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1 | INTRODUCTION

Let y! | RP® ~ BC, be the tautological line bundle over infinite-dimensional real projective
space, let RP® = Th(—my') be the Thom spectrum of the negative of m times y!, and let
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RP% = holim,, RP% . Mahowald conjectured that there is a 2-adic equivalence RP%  ~ S
see Adams [3, p. 5]. More generally, Segal conjectured for finite groups G that there is an I(G)-
adic equivalence (S;)¢ ~ (SG)hG from the fixed points to the homotopy fixed points of the
G-equivariant sphere spectrum. Here I(G) denotes the augmentation ideal in the Burnside ring
of G.

Mahowald’s conjecture, which is equivalent to Segal’s Burnside ring conjecture for C,, was
proved by Lin in [37, Theorem 1.2]. For odd primes #, Gunawardena [21] proved Segal’s con-
jecture for C,, obtaining an /-adic equivalence L%~ S~1. Here L% denotes a homotopy
limit of Thom spectra over the infinite-dimensional lens space L*® ~ BC,. Segal’s conjec-
ture was later affirmed for all finite groups by Carlsson [12], building on May-McClure [45],
Adams-Gunawardena-Miller [4] and Caruso-May-Priddy [13].

In this paper we promote the classical theorems of Lin and Gunawardena to the motivic set-
ting, obtaining 7, ,-isomorphisms S ~ ZLOLS"OO, after (¢, 7)-adic completion, for all primes #.
Here S denotes the motivic sphere spectrum, 7 € 7, 1(S) is the Hopf fibration, and now L =
holim,, L%, , where L%, is the Thom spectrum of a virtual algebraic vector bundle over the
geometric classifying space L* = Bu, of the algebraic group u, of £th roots of unity. More pre-
cisely, L%, = hocolim,, L 2"~! where L} 2"~ = Th(—my}; | L**~')and y;; is the dual of the
tautological algebraic line bundle over L>*~! = (A" \ {0})/u,.

Theorem 1.1. Let S be a finite-dimensional Noetherian scheme, essentially smooth over a field or
Dedekind domain containing 1/¢. There is a ,, ,-isomorphism

A

ep, 1 Sh — (BN ),

Y
in the stable motivic homotopy category SH(S). If S = Speck for k a field, then e?v is a
motivic equivalence.

In other words, we prove the motivic Segal conjecture in its non-equivariant form, in the case
of the algebraic group u,, for any prime #. For ¢ = 2 this is the motivic version of Mahowald’s
conjecture and Lin’s theorem. For # odd it is the motivic version of Gunawardena’s theorem.

Already for S = Spec k in the algebraically closed case k = C, the additional information about
motivic weight has proved to be a valuable new tool for calculational purposes; cf. Isaksen [30]
and Isaksen-Wang-Xu [31]. In the real case k = R, many new phenomena arise; cf. Hill [24],
Dugger-Isaksen [16] and Belmont-Isaksen [7]. Our results are valid even in the arithmetically
most substantial cases of (rings of Z-integers in) number fields. In particular, we have made an
effort to not have to assume that the mod # motivic cohomology groups H** = H**(S;Z/¢) are
finite in each bidegree. Our results enable an analysis of 7z, , (S) by comparison with the homotopy
spectral sequence associated to the tower {Li°2m}m, that is, the motivic Mahowald root invariants,
refining Mahowald [41] and Mahowald-Ravenel [42]. Such applications have already appeared
in Quigley’s papers [54, 55] and [56]. We expect the interplay between the motivic cohomology of
number fields and the Mahowald root invariants to be very rich.

In Section 2 we review from Voevodsky’s article [64] the Hopf algebroid structure of the motivic
dual Steenrod algebra <7, ,, and of its quotients A(n), , = <7, . /I(n). In Section 3 we generalize
the approach of Adams-Gunawardena-Miller from [4, §2], and introduce the A(n), ,-A(n — 1), ,
bicomodule algebras C(n),., = </ ,/J(n) and their localizations B(n), , away from £;. In Sec-
tion 4 we dualize these constructions, following Boardman [8, §3], obtaining the motivic Steenrod
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algebra ¢, its finite subalgebras A(n), and the A(n)-A(n — 1)-bimodules C(n) and B(n). In Sec-
tion 5 we generalize the (small) Singer construction of Singer [60] and Li-Singer [36], obtaining
an «/-module Rg(M) = colim,, B(n) ® 4(,—1) M and a natural homomorphisme : Rg(M) — M for
each «/-module M.

We prove in Theorem 5.8 that Rg(H**) = TLOH**(BS,),,. is a shifted localization of the motivic
cohomology of the geometric classifying space of the symmetric group S, on ¢ letters. In Sec-
tion 6 we recast Adams-Gunawardena-Miller [4, §5] and construct a (large) Singer construction
R,(M) and a natural «/-module homomorphism ¢ : R, (M) — M. We show in Corollary 6.6 that
R, (H**) = ZYOH**(Bu, ), is a shifted localization of the motivic cohomology of the infinite lens
space Bu,. In Section 7 we prove that the evaluation homomorphisms ¢ are Ext-equivalences.
Here we deviate from the Tor-equivalence approach of [4, §2], due to the two-sided nature of
Hopf algebroids.

In Section 10 we construct the tower {L*, },, of motivic spectra, and the mape: S — Zl’OLfoo
to the suspension of their homotopy limit. We show in Proposition 10.10 that the continuous coho-
mology H; ’*(Lf’oo) = colim,, H**(L%, ) isisomorphic as an «/-module to H**(Bu, ), and that
e induces the Ext-equivalence ¢, via the identifications above. The plan is now to compare the
motivic mod # Adams spectral sequence for S with the tower of Adams spectral sequences associ-
ated tothe L%, .Thisworks fine in the presence of sufficient finiteness to ensure that the algebraic
limit of these Adams spectral sequences is again a spectral sequence, as is the case in the classical
setting of Caruso-May-Priddy [13]. However, for base schemes S such that H** is not finite in each
bidegree, this approach can fail. Instead, we form a modified Adams spectral sequence, called the
delayed limit Adams spectral sequence, where any lim!-classes arising from non-exactness are
shifted up into the next filtration degree.

In Section 8 we prepare for this construction by introducing some terminology for motivic gen-
eralized Eilenberg-MacLane spectra, and formulate a finiteness condition, called bifinite type,
which lets us identify the E;- and E,-terms of motivic Adams spectral sequences in algebraic
terms. In Section 9 we introduce the delayed limit Adams spectral sequence in Definition 9.1,
and identify its E,-term as Ext for a continuous cohomology «-module in Proposition 9.2. In
Proposition 9.6 we show that the delayed limit Adams spectral sequence converges condition-
ally, and in Proposition 9.7 we adapt a comparison theorem from Boardman [9] for morphisms of
conditionally convergent spectral sequences. In Section 11 the threads are brought together. See
Theorem 11.1 for the proof of Theorem 1.1.

This article is based on the first author’s PhD thesis [19], guided by the second author.

2 | THE MOTIVIC STEENROD ALGEBRA AND ITS DUAL

Let S be a Noetherian (separated) scheme of finite (Krull) dimension d, essentially smooth over a
field or a Dedekind domain, and let # be a prime that is invertible on S.

Let SH(S) be Voevodsky’s motivic stable homotopy category [63, Definition 5.7], [33] associated
to smooth schemes over S. It is triangulated, and has a compatible closed symmetric monoidal
structure given by the motivic sphere spectrum S = %S, the smash product pairing — A —, the
twist isomorphism y and the function spectrum F(—, —). Let H = HZ /¢ be the motivic Eilenberg-
MacLane spectrum representing motivic cohomology with coefficientsin Z /#. It is a commutative
ring spectrum, with unit map »: S - H and product u: H A H — H. Moreover, H is known to
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be cellular [25, Proposition 8.1], [61, Corollary 10.4], that is, an iterated homotopy colimit of stable
motivic spheres.

LetH, , =, ,(H) = H """ denote the motivic homology and cohomology groups of the base
scheme S. Then HP9 = Qunless 0 < p < min{q + d, 2q}; cf. [18, Corollary 4.4], 25, Corollary 4.26].
For x € 7, ,(X), where X is any motivic spectrum, we refer to t and u as the topological degree and
weight of x, respectively. We write |x| = deg(x) = ¢, wt(x) = u and ||x|| = (¢, u). The cup product
induced by u gives H** = H_,, _, the structure of a bigraded commutative Z/#-algebra. Only the
parity of the topological degree plays a role in bigraded commutativity.

Let o = H**(H) =n_,_,F(H,H) denote the motivic Steenrod algebra, and let & , =
H,,(H)=r,,(HAH) denote its dual. Then <7, , is free as a left H, ,-module, cf. Lemma 2.1,
so the pair (H, ,, <7, ,) admits the structure of a bigraded Hopf algebroid [1, Lecture 3], [47, §1],
[57, Definition Al.1.1]. Its structure maps are the following Z/¢-algebra homomorphisms:

(1) theleftunitn; : H,, — <, , inducedby1An: H=HAS - HAH,

(2) therightunityng: H, , - </, , inducedbynAl: H=SAH — HAH,;

(3) the product ¢ : 7, , @ H, , — A, , induced by (WA AAYyAL): HAHAHAH — HA
H;

(4) thecounite: <7, , —» H, , inducedbyu: HAH — H;

(5) thecoproducty: &, , > o, , Qy ., inducedbylAnAl: HAH=HASAH — HA
HAH=HAH) Ay (HAH);,

(6) the conjugation y : 7, , — <7, , inducedbyy: HAH — HAH.

We use the left and right units to view 7, , asan H, ,-H, ,-bimodule, and — ®;  —in(5) denotes
the bimodule tensor product. '
More explicitly,

A, . = H, [19,71,..., &1, 52,...]/(71.2 —T;]i>0)

is abigraded commutative H, ,-algebra generated by classes z; in bidegree ||7;|| = Qfi—-1,¢71—1)
and ; in bidegree ||£;|| = (2¢% — 2,#' — 1), where
T = &1 + o7 + o710y forsd =2,
: 0 for £ odd.

Here the elements p € H"' =H_; _; and 7 € H%! = H,_, are specified for Z =2 in [64,
Theorem 6.10]. They shall be interpreted to be zero for # odd. In these terms,

(1) the algebra unitis#;;

(2) ng = xny satisfies ng(p) = p and ng(z) = T + piy;
(3) the algebra product is ¢;

(4) the counit € maps each 7; and &; to 0;

(5) the coproduct 1 satisfies

) =1, ®1+ Z §fj®fj and  P(§) = Z ‘ffj®§j,

i+j=k i+j=k

where §, = 1;



1262 | GREGERSEN and ROGNES

(6) the conjugation y satisfies

oo+ Y Ex@py=0 and Y &'xEp=0,
i+j=k i+j=k
and y? = 1.

See [64, Theorem 12.6, Lemma 12.11, Remark 12.12], [66, Theorem 3.49], [58, Théoréme 5.2.13], [27,
Theorem 5.6] and [61, Theorem 10.26] for proofs.

Lemma 2.1. The monomials

E R = eo e] cee r] r2 XX
T8 =17 152 "o

where E = (ey, e;,...) and R = (ry,1,, ... ) range through the finite length integer sequences with e, €
{0,1} and r > O, form a basis for

H, 70,71, ., 61,65, ]
(Tiz =T;|i>0)

Ly =

as a free left H, ,.-module.

Proof. For ¢ odd this is clear. The claim for # = 2 follows from the form of the relations Tl.z =T,
since €1, 741 and 7,&;,; have higher weight than 77. O
Lemma 2.2. The same monomials tF £R
module.

as in Lemma 2.1 form a basis for <7, , as a free right H, -

Proof. Fort > 0let
Flof,, = (P8 | deg(tPEM) 2 1) C o,

be the left H, ,-submodule generated by the monomials from Lemma 2.1 of topological degree
> t. These are also right H, ,-submodules, since €7, = id = eng implies 7, =7z mod Flszi*’* =
ker(e), and F'.o7, , - F'.of, , C F'*'4/, . C F'.d/, . (The first inclusion uses that 7 = T; has topo-
logical degree less than or equal to thatof §;, ;, 7;,; and 7,&;,;.) This defines a decreasing filtration
of &7, , by H, ,-H, ,-bimodules, such that the left and right H, ,-module actions agree on each
filtration quotient
Flo,
gt o, = F—[HDQZ* :

The (cosets of the) degree = ¢ monomials t¥ &R from Lemma 2.1 freely generate this quotient as
a left H, ,-module, hence also as a right H, ,-module. It follows that the degree > 0 monomials
tEER freely generate 4, , as a right H, ,-module, since in any given bidegree F'.<7, , = 0 for all
sufficiently large ¢. O

The classical definitions of [62, §11.3, §VI.4] generalize to the motivic setting.
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Definition 2.3. Forn > —1,letI(n) C </, , be the ideal

on fn—l £
I(n) = (Tpi1s Tpgas s &7 585 0een &0 €1 S o)

generated by 7, for k > n + 1 and by §fj fori>1,j>0andi+ j>n+ 1. NotethatT; € I(n) for
i>n.Let

H, [0, 5 T €15 62 5 €

[
2 2 e gen-1
(‘L’O — Ty e T~ T

A(),., = .. /T(n) = -
-1 n—1° 251 25 LIRALN] n)

2
Ta

be the quotient algebra.

