalence. Since M,;(X) = Fgr(E, X) for all j > 0 there is a deformation
retraction

Tel(M, (X)) =% Fr(E, X)
and a further equivalence
E Ap Tel(M, (X)) =% E Ag Fr(E,X) = EG A F(EG4, X).

DEFINITION 6.14. Let X be an R-module in orthogonal G-spectra. We de-
ﬁr}e the G-Tate spectral sequence for X to be the R,-module spectral sequence
(E"(X),d") associated to the filtration H M, (X) with

E"(X) = E"(HM,(X))
for each r > 1.
The abutment of the G-Tate spectral sequence for X is the colimit
Ao (HM, (X)) 2 7€ Tel(HM, (X)) = 78 (E Ag Fr(E, X)) = m,(X'),
filtered by the image submodules
Fpmo(X19) = im (n& (HM, (X)) — 7 Tel(HM, (X)) = 7.(X'9)).

REMARK 6.15. In general, we do not claim that the G-Tate spectral sequence
converges to the stated abutment, neither in the conditional nor in the weak
sense. As we recalled in Section 2] conditional convergence to the colimit holds
if holimy, H M (X) ~¢ *. The latter condition would follow from an interchange
of homotopy colimits and homotopy limits. More precisely, for each ¢ > 0 and
integer k, consider the subspectrum

Sar = |J EiArT;(M(X))
i{ri':k

of EAgTel(M,(X)). Then hocolim, Sak ~c HM(X), and the sufficient condition
holimy H My, (X) ~¢ * for conditional convergence is equivalent to

(6.5) hollcim hocolim S, ~¢ *.
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110 6. THE G-TATE SPECTRAL SEQUENCE

On the other hand, holim; E; Ng T;(M(X)) ~¢ * for each i, since FEG is a
finite G-CW space. It follows by induction that holimy S, ) ~¢ * for each finite a,
which implies that

(6.6) hocolim ho}lﬁim Sak G *.

Without further hypotheses we do not see how to deduce (6.5) from (G.6]). (However,
for G = T see [BM17, Lemma 3.16].)

6.4. Algebraic description of £! and E?2

Under the assumption that R[G], is finitely generated projective over R, we
can algebraically describe the E'- and E%-pages of the G-Tate spectral sequence,
in the same way as we did for the G-homotopy fixed point spectral sequence in

Section 5.3

PROPOSITION 6.16. Suppose that R[G]. is R.-projective. There is then a nat-
ural isomorphism of R.-module chain complexes

B!, (HM,(X)) 2 Hompgg). (Rs, P, » ®r, Homp, (Py ., m.(X))).
In the notation of Definition 2I4] and Definition 614, we have
B! ,(X) = Hompg(g), (Ry, hm, (7, (X)),

where the d'-differential on the left hand side corresponds to Hom(1, ) on the
right hand side.

PRrROOF. We first check that the natural restriction homomorphism
(6.7)  w: Bl (HM,(X)) — Homp(g), (R, EL((E Ar T(M(X))).))

from Lemma is an isomorphism of R,-module chain complexes, where H M, (X)
at the left hand side is treated as an R-module filtration in orthogonal G-spectra,
while (E Ag T(M(X))), at the right hand side refers to the underlying R-module
filtration in non-equivariant orthogonal spectra, with the residual R[G]-module ac-
tion. We first note that we have

B (HM(X)) = 7y (HMy 1 (X) — HMy(X))
T (HM(X)/HMg (X))

IR

while
E}L L ((E Ag T(M(X)))s) = Tppe (HMy 1 (X) = HMg(X))
= Mo (H M (X) /H M1 (X)).
Secondly, we note that

HMy(X)/HM 1(X) = \/ Ei/Eiy Ap Ty(M(X))/Tj-1(M (X))

itj=k
= \/ Ei/Ei 1 Ar (M;(X)UCM; (X))
itj=k
~¢ \/ Ei/Ei-1 Ar Fr(E_j/E_; 1,X),
itj=k
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which is moreover G-equivalent to F(G4, X') for
X'= \/ E/E_i A F(G",X).
itj=k
This uses that R[G] is dualisable (see Definition [6.28). Proposition therefore
implies that the natural restriction homomorphism (67)) is an isomorphism in every
homological degree. We check that it is also an isomorphism of chain complexes.
The d'-differential in the spectral sequence appearing at the left hand side corre-
sponds to the composition
17}
Ty (HMy(X)/HMj—1(X)) == miyy (HMy 1 (X))
— Ty (H M1 (X) /H M —2(X)),
which by the naturality of w corresponds to Hom(1,d}, ), where dj , is the d'-
differential in the spectral sequence appearing at the right hand side. This is given
by the composite
b
Tt (H My (X) / H My —1(X)) — Th—144(HMp—1(X))
— 7Tk_1+*(HMk_1(X)/HMk_Q(X)).
Hence ([67) is indeed an isomorphism of chain complexes.
We now want to identify £} , (EART(M(X))),) with the complex hm, (7, (X)).
For this aim, we can use the canonical pairing
v (B, To(M(X))) — (E Ap T(M(X)))s

of R-module filtrations to obtain an R[G].-module chain map of the associated E*-
pages
i EYEL) @p, ENTW(M(X))) — EY((E AR T(M(X)))s)

as in Theorem [£.27] but in the non-equivariant setting. This map is the direct sum
of the maps

Tipn(Bi/ Ei 1) @R, 74 (T3(M (X)) /Tj 1 (M(X)))
— 7Tk+*(Ei/Ei—1 AR Tj(M(X))/Tj-1(M(X)))

for ¢ + 5 = k. Note that each one of these maps is an isomorphism, because
P, . = miwv(E;/E;_1) is projective, hence flat, over R,. We conclude that ¢! is an
isomorphism of R[G].-chain complexes, and thus induces an isomorphism

(6.8) Hom(1,'): Hompay, (R, E*(E,) @, BYNT(M(X))))

—= Hompg), (R., B'((E AR T(M(X))).))

of R,-module complexes.
The equivalence e: Ty, (M (X)) — M, (X) induces an isomorphism

e: BN (T,(M(X))) — E'(M.(X))
of R[G].-module chain complexes, which in turn induces an isomorphism

(6.9) Hom(1,1®¢): Hompqy, (Re, EY(E) ®@r. EN(TW(M(X))))

= Hompq, (Ra, EY(E,) @r, BY(M,(X))),
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of R.-module chain complexes. Finally, we have
B} (M (X)) = mj(Fr(E—;/E-j-1, X)) = Hompg, (P_j., (X))

as R[G].-modules, because m_;.(E_;j/E_;j_1) & P_;, is R.-projective. The d'-
differentials correspond to 9 and Hom(9, 1) by the argument in the proof of Propo-
sition (.13l Hence we have an isomorphism