Example 2.4.
I(-1) = (79, 715 » &1, €55 e
1(0) = (11,7355 £1, €55 000)
I(1) = (15,735 -0 gf}’gz,gaa )
SO

A(_l)*,* = H*,*
A(O)*,* = H*,* [TO]/(TS)

AQ),, = H, ,[7, 73, 51]/('[(2) - To’Tf’ gf)

Lemma 2.5. There is a unique Hopf algebroid structure on (H, ,, A(n), ,) making the canonical
projectionm,, . o, , — o, . [1(n) = A(n), . a Hopf algebroid homomorphism.

Proof. The Hopf algebroid structure maps of (H
determined as follows:

A(n), ) are Z/¢-algebra homomorphisms,

k%0

(1) The left unitn; , : H, , — A(n), , is the composite 7, o7 .

(2) Therightunitng,: H,, — A(n),, is the composite 7, o 7.

(3) The algebra product ¢, : A(n), , ® A(n), , — A(n), , is characterized by ¢,, o (7, @ 7,,) =
7, o ¢, and exists because I(n) C 7, , is an ideal.

(4) The counit €, : A(n), , — H, , is characterized by ¢, o 7, = €, and exists because €(x) = 0
for each generator x of I(n).

(5) The coproduct ¢, : A(n),, — A(n), . ®y, , A(n),, is characterized by ¥, o7, = (7, ®
7,)¥, and exists because (7, @ ,,)P(x) = 0 for each generator x of I(n).

(6) The conjugation y, : A(n),, — A(n),, is characterized by y,om, =m, 0y, and exists
because y(x) € I(n) for each generator x of I(n).

In more detail, the explicit formulas for the coproduct show that 1(z)), for all k > n +1, and
zp(%’l.ﬂ) =(§)”, foralli > 1, j > Owithi+ j > n + 1, are in the image of

I(I’l) ®H*q* %,* @ %,* ®H>M I(I’l) — %,* ®H*q* %,* ’
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so that 1(I(n)) is contained in this image. Likewise, the recursive formulas for the conjugation
show that y(r;) and )((5”) = )((§l)f’ are in I(n), for the same k, i and j, so that y(I(n)) = I(n).
The verification that these structure maps make (H, ,, A(n), ,) a Hopf algebroid, with (id, 7))
a Hopf algebroid homomorphism, follows formally from the fact that (H, ,, <, ) is a Hopf
algebroid. O

Lemma 2.6. The monomials TE§R, where E = (e, ...,e,) and R = (rq, ..., 1,) range through the
integer sequences with e, € {0,1}and0 < ry < £"175, forma basis for A(n), . as a finitely generated
Jfreeleft H, .-module.

Proof. The ideal I(n) equals the free left H, ,-submodule of .7, , generated by the monomials TEER
from Lemma 2.1 for which e, = 1 for some s > n + 1 or ry > £"*175 for some s > 1. This implies
the claim. O
Lemma 2.7. The same monomials t5 &R
H, ,-module.

as in Lemma 2.6 form a basis for A(n), , as a free right

Proof. Replace <7, , and Lemma 2.1 in the proof of Lemma 2.2 by A(n), , and Lemma 2.6. O

The inclusions I(n) C I(n — 1) induce a tower of surjective Hopf algebroid homomorphisms
bqf*,* — T A(n)*,* I A(I’l - 1)*,* — H*,* . (21)

The composites

Qi
iy @y A S A, @y
and
P 1d®7rn 1
P "va,*_)%,y®H**£{** 'Q{**®H A(}’l—l)y*

are Z /¢-algebra homomorphisms giving <7, , the structure of an A(n),. ,-A(n — 1), ,-bicomodule
algebra, and the projection ,, : 7, , — A(n), , isamorphism in the category of such bicomodule
algebras.

Definition 2.8. Let
X(n), . = H*’*{TEé'R leg=+=e,=0,"|r,...0 | r,}

be the free left H, ,-module generated by the monomials §' with E = (ey,e;,...) and R =
(ry,r,,...) satisfyinge;, = 0 for 0 < s < mand £"*1=5 | rofor 1 < s < n. Leta,, : o, — X(n), , be
the left H, ,-module homomorphlsm mapping tF&R to the same monomial if ey = - =¢, =0
and " | ry,...,¢ | 1,, and to O otherwise.

Lemma 2.9. The composite

1 d ®a,
52{*,* — A(}’l)*’* ®H* M _) A(I’l)* * ®H X(n)*,*

is a left A(n), .-comodule isomorphism.
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Proof. Both 1 and id ®«,, respect the left A(n), ,-coactions, so it suffices to show that their com-
posite is a left H, ,-module isomorphism. Each monomial in the basis from Lemma 2.1 for <7, ,
factors uniquely as tEER = tE' &R . 7E" ER” with

E' = (ey, ..., €,,0,...)

R =(ry,..,7,,0,...) wherer, < "1 =S for1 < s < n,
"

E" = (0,...,0,€n+1,...)

R" =(ry, .,y yy1s-.) where £ |y for1 <s<n,

and E = E' + E”,R = R' + R”. Hence the restricted multiplication
¢
A(n)*,* ®H*q* X(I’l)*,* - m,*

TElgRI ® TEﬁgR” — TE’§R’ . TEugR”

defines a left H, ,-module isomorphism. We show that the composite
(id ®a,)A¢ : A(n), . ®H*,* X(n), . — A(n), . ®H*,* X(n), .
is bijective. For t > 0 let F'X(n), , be the free left H, ,-submodule generated by the monomials
from Definition 2.8 that have topological degree > ¢. These define a decreasing filtration of X (n), ..,
with associated graded modules gr’ X(n), , = F'X(n), ,/F'*'X(n), .. Direct calculation of 1 =
(r,, ® id)y shows that
ACE ERY=F'ER @ 1 mod An), , @y F'd,,,
where F 1%’* = ker(¢) as before, and
A(TEHgRH) — 1 ® TEllgR” ’

since each 7, for k > n + 1 and each §iﬂ fori+ j>n+1is left A(n), ,-comodule primitive. It
follows that for 7' €X' € A(n), , and 7" EX" € F'X(n), , we have

(id ®O(n)/1(TE’ §R’ ) TEué,RH) = _L_E/ §.R/ ® _[_EN é_RH mod A(I’l)*’* ®H* . Ft“X(n)*,* .

Hence (id ®ax,)A¢ maps A(n), ®un, F'X(n),., to itself, for each t >0, and the induced
homomorphism ’

A(”)*,* ®H,M gr[ X(n)*,* B A(I’l)*’* ®HUK grt X(n)x,*

is the identity. The lemma follows, since A(n),. , ®p,  F ‘X (n),., is eventually zero in any given
bidegree. ’ L]
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3 | SOME BICOMODULE ALGEBRAS

The classical definitions of [4, §2] also generalize to the motivic setting.

Definition 3.1. Forn > 0, letJ(n) C &, , be the ideal

fn—l fn—Z 7
J() = (Tpi1>Tngas s &y 585 sens n,§n+1,§n+2,...)

generated by ) fork > n+1 andbyffj fori >2,j>0andi+ j>n+ 1. NotethatI(n) =J(n) +
(£7). Let

H*,*[To’ s Ty 51, 52, ey gn]

-1
(T2 = Ty, 2 = T £ ED)

Cn)... = ... [T(n) =

be the quotient algebra. Let

H, [t T é’lil, IS

-1
(T2 =Tgers T2 =T, 807, E)

B(”)*,* = C(n)*,*[l/gl] =

be the localization of C(n),. , away from &;.

Example 3.2.
J(0) = (11,735, 62,835 00)
J() = (15,7350, 85, &5, 000)
JQ2) = (13,74 &, 65, 0)
SO
C(0),, = H, ,[7¢s 51]/(7(2) —Ty)
C(),., = H, [15,71,6,1/(x} — Ty, 73)
CQ),. = H, [0, 71,72, 1, E:1/(15 = To 77 — T, 73, €5)
and
B(0)... = H, .[t0, &1/(z5 — T,)
B(1), . = H, .[7o, 7y, gfl]/(f(z) =Ty, T%)
B(2), . = H,,[10, 71,75, &, 6,1/(15 — To, 17 = T1,73, 65) .
Lemma 3.3.

(a) The monomials TE&R, where E = (e, ... ,e,) and R = (ry, ..., r,,) range through all sequences
withe, € {0,1} for0<s<n,r; 20and0<rg < "1 for 2 < s < n, form a basis for C(n), .
as a free left H, ,-module.
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(b) The monomials
E ¢#R e, e r r r
T g =T00...Tn"§11§22 cee n”

with (E, R) as in (a), except that ry can now be any integer, form a basis for B(n),. , as a free left
H, ,-module.

Proof. The ideal J(n) equals the free left H, ,-submodule of 7, , generated by the monomials 7 &R
from Lemma 2.1 for which e, =1 for some s> n+1orr, > £"H1=s for some s > 2. This implies

part (a). Part (b) follows by inverting &;. O

Lemma 3.4.

(a) The same monomials T5&R as in Lemma 3.3(a) form a basis for C(n), , as a free right H, ,-
module.

(b) The same monomials T8 &R as in Lemma 3.3(b) form a basis for B(n), , as a free right H, -
module.

Proof. For part (a), replace <7, , and Lemma 2.1 in the proof of Lemma 2.2 by C(n), , and
Lemma 3.3(a).

For part (b), instead replace these by B(n), , and Lemma 3.3(b), and allow the filtration index ¢
in the proof of Lemma 2.2 to run over all integers, noting that in any given bidegree F'B(n), , =
B(n),., for all sufficiently negative t. (Alternatively, part (b) can be deduced from part (a) by invert-
ing £,, but the given proof also ensures that the left and right H, ,-actions on gr’ B(n), , agree,
which will be needed in Lemma 4.16(b).) O

Example 3.5.
(a) The monomials

{561 1e €1{0,1},r > 0}

form a basis for C(0), ,, both as a left H, ,-module and as a right H, ,-module.
(b) The monomials

T e €{0,1r € 2}

form a basis for B(0), ., both as a left H, ,-module and as a right H, ,-module. The
homological bidegree of TS%’{ is(e+ Q¢ —=2)r,(Z — D).

The inclusions J(n) C I(n) and the localization homomorphisms yield a commutative diagram
of Z /¢-algebras and algebra homomorphisms

<Q{*,* L} A(l’l)x’,s — A(I’L - 1)*,* - A(O)x,>s — H*,*

] T

L]

%,*[1/51] — B(n)x,* B(O)x,*




1268 | GREGERSEN and ROGNES

Lemma 3.6. Thereis a unique A(n), ,-A(n — 1), ,-bicomodule algebra structure on C(n),. , mak-
ing the canonical projection 7}, . <, , = o, . [/I(n) = C(n),. . an A(n), ,-A(n — 1), ,-bicomodule
algebra homomorphism.

Proof. The bicomodule structure maps are Z/¢-algebra homomorphisms, determined as
follows:

(1) The left coaction 4,: C(n),, — A(n), , ®y,  C(n),, is characterized by 4,0 T, =
(id ®7)) 0 4, and exists because (7, ® 7)) (x) = 0 for each generator x of J(n).

(2) The right coaction p, : C(n),, - C(n),, ®y,  A(n—1),, is characterized by p, om) =
(7], ® id) o p, and exists because (7, ® ﬂn_l)gb(ﬁc) = 0 for each generator x of J(n).

More explicitly, (z;) and (& l.f 7y are in the image of both
1) ®yy, oy & A, @y, J(N) — ., @y .,
and
JM)®u,, s ® F.®u, In=1) — A, Qu, Y.
foreachk >n+1landeachi>2,j>0andi+ j>n+ 1, respectively. The verification that the
algebra homomorphisms 4,, and p,, define coactions, and that they commute, follows formally

from the fact that <7, , is an A(n), ,-A(n — 1), ,-bicomodule. O

Lemma 3.7. Let ||§0"|| = ((2¢ — 2)¢™, (¢ — 1)¢™) denote the bidegree of §¢". There is a short exact
sequence

fl’l

n 53
0 5 e, - Cn).,, — A(),. =0
of A(n), ,.-A(n — 1), ,-bicomodules, where ff” denotes x — x - §f".
Proof. From the definition of I(n) and J(n) it is clear that multiplication by & f " acts injectively on
C(n), ., with cokernel A(n), . It remains to verify that -§ f "isan A(n), ,~A(n — 1), ,-bicomodule
homomorphism, that is, that it commutes with the left A(n), ,-coaction and the right A(n — 1), -
coaction. This is equivalent to & f " being left A(n), ,-comodule primitive and right A(n — 1), -
comodule primitive, which follows from the observations that
YEH=1®E mod I(n) @y, , ..
and

YEH =" ®1 mod o, @y I(n—1). O

Definition 3.8. We assign to

B(n)... = C(n), ,[1/§]"] = colim (57714 I c(n). .)
J
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the A(n), .-A(n — 1), ,-bicomodule structure given by the colimit of the diagram

n n n
4 4 5;1’

cn),., 5_3 z—nsf”uc(n)*,* 5_1) 2—2||§{"||C(n)*,* 2

Lemma 3.9. B(n),, is an A(n), ,.-A(n — 1), ,-bicomodule algebra, and the canonical morphism
C(n), . — B(n),, isan A(n), ,-A(n — 1), ,-bicomodule algebra homomorphism.

Proof. The left A(n), ,-coaction

Ayt B(n), . — A(n), . ®p,  B(n),..
is obtained from the left coaction

L,: C(n),. — A(n).., ®y,  C(n),,

by inverting (a positive power of) &;. Since the latter coaction is an algebra homomorphism, so is
the former. The case of right A(n — 1), ,-coactions is entirely similar. O

Definition 3.10. Let y,: C(n),, — C(0),, and §,: B(n), . — B(0),, be the Z/¢-algebra

homomorphisms shown in (3.1). Lety), : C(n),., = H,.,[§ f "] be the composite of y,, and the left
H, ,-module homomorphism

C(O)*,* = H*,* [T09 ‘51]/(78 - TO) - H*,*[‘E{n]

given for e € {0,1} and r > 0 by

¢ ife=0and " |r,
785{ — 1 )
0 otherwise,

and let 8/ : B(n), . — H*,*[Elﬂm] be its localization.
Note that 7, - ng(7) in C(0),. . maps by y(’) to pr€;. Hence y], is sometimes not right H, ,-linear.
Proposition 3.11. The composites

An id®y, o
C(n)*,* — A(I’l)*,* ®H*,L C(n)*,* — A(n)*,* ®H*,L H*,*[ 1 ]

and

/!

A id®p, L
B(l’l)*’* B A(n)*,* ®Hy* B(n)*,* - A(l’l)*’* ®H*y H*,*[gl_ ]
are left A(n),. ,-comodule isomorphisms.

Proof. The Z/¢-algebra homomorphism

([d @y, : C(n),., — An), , ®y, . C(O),.,
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is left H, ,-linear and maps the remaining algebra generators by

T TH0®1+1®71,
G — T ®1+&6 Q71 for1 <k <n,
E— 6 ®1+1Q¢
§k'—>§k®1+§,f_l®§1 for2<k<n.

In particular, it and (id ®y/ )A,, respect the decreasing (§ f "Y-adic filtrations defined (internally to
this proof) for m > 0 by

F"C(n),., = C(n), . - (§{)"
F"C(0),, = C(0), . - (57 )"
F"H, [6"] = H, [&]"]- (¢[)".
The induced homomorphism

FC(n), , FmH, [¢"]

1
— — A(n _
Fm‘HC(l’l)*,* e ®HM Fm+lH*,* [5{”]

of associated graded left A(n),, ,-comodules is the isomorphism given by
n\Mm n\Mm
rEgR.(gf) .—>TE§R®(f) ,

where e, € {0,1}for0 < s < nand 0 < rg < £"*175 for 1 < s < n. Each filtration is eventually zero
in each bidegree, so this implies that (id ®y/ ), is an isomorphism. Inverting & f ", it follows that

Gd®B)A, 1 B, — A(n),, @y H,.[£:"]

is also an isomorphism. O
Proposition 3.12. The composite
Pn B, ®id
B(n)*,* I B(n)*,* ®H*’* A(l’l - 1)*,* - B(O)*,* ®H*’* A(I’l - 1)*,*
is a right A(n — 1), ,-comodule algebra isomorphism.

Proof. The 7 /¢-algebra homomorphism (8, ® id)p,, is left H, ,-linear and maps the remaining
algebra generators by

rfoi—>f0®1+1®ro
Tk'—>§fk_l®fk_1+1®rk forl1<k <n,
15— 6 ®1+1Q®¢;

H— TG +1®E for2<k<n,
i TR
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Letting

szrk-gl-f"‘l for 1
v k=1
Ee=6&-&7 for 2

we can rewrite the presentation in Definition 3.1 as

where for 1 < i < n we use the notation

1

Foo iy + Pt +pTobi fore =2,
0 for £ odd.

Note that ¥, = 7} - §f""fk_l . Sffn and &, = ¢, - f"‘fk_l . §l_f”. Hence (8, ® id)p,, satisfies

. _fk—l fk—l_fn Lon_fk—l e n_fk—l
H— 1®1, +§ Q@+ +§] ® 11§] +§77 Q€]

for1 <k <m,and

n_fk—l n_fk—l

E— 1@, +87 " @5+ +E T @ Ea+E7 L £

for 2 < k < n. The omitted summands involve binomial coefficients, and each summand after
the first has a negative power of &; as its left-hand tensor factor. Hence (3, ® id)p,, respects the
increasing filtrations defined (internally to this proof) for m € Z by

vCy 11 £

e e r
FmB(n)*,* = H*,*{Tgofll T Sy Sy n | e +2r) < m}

FmB(O)*,x = H*,*{T(e)ogil | € + 21’1 < m}’

where e, € {0,1}for0<s<n,r; €Zand0<r, < "1 for 2 < s < n as in Lemma 3.3(b). The
induced homomorphism

FoB(,.  FnBO),,
—
Fm_1B(n)*,* Fm—lB(O)*,*

®H*,* A(I’l - 1)*,*

of associated graded right A(n — 1), ,-comodules is the left H, ,-module isomorphism given by

I Era | F

€o g €1 €n r I'n
01 nSi Sy n 706 ®T) T £

n—1°1 n—1

for ey + 2r; = m. In particular, ¥, » 7,_; and ék — &,_;. Each filtration is exhaustive and
eventually zero in each bidegree, so this implies that (8, ® id)p,, is an isomorphism. [
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4 | ---AND THEIR DUAL BIMODULES

We now dualize the results of the previous section, following [8].

Definition 4.1 [8, Definition 3.2]. Given a left H, ,-module M we define the dual left H, ,-module
to be

MY =Homy (M,H,,).
The left action of h € H,, on f € M" is given by

(hf)(m) = h f(m) = (~D)"1 f(hm)

for m € M, where |h| and | f| are the topological degrees of h and f, respectively. If M isan H, -
H, ,-bimodule then M" is also a bimodule, with right action defined by

(f)(m) = (=1)!"I™ f(mh).

Example 4.2. The canonical isomorphism Hf* ~H,,=H"""", taking f to f(1),is H, ,-H, ,-
bilinear.
Lemma 4.3 [8, Lemma 3.3]. Let M be an H, ,-H, ,-bimodule and let N be a left H, ,-module.
(a) Thereisanatural homomorphism0: MY ®y  NY — (M ®y_ N)Y ofleft H, ,-modules (or
ofH, ,-H, ,-bimodules, if N is a bimodule), given by ,
6(f ® 9)(m @ n) = (=111 f(m g(n))

forfeMY,ge N\, me Mandn € N.
(b) IfL is another bimodule, the diagram

6®id
LY @, MY @y N' 2> (L ®u,, M) ®p, N

= |

LY ®y (M®y N ——>(L®y My N)

commutes.
0
(c) Both composites MY =~ MY s, , H;’* — M R, , H,,)"=M" and M= H;/* R,

0
MY — (H,, ®un, M)Y = MY are the identity homomorphism.

Lemma 4.4 [8, Lemma 3.4].

(a) Let (H,,,T) be a Hopfalgebroid. The dual T" is a bigraded Z /¢-algebra, containing HY  as a
subalgebra.
(b) Let M be a left T-comodule. The dual MV is a left TV-module.
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(c) Let(H,,X) be a second Hopf algebroid, and let N be a T-Z-bicomodule. The dual N isa I'V-
=V-bimodule.

Proof. Letyp: T - T ®H I be the coproduct, and letA: M - T ®H M be the left coaction.
Boardman uses Lemma 4.3 to define the multlphcatlon onTV asthe composue

\%
MR —IVe, IY— T ®y, R

and to define the left action on MY as the composite
0 v
oM —TI'®y M' — T®y M) — M'.
Likewise, we define the bimodule action on NV as the now evident composite

I"®N'®Z —TI"®y, N’ ®u., ., TV — (T ®u,, N ®u,, L)Y — NY.

The duale" : HY — TV of the Hopf algebroid counit is split by 7, (and by 1), and exhibits H b
as a subalgebra of rv. O

The dual Z/¢-algebra TV is usually non-commutative. Switching to cohomological grading,
we now refer to the duals of (left or right) H, ,-module actions as (left or right) H**-module
actions.

Notatlon 4.5. The motivic Steenrod algebra ./ = <7, is the dual of the Hopf algebroid
(H, >, ), cf. [64, §13], and contains H™* as a subalgebra It is freely generated as a left H**-
module by the Milnor basis {p(E, R)}g, g, defined to be dual to the monomial basis {F¢ R}E,R of
Lemma 2.1. The cohomological bidegree of p(E, R) is equal to the homological bidegree of 75 ¢X.
In particular, the Steenrod operation 8°P" is dual to 7;¢7, for e € {0,1} and r > 0, cf. [64, Lem-
mas 13.1 and 13.5]. By [64, Lemma 11.1, Corollary 12.5] and the Adem relations [64, Theorem 10.3],
[58, Théoréme 4.5.1] the operations g3, P!, P?, P’ 2, ..., together with the elements of H**, gener-
ate </ as a Z/¢-algebra. When # = 2 we write Sq? for P" in cohomological bidegree (2r,r) and
Sq**+! for BP" in cohomological bidegree (2r + 1,7).

Lemma 4.6. The operations p(E, R), for (E,R) as in Lemma 2.1, also form a basis for <f as a right
H**-module.

Proof. Recall the decreasing H, ,-H, ,-bimodule filtration F'<7, , of <7, , from the proof of
Lemma 2.2. For t > 0 let

F,_yof = (p(E,R) | deg(t"t") < 1) C o/

be the left H**-submodule generated by the operations p(E, R) of cohomological topological
degree < t. This is also a right H**-submodule, in view of the short exact sequence

0= F o — o) — (F'e, )" —0.
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Hence {F, </}, is an increasing filtration of .« by H**-H**-bimodules, with filtration quotients

gr, o = Fid ~ (gr' o7, ).
t Ft_le{ S

Since the left and right H, ,-module actions agree on gr' <7, ., the dual left and right H**-module
actions on gr, &7 are also equal. Hence the (cosets of the) operations p(E, R) of degree = ¢ freely
generate gr, &/ as a right H**-module. Since the filtration is exhaustive, the set of degree > 0
operations is a right H**-module basis for o7 O

Definition 4.7. For n > —1 let the Z//-algebra A(n) = A(n):k”* C 7 be the dual of the Hopf
algebroid (H, ., A(n),..).

Lemma 4.8. The operations p(E,R), for (E,R) as in Lemma 2.6, form a basis for A(n) as a
finitely generated free left H**-module. In particular, there is an exhaustive sequence of Z / £ -algebra
homomorphisms

H"c...cAn—1)CcA(n)cC - C «.

Proof. This follows from (the proof of) Lemma 2.6, since I(n) C 7, , is a monomial ideal. The
sequence is dual to the tower (2.1). O

Lemma 4.9. The operations p(E, R), for (E,R) as in Lemma 2.6, also form a basis for A(n) as a free
right H**-module.

Proof. Replace <7, , and Lemma 2.2 in the proof of Lemma 4.6 by A(n),. , and Lemma 2.7. O

Example 4.10.

(a) A(0) = H**(B)/(B?) with [B,x] = B(x) for x € H**, where [B, x] = fx — (=1)*Ixf denotes
the graded commutator.
(b) For?¢ =2,

H*’*<B,P1>
(8%, P'P' = 78P'B,(BP')* = (P'B)*)

AQQ) =

with [B,x] = B(x) and [P}, x] = P}(x) for x € H**. In the figure below, each bullet repre-
sents a copy of H**, the operations 8 = Sq' and P! = Sq?> map one and two columns to the
right, respectively, and the dashed arrow indicates that P'P! = Sq?Sq? is T times the generator

BP'B = Sq’Sq".

* —> o *«— — — > o —> o

NN

—> e

The following property is sometimes taken as the definition of A(n).
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n—1

Lemma 4.11. For n > 0 the operations 8,P',P?,..., P’
generate A(n) as a Z/¢-algebra.

, together with the elements of H™",

Proof. For ¢ odd, the Adem relations [64, Theorem 10.3] show that the subalgebra of A(n) gen-
erated by 8, P!, P’, ..., P’ "is isomorphic to the classical finite subalgebra A(n)Y of the classical
Steenrod algebra. By [48, Proposition 2] it has Z/#-module basis equal to the H**-module basis
for A(n) of Lemma 4.8.

For ¢ = 2, the 7- and p-coefficients in the Adem relations [58, Théoréme 4.5.1] (correcting [64,
Theorem 10.2]) mean that Milnor’s product formula [48, Theorem 4b] requires adjustment in the
motivic setting. For i > 0 let Q; be the Milnor basis element dual to 7;, and for i > 1 and j > 0 let
Pij be the Milnor basis element dual to & f . In particular, Q, = 8 and P{ =P . The arrays

fH and prt
¢n—2 ¢n2 n—2 n—2
1 2 Pl P2
0 0 0
gL . & P PY .. P
To 71 o Tp-1 Tp QO Ql Qn—l Qn

may be helpful; cf. [44, p. 232]. Let n > 1 and suppose, by induction, that the lemma holds for
A(n — 1). We show that the inclusions

Aln—1)(P Yy c A(n— 1P, P %) C ...

C A(n—1)(P"1,..,P%,Q,) C A(n)

are all equalities. Here we write A(n — 1)(P”_1 P”_k) to denote the subalgebra of A(n) gener-
ated by A(n — 1) and the P} ' with1 < t < k,and s1m11ar1y in the case with Q,,. This will complete
the inductive step, since A(n — 1)(P{~ 1Y is generated by 8, P, ..., P*"" ? P?"”" and the elements of
H**. Consider 2 < k < n. We claim that

[Pk PiF] = PpF mod A(n—1). 4.1)

The left-hand commutator is an H**-linear combination of Milnor basis elements p(E, R) in A(n),
as in Lemma 4.8. The H**-coefficient of p(E, R) is the sum of the H, ,-coefficients of

pntl-k

o ® gfn —k and fﬂ k ® gbﬂn+l —k (42)

in P(zFER), where we can ignore signs since # = 2. The basis element Pl’:_k appears with
/n— k

coefficient 1, due to the term §; ®&  inp ).
For other p(E,R) not in A(n—l) degree con51derations show that exactly one of

§f o lfilfk must divide 7R, When 1 < t < k — 2, no term of the coproduct

Lon+1 —k on—k .