(6.10) Hompycy, (R., B! (E,) ®g. B! (M,(X)))
= Hompgjq, (Rx, ﬁ*,* ®r. Homp, (Ps,., m.(X)))
of R.-module complexes.
When strung together, the numbered isomorphisms (67) through (GI0) es-
tablish the asserted identification of the G-Tate spectral sequence (E!,d!)-page

for the orthogonal G-spectrum R-module X with the Tate complex for the R[G].-
module 7, (X). O

THEOREM 6.17. Let X be an R-module in orthogonal G-spectra, and suppose
that R[G)« is R.-projective. Then there is a natural R.-module isomorphism

B, (X) = B} (HM.(X)) = Ext i), (Ru, . (X)),
for each integer 1.
ProoF. This is immediate by passage to homology from Proposition[6.16l Here

we are using the definition of Hopf algebra Tate cohomology given in Definition 2.15]
O

We now go on to discuss the multiplicative structure of the Tate spectral se-
quence. Let u: X AgY — Z be a pairing of R-modules in orthogonal G-spectra.
As discussed in the paragraph before Theorem 5.6, the diagonal approximation D
and p combine to define a pairing fi: (M, (X), M, (Y)) = M, (Z) of sequences of R-
modules in orthogonal G-spectra. By Lemma [£.2T] we have an induced pairing

T(p): (T(M (X)), T(M(Y))) — T.(M(Z))
of filtrations. By Proposition there is also a pairing of filtrations
N: (B, E,) — E,
which extends the fold map. Hence (E*, N) is a multiplicative R-module filtration
in orthogonal G-spectra. We can now form the induced pairing of convolution
filtrations
0=NAT(n): (HM,(X),HM,(Y)) — HM,(Z).
This has components
97;7]'2 HMZ(X) AR HM](Y) — HMH_]‘(Z)
given by the union over i; + iy =4 and j; + j2 = j of the composite maps
Ei, Ar Ty (M(X)) Ar Ej, Ag Tj (M(Y))

1IAT i i
T By Ar Ejy AR Tiy(M(X)) A Ty (M(Y))

Niy i, ANT([1)ig,5 ~
171—(“)22> Ei +ji Nr Ti2+j2(M(Z))

L HM, 4 (2).
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Viewing HM;(X) as a subspectrum of E A Tel(M, (X)) (and similarly for Y and Z
in place of X)) the maps 6; ; are compatible with the composite map

EAg Fr(E,X)Ar E Ag Fr(E,Y) 222% EAg E Ap Fr(E,X) Ar Fr(E,Y)

Y EArEAR FR(EARE, X ARY)

NS E AR FR(EAR B, X ARY)

AP BAg Fr(E, X ARY)

e B Ar Fr(E, Z).

This is G-homotopic to the corresponding map with A in place of D, which defines
the product

0,: (X)) @r, (YY) = 71,(2°)
that we introduced in Section[6.2l Hence this product is filtration-preserving, taking
Firo(X'C) @p, Fjm (YY) to Fym(ZC) for all i and j. We write 6, for the
induced pairing of filtration subquotients.

THEOREM 6.18. Let u: XARY — Z be a pairing of R-modules in orthogonal G-
spectra, and assume that R[G]. is projective over R.. The pairing

0=NAT(n): (HM,(X),HM,(Y)) = HM,(Z)
of filtrations induces a pairing of G-Tate spectral sequences
0: E*(X)@r, E*(Y) — E*(2Z)

in the sense of Definition B9, Moreover, the induced pairing 0% of E*-pages is
compatible with the pairing 0. of filtration subquotients, in the sense of Proposi-

tion 4,12
PRrROOF. This is a direct consequence of Theorem [£.27] O

COROLLARY 6.19. If (X,u: X Ag X — X) is a multiplicative R-module in
orthogonal G-spectra, then (HM,(X),N NT(f)) is a multiplicative filtration, and
the G-Tate spectral sequence

(E"(X),d") = (E"(HM.(X)),d")
is a multiplicative spectral sequence with multiplicative abutment 7,(X%).
Proor. This follows from Corollary O

PROPOSITION 6.20. Let u: X AgrY — Z be a pairing of R-modules in orthog-
onal G-spectra and assume that R[G]. is R.-projective. Under the isomorphism of
Proposition [6.16], the pairing

0': EY(X) @gp. E'(Y) — EY(2)

corresponds to the pairing covariantly induced by ®: ]5*7* ®R, ]5*7* — ﬁ*,* and
contravariantly induced by V: Py, . — P, » ®r, Pi«, as in Section 25l

PRrROOF. For typographical reasons we will use the abbreviation
MFIC = Hompqy, (R., M)

in what follows, for various R[G].«-modules M. In the same way as in the proof
of Proposition [6.16, the notation E'(HM, (X)) will refer to the El-page of the
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associated spectral sequence on equivariant homotopy groups, while El((E AR
T(M(X)))x) will refer to the E'-page of the associated non-equivariant spectral
sequence.

We first note some results regarding multiplicative compatibility. Firstly, the
natural homomorphism w is monoidal by Lemma [3.7] so the diagram

EYHM, (X)) @r, E'(HM,(Y)) a EY(HM,(Z))
w®wl’¥
EY((E A T(M(X))),)RIC)-
®R* >~ w
EY(E Ar T(M(Y))),)FIE-
N l R[G).
PUEA M) (B ap T (2) )R-

EY(E AR T(M(Y))),)
commutes. Secondly, by a slight generalization of Lemma .30} the pairing
L ENE,) ®p, ENT (M (X))) — EY(E Ag T(M(X))),)

and its variants for Y and Z in place of X are multiplicatively compatible in the
sense that the diagram

EY(E,) @r, ENT.(M(X)))  1g9re1 EY(E,)®r, E'(E,)
N ®R, B ®r.
EY(E,) ®@r, ENT.(M(Y))) ENT.(M(X))) @r, ENT.(M(Y)))
N'@T(n)!
Vet | El(E*) ®R* El(T*(M(Z)))
EY(E A T(M(X))), . _
(5 Ar TN d EV(E Ap T(M(2))),)
EY((EAr T(M(Y))).)

commutes. Note that, by Definition [6.10] the map

N': EY(E,) ®g. E}(E,) — EY(E,)
corresponds to ®: 15** ®R. ﬁ** — ﬁ** under the isomorphism Ei*(E*) = ﬁ** As
discussed in the proofs of Proposition 425, Theorem and (the non-equivariant
version of) Proposition .13}