‘Lp(gfn t Z gifn—i ® gfn—t

i+j=t
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divides either one of the tensor products in (4.2). Hence the p(E, R) with these & f i dividing tF £R
do not contrlbute to the commutator in (4.1). In the one remaining case, t = k — 1, the coproduct
W& ") contains two terms dividing those in (4.2), namely 1® &/~ ik and £ "1™ ® 1. The

complementary factors 51 “®1and1® 3 1 only appear in

¢(§fn k)_1®§fnk+§fnk®1

so the last possible contribution to (4.1) is p(E, R) dual to £/" - Ifﬁ:kk

sum of the H, ,-coefficients in

, with H**-coefficient the

fn+1 k fn+l k

YE"" = 9" e,

Since each of 5/"“ - ®§/ " and §fn ‘ %’f "7 occurs twice in this product, this last
contribution is 0 mod Z. This establishes clalm (4 1). The analogous formula

[P%, Q] = Q, (4.3)

holds strictly in A(n), and was already proved in [64, Proposition 13.6]. It follows by induction
on k that

Aln—1)(PI Yy = An—1)(PP 1, .., POy = A(n — 1)(PI71,..,PY,Q,).
Finally, the identity
A(n—1)(PI1, .., P°,Q,) = A(n)

follows by classical filtration-by-excess considerations, as in [44, Proposition 15.8], where the
excess of p(E, R) is defined tobe Y e, +2 ) ry. O

Lemma 4.12. The operations p(E, R) for (E, R) as in Definition 2.8 form a basis for <7 as a free left
A(n)-module.

Proof. This follows by dualization from Lemma 2.9. O
Lemma4.13. LetE, = (1,..,1)andR, = (" — 1,...,£ — 1), so that t,, = deg(zFn&Rn) is the high-
est topological degree of a monomial in A(n), .. Then A(n)P*1 = Ounless0 < p < q +d + t,,. Hence
the subset

{(e,r) | A(n)P=e~7/=2ra=(=1r 4 0}  {0,1} x Z
is finite, for each given cohomological bidegree (p, q).
Proof. The H, ,-module generators of A(n), , lie in homological bidegrees (¢,u) with 0 <t < ¢,

and u > 0. Hence the H**-module generators of A(n) lie in cohomological bidegrees (p, q) with
0< p<t,andq > 0. Since H** is concentrated in bidegrees with 0 < p < g + d, it follows that
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A(n) is concentrated in the infinite triangular region where 0 < p < q + d + ¢,,. Each line of slope
1/2 in the (p, g)-plane intersects this triangular region in a bounded interval, which implies the
finiteness assertion. Ol

Definition 4.14. For n > 0 let the A(n)-A(n — 1)-bimodules C(n) = C(n):f’* C «/ and B(n) =
B(n)z’* be the duals of the A(n), ,-A(n — 1), ,-bicomodules C(n),. , and B(n), ., respectively. Let
the symbol

p(E,R) € B(n)

be dual to 7¥¢R in the monomial left H, ,-module basis for B(n), . The dual of the localization
monomorphism C(n), , — B(n), , is a canonical A(n)-A(n — 1)-bimodule epimorphism B(n) —
C(n).

Lemma 4.15.

(a) The operations p(E, R), for (E,R) as in Lemma 3.3(a), form a basis for C(n) as a free left H**-
module.

(b) The symbols p(E,R), for (E,R) as in Lemma 3.3(b), form a basis for B(n) as a free left H**-
module.

(c) The canonical epimorphism B(n) — C(n) satisfies

p(E,R) forr, =0,
p(E,R) —>

forr; <0.

Proof. Part (a) follows from (the proof of) Lemma 3.3(a), since J(n) C <7, , is a monomial ideal.
Part (b) likewise follows from Lemma 3.3(b). The restriction of p(E, R) to C(n), , is then dual to
tPER if r; > 0, and zero otherwise, proving (c). [

Lemma 4.16.

(a) The operations p(E, R), for (E, R) as in Lemma 3.3(a), also form a basis for C(n) as a free right
H**-module.

(b) The symbols p(E,R), for (E,R) as in Lemma 3.3(b), also form a basis for B(n) as a free right
H**-module.

Proof. For part (a), replace <7, , and Lemma 2.2 in the proof of Lemma 4.6 by C(n), , and
Lemma 3.4(a).

For part (b), instead replace these by B(n), . and Lemma 3.4(b), and allow the filtration index ¢
in the proof of Lemma 4.6 to run over all integers, noting that in any given bidegree F,B(n) =0
for all sufficiently negative ¢. O

Example 4.17.

(a) The Steenrod operations

{B¢P" | e € {0,1},7 > O}
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form a basis for C(0) C < as a left H**-module, and as a right H**-module. When ¢ = 2,
these are the Steenrod operations Sq for k > 0.
(b) The symbols

{B°P" | e €{0,1},r € 7},
with 8°P" dual to 7( &7, form a basis for B(0) as a left H**-module, and as a right H**-module.
When # = 2, these are the symbols Sg¥ for k € Z. The homomorphism B(0) — C(0) maps

BEP" to the corresponding Steenrod operation for r > 0, and to zero for r < 0.

Lemma 4.18. For each n > 0 there is a commutative diagram of A(n)-A(n — 1)-bimodules

An)y—— A(n+1)

Cln——Cn+1)

]

B(n)>——B(n+1),

where the bimodule structures on the right-hand side are obtained by restriction from the inherent
A(n + 1)-A(n)-bimodule structures.

Proof. This isreadily obtained by comparing diagram (3.1) to its analogue with n replaced by n + 1,
and dualizing. O

Proposition 4.19.
(a) Theinclusion H, ,[§ f "IV € C(n) extends to an isomorphism
A(n) ®H** H*,* [51 "]\/ i) C(l’l)
of left A(n)-modules. Hence the Steenrod operations
{P" | r = 0with" | r}

form a basis for C(n) as a free left A(n)-module.
(b) The inclusion H, ,[§ I—“fn]v C B(n) extends to an isomorphism

A() @ H, [EX7"]Y — B(n)
of left A(n)-modules. Hence the symbols
{P" | rezwithe™ | r}

form a basis for B(n) as a free left A(n)-module. The cohomological bidegree of P" is ((2¢ —
2, (¢ — Dr).
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Proof. The homomorphisms

0: A(n)), ®y, H, .t — (An),, ®y,  H, & DY
and

0: A)Y, @y, H, [ — (AW, @y, H. [& ]

are isomorphisms. This follows from Lemmas 4.3(c) and 4.13, since in each case the source of 6
is a direct sum of shifted copies of A(n), the target of 0 is the corresponding product, and in each
bidegree (p, q) only finitely many of the factors in the product are non-zero.

The claims in (a) and (b) then follow by dualization from Proposition 3.11. O

Proposition 4.20. The inclusion B(0) C B(n) extends to an isomorphism
B(0) ® - A(n — 1) —> B(n)
of right A(n — 1)-modules. Hence the symbols
{B°P" | e €{0,1},r € 7}

form a basis for B(n) as a free right A(n — 1)-module. The cohomological bidegree of ¢P" is (e +
¢ —2)r,(¢ — D).

Proof. The homomorphism
6: B0),, ®y,,K An—1);, — (B(0),, ®y, K A(n—1),,)"

is an isomorphism, by Lemmas 4.3(c) and 4.13. Thus the claim follows by dualization from
Proposition 3.12 and Example 4.17(b). O

5 | THE SMALL MOTIVIC SINGER CONSTRUCTION

In this section and the next, we generalize the classical Singer construction R (M) of [60] and
[36] to the motivic context, following the strategy of [4]. We shall write R¢(M) for the (small)
construction associated to the symmetric group S,, which is denoted R, (M) in [36] and T"'(M)
in [4], and whose desuspension Z~'R¢(M) is denoted R, (M) in [59] and [60] and T"(M) in [4]. We
shall write R, (M) for the (large) construction associated to the cyclic group C, and the algebraic
group u, of #th roots of unity, which is denoted T(M) in [4] and R (M) in [39]. For £ = 2 the two
constructions agree.

Lemma 5.1. Letn > 0.

(a) Foreach left A(n — 1)-module M, the tensor product B(n) & (,—1) M is a left A(n)-module. The
inclusion B(0) C B(n) induces an isomorphism

B(O) ® gy M — B(Yl) ®A(n—1) M.
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(b) IfM is a left A(n)-module, then the inclusion B(n) C B(n + 1) induces an isomorphism

B(1) @ o(n—1y M — B(n +1) @ sy M

of left A(n)-modules.
(c) If M is a left of-module, then the composition B(n) — C(n) C </ induces a left A(n)-module
homomorphism

€n . B(n) ®A(n—1) M — % ®A(n—1) M — M,

and these are compatible for varying n.

Proof.

(a) Thisis clear from the A(n)-A(n — 1)-bimodule structure of B(n) and Proposition 4.20.

(b) The morphism exists because B(n) C B(n + 1) is an A(n)-A(n — 1)-bimodule homomor-
phism, with respect to the restricted bimodule structure on the target. It is an isomorphism
by comparison with the isomorphisms of part (a) for n and n + 1.

(c) This follows because the inclusions C(n) Cc C(n +1) C &/ are A(n)-A(n — 1)-bimodule
homomorphisms. In each case the morphism & ® 4(,_1) M — M is induced by the left
module action &/ ® M — M. O

Definition 5.2. Let M be any left .«7-module.
(a) Let the small motivic Singer construction
Rg(M) = Collim B() @s(n-1y M)
be the colimit of the sequence of isomorphisms

B(0) ®pyee M —> .. — B(W) @4,y M — B(n +1) @ y(y M —> ...,

equipped with the unique left &/-module structure for which the canonical map B(n) ® 4(,,_1)
M — R¢(M) is an isomorphism of A(n)-modules, for each n > 0.
(b) Let the small evaluation homomorphism

€: RgM) — M

be the left «7-module homomorphism such that its restriction to B(n) ® 4¢,—1) M is equal to
the A(n)-module homomorphism ¢, of Lemma 5.1(c), for each n > 0.

Evidently, Ry is an exact and colimit-preserving endofunctor of left &#-modules, ande¢ : Ry — id
is a natural transformation.

Lemma 5.3. As a left A(0)-module, the small motivic Singer construction is given by the tensor
product

Rs(M) = B(0) ®y+s M

= H""{B°P" | e €{0,1},r € Z} ®p-- M,
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with the A(0)-action from B(0). Each element of R¢(M) is thus a finite sum of terms f¢P" @ m,
with e € {0,1}, r € Z and m € M, where B(P" ® m) = SP" ® m and B(SP" @ m) = 0. The small
evaluation homomorphism is given by

epr _ ﬁepr(m) forr;O,
FP Em) = {O forr < 0.

Proof. Clear. O

The following formulas generalize the one of Singer [59, (2.1)] for £ = 2 and a rewriting of the
those of Li-Singer [36, §3] for # odd. By 7/ ™4 2 we mean t° = 1 for j even and ! = 7 for j odd.

Proposition 5.4. For ¢ = 2 and a > 0 even the action of Sq° on R¢(M) is given by

la/2 .
Sqa(qu ® m) — Z <ba__12_‘].]>1.] mod 2 | Sqa+b—j ® qu(m)
j=0

forb € 7 even, and

Sq(S¢° @m) = )’

[a/2] < b1
j=0

.J>S a+b— j®qu(m)

[a/2] <b L

+ )p Sq***I7! ® Sq/(m)
= a—2j
Jj=1
odd
forb € Z odd.
For ¢ odd and a > 0 the action of P* on Rg(M) is given by
la/?] ;
Pa(Pb ® m) Z ( 1)a+] <(Z/ﬂ 1)(b _]) - 1>Pa+b—j ®Pj(m)
= a—-"7j
and
[a/?]
PY(BP* @ m) = Z (=D < ~ Db )>6P“+”‘f ® P/(m)
=7
[(a-1)/¢] ;
Z-1)b-j)-1 b—j j
+ 1 a+j-1 <( Pa+ J pJ
JZ - Ceil1 ® BP/(m)
forallb € 7.

Proof. For a = 0 the formulas confirm that Sq° and P° are the identity operations.
For # =2 and a > 0 even, choose n so that Sq% € A(n). Then Sq/ € A(n—1) for all 0 <
< [a/2], and Sq'Sq/ @ m = Sq' ® Sq/(m) in B(n) ® 4(,_1) M. When a < 2b the formulas for
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5q%(Sq® ® m) then follow from the Adem relations [64, Theorem 10.2] for Sq®Sq®, as corrected
in [58, Théoréme 4.5.1].

Similarly, for # odd and a > 0, choose n so that P* € A(n). Then P/, 3P/ € A(n — 1) for all
0<j<[a/?], and P'P/ @ m = P! ® P/(m) and P!P/ @ m = P' @ BP/(m) in B(n) ® a1y M.
When a < #b the formulas for P4(P® ® m) and P%(8P® ® m) then follow from the Adem rela-
tions [64, Theorem 10.3] for PP? and P*BP. (The last Adem relation is valid for 0 < a < #b;
cf. [58, Théoréme 4.5.2].)

For the rest of the argument, # can be even or odd. By Definition 3.8, the left A(n), ,-coaction on
B(n), , commutes with multiplication by § f " so the left A(n)-action on B(n) commutes with the
operation B¢P" ~ B°P"+" . All mod # binomial coefficients in sight also repeat #"-periodically
in b. Hence the formulas for a > #b follow from those for a < #b. O

Corollary 5.5. For ¢ = 2 and a > 0 even the action of Sq® on Rg(H™*) = B(0) is given by
Sq(Sq”) = <b " 1>Sq“+”

forb e z.
For ¢ odd and a > 0 the action of P* on R¢(H**) = B(0) is given by

PA(Pb) = (=1)° <(f - 1a)b - 1>Pa+b
and
PA(BPY) = (—1)° ((f _al)b>ﬁpa+b
forbe z
Proof. This is the special case M = H ** of Propositiop 5.4, where we identify Rq(H™™") =
B(0) ®py++ H** = B(0) and note that Sq/(1) =0 and P/(1) =0 in H** for all j > 0. When

¢ = 2, the formulas for P(P?) and P%(8PP) agree with the given formulas for 5q%*(Sq?b) and

Sq22(Sq?b+1), since (bgl) = (2221) and (Z) = (;Z) mod 2. O

Notation 5.6. Let Bu, and BS, be the geometric classifying spaces of the linear algebraic
groups u, and S,, respectively. In particular, Bu, ~ hocolim, L?"~! as discussed in Section 10.
Recall from [64, Theorems 6.10 and 6.16] that

H**(Bu,) = H**[u, v]/(u? = 1v + pu)
with S(u) = v, and

H**(BS,) = H"*[c,d]/(c* = d + pc)

with B(c) = d, as graded commutative .#-module H**-algebras. The cohomological bidegrees of
u, v, ¢ and d are (1,1), (2,1), 2 — 3,7 — 1) and (2¢ — 2,¢ — 1), respectively. The coefficients t
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and p are interpreted as 0 when # is odd. Any choice of a primitive Zth root of unity ¢ defines a
map p; : Bu, — BS, inducing

p;f D c— —uv’ 2

pz td— -t
We suppress p; from the notation, viewing H**(BS,) as an .2/ -module subalgebra of H**(Bpu,).

The natural left &/-module structure on H**(Bu,) is determined by the cases

(u for (e,r) =(0,0),
BP"(u)=4v for(e,r)=(1,0),

0 otherwise,

L

v for(e,r) =(0,0),
BEP'(v) =4 v? for (e,r) = (0,1),
0 otherwise,

L

and the Cartan formula [64, Proposition 9.7], leading to the expressions
rek kY. (—1r+k
P'(uv®) = <r>uv( r+
r k k —1Dr+1+k
BP" (uv )=<r>v( r+1+
reok kY. (-1yr+k
Pk = <r>v( I+

BP' (V) =0.

The restricted .»7-module action on H**(BS,) is given by

Pr(cd") = (_1)r<(f - 1)(lj +1)— 1>c -
BP"(cd) = (-1) ((f - 1)(kr+ 1) - 1>d’+1+k
Prd) = (1Y <(f —rl)k> ik
P'(d") =0,

for r > 0 and k > 0; cf. [58, Proposition 4.4.6].

In particular, B(v”") =0 and P"(v”") = 0 for all 0 < r < ¢", so multiplication by v’" acts
left A(n)-linearly on H**(Bu,); cf. Lemma 4.11. Likewise, multiplication by d* " acts left A(n)-
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linearly on H**(BS,). Hence the following two localizations inherit compatible left A(n)-module
structures for all n > 0. These combine to well-defined left .o7-module structures, such that the
localization homomorphisms are maps of «7-module H**-algebras.

Definition 5.7. Let

H* (Buty Yo = H* (B )[1/0] = H* [, v*']/(u? = tv + pw)

=H""{uhr |ie{o,1,ke}
and

H**(BS,)10c = H**(BS,)[1/d] = H**[c,d*']/(c* = 7d + pc)

= H"*{c!d" |i e {0,1},k € 7}
denote the localizations away from v and d, respectively.

Theorem 5.8. Let X = =0, There is a left <7 -module isomorphism

Rg(H**) —> SH™*(BS, )0,
defined by
PF— zed*'  and  BP* — —3dF

or k € 7. The composite ZH*’Y(BS ) ~R (H*’*) —>€ H** is the left </ -linear homomorphism
p ¢ /loc S
given by

Sed™ ' — 1 and  =dd¥—0
for(i,k) # (1,—1), wherei € {0,1} and k € Z.

Proof. By Corollary 5.5, Notation 5.6 and Definition 5.7 the indicated H**-module isomorphism
maps P"(P¥) and P"(BP¥) to P"(Zcd*~1) and P (—Zd¥), respectively, for all r > 0 and k € Z. More-
over, B(Zcd*~1) = —2d¥ and B(—Zd¥) = 0. Hence the isomorphism is .27-linear. The calculation
of the composite follows by noting that 3¢P"(1) = 0 in H** unless (e, r) = (0, 0). O

6 | THE LARGE MOTIVIC SINGER CONSTRUCTION

Our next aim, following [4, §5], is to construct the large Singer construction RM(M ) as an extension
of Rg(M), with R, (H**) = ZH"*(Bu,)joc- We first note that H**(BSy)joc C H**(Buy)joc IS @ pair
of graded Frobenius algebras. These duality structures provide a conceptual origin for the explicit
formulas that appear in [4, Lemma 5.1].
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Definition 6.1. Let the residue homomorphisms

res: ZH**(Bl, o — H™*

res: TH**(BS,),c — H™"
be the left H**-linear Frobenius forms defined for i € {0,1} and k € Z by

. . 1 for(i,k)=(1,-1),
res(Culvk) = res(zc'd¥) = ( ) ( )
0 otherwise.
The associated Frobenius pairings

ZH**(Buy)ioc ®per H* (Bl )ioe — H™
ZH*(BS/)ioc ®ppex H (BSy)joc — H™™
map Xx ® y to res(Xxy), and the adjoint H**-linear homomorphisms
SH** (B oo — (H™ (Bt hoe)”
SH**(BS,)0c = ®H T (BS o)’
are the isomorphisms given by
ok — (uo k1)
Tuvf Tt — )V +p - ()Y
and
sd¥ s (cd~* 1)
Ted" "t — (d7)Y + p - (ed7F)Y
fork € 7.

Lemma 6.2. The Frobenius forms, the associated Frobenius pairings, and the adjoint isomorphisms,
are all left of -linear.

Proof. The residue homomorphism in the case of Bu, is </-linear, because for r > 0 we have
P"(uv®) = 0 whenever (¢ — 1)r + k = —1, since

<(f —1)(-r) - 1) _ (_1)r<f r> =0 mod /.
r r

The case of BS, follows from this, or from the second part of Theorem 5.8. The .o/ -linearity of the
remaining homomorphisms follows formally. O
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Recall the cotensor product [] of comodules, for example, from [17, §2].
Definition 6.3. Let
RS(H*,*) = hrl;n (B(n)*,* I:lA(n—l)*’* H*,*) = B(O)*,*

be the (achieved) limit of the right A(n — 1),, ,-comodule primitives in B(n), ,. Itis a left A(n), .-
comodule algebra for each n > 0, and these coactions combine to a completed left <7, ,-comodule
algebra structure. We write

RS(H, ) = H"[£,&]/(#* = 1€ + ptd),

with 7 and £ mapping to 7, and £, in B(0), .., respectively. Note that Rg(H**) = RS(H,, )V, with
BeP" dual to 7°¢" in the monomial basis.

Lemma 6.4. The composite left o/ -module isomorphism
Rg(H"*) —> SH**(BS joc —> (H ™" (BS oe)
is the dual of the H**-algebra isomorphism
@1 H™ 7 (BS, oo — R(H.)

given by

c— & +p-1 and d— 7L,
Proof. The composite isomorphism maps P to (d %)Y + p - (cd ™) and maps SP* to —(cd—*~1)Y,
hence is dual to the H**-linear homomorphism mapping d = to (P¥)¥ = £ and mapping cd—*

to —(BPK1)Y 4 p . (PK)Y = —2Ek=1 4 p . £k This is indeed an algebra isomorphism. O

For aleft <7, ,-comodule M, ,, the A(n), ,-A(n — 1), ,-bicomodule algebra product ¢ on B(n), .,
induces a pairing

(B(n)*,* DA(n—l)*’* H*,*) ®HM (B(n)*,* DA(n—l)*’* M*,*)
- (B(n)*,* DA(n—l)*!* M*,*)
of left A(n), ,-comodules for each n > 0, making

RS(M*,*) = llrl;l’l (B(n)*,* DA(VL—l)*’* M*,*)

an RS (H, ,)-module in completed left <7, ,-comodules. Viewing RS (M, ) as an H*7*(BS;)joc-
module via the algebra isomorphism @, we can form the induced H™*~*(Bu,),,.-module

R#(M*,*) = H_*’_*(B:uf)loc ® RS(M*v*) :
H=*"*(BS¢)i0c
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As a left A(n), ,-comodule, it is isomorphic to a finite direct sum
RFM, ) = H** 1,07, .., 0" 2 @p.. RS(M, ),

where each power of v”" is A(n), ,-comodule primitive.
Dually, for a left «#-module M the completed A(n)-A(n — 1)-bimodule coproduct

Bn) = B!, = (B, . @1, B0),..)¥ = B(1) @y B(w)
induces a ‘copairing’
B(n) Oan-nM — (B(n) ®an-1) H™™) @H** (B(n) ®amn-1) M)
of left A(n)-modules for each n > 0, making the small Singer construction
Rg(M) = colim (B(1) @ 4(4—1) M)

a completed Rg(H™*)-comodule in left .«/-modules. Here R¢(H™*) has the completed H™**-
coalgebra structure dual to the H, ,-algebra structure on RS (H, ) that appears in Lemma 6.4.
It corresponds via the isomorphism in Theorem 5.8 to a completed H**-coalgebra structure
on TH**(BS,),.. Moreover, the algebra inclusion H™""*(BS,);oc C H™ " *(BUy )0 in left o7-
modules corresponds under duality and the Frobenius isomorphisms from Definition 6.1 to a
completed H**-coalgebra epimorphism
T ZH*’X(B,L{f)lOC -> EH*’*(BSf)IOC
in left «7-modules, given by

so@~Dk , (—1)kzdk and  Zuo V1 (—D)ksedh Tt

while the remaining H**-module generators Zu'vk with i € {0,1} and k € Z map to zero. This
discussion motivates the following definition.

Definition 6.5. Let M be any left o/-module.

(a) Let the large motivic Singer construction

R#(M) = ZH"*(BUs)ioc | R¢(M)
ZH**(BS)oc

be the left /-module coinduced from Rg(M) along the completed H**-coalgebra epimor-
phism 7. As a left A(n)-module it is isomorphic to the finite direct sum

R,(M) = H**{1,0”", ..., 0" "2} @y Rs(M)

where A(n) acts trivially, that is, via nzn : A(n) — H**, on each power of v*".
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(b) Let the large evaluation homomorphism
€: RM(M )—M
be the composite e(z [11) : R,(M) — Rg(M) — M.
Corollary 6.6. There is a left o7 -module isomorphism

R, (H**) = SH** (B, Yioc -

€
The composite ZH**(Buy ) = R, (H**) —> H™* equals the residue homomorphism for Bu,.
Proof. This follows directly from Theorem 5.8. O

Lemma 6.7. As a left A(0)-module, the large motivic Singer construction is given by the tensor
product

R,(M) = H**{Zu'v" | i €{0,1},k € Z} ®py-- M
with the A(0)-action from ZH"*(Bu,)... Each element of R#(M ) is thus a finite sum of terms
Sulvk @ m, with i € {0,1}, k € Z and m € M, where B(Zuvk ® m) = —3vk*! @ m and B(ZvF ®
m) = 0.

Proof. Clear. O

The following formulas generalize the classical one of Singer [60, (3.2)] for # = 2, and of Lunee-
Nielsen and the second author [39, Definition 3.1] for # odd. The latter two formulas were surely
known to the authors of [4].

Proposition 6.8. For # = 2 and r > 0 the action of Sq*" on R, (M) = Rgy(M) is given by
2l _ ‘
Sq¥ (Zuv* @ m) = Z < ],)Zuvr”‘_] ® Sq¥ (m)
iz \Ir— 2j

[r=1)/2] ( K

* 2j—1
j r—e-

>T . Zvr+k—j ® Sq2j+1(m)
j=0

and

2l _ _
Sq7 (v @m)= ) < / .)Zv”k‘f ® Sq*/(m)
i r—2j

[(r-1)/2] k—j—1
-J = r+k—j—1 2j+1
+ 2 <r_2j_1>2(u+p)v ® Sq¥ ™ (m).

Here X(u + p)v"tk=i=1 = sypr+k=i—=1 4 o . spr+k=j-1,
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For ¢ odd andr > 0 the action of P" on R, (M) is given by

[r/¢] .
_ k—-Z-1)j-1
P}’Z k 1 —

Cuvk! ® m) Z( iy

>Zuvk+(f—1)(r—j)—l ® P](m)
=0

and

[r/] .
Jj=0

[(r=1)/¢] .
N <k —-(£-1j—-1

>Zuvk+(f—1)<r—j)—1 ® BPI(m).
r—7j—1

Jj=0

Proof. For ¢ = 2, the formulas are obtained from Proposition 5.4 by replacing Sq?* and Sq?*+!
by Zed¥—! = Zuvk~! and —Zd¥ = vk, respectively, as in Theorem 5.8. The summations over 0 <
J < [a/2] split into two cases, according to the parity of j, and the resulting terms can be collected
as shown.