T(p)': ENT(M(X))) ®r, BNT.(M(Y))) — BN (T.(M(Z)))
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corresponds to the composite homomorphism
Homp, (Py +, (X)) Qr, Homp, (Py ., m(Y))

-2 Hompg, (Psx @R, P, m(X) @r, T(Y))

(P
2 Homp, (Pyu, e (X) @p. 7(Y))
£ Hompg, (

Pivym(2))

under the isomorphisms
EBY(T.(M(X))) = B'(M.(X)) = Homp, (Py ., m(X))

and their variants with Y and Z in place of X.
Combining all of these results, we have shown that 6' corresponds to the com-

posite

(., (X)) ¥ @p, hm(m (Y) M 5 (hn, (r.(X)) @ g, hm (. (Y)) HE-

1878 (P, ©p, P.. ©g. Homp, (P, ., m.(X)) @g, Homp, (P. ., m.(Y)))H5:

1®1®Oé} (ﬁ*,* R, ﬁ*,* R, HOmR* (P*,* R, P*7*77T* (X) DR, T« (Y)))R[G]*
2 (P, ©p, Homp, (P ©p, Poey 1a(X) @, m.(¥))) M)

2OV b, (1 (X) @, (Y)) R

S22 i, (. (2)) 7O,
where we have abbreviated
hm, (7,(X)) = P..» ®, Homp,_ (P, 7. (X)).
Note that this is the pairing that induces the cup product, as in Section (]

THEOREM 6.21. Let u: XARrY — Z be a pairing of R-modules in orthogonal G-
spectra, and assume that R[G]. is R.-projective. Then the pairing

0°: B} (HM.(X)) ®g. E} (HM,(Y)) — E7_; (HM.(Z))

7%

of G-Tate spectral sequence E?-pages corresponds, under the isomorphism of The-
orem [6.17], to the cup product

— i

———1,% e
~— EXtR[G]* (R*, T (X)) ®R* EXtR[G’]* (R*, Ty (Y)) — EXtR[G] (R*, 71'*( ))
associated to p.: T (X) @p, m(Y) = m(Z).

PRrROOF. This is immediate by passage to homology from Proposition [6.20l See
Section for the definition of the cup product in Hopf algebra Tate cohomology.

O

COROLLARY 6.22. If (X, pn) is a multiplicative R-module in orthogonal G-
spectra, then the product in E?(X) = E>(HM, (X)) corresponds to the cup product
in BExtpq, (Re, m(X)) that is associated to the product . in m.(X).

Note independence of the particular choices of maps D and N, since the re-

sulting chain maps ¥ and ® are unique up to homotopy, per Proposition 2.31] and
Proposition 233
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6.5. The Greenlees—May filtration

Greenlees |[Gre87, §1] spliced the filtration F,EG with its Spanier—Whitehead
dual to obtain a sequence of G-spectra

- — D(FREG) — D(FEG) — S — S°FEG — S°FEG — -+ -
with mapping telescope equivalent to EG. The induced sequence
-+ D(FLEG) AF(EG4,X) = S®°F(EG,,X) - FFEGAF(EG,,X) — -

was used in [GM95], (9.5), Thm. 10.3] to define a spectral sequence with abutment
being the homotopy groups of the G-Tate construction on X. In this section, we
will define a spliced filtration GM, (X ) with a map to the Hesselholt—Madsen filtra-
tion HM,(X), and show that the induced map of G-homotopy spectral sequences

E"(X) = E"(GM, (X)) — E"(HM, (X)) = E"(X)

is an isomorphism for r > 2. Thereafter we show that GM, (X) is equivalent to the
spliced sequence of Greenlees and May, at least for finite groups G. For other com-

pact Lie groups the sequences will differ in the same way that our filtration F*E\C:Y
differs from the G-CW skeletal filtration. See Remark

DEFINITION 6.23. Recall the filtration E, from Definition 5.3 and let GM, (X)
be the filtration of orthogonal G-spectra defined as
Ey Ar To(M (X)) for k>0
GMy(X) = 4 DR o(M(X)) for k>0,
Ey /\RTk(M(X)) for k£ <0.

The structure maps GMy_1(X) — GMy(X) for k > 1 are induced by the maps

Ejy_1 — Ej, in the filtration E,, while the maps for k < 0 are those of T, (M (X)).
We refer to the filtration GM, (X) as the Greenlees—May filtration.

NOTATION 6.24. Let
E"(X) = E"(GM.(X))
denote the G-homotopy spectral sequence associated to the filtration GM,(X).

We now discuss the map of filtrations between the Greenlees—May filtration
and the Hesselholt—Madsen filtration.

LEMMA 6.25. The inclusions Ex AR To(M(X)) = (EART(M(X)))g for k>0
and Eg Agp Ty (M (X)) — (E Agr T(M(X))) for k <0 define a map of filtrations

a: GM,(X) — HM,(X)

of R-modules in orthogonal G-spectra. The induced maps of mapping telescopes and
colimits

Tel(GM, (X)) —<— Tel(HM, (X))

:Gl l:G

E A To(M (X)) —S+ E A Tel(M, (X))

are all equivalences.
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PRrROOF. Recall from Section that

HMy(X)= |J EiArT;(M(X))
itj=k
as a subspectrum of E Ag Tel(M(X)). The existence of the filtered map « is then
clear. The vertical maps from mapping telescopes to colimits are equivalences,

since GM, (X) and HM,(X) are both filtrations. The lower horizontal map is also
an equivalence, since the sequence M, (X) is constant for x > 0. |

As a consequence of the above lemma, there is a map
a: B*(X) —» E*(X)
of R.-module spectral sequences.

REMARK 6.26. Recall from Proposition that, under the assumption that
the Hopf algebra R[G]. is R.-projective, we have a filtration-preserving pairing
N: (E,, E,) = E,. However, when (X, u) is multiplicative, the induced pairing

N AT(f): (HM,(X), HM,(X)) — HM,(X)

does usually not restrict to a multiplication on GM, (X). For instance, GM,(X)Ar
GM_y(X) with @ > 0 and b > 0 maps to HM,(X) Ag HM_y(X) and E, Ag
T y(M(X)) in HM,_(X), which is hardly ever in GM,_;(X). Hence GM,(X)
is not a multiplicative filtration, and ET(X ) is not evidently a multiplicative spec-
tral sequence. Nonetheless, we will show that ET(X ) is isomorphic to the G-Tate
spectral sequence E’T(X ) for r > 2, which we showed to be multiplicative in Theo-
rem [.I8 This will then show that (E7(X),d") is also multiplicative, at least for
r>2.

Thinking only about the additive properties of the spectral sequence E’T(X ), we
can safely replace the filtration GM, (X) with a simpler, but equivalent, sequence.

LEMMA 6.27. There is an equivalence from GM,(X) to the sequence GML(X)
with
Ey Ar Fr(E,X)  for k>0,

GM;(X) = {FR(E/Ekl,X) for k <0.

PRrROOF. The equivalences €: Ty (M (X)) — M (X) induce the following com-
mutative diagram.

.= Eg A T (M(X)) — Eg Ag To(M(X)) — Ey Ag To(M(X)) — ...
i —— M _(X) ———— FR(BE,X) —— Ey Ag Fr(E, X) — ...
Here My(X) = Fr(E/E_;—1,X) for k <0. O

We refer to [LMSMB6), §II1.1] for the basic Spanier—Whitehead duality theory
in a closed symmetric monoidal category. In the case of (the homotopy category
of) R-modules in orthogonal G-spectra, we refer to the objects called ‘finite’ by
Lewis and May as ‘dualisable’.
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118 6. THE G-TATE SPECTRAL SEQUENCE

DEFINITION 6.28. For an R-module X in orthogonal G-spectra, let
D(X) = Fr(X, R)

be its functional dual. For dualisable X we refer to D(X) as the Spanier—Whitehead
dual of X. There are natural maps

p: X - D(D(X)) and v: DX ARY — Fr(X,Y),
which are equivalences when X is dualisable.
LEMMA 6.29. Fach term in the filtration E* 18 dualisable.

PRrROOF. We can give G a finite CW structure, with e as a 0-cell. It follows that
the bar construction is a finite G-CW space in each simplicial degree B, (*, G, G) =
G9x @G, so that GMAG, is a finite G-CW space and RAGMAG, is a dualisable R-
module in orthogonal G-spectra. By induction, this implies that E;_; is dualisable,
and therefore the mapping cone El is also dualisable, for each i > 0. (]

LEMMA 6.30. The El-page of the spectral sequence associated to GM!(X) is
the R.-module chain complex with

Ei,* (X) = HomR[G]* (R*7 gy, (ﬂ-* (X)))v
where we use the notation of Definition 216l

PRrROOF. For x < 0 the sequence GM)(X) agrees with the sequence M, (X)
from Section .2 so (E1(X),d"') for * < 0 agrees with Hompgig), (P—x«, (X)) by
Proposition B.13

For * > 0 the sequence GM! (X)) agrees with the filtration E, Ag Fr(E, X). Its
subquotients for 7 > 1 are of the form (El/El_l) Ag Fr(E, X) with

Ei/Ei,1 = Z(Eifl/Ei,Q) =2 RA Ei(G/\i_l A\ G+)

Let d be the dimension of G. Since G is stably dualisable, with Spanier—Whitehead
dual D(G) ~¢ %G, each subquotient above is equivalent to F (G4, X') for
some R-module X’ in orthogonal G-spectra. It follows from Proposition that

EX(X) = Hompa), (Re, EN(Ey Ar Fr(E, X)))
for x > 1. Here
Ei_ 1 N FR(E,X) = E; Ag Fr(E, X))
Tirs(Ei/Eio1 Ng Fr(E, X))
= 7Ti+*(Ei/Ei71) ®r, T FRr(E, X)
> P, . ®p, m(X)

E}NE, Ag FR(E, X)) = mi 4.
(

N

R

for 1 > 1, since ]3M = 7ri+*(Ei/Ei,1) is projective, hence flat, over R,, and c: £ —
R induces an isomorphism m,(X) 2 7, Fr(E,X) of R[G].-modules. This shows
that (EL(X),d") for x > 1 agrees with Hompgg, (Rs, Py« ®r, m(X)).
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6.5. THE GREENLEES-MAY FILTRATION 119

It remains to verify that d': E}(X) — E}(X) is as asserted. By definition, it
is given by the left-to-right composite in the following diagram.

7 (B1/Eo) Ag X) ——2—— 78(X)

1/\0*\{E c*l

[ 12}
4. ((By/Eo) Ar FR(E, X)) —— 7l (Fr(E, X)) —— n (Fr(Eo, X))
By naturality of w, as in Lemma[3.5] this is obtained from the left-to-right composite

T (B1/Eo) Ap X) —2— 1. (X)

C*J(u

T (Fr(E, X)) —— m(Fr(Ep, X))
by applying Hompg|g), (R, —). Under the isomorphisms above, this is the compo-
sition
]31,* Qpr, m™(X) i ﬁ07* Qpr, m™(X)
~ 1,(X) = Homp, (Ry, m.(X)) - Homp, (Py, 7 (X)).

As we made explicit in Proposition 217 this equals the boundary gm, (m.(X)) —
gmg (. (X)) 0

PROPOSITION 6.31. The filtration-preserving map o: GM(X) — HM,(X)
induces an isomorphism of spectral sequences

o ET(X) = E"(X)
forr>2.
Proor. Comparing Proposition and Lemma shows that
ol BY(X) = EY(X)

is the chain map Hom(1, ) shown to be a quasi-isomorphism in Proposition 2.I§]
Hence o? = H(a',d') is an isomorphism, which implies that a” is an isomorphism
for each r > 2. O

Following [Gre87, §1], we can splice the filtration
R%EO—H@l —>Eg—>...
with the Spanier—Whitehead dual sequence
... — D(Ey) — D(Ey) — D(Eo) = R
to obtain a bi-infinite sequence
(6.11) ...— D(Ey) — D(Ey) — R— Ey — Ey —» ...

of dualisable R-modules in orthogonal G-spectra. This is the sequence [GM95]
(9.5)] used by Greenlees and May to define their Tate spectral sequence, at least
for finite G. For G = T = U(1) or U = Sp(1) they instead repeat each term in
this sequence two or four times, respectively. For other compact Lie groups, the
connection is less direct.
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PROPOSITION 6.32. There is a zigzag of equivalences from GML(X) to the
sequence GM['(X) with

GM!(X) = EkARFR(E,X) for k>0,
M T\ D(E_g) Ag Fr(E,X)  fork <0.

Hence the spectral sequence ET(X) is isomorphic to the Greenlees—May Tate spectral
sequence [GM95], Thm. 10.3] for 7€ applied to the sequence GM! (X).