For ¢ odd, we first rewrite Rg(M) as

SH**(BS)10e ®ppee M = H**{Zcld" | i € {0,1},k € Z} Qs M,

replacing P* and SP¥ by Zcd*~! and —Xd¥, respectively. For r > 0 the action of P" on R¢(M) is
then given by

[r/7] .
Pr(Z(Cd_l)(—d)b ® m) — Z <(f - 1:(1) ;JJ) - 1>2(cd—1)(_d)r+b—j ® Pj(m)
j=0 h

and
(/2] ,
, (¢ = 1)b~j)
PrE(-d) @m)= ) ( i

)2(—d)’+”‘f ® P/(m)
Jj=0

[(r-1)/7] .
LY ((f—l)(b;»—l

>2(cd‘1)(—d)’+b_j ® BPI(m)
r—27j—1

Jj=0

for b € 7. Substituting cd™! = uv™!, —d = v/ ~! and k = (£ — 1)b we obtain the claimed formu-
las, in the cases where k is a multiple of # — 1. The general cases follow, since for n so large that
0 <r <" the action of P" on R, (M) commutes with multiplication by v”", and £" is relatively
prime to £ — 1. All mod # binomial coefficients in sight are #”-periodic as functionsof k € Z. []

7 | THE EVALUATIONS ARE Ext-EQUIVALENCES

We can now adapt [4, Lemma 2.2] to the motivic setting. We sidestep their use of F, ®,,
(=) and Tor-equivalences, since H** is not naturally a right «/-module, and pass directly to
Hom ,(—, H**) and Ext-equivalences.
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Lemma 7.1. Let M be a free left o/ -module. The Singer constructions Rg(M) and R (M) are free as
left A(n)-modules, for each n, and flat as left o7 -modules.

Proof. Since M is left o7 -free, it is left A(n — 1)-free by Lemma 4.12. Hence the left A(n)-module
Rg(M) = B(n) ® 4,1y M is a direct sum of (suitably suspended) copies of B(n), each of which is
left A(n)-free by Proposition 4.19(b). Therefore R¢(M) is left A(n)-free for each n, so that

Tor? (K, Ry(M)) = colim Tor®™(K,Ry(M)) = 0

for each right «7-module K and s > 1. Equivalently, R¢(M) is left o7 -flat.
Moreover, R, (M) is a direct sum, as a left A(n)-module, of copies of Rg(M). Hence it is also left
A(n)-free for each n, and therefore left o7-flat, by the same argument as before. O

Proposition 7.2. Let M be a free left o/-module. The evaluation homomorphisms induce
isomorphisms

Hom(e,id) : Hom (M, H**) = Hom_, (Ry(M), H**)
Hom(e, id) : Hom_,(M,H"") = Hom_, (R, (M), H**).
Proof. 1t suffices to consider the case M = o/ = colim, A(n — 1). Then
Hom 4,y (Rs(A(n — 1)), H**) = Hom 4,y (B(n) ® g(n_1) A(n — 1), H**)
= Hom,)(B(n), H"")
= Homy:«(H**{P" | r € Z with £"* | r}, H**)

= [JH &)

nr
by Proposition 4.19(b), where we identify §7 with the dual of the left A(n)-module generator P" €
B(n). The bidegrees of the classes & 1 with £ | r are integer multiples of ((2£ — 2)¢", (¢ — 1)£").

In any fixed bidegree, only the factor generated by & ? can make a non-zero contribution to this
product when # is sufficiently large. Hence

Hom , (Rg(«/), H*") = lim Hom 4,,(Rs(A(n — 1)), H*™)
n

= lim [ €3 = a4

| r

Since € maps P° ® 1 to P°(1) = 1, it follows that

*,% *,% Hom(e,1) *,% s,k 20
H** =~ Hom,,(&,H"*) — " Hom, (Rs(#), H"") & H**{£]}

is an isomorphism.
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Similarly,

Hom (R, (A(n — 1)), H**) = H**{1,0”", .. ,v”" "} @ [TH* €]}
‘|

The bidegrees of the classes v ® §'{ with 0 < j < £ —2 and ¢" | r are integer multiples of
(2¢™, ¢™). Again, in any fixed bidegree, only the factor generated by v° ® & ? can make a non-zero
contribution for n sufficiently large. Hence
Hom,, (R, (&), H"") = lim Hom (R, (A(n — 1)), H**)
n
~ H**' ® §'§)}.
Since e(7r []1) maps v° ® P° to P°(1) = 1, it follows that

H ,1 .
H** = Hom, (o, H**) 5" Hom,, (R (), H**) = H**{1° @ £°}

is an isomorphism. Ol

The Ext-groups for modules over </ or A(n) are trigraded. In the case of an .&/-module M we

write Extz’” (M, H**) for the group in tridegree (s, ¢, u), where s is the cohomological degree and

(t,u) is the internal bidegree.

Definition 7.3. An .«/-module homomorphism 6 : L — M will be said to be an Ext-equivalence
if the induced homomorphism

6" : Ext)""(M,H™") — Bxt"(L,H"")
is an isomorphism.
We can now generalize part of [4, Proposition 1.2, Theorem 1.3].
Theorem 7.4. Let M be any left o/ -module. The (small and large) evaluation homomorphisms
€: Re(M) — M and €: R#(M)—>M
are Ext-equivalences.
Proof. Let
w—F —F)—M->0
be a free .o/-module resolution of M. Then

+ — Rg(F1) — Rg(Fy) — Rg(M) - 0



1292 | GREGERSEN and ROGNES

is a flat .o/-module resolution, and a free A(n)-module resolution for each n, by Lemma 7.1. By
Proposition 7.2 the evaluation homomorphism induces an isomorphism

Hom(e,1): Hom,,(F,, H"*) —> Hom,, (Ry(F,), H**)
for each s > 0. Passing to cohomology, it also induces isomorphisms
¢ ExtS (M, H**) — H*(Hom,,(Rg(F,), H**))
forall s > 0. Let
«+—> E; — E; — Rg(M) - 0

be a free «7-module resolution of Rg(M), and choose an «/-module chain map ¢ : E, — Ry(F,)
over Rg(M). There is then an induced map ¢* of lim-lim' short exact sequences, from

00— llml Hs_l(HomA(n)(RS(F*),H*’*)) _ HS(HOITI%(RS(FX),H*’*))
n
— lim H*(Hom y(,)(Rg(F,.), H**)) = 0
n
to
0 — lim'" Ext)l | (Rg(M), H**) —> Ext} (Rg(M), H"")

— lirrln Extz(n)(RS(M),H*’*) -0,

cf. [44, Propositions 11.9 and 13.4]. When viewed as an A(n)-module chain map, ¢ becomes a chain
homotopy equivalence, hence induces isomorphisms

¢* t HP(Hom y,y(Rg(F,), H**)) — Ext’,  (Rs(M), H**)

til(n)
for all n and s. Applying lim,, and limi, we deduce that
¢*: HY(Hom,, (Rg(F,), H**)) — Ext®,(Rg(M), H**)

is an isomorphism. Hence the composite ¢* = ¢*¢’ is also an isomorphism, as claimed.
The proof for R, in place of R is identical. I

Corollary 7.5. The residue homomorphisms
res: TH**(BSy ). — H™* and res: SH " (Buy)pe — H™*
are Ext-equivalences.

Proof. In view of Theorem 5.8 and Corollary 6.6, this is the case M = H** of Theorem 7.4. [l
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8 | GENERALIZED EILENBERG-MACLANE SPECTRA

Since H is cellular, the monomial basis {r” §R}(E,R) for <7, , as a right (or left) H, ,-module

determines an equivalence H A H = \/( py ZVERIH of right (or left) H-module spectra. Here
(E, R) ranges over the sequences in Lemma 2.1, and ||E, R|| = ||[tF&£R||. It follows that the natural
homomorphism

A, @y, H,,(0) — 7, (HAH) Ay (HAX)) = 7, (HAH AX)

is an isomorphism for any motivic spectrum X, and that 1AnA1l: HAX =HASAX - HA
H A X induces a natural left <7, ,-coaction on H, ,(X).
If M ~ H A X for some motivic spectrum X, then the fork

nAl

M —"> 7, (HAM) 7, (HAHAM)
1An

is split by u: 7, HAM)2r, (HAHAX) > 7, (HAX) 27w, M and u: 7w, (HAHA
M) — =, ,(H A M), hence exhibits 7, .M as a split equalizer [40, §VI.6]. Under the identi-
fications 7, ,(H AM)=H, (M) and 7, ,(HAHAM) = o/, , @y _ H, (M), this provides an
isomorphism ’

n*,*M = H*,* Dgf*,* H*,*(M) = Hom,p{*,* (H*,wH*,x(M)) (8-1)

of 7, .M with the left <7, ,-comodule primitives in H, ,(M).

Definition 8.1. By a motivic GEM (short for motivic generalized Eilenberg-MacLane spectrum)
we shall mean a left H-module spectrum

M= \/ 2PtaH

ael
that is equivalent to a wedge sum of bigraded suspensions of H.
These are precisely the H-cellular module spectra M, in the sense of [14, §7.9], with the property
that 7, (M) is free as a left H, ,-module. This generalizes the split Tate objects of [66, §2.4], in

that we allow arbitrary bigraded suspensions.
If M is a motivic GEM, we can write M ~ H A X with X = \/_; SP«%. Then

H*’*(X) I~ @ ZpaaqocH*’*

ael

as left <7, ,-comodules, and the natural homomorphism
7, FOXH) = 7, Fy(H AX,H) — Homy_ (H, (X),H, ) = H, ,(X)"

is an isomorphism, so that

H*(X) = [ [ ZPtar™

ael

as left «7-modules.



1294 | GREGERSEN and ROGNES

Definition 8.2. With these notations we say that H A X (or H, ,.(X), or H**(X)) has bifinite type
if for each bidegree (p, q) there are only finitely many a € J for which

paép or pcz_qaép_Q-

This condition is more restrictive than the notions of motivically finite type from [15,
Definitions 2.11 and 2.12] and of finite type from [29, §2]. It ensures that both inclusions

@ mean* x i) H Zpa’QaH* "

ael ael
@ Zpouan*’* i) H Zpa’QaH*f*
ael ael

are isomorphisms, so that the canonical homomorphism
H, (X) — Homy..(H**(X), H**) = H"**(X)"

is an isomorphism. Moreover, if H AX has bifinite type, then so does HAHAX ~
V(e.r) Z/ERIH A X. Hence f +— fV defines an isomorphism

Hom,, (H,,.H, (X)) — Hom,, (H"*(X),H"") (82)
from the 7, ,-comodule homomorphisms H, , — H, ,(X) to the .«/-module homomorphisms
H**(X) » H**.

9 | ADELAYED LIMIT ADAMS SPECTRAL SEQUENCE
Let
Fma1

s YD ) I ym—1) — - 9.1)

be any tower of motivic spectra. Its homotopy limit Y = holim,, Y(m) sits in a homotopy cofiber
sequence

= [yom — v L [T vom - [Trm.

cf. [49, Lemma 2], where k is the difference between the identity map and the product of the
maps f,,. Let
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be the canonical mod # Adams resolution of the motivic sphere spectrum S = S, inductively
defined by the homotopy cofiber sequences

o B 4
Ss+1 - Ss — HA SS - ZSs+1

where 8 = n A 1;cf. [2, p. 318]. (Dashed arrows indicate morphisms of degree —1.) Form the smash
products

Y, (m) =S; AY(m)
K(m)=HAS;AY(m)
So as to obtain a tower of canonical Adams resolutions

' ' y
w2 Y,(m+1) Y,(m) Y,(m—1) — ...

® K 3
.J. R ma) lH Ka(m) J% Ky(m=1) - .
T A 1 (9.2)

v > Y (m+1) Y,(m) Y,(im—1) — ...

|3 K %
.J. — Ky(m+1) l—) K,(m) JH Ky(m—-1) > ...
1 A —

= Yo(m+1) Yo(m) Yo(m—1) — ... .

Let
Y, = holim Y (m)
m

K, = holim K (m)
m

be the homotopy limits of the terms in these Adams resolutions. These fit in a commutative
diagram

7T, Ya(m) l Y, I1,, Y2(m)
“ 7 K7 ¥
~ L« \\ j a -
« 27, Ki(m) ——|—K I1,, Ki(m)
1 //3 i /ﬁ j /ﬁ ©.3)
27, Yi(m) Y, I1,, Yi(m)
“ 7 K.y ¥
~ _ o \\ . a ~ -
~ i j
@ = Hm Ky(m) —|— K, Hm Ko(m)
— /s 5

27, Yo(m)
with horizontal homotopy cofiber sequences extending to
_ i J k
] Ym) — v, = [ vsm) — [ v,m)
m m m

= T Koom) — K, -5 [ Kotm) — [ K m).
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The subdiagram

X R
N N
(9.4)
4 \\ % Y \\ %

is not generally an Adams resolution. Nonetheless, one may consider its associated homotopy
spectral sequence, with E;-term

li S,k %
1mE1 - ﬂ*,*(Ks)

and abutment 7, ,(Y,) = 7, .(Y). Under finiteness hypotheses which ensure that all limits in
sight are exact, the E,-term of this limit Adams spectral sequence was described in [13, Proposi-
tion 7.1] and [39, Proposition 2.2]. In our motivic context, these finiteness hypotheses are only
realistic if H** is finite in each bidegree, which excludes some very interesting base schemes S,
such as Spec of a global field. (For example, Euclid knew that H'!(Spec Q) = Q% /(Q*)’
z/2,0)® P p prime Z /¢ is infinitely generated.)

To avoid this restrictive hypothesis, we shall instead show that there is a modified Adams spec-
tral sequence, in the style of [46, Lemma 5.3.1] and [10], with the same abutment as before, whose
E,-term is recognizable under more flexible finiteness conditions. This kind of modification is
referred to in [11, §12.6] as a delayed Adams spectral sequence, to distinguish it from another kind
(the hastened one) of modified Adams spectral sequence in current usage; cf. [6, §3].