PROOF. The zigzag of equivalences connecting GM)(X) to GM/(X) consists
of identity maps for x > 0. For x < 0 it takes the following form:

...—— Fr(E/Ey,X) —— Fr(E/Ey, X) —— Fp(E, X)

~a ~a =

..— > FR(EUCE,,X) —— Fr(EUCEy, X) —— Fp(E, X)
A* | ~a A* |~ Ar | =

.. —— Fr(Ey Ag E, X) — Fr(Fy A E,X) — Fr(Eo Ag E, X)

v|=a V| ~ag V|

...— D(E2) Ag Fr(E,X) — D(E)) Ag Fr(E,X) — D(Ey) Ag Fr(E, X)

The two top rows are equivalent because each quotient map EUCE;_y — E/E;_;
is an equivalence, since E;_; — E is a (strong) h-cofibration. The equivalence

between the middle two rows is induced by the map A of mapping cones associated
to the diagonal equivalence A: F; 1 — E; 1 Ar E:

E;,_1 E FUCE;_4

b

B ApE-2Y RARE—E;ArE.

The lower two rows are equivalent because each E; is dualisable by Lemmal[6.290 [

REMARK 6.33. Our comparison of the Hesselholt—-Madsen Tate spectral se-
quence

E"(X) = E"(HM,(X))
and the Greenlees—May Tate spectral sequence
E"(X) = E"(GM,(X)) = E"(GM, (X)) = E"(GM]/(X))

is a little different from that of [HMO3], Rmk. 4.3.6], since we obtain the Greenlees
sequence GM! (X) by splicing the two perpendicular edges (i = 0,5 < 0) and
(i > 0,7 = 0) of the bifiltration

HM; ;(X) = Ei AR Tj(M(X)) ~c Ei AR Fr(E/E_j_1,X),

while Hesselholt and Madsen first invert a quasi-isomorphism, so as to position
both halves of the Greenlees sequence on the line j = 0.
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REMARK 6.34. In the case of the circle group G = T we can work over R =S
and use the odd spheres S((k+1)C) to filter ET = S(coC), so that Ej = S*C equals
(the suspension spectrum of) a representation sphere. Then D(E_;,) = D(S+C) =
S*C is a virtual representation sphere for each k < 0. For brevity, let us also
write B, for the latter T-spectra, so that {E}j}rez is the bi-infinite sequence (G.1T)),
with cofibre sequences Ej_1 — Ej, — X2~1T,. The Greenlees May spectral
sequence associated to the sequence

E,AF(ET,,X)
of T-spectra has E'-page
B LX) = 7 (55T, A F(ET,, X)) 2 1 (X)

for each k € Z, which we can formally write as t~* - 7,(X) with ¢ in bidegree
(—=1,—1). As remarked earlier, we may reindex the filtration and spectral sequence
so as to put ¢t in bidegree (—2,0), in which case E%,M(X) ~ ¢t7F . 1 (X) and
E3. (X) = 0. Maunder [Mau63, Thm. 3.3], as well as Greenlees and May
[GM95, Thm. B.8], prove that the latter spectral sequence is isomorphic to one
associated to the tower of T-spectra

...— ETAF(ET,, X" — ETA F(ET,, X*) — ...

Here {X*}, denotes a T-equivariant Whitehead tower for X, with homotopy fibre
sequences X‘t! — X — YHr,(X). The latter spectral sequence is indexed so
that

B2 (X) =7l (BT A F(ET,, S Hry(X))) = m (Hry (X))
for each integer ¢. In particular
Top(Hmo (X)) 2 t7F . 1(X) and  mop—1 (Hme(X)™) =0,

so that, formally, 7. (Hme(X)'T) = 7y(X)[t,t~1]. Furthermore, Greenlees and May
argue that the latter spectral sequence is multiplicative, with respect to some topo-
logically defined pairings of the form

T (Hm (X)) @ o (Hy (Y)'T) — m(Hrr(2)'7).

However, as is implicit in [GM95| Prob. 14.8], they do not establish that these
topological pairings agree with the evident algebraic pairings

m(X)[t T @ (V[ 7] — mis (2)[ 7).

Hence they do not assert that the isomorphism E? (X) = m,(X)[t,t!] takes the
topological product to the algebraic product. In particular, the higher differentials
in this spectral sequence are known to obey a Leibniz rule, but conceivably not
with respect to the most evident algebraic product.

Nonetheless, we can confirm directly that the first differential in each of these
spectral sequences is a derivation with respect to the algebraic product. To express
this, we return to the indexing used elsewhere in the memoir, i.e., to the Greenlees—
May spectral sequence EQ*(X ). Up to the technical issue we have pointed out
about compatibility of product structures, the following result is due to Hesselholt
[Hes96| Lem. 1.4.2].
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PROPOSITION 6.35. Let X be any orthogonal T-spectrum, so that m.(X) is a
right S[T|.-module. There is a natural isomorphism

B (X) = m (X)[t,t7]

with t in bidegree (—1,—1), such that d*: E%*(X) — Ev,i_lj*(X) corresponds to the
differential d: t=F - 7,(X) — t=F*+1 . 1,(X) given by

d(t_k ‘2) = t:’;ﬂj - xS for k even,
t™* e x(s+n)  fork odd.

PrOOF. By naturality of the Greenlees—May spectral sequence with respect to
T-maps z: BS[T] — X, corresponding to homotopy classes x € m(X), it suffices
to prove the result in the case X = S[T] and z = 1 € 7o(S[T]).

Consider the case X = HZ[T]. We have 7.(HZ[T]) = Z{1,0} and HZ[T|'T ~ %
since HZ, as a T-spectrum, is induced up from HZ. For bidegree reasons the T-Tate
spectral sequence must collapse to zero at the E2-page, which forces

dit™F 1) = £t . o

~

Here, we can iteratively fix the sign of t~* implicit in the identification Evé*(X) =

t=F . m,(X) so that each of these signs is a plus. By naturality with respect to the
Hurewicz homomorphism S[T] — HZ|T] it follows that

dt7F - 1) =t7%1. s modtFH .y

in the T-Tate spectral sequence for S[T|, since 1 (S[T]) = Z{s} & Z/2{n} with the
Hurewicz homomorphism mapping s to o.

Now consider the case X = S with trivial T-action. The part k& > 1 of the
Greenlees—May spectral sequence maps to the Atiyah—Hirzebruch spectral sequence
for 22(CP$°. Since the 2k-cell in X2C P is stably attached to the 2k — 2-cell by kn,
it follows that

dit™F 1) =t ky
for £ > 2. Similarly, the part £ < 0 receives a map from the Atiyah—Hirzebruch
spectral sequence for D(CP{°), where the —2k-cell is attached to the —2k — 2-cell
by kn, see [Mos68|, Prop. 5.1], so that

dit=F-1) =t ky
for £k < 0, as well. Finally, for k£ = 1 the differential is induced by the composite
T-map
S~'Ey/Ey A F(ET,,S) — Eg A F(ET4,S) — Eo/E_y A F(ET,,S),
which we can rewrite in terms of the counit e: T, — S° and its Spanier—Whitehead
dual D(e): S — D(T,) as

F(ET,,T,) < F(ET,,8) 295 F(ET,, D(T,)).

Passing to T-fixed points, this is a composite
»S ~ S[T"T — s"T — D(T )M ~ S,

which we claim equals 7 € 71(S). This can be seen using the Pontryagin-Thom
collapse t: S© — S€/8°% = %(T,) associated to the embedding T C C, and the
untwisting isomorphism ¢: ¥2(T,) = Y¢(T,). Then ((1 A t): B¢ — X&(T,)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6.6. CONVERGENCE 123

defines a stable T-map S* — T,. The composite (1 At): £S€ — SC has (non-
equivariant) Hopf invariant +1, since the preimages of two generic points in SC are
circles in £5€ with that linking number.

This proves d(t~!-1) = t° - 5 in the T-Tate spectral sequence for S and, by
naturality with respect to S[T] — S, the asserted formulas follow. ]

6.6. Convergence

In this section we use Proposition [6.31] to deduce convergence results for the
Hesselholt—-Madsen spectral sequence E"(X) from corresponding results for the
Greenlees—May spectral sequence E"(X).

LEMMA 6.36. The map of abutments
oot Aoo(GM, (X)) — Au(HM, (X)) = 7, (X'F)
is an isomorphism. Hence the homomorphism
0yt FyAoe (GM(X)) — Fy Ao (HM, (X))
is injective, for each s € Z.

PrOOF. The first assertion follows from Lemma [6.251 The commutative dia-
gram

AS(GM*(X)) — FsAoo(GM*(X)) — Aoo(GM*(X))
As(HM (X)) — FsAoo(HM (X)) —— A (HM, (X))

implies the injectivity assertion. ]

LEMMA 6.37. The spectral sequence
E"(X) = E"(GM,(X)) = m.(X"'%)
is conditionally convergent.

PRrROOF. The spectral sequence associated to GM,(X) is conditionally conver-
gent to the colimit, in the sense of [Boa99, Def. 5.10], whenever holim; GM,(X) ~¢
*. Since the sequences GM,(X) and GM/(X) are equivalent by Lemma (.27 we
may equally well verify that holimy GM.(X) ~¢ *. But

GM.(X) = Fr(E/E,_1, X) = M,(X)

for s < 0, and we saw in Section[E2that holims M, (X) ~¢ *. Hence the Greenlees—
May G-Tate spectral sequence E"(X) is always conditionally convergent. O

LEMMA 6.38. The maps of E*°- and RE*-pages

E>(GM, (X)) — E®(HM, (X))

RE™(GM, (X)) = RE®(HM,(X))

are isomorphisms.
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PRrOOF. Recall from [Boa99l (5.1)] that for each spectral sequence (E",d")
there are filtrations
0=B'cB’cB’c---cz®cz’cz' =FE'
with E" = Z"/B" for r > 1. We set
B* =colim B, Z*=lmZ%, E*=2%/B*, RE®=RlmZ,.

Letting B" = B"/B? and Z" = Z"/B? for r > 2, we obtain a filtration
0=B*cB’c.--cZ°cZ*=F*

with E" = Z"/B" for r > 2. Let
B> = co}qimBr and Z* = liin Z,.

Then B> = B*/B2% while Z°>° = Z>°/B? and Rlim, Z" = Rlim, Z" by the lim-
Rlim exact sequence. Hence E*° =2 Z° /B> by the Noether isomorphism, and
RE> = Rlim, Z".

A map of spectral sequences inducing an isomorphism of EZ2-pages will by
induction induce isomorphisms of B"- and Z"-pages for all r > 2, and therefore
also of B®-, Z>°-, E>- and RE>-pages. |

When X is bounded below, and G is finite or equal to T = U(1) or U =
Sp(1), the E'-pages E'(X) and E'(X) are both concentrated in half-planes with
entering differentials [Boa99] §7]. However, for more general groups G (such as
T x U) the E'-page E’I(X ) occupies a region that is only bounded by a broken
line, and El(X ) may not be bounded in any ordinary sense. We therefore need to
discuss convergence for the spectral sequences E”(X) and E"(X) in the generality
of whole-plane spectral sequences [Boa99\ §8].

DEFINITION 6.39. Let (A, E') be the exact couple associated to a Cartan—
Eilenberg system (H,d). Boardman’s whole-plane obstruction group W is defined
in [Boa99, Lem. 8.5] by an expression

W = colim Rlim K im" A;.
S T
We refer to Boardman’s paper for an explanation of the notation. By [HR19],
Thm. 7.5] there is an isomorphism
W = ker(k)
where
k: colimlim H (4, j) — lim colim H (i, j)
i i
is the interchange morphism, which is always surjective.

While W is defined in terms of the underlying exact couple (or Cartan—Eilenberg
system), Boardman gives the following criterion for the vanishing of W, which is
internal to the spectral sequence.

LEMMA 6.40 ([Boa99| Lem. 8.1]). Suppose that for each m, there exist num-

bers u(m) and v(m) such that for all u > u(m) and v > v(m), the differential
du+1z: Eu+v N Equv

u,m—u —v,m+v—1

vanishes. Then W = 0.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6.6. CONVERGENCE 125

REMARK 6.41. If for some fixed r the E"-page of the spectral sequence is
bounded from the side of entering differentials, in the sense that for each m there is
a number u(m) such that E, = 0 for all u > u(m), then Boardman’s vanishing

u,m—u
criterion is satisfied with v(m) = r —u(m). Hence W = 0 in these cases.

Alternatively, if the spectral sequence collapses at the E"-page, so that d”
and all later differentials are zero, then Boardman’s vanishing criterion is satisfied
with u(m) = r and v(m) = 0. Thus W = 0 also in these cases.

THEOREM 6.42. The spectral sequence
B7(X) = E"(GM, (X))
converges strongly to Aoo(GM, (X)) = 7, (X*F) if and only if RE® =0 and W =0
for this spectral sequence.

PROOF. We saw that E"(X) is conditionally convergent in Lemma[G37l Hence
the statements ‘RE* = 0 and W = 0’ and ‘the spectral sequence is strongly
convergent’ are equivalent by [Boa99l Thm. 8.10]. O

THEOREM 6.43. If the Greenlees—May spectral sequence
E"(X) = E"(GM,(X)) = m.(X'%)
is strongly convergent, then the Hesselholt—Madsen spectral sequence
E"(X) = E"(HM,(X)) = m.(X'9)
is strongly convergent, as well. Moreover, FsAoo(GM, (X)) = FsAx(HM, (X)) for
all integers s.