To construct the delayed limit Adams spectral sequence we may assume that the maps i and «
in (9.3) are all cofibrations, let W, = Y, and form the pushouts

W, =Y, Uz []Yei(m)
m
along =~ [],,, Y,(m), for all s > 1. There are then homotopy cofiber sequences
Bj
W, — Wy — Lo = [[Ko(m) — =W,
m

and

BjuB _
Wipp — Wy — Ly = HKs(m) vz HKs—l(m) — IWoy,
m m

for all s > 1, defining the spectra L. This produces a delayed resolution

w, z W, “ W,
X X
AN AN
N % N % (9.5)
L, L,

of W, =Y, ~ Y. The inclusions Y C W induce a map of diagrams from (9.4) to (9.5).
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Definition 9.1. The delayed limit Adams spectral sequence of the tower (9.1) is the homotopy
spectral sequence associated to the resolution (9.5), with E;-term

B =7, (L)
and d, -differential induced by the composite

By: Ly — IWiig — ZLgyq

We now make the assumption that each H A Y(m) is a motivic GEM of bifinite type. For
example, this is the case if each Y (m) is cellular with H, (Y (m)) free of bifinite type as aleft H, -
module. It follows by induction on s that each K (m) is a motivic GEM of bifinite type. Hence the
isomorphisms (8.1) and (8.2) identify the (E;, d;)-term

I ﬂ*,*K2(m) — ﬂ*,*Kl(m) — ﬂ*,*KO(m) <0

of the Adams spectral sequence for Y(m) with Hom _,(—, H**) applied to the free «/-module
resolution

s HY(Ky(m) — H(Ky(m)) — H**(Ky(m)) — 0

of H**(Y (m)). In view of (9.2), these resolutions are compatible for varying m. Passing to colimits
over m, we obtain a flat .o7-module resolution

. N ) )
- — H"(K,) — H."(K;) — H"(Ky) = 0
of H,™(Y), where we write

HE 00 = colim ()
H*(K,) = colim H**(K(m))

for the ‘continuous’ cohomology groups of the towers {Y(m)},, and {K (m)},,, respectively. The
o/-module H ; ’*(KS) might not be free, but remains flat, since such modules are preserved under
filtered colimits. These colimits can also be written as cokernels, as in the following diagram with
exact rows and columns.

0—= @, H*(K,(m) — = @ H*(K,(m)) ——= H"(K,) —=0
el 0 el
00— @, H*(Ko(m)) —= @, H**(Ko(m)) —— H."(Ky) —> 0

0—> @, H**(Y(m) —> @, H*(Y(m)) ——= H*(Y) — 0
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Omitting the bottom row and the right-hand column, we have a bicomplex of free 27-modules,
whose total complex (F,, ) is a free resolution of H."*(Y). Here

Fy = @ H*"(Ky(m)

m

and
F,= @ H" K m) & @ H*E 'K, (m))
m m
for s > 1. Hence we can recognize
€M =7, Ly = [ [ 7...Ko(m) = [ | Hom,, (H**(Ko(m)), H**)
m m
= Hom,, (@) H**(Ko(m)), H**) = Hom,, (F,, H**)
m
and
delps** = 7, L, = H 7. Ky(m) ® H 7. ETK 1 (m)
m m
= [ [ Hom,, (H**(K(m)), H**) & [ | Hom,, (H**(Z7'K,_,(m)), H**)
m m
= Hom,, (@) H**(K,(m)) & @ H**(Z'K,_,(m)), H**)
m m

= Hom ,(F,, H"")
for s > 1. Moreover, d : 41E}"* — deIE*1%* jginduced by the boundary operator 8 : Fy,; — F;
in the total complex, as can be verified by tracing through the definitions. Since (F,,0) is a free
/-module resolution of H.*(Y), we obtain the desired isomorphism

del 8,%,% S, %, % *, s
elpstt > ExtS N (HI(Y), H*)

for each s > 0.
Proposition 9.2. Let --- —» Y(m + 1) - Y(m) — --- be a tower of motivic spectra, with each H A
Y (m) a motivic GEM of bifinite type. Let Y = holim,, Y(m) and H,”*(Y) = colim,,, H**(Y(m)). The
delayed limit Adams spectral sequence

CE = 7 .(1)
has E,-term

del p7S,%,% __ S,k % Pk *,%
ES™ = Ext™ (H*(Y), H™),
with Ext calculated in the category of o/ -modules.

Proof. This summarizes the discussion so far in this section. O
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Let Y (m) = holim, Y (m). The Adams spectral sequence for Y (m) is conditionally conver-
gent [9, Definition 5.10] to 7, .. Y(m) if and only if 7, .Y, (m) = 0. This fails in many interesting
examples, such as when 7, Y (m) contains torsion of order prime to #, but often becomes true
after (7, n)-adic completion in the following sense.

Definition 9.3. LetZ € 7, ((S) be £ times the class of the identitymap S — S, and letn € 7, ;(S)
be the class of the Hopf fibration $32? ~ A? — {0} — P! ~ S§%!. For any motivic spectrum X let

X} = hoyllimX/f”
X’ =holim (X2)/n" ~ holim X /(#",n")
7 n 4 n

Z,

be the - and (¢, n)-adic completions of X, respectively, as in [29, p. 574] and [43, Definition 3.2.9].
There are canonical completion maps X — X ;\ - X 97}.

We note that X ? ~X ?n when 7 acts nilpotently, for example, for £ odd.

Lemma 9.4. For each H-module spectrum M the completion map M — ML’,)77 is a 7, ,-
isomorphism.

Proof. Multiplication by # and by 7 act trivially on H, ., hence also on 7, .M. The tower of short
exact sequences

Jo

0—— ﬂ*,*(M) I ﬂ*,*(M/€n+1) I T[x,*(ZM) —0

“ l |

0——s ﬂ*,*(M) I n*,*(M/fn) —_— ﬂx,*(ZM) —0

oo

and the lim-lim* sequence imply that M — M ? isar, ,-isomorphism. Likewise, the tower of short
exact sequences

' J

0—— ﬂx,*(Mé\) - ﬂ*,*(MQ/UnH) - ”*,*(En+2’n+1Mé\) —0

) i |

OHW*’*(MQ)HH*,*(MQ/;?") *>7T*,*(EH+LnMQ) 0

‘ | !

and the lim-lim' sequence imply that M I’; - M ?77 isam, ,-isomorphism. 1
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Applying (¢, n)-adic completion to the tower of Adams resolutions (9.2) yields another diagram
of the same shape. At its lower edge, the tower of spectra

A A A
> Y(m+ 1)10,77 — Y(m)fﬂ — Y(m — 1)5’77 —
has homotopy limit Y?n. For each m the Adams resolution of Y (m) maps to the diagram

a a

= Yo(m),, Yyom);, Yo(m;,

V\ ‘\
2N / r~ /

Kl(M)Q,,, Ko(m)?,,]

of homotopy cofiber sequences, and by Lemma 9.4 the induced map of homotopy spectral
sequences is an isomorphism from the E;-term and onward. The new spectral sequence has abut-
ment n*,*(Y(m)g’n), and is conditionally convergent to this target if and only if n*’*(Yoo(m)’f\’n) =
0.

We now make the additional assumption, for each m, that the Adams spectral sequence
for Y(m) converges conditionally to ﬂ*’*(Y(m)’f},n). The following theorem was proved by Hu-
Kriz-Ormsby [29, Theorem 1] in the case of a cellular spectrum X of finite type over Spec k for k
a field of characteristic 0. It was generalized to bounded below spectra X over S, in our generality,
by Mantovani [43].

The homotopy t-structure on SH(S) is defined as in [25, §2.1], and a motivic spectrum is
bounded below if it lies in SH(S),_,, for some finite m. (When S = Speck for a field k, Morel’s
stable A!-connectivity theorem [51, Theorem 3] shows that X lies in SH (S)s_p, if and only if the
homotopy sheaves Ez,u(X ) vanish whenever t — u < —m.)

Theorem 9.5. Suppose that X in SH(S) is bounded below in the homotopy t-structure. Then the
mod ¢ Adams spectral sequence for X is conditionally convergent to m,, (X ?n).

Proof. As reviewed in [43, §5], this is an application of [43, Theorems 1.0.2 and 1.0.4] in the case
E = H, which satisfies Mantovani’s hypotheses because of [25, Theorems 3.8 and 7.12] and [61,
Theorem 10.3]. O
Proposition 9.6. Let Y = holim,, Y(m) be the homotopy limit of a tower of motivic spectra. Sup-

pose, for each m, that the mod ¢ Adams spectral sequence for Y(m) converges conditionally to
ﬂ*’*(Y(m)Q 7}). Then the limit and delayed limit Adams spectral sequences

MMEN = 7, (K) = 7w, (Y),)

CE =7, (L) = 7w, (Y)))
are both conditionally convergent to the bigraded homotopy groups of the (¢, n)-adic completion of Y.
Proof. Let Y = holimg Y, and W, = holim  W. The inclusions

Ws+1 C Ys C Ws c Ys—l
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imply that Y ~ W . Granting that ﬂ*,*(Yoo(m)Q’n) =0 for all m, the short exact lim-lim'
sequence shows that ﬂ*’*((Yoo)’f}n) ~ ﬂ*’*((Wm)g,n) =0, so that both the limit Adams spec-
tral sequence and the delayed limit Adams spectral sequence are conditionally convergent to
7Y, O

Let g: X — Y = holim,, Y(m) be a map of motivic spectra. The resulting compatible maps
from the canonical Adams resolution of X to the canonical Adams resolutions of the Y(m)
induce a map from the former to the diagram (9.4), which can be naturally continued to map
to the delayed limit Adams resolution (9.5). Applying (¢, n)-adic completion, and passing to the
associated homotopy spectral sequences, we obtain morphisms of spectral sequences

g: ET’*’*(X) N limE;k,*,*(Y) N delE;g*,*(Y)
with abutment
g: ﬂ*,*(X?’n) — ﬂ*,*(YQ,n) — ”*,*(Yg,n)‘

We can now appeal to a special case of Boardman’s comparison theorem [9, Theorem 7.2] for
conditionally convergent spectral sequences. This version of the comparison theorem is partic-
ularly convenient, in view of the failure of strong convergence for the motivic Adams spectral
sequence for the sphere spectrum over a number field, demonstrated by Kylling-Wilson in [35,
Corollary 7.8].

Proposition 9.7. Let g: X —» Y = holim,, Y(m), with HAX and each H A Y(m) a motivic
GEM of bifinite type. Suppose that the mod ¢ Adams spectral sequences for X and the Y(m)
are conditionally convergent to ﬂ*’*(X?J)) and n*,*(Y(m);’n), respectively. If the </-module
homomorphism

g*: Hj’*(Y) — H**(X)

is an Ext-isomorphism, so that

. TS,k _ 8,3k, % 3,k *,% = del 78,%,% _ S, 3%, % %,k 3,k
gt BS™F(X) = Bxt™ (H**(X), H*) — “ES* (V) = Ext™*(H*(Y), H"*)
is an isomorphism, then g induces an isomorphism
g1 7 (X)) — 7 (VD).
Proof. The identification of the (E;- and) E,-term for X follows as usual from (8.1) and (8.2), and
the delayed limit E,-term for Y is given by Proposition 9.2. We now apply [9, Theorem 7.2(i)].

If g induces an isomorphism of E,-terms, then it certainly also induces isomorphisms of E .- and
RE_ -terms. Hence g induces the stated isomorphism of (filtered) abutments. O
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10 | ATOWER OF THOM SPECTRA

Our next aim is to construct a diagram

L%,

Th(—(m + 1)y}) ——= Th(=(m + )y*, ) — L%, _,

| | |

Th(-my},) ————Th(-my}, ) —— L%,

of motivic Thom spectra, with H;*(L® ) realizing H**(Bu,)jo.. The left-hand square will com-
mute up to a generalized sign, and replacing i by i* will give a strictly commuting diagram in the
stable homotopy category SH(S).

For an algebraic vector bundle & | X over a smooth scheme X (over our base scheme S) we let
E(a) denote its total space, let Ey(a) = E(«) \ z(X) be the complement of its zero section, and let
the Thom space Th(a) = E(a)/E(«) be the motivic quotient space, formed as in [64, §4].

For n > 1let 1, act diagonally on A", let AT = A" \ {0}, and let L1 = A(/u, denote the nth
algebraic lens space, which is smooth and quasi-projective. Write [x,, ..., x,,] in L?"~! for the image
of (xy,...,X,) in AJ. The inclusion y, C G,, induces a projection L**~! — P""!. Lety, =y} |
L?"~1 be the pullback of the tautological line bundle /(1) over P"~!, with total space given by
the balanced product

E(y,) = A} X, Al
and bundle projection mapping [xy,...,X,;¥] to [X,...,x,]. Let €, = €” | L*"~! be the trivial

rank n bundle over L?"~!, with total space E(¢,,) = L**~! x A" and bundle projection to the first
factor. There is a canonical embedding y,, — ¢,,, given in coordinates by

[X15 s X3 Y] > ([X15 05 X ) X005 e s X0 Y) -
Let ¢, = ¢! | L2"~! be its cokernel, so that there is a short exact sequence
Oﬁyn_’en_)gn_’o

of algebraic vector bundles over L?"~1. Let 7, €, and {» denote the dual bundles, fitting in a short
exact sequence

O—){;"l—]>€:—>y:—>0. (10.1)
Here the total space of y; is given by the orbit space E(y;) = (A] x AY)/u,, where u,

acts diagonally.
More generally, the total space of the k-fold direct sum ky;z = y;; DD y:, where k > 0, is

E(ky}) = (AL X A9 /u,,
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which comes with a canonical map to A% /u, = L2"*2=1 By [53, Lemma 3.1.6], the inclusion

E(kyy)  (ApxAY/u, _, (ATX Ao/ e

Th(ky*) = =
(k) Eo(kyy) (A x AK)/u, (A" X A8 /1y

is an equivalence of Nisnevich sheaves, and by [53, Example 3.2.2] the projection (A" x Ng) [y —
A’g /1, = L*~1is an Al-homotopy equivalence, so there is a homotopy cofiber sequence

L2k 122l Ty (10.2)

of motivic spaces. Following James [32, p. 117], Atiyah [5, Proposition 4.3] and Kambe-Matsunaga-
Toda [34, Theorem 1] we may therefore write Th(ky};) = L2*2*~! for the Thom space of ky; over
L?"=1 and refer to it as a motivic stunted lens space.