PRrROOF. We assume ET(X ) is strongly convergent. Explicitly, this means that
the exhaustive filtration (F, Ao (GM,(X)))s of Aso(GM, (X)) = 7. (X*¥) is com-
plete Hausdorff, and the left hand monomorphism S in the commutative square

FoAu(GM.(X))  a,  FyAe(HM, (X))
Fy_ 1 A (GM, (X)) Fy_1 Ao (HM, (X))
6J{2 /5[

EZ(GM (X)) ——=— EX(HM,(X))

o

is an isomorphism. It follows that the right hand monomorphism S is also an
isomorphism. Since the filtration (FsAo(HM,(X)))s is exhaustive, this means
that E"(X) converges weakly to m, (X'?). It also follows that the upper homomor-
phism &, is an isomorphism. By induction, this implies that the map of filtration
quotients

FiA(GM, (X)) =N F A (HM, (X))

FoA<(GM.(X)) | FoAw(HM(X))
is an isomorphism for all integers s < t.

Passing to colimits over ¢, and using the fact that

Qoo Aoo (GM, (X)) — Aso(HM, (X))
is an isomorphism by Lemma [6.36] we deduce that
s Fs Ao (GM, (X)) = FsAoo(HM, (X))
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is an isomorphism, for each s € Z. The filtration (FsAx(HM,(X)))s is therefore
complete and Hausdorff, meaning that ET(X ) converges strongly to 7, (X“). O

Combining these results we obtain the following theorem, which often compen-
sates for the problem that we do not a priori know when E"(X) = E"(HM,(X))
is conditionally convergent, cf. Remark

THEOREM 6.44. If RE> = 0 and Boardman’s vanishing criterion for W from
Lemma is satisfied for the G-Tate spectral sequence E™(X) = E"(HM, (X)),
then this spectral sequence converges strongly and conditionally to Aso(HM, (X)) =2
T (XE).

Note that we are not just assuming that W = 0 for E"’(X ), but that this group
vanishes for the reason given by Boardman’s criterion.

PROOF. Since E™(X) = E7(X) for r > 2, the vanishing of RE* for E"(X)
implies the vanishing of RE> for E"(X). Furthermore, the hypothesis of Board-
man’s criterion for E”(X) implies the same hypothesis for E”(X). Hence E"(X)
converges strongly by Theorem [6.42] which implies that EA’T(X ) converges strongly
by Theorem [643] By [Boa99, Thm. 8.10] strong convergence and the vanishing
of RE* and W imply conditional convergence. O

6.7. Summary: The T-Tate spectral sequence

The main example we had in mind when writing this memoir was G = T.
Note that when discussing the T-Tate spectral sequence for a T-spectrum X one
could really refer to at least? two different spectral sequences: one arising from
the Greenlees—May filtration and one from the Hesselholt—Madsen filtration. The
first has better convergence properties, while the latter has better multiplicative
properties. Fortunately there are quite good comparison results between the two,
as covered in Section

Let us start by summarizing the additive results regarding the Greenlees—May
and Hesselholt—-Madsen versions of the T-Tate spectral sequence. We work over
R =S, and write ® for ®s,. We first note that by virtue of X being a T-spectrum,
there is an action

v X AT 2 XAS[T] — X
which makes X into a right module over the spherical group ring S[T]. The induced
pairing

Vi : (X)) @ S[T], — m(X)
on homotopy groups then gives 7, (X) the structure of a right module over the Hopf
algebra

S[T]. = Si[s]/(s* = ns), |[s] =1.

Here 7 is the image of the complex Hopf map in 71 (S) = Z/2. Note that this Hopf
algebra is finitely generated and projective over S.. We denote the image v, (z ® s)
by xs.

There is a minimal projective S[T],-module resolution P, of S,, with P, =
SIT|{px} and (pr) = pr_1(s + (k — 1)n). Let P, be the mapping cone of the

2There is also at least one more Tate spectral sequence, namely the one arising from a
Postnikov or Whitehead tower of X; see Remark [5.5] and Remark [6.341
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augmentation e: P, — S,. Let the complete resolution ]5* be the fibre product

P, xs, D(ﬁ*), which is obtained by splicing P, with its dual.

THEOREM 6.45 (Greenlees-May—Tate spectral sequence). Given an orthogo-
nal T-spectrum X, there is a filtration GM,(X) of orthogonal T-spectra, and an
associated S, -module spectral sequence

E"(X) = E"(GM.(X))
with abutment
Ae(GML(X)) = 7, (X'T)

filtered by the images im(m.GM,(X) — m.(X'T)). We refer to this spectral sequence
as the Greenlees—May T-Tate spectral sequence for X. The following hold:

E'-page: The E'-page of the Greenlees—May T-Tate spectral sequence can

be written
E!.(GM,(X)) = Homgr), (P., m.(X))

where P, is a complete resolution of S, as a trivial S[T].-module. For the
manimal such resolution we can write

B (GM.(X)) = m (X[t t7]

with t in bidegree (—1,—1), and then d*(t¢ - z) = t*1 . x(s + cn) for all
c€Z and x € m (X).

Convergence: The Greenlees—May spectral sequence converges condition-
ally to the abutment. It converges strongly to the abutment if and only if
the derived E*°-page RE*> and Boardman’s whole plane obstruction group
W are both trivial.

ProoOF. The first statement is Lemma [6.30] combined with Proposition 2.24]
and Proposition [6.351 The second statement is Lemma [6.37 combined with Theo-
rem [6.42) ([

THEOREM 6.46 (Hesselholt-Madsen—Tate spectral sequence). Given an orthog-
onal T-spectrum X, there is a filtration HM,(X) of orthogonal T-spectra, and an
associated S,-module spectral sequence

E"(X) = E"(HM,(X))
with abutment
A (HM. (X)) 2 7. (X'T)

filtered by the images im (7, HM, (X) — m.(X*T)). We refer to this spectral sequence
as the Hesselholt-Madsen T-Tate spectral sequence for X. The following hold:

E'-page: The E'-page of the Hesselholt-Madsen T-Tate spectral sequence

can be written
B}, (HM,(X)) = Homg), (S, P. ® Hom(P,, 7. (X)))

where Py is a projective resolution of Si as a trivial S[T].-module and ]3*
denotes the mapping cone of the augmentation e: P, — S,.

E?%-page: The E?-page is given in terms of Hopf algebra Tate cohomology,
alias complete Ext, as

E? (HM,(X)) = Extgy_(S., m(X)).
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Convergence: If the Greenlees—May T-Tate spectral sequence for X con-
verges strongly, then the Hesselholt—Madsen T-Tate spectral sequence for
the same spectrum also converges strongly. Moreover, the two associated
filtrations of . (X'T) agree.

PRroOF. The first statement is Proposition [6.16], the second is Theorem [6.17],
and the third statement is Theorem [6.43] |

Worth pointing out is that the Greenlees—-May and the Hesselholt—Madsen ver-
sions of the T-Tate spectral sequence are isomorphic from the E2-page and on, per
Proposition 311 In particular, the E?-page of both spectral sequences is given by

B2, (X) = B2, (X) 2 Extgp, (Si, m(X))

—c,* —Cyk
ker(s: my (X) = mq1 (X)) for ¢ even
im(s +n: me—1(X) = me (X)) ’
ker(s +1: 7. (X) = T g1 (X)) for ¢ odd

im(s: me—1(X) = me (X))

where the last isomorphism is the result of the computation of Section

Regarding convergence, we note that Lemma [6.40] gives a criterion, internal to
the spectral sequence itself, for when Boardman’s whole-plane obstruction vanishes.
In particular, if X is bounded below, either version of the T-Tate spectral sequence
is a half-plane spectral sequence with entering differentials (at least from the E2-
page), which guarantees this. In the applications we have in mind, we are in this
situation if we consider topological Hochschild homology X = THH(B) for some
connective orthogonal ring spectrum B.

Let us now summarise the multiplicative structure of the two spectral sequences
discussed.

THEOREM 6.47.

Multiplicativity: The Hesselholt—-Madsen T-Tate spectral sequence is mul-
tiplicative, in the sense that any pairing ¢: X NY — Z of orthogonal
T-spectra gives rise to a pairing ¢: (E*(X), E*(Y)) — E*(Z) of the as-
sociated spectral sequences. Explicitly, ¢ gives rise to homomorphisms

¢ EN(X,) @ ET(Y,) — E"(Z,)

for all v > 1, such that:
(1) The Leibniz rule

T =o' (@ @)+ (1 d)
holds as an equality of homomorphisms
E{(X) @ B (Y) — Efy; ,(2)
foralli,j € Z and r > 1.
(2) The diagram

~ ~ r+1 "
Eri(X)® Erti(Y) £ Ertl(2)

| ;

H(E"(X) @ Er(Y)) 2% H(E"(2))

commutes for all r > 1.
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(3) The pairing
¢*: B*(X,) @ E2(Y,) — E*(Z,)
agrees with the cup product

i i i
~ EXtS[T]* (S*, T (X)) X EXtS[T]* (8*7 T (Y)) — EXtS[T]* (S*, W*(Z))
For r > 2 the same statements hold for the Greenlees—May spectral se-
quence, with E™ in place of E”.
Multiplicative abutment: We have an induced pairing
bu: T(X'T) @ 7, (YT — 7,(2'T)

of abutments with the Hesselholt—Madsen filtrations, which is compatible
with the pairing ¢ of E°°-pages. Explicitly, the diagram

Fim (X') Fm(Y'™) b Fyym(Z7)

Fiam (X)) Fjam (Y') Fipjam(Z27)
B®Bl I@
A00 AOO (z)x AOO
EX(X) @ B (Y) —————— E,(2)

commutes, for all i,j € 7.
If the Greenlees—May spectral sequence is strongly convergent, then the
same statements hold for the Greenlees—May filtrations and E7,.

PRroOF. For the Hesselholt-Madsen T-Tate spectral sequence this is Theo-
rem [6.18 and Theorem The statements about multiplicativity of the E"-pages
and d"-differentials can be transported to the Greenlees—May spectral sequence for
r > 2 by way of the isomorphism of Proposition The statements about multi-
plicativity of filtered abutments carry over to the Greenlees—May spectral sequence
when GM,(X) and HM,(X) induce the same filtration on m,(X'T), which holds
under the hypothesis of strong convergence by Theorem O

Recalling the discussion of Remark .56, in the context of the circle group,
the Hopf algebra Tate cohomology can also be described as the homology of the
differential graded S[T].-module

T (Xt =1
with differential characterised by
d(z) =txs and d(t) = t*n.
Moreover, given a pairing X AY — Z we have an induced pairing 7, (X) @7, (Y) —

7«(Z) on homotopy groups, and the cup product on Tate cohomology is precisely
the one induced by the obvious map

(X[t @ m (VY] — 7 (D))

on homology. By Theorem [6.21], the multiplicative structure on the second page of
(both versions of) the T-Tate spectral sequence corresponds to this cup product. By
Proposition we can formally impose this algebra structure on the Greenlees—
May E'-page, in which case the d'-differential is a derivation, and this lets us extend
the multiplicativity statement for the Greenlees—May T-Tate spectral sequence to
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the range r» > 1, in place of > 2, even if there is no underlying topological source
of the pairing of E'-pages.

REMARK 6.48. Blumberg and Mandell also set up T-Tate spectral sequences
in line with Greenlees—-May and Hesselholt-Madsen in [BM17]; let us elaborate on
how our spectral sequences compare to theirs. While the homotopy theoretical tech-
nicalities are resolved in a different manner to what we have done in this memoir,
the main ideas are the same: their Hesselholt—Madsen filtration [BM17, Section
12] is essentially the same as ours. It is worth noting that Blumberg and Man-
dell prove that conditional convergence for the Hesselholt—Madsen T-Tate spectral
sequence always holds [BM17, Lemma 3.16, p. 38], something that we have not
proved in this memoir. We believe that a similar argument to theirs works to show
that the Hesselholt—-Madsen G-Tate spectral sequence is conditionally convergent
for all compact Lie groups G, but refrain from making any definite statement before
the details are checked.

As mentioned in Section 3] some form of cofibrant replacement of maps is
necessary to solve homotopy theoretical difficulties when dealing with sequences
of spectra. Blumberg—Mandell deal with these by referring to model structures
on such categories, with a focus on h-cofibrations [BM17, Section 6]. While such
model structures do exist, and we also started out trying to solve technicalities
in such a manner, we were ultimately unable to locate a reference for why such
a model structure is monoidal, which is needed for multiplicative structures on
spectral sequences. This was one of the main reasons that we ended up choosing
to work with explicit models for our homotopy colimits (with convenient monoidal
properties), as well as with strong h-cofibrations (so that we can use Theorem [17),
rather than referring to the framework of model categories.
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