Following Mahowald and Adams [3, p. 4], we are, however, more interested in the cases where
k = —m is negative, corresponding to Thom spectra Th(—my;;) = L, 2"~ of virtual bundles
—my. Inview of (10.1), —my = m{* — me’: as virtual bundles over L2"~!, where me is trivial of
rank mn, which leads to the following definition.

Definition 10.1. For m > 0 let
L2l = Th(—my}) = 27" Th(m¢ )
denote a (finite, motivic) stunted lens spectrum.

Consider the inclusion i: L**~! — L?"*1. There are natural isomorphisms i*(¥,,1) & ¥,
i*(€441) 2 €, D€y, and i*($,11) = ¢, S €;, where ¢, is trivial of rank 1. Dually, i*(ys, ) =y,
(el D xer @ () and i*(§), ) = @ (e))

Consider also the inclusion j : ¢* — € of bundles over L2~

Definition 10.2. Let

s . 72n—-2m-1 2n—2m+1
it L7 L

-2m

= Th(-my;) — Th(-my;, ) =
and
Jji L3 = Th(—(m + 1)y) — Th(-my}) = L% 2"~

—2m-—2

be the maps obtained by applying £—2m(+1).=m(n+1) apd p-20m+Hn—(m+n ¢

sh mi
2MMTh(meE) = Th(m(&: @ (6,)")) — Th(mé:, )

and

Th(om + 18 "8 Th(m* @ €5) = 2" Th(m¢?),
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1R

respectively. Here sh denotes the isomorphism of spectra induced by the shuffle m¢” & m(e}l)*
m(: @ (€))")-

IR

Definition 10.3. Let —¢ € 7,(S) be the class of the symmetry isomorphism y : S*! A §*!
S21 A §%1. 1t satisfies (—e)? = 1, since y? = id.

Lemma 10.4. The rectangle

L2273 = Th(=(m + 1)y;) —— Th(=(m + 1)y},,) = L2,
|
L2 2mY = Th(=my;) j
(—e)m"lz
L2221 = Th(=my}) ————> Th(=my},;) = L2 2"+

commutes up to homotopy.

Proof. The diagrams

(m+1)i

Th((m + 1)(5; @ (2)*)) Th((m+ 1))
mideajeaidl lmid@j

Th(m(; @ (1)) ® € @ (1)) 2 Th(m¢*,, @ ¢r,,)

and

Th((m + 1)¢; @ (m + 1)(eh)*) ——= Th((m + 1)} & (€)*))
mideajﬂaidi

Th(m;, & €, @ (m + 1)(e,)") mid ®jid
id e)xm,ne)idi =

Th(me: ® m(el)* @ € @ (€1)*) 228 Th(m(; & (1)) @ € @ (e1)*)

commute strictly, where y,, , is induced by the symmetry isomorphism
€, ®d m(e}l)* & m(erll)* De,,
hence is homotopic to multiplication by (—e)™"*. Applying

2—2(m+1)(n+1),—(m+1)(n+1)

yields the stated homotopy commutative rectangle. O
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Corollary 10.5. The square

L22m=3 — Th(—(m + 1)y}) — Th(—(m + Dy, ,) =L 2m+s

—2m-2 —2m-2
| I
4

2n—2m-1 _ Th(—my¥) v Th(—myfl+4) =

2n—2m+7
—2m L

—-2m
commutes up to homotopy.

Proof. This follows from Lemma 10.4, since mn + m(n + 1) + m(n + 2) + m(n + 3) is always
even. O

Definition 10.6. Let the (infinite, motivic) stunted lens spectrum
_ o 72n—-2m—1 _ .
L=, = hocghm LA = hocr(l)hm Th(-my,)

be the homotopy colimit of the maps

i
N Liré—Zm—l L2n—2m+1

om —> eee
For a fixed choice of commuting homotopies in Corollary 10.5, let j: L,  —> L%, be the

induced map. Let
L = horlnim L,

be the homotopy limit of the resulting tower

Recall Notation 5.6.
Lemma 10.7.
H**(L*"Y = H*[u,v]/(? = tv + pu,v"),
where v is the mod ¢ Euler class of y;, | L1 and f(u) = v.

Proof. This follows by the same argument as for [64, Theorem 6.10], working with L?*~! — pr-1
in place of Bu, — P*. O

Definition10.8. LetU,,.: € H 2m(n=1m(n=1(Th(m¢*)) be the mod # Thom class of m¢* | L"~1.
Let

Uy € H2MM(L25 221) = =2 (Th(=my})
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be its image under the (de-)suspension isomorphism. We write x — x - Umgv; and x — x - U—my;
for the Thom isomorphisms

o (LZn—l) ~ H>:<+2m(n—1),>:<+m(n—1)(Th(mé—*))
= n

H*,*(LZH—I) ~ H*—Zm,*—m(Th(_my;::)) ,
cf. [64, Proposition 4.3].
Lemma 10.9. The homomorphisms

i H"(Th(-my,,,)) — H"*(Th(-my,))
J* HY(Th(=my})) — H**(Th(~(m +1)7,))
are given by
i*(x - U"”VZH) =i*(x)- U_py:

j*(x . U—Wl)/z) = XU - U—(m+1)7:l .

Proof. The Thom class of m{ZH maps under i* to the Thom class of i*(m{}jﬂ) =m({; @& (e}l)*),
which corresponds under the suspension isomorphism to the Thom class of m{;. This proves the
first formula, where x € H**(L?"+1),

The Thom class of m{ corresponds under the suspension isomorphism to the Thom class of
m¢ @ €. By the Jouanolou trick [64, Lemma 4.7] it maps under j* to the Euler class v of y;; times
the Thom class of (m + 1){ . This proves the second formula, where x € H wE(L2L, O

Proposition 10.10. The structure maps L*}2"~" — L® and L®_ — L%, induce </-module
—2m —-2m © —-2m
isomorphisms

H*(L%,,) = H** (B, HU_y-} = HY (B o™}
and

H:,*(Liooo) — CO’EmH*’*(LiOZm) & H*’*(B:uf)loc .

Proof. Since eachi* : H**(Th(—my
gives an isomorphism

Z +1)) — H**(Th(—my,)) is surjective, the lim-lim* sequence

HY (L%, ) = li’?lH*’*(Th(—my:)) o~ li’?lH*’*(LG_l){U_my;}.

Letting U_,,,« correspond to the compatible sequence (U_,,), gives the first isomor-
phism. The second isomorphism sends U_,,. to v™". The induced homomorphism
Jr T HY Bug Uyt = H* By XU _(y1yy-3 maps U_y,,« to U - U_p11y,+, hence corresponds
to the homomorphism

H**(Bpy o™} — H*"(Bu {o™" '}
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sendingv™" tov - v~"=1 1t follows that colim,, H *’*(Li°2m), that is, the continuous cohomology
H;(L*®), is isomorphic to the localization H**(Bu,)[1/v] = H** (B, o

It remains to justify that these isomorphisms are compatible with the Steenrod operations. The
short exact sequence

0— H*,*(Th(my;kl)) _ H*,*(L2n+2m—1) l_) H*,*(LZWL—I) >0

induced from (10.2) shows that the Steenrod action on Uny: matches that on v™ in
H**(L?"~1){v™}. By another application of the Jouanolou trick, and the Cartan formula, it follows
that the Steenrod action on Upngr 1s compatible with that on 2" ~" Hence, by stability, the
Steenrod action on U_py: matches that on v in H**(L?"~1){v~"™}. Passing to the limit over n
and the colimit over m completes the argument. I

The next two lemmas confirm the assumptions required (for recognition of the E,-term and
conditional convergence) of the delayed limit Adams spectral sequence for L% .

2n—2m—-1 -
Lemma 10.11. The spectra L=, ™" are cellular of finite type. The spectra L%, ~are cellular and
bounded below.

Proof. The Zariski cover of L*"~! by the affines (A"™! x A x A"™")/u,, with 1 <i < n, is com-
pletely stably cellular in the sense of [14, Definition 3.7]. It trivializes y,, hence also m{}. It
follows as in [14, Corollary 3.10] that L* 2"~ = $=2mn=mnTh(m{*) is cellular. Inspection of the
argument shows that it admits a cell structure with finitely many cells, all in bidegrees (p,., q,)
satistying p, — q, > —m.

Since this bound is uniform, it follows by passage to the homotopy colimit that L>, is also
cellular, with cells in the same range of bidegrees. Hence L*, lies in SH(S);_,, of the homotopy
t-structure. |:]

Recall Definitions 8.1 and 8.2.

Lemma 10.12. The H-module spectra H AL*,>"~! and H AL%, ~are motivic GEMs of
bifinite type.

Proof. These spectra are H-cellular by Lemma 10.11. The homology version of Lemma 10.7 shows
that H, ,(L*"~!) is finitely generated and free over H, , on generators in bidegrees (i + 2k, i + k)
fori € {0,1} and 0 < k < n. It then follows from the Thom isomorphism in motivic homology that
H, .(L*,-2"~1) is finitely generated and free on similar generators for i € {0,1} and —m < k <
n—m, and that H, , (L%, ) is free on one generator in each bidegree (i + 2k,i + k) for i € {0, 1}

and k > —m. In particular, H, (L%, ) is of bifinite type. O
Finally, we construct maps

s—Syy2prl 4 -l

T

TP LS,
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whose composite induces the (large) residue homomorphism from Definition 6.1 in motivic coho-
mology.

To define P*_, let the (finite, motivic) stunted projective spectrum [P’ﬁ;{”‘l =Th(-my; |
P"~1) be the Thom spectrum of the negative of my, = 0(1)™ over P"~1, We have
maps i: P" ™1 — P and j: P"M02 - PPl as in Definition 10.2, and let P® =
hocolim, P". =1 and P* = holim,, P, as in Definition 10.6. We obtain H,"(P® )=
H**[v*!], by the same arguments as for lens spectra.

Proposition 10.13. Thereisamapc: S — Z*'P~! inducing
21
in cohomology. The H**-module generators £>'v* for k < —2 map to zero.
Proof. We use that P"~! is a smooth projective variety, with stable normal bundle
v=€r11—nyf; =0—-0Q)".

By the construction leading to algebraic Atiyah duality, see [65, Proposition 2.7], [28, Claim 2]
and [26, §5.3], there is a Pontryagin-Thom collapse map

¢,: S— Th(v | P =5>p]
inducing the homomorphism 2>'v~! 1 in cohomology. The generators =>'v¥ for —n < k < =2
map to zero for bidegree reasons. When combined with the Thom diagonal and an adjunction, this
leads to the Atiyah duality equivalence Th(v | P"~1) ~ D(P"~!) = F(P"1,S), under which ¢, is
functionally dual to the collapse map Pﬁ‘l — SO, In particular, these maps are compatible up to

homotopy for varying n, and combine to defineamapc: S — Z>'PL ~ D(PY),asrequired. []

Since L?"*~! is only quasi-projective, we need a different method to obtain the second map
of (10.3).

Proposition 10.14. Thereisamapd : £*'P~. — IL~! inducing
suv~! — z21p!
in cohomology, modulo H**-multiples of >0k for k < —2.

Proof. For algebraic vector bundles a, § | X over the same smooth scheme X, where § may be
virtual, there is a homotopy cofiber sequence

Th(p*B | Ey(a)) — Th(B | X) — Th(a @ B | X)

of motivic spectra. Here p: Ey(a) - X denotes the projection, and p*f is the pullback of
along p. We apply thiswith X = P*~!,a = yf?f = 0(—¢)and a @ 3 = v, the stable normal bundle
of P"~1. We identify Eo(yff’f) ~ [2"~1 asin [64, Lemma 6.3]. Moreover, p*yff’f = ¢l over L1,
that is, 0(—¢) and & pull back to the same bundle, which implies that p*8 = —ny’ as a stable
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bundle over L>*~!. This leads to the homotopy cofiber sequence
L—l Th n—1 22,1 -1 d” EL—I
—on T @Lp) — P_, —ZL,,.

The long exact sequence in cohomology shows that the connecting map d,, induces a homomor-
phism mapping Zuv~! to £>!'v~!, modulo H**-multiples of Z>!v* for —n < k < —2. Again, these
maps are compatible up to homotopy for varying n, and combine to define the required mapd. []

Proposition 10.15. There is a map e: S — L% of motivic spectra, inducing the residue
homomorphism

e =res: TH"*(Buy),c — H™*

in cohomology.

Proof. We take e to be dc followed by the inclusion Ll — ZL® _ (of the homotopy fiber of
L= — ZL). To check that e induces the residue homomorphism, we use Corollary 7.5 in
cohomological degree 0, giving an isomorphism

res: Hom,,(H"*,H"*) — Hom,, (ZH"*(Bu)ioc, H**).

In other words, any ./-module homomorphism ZH**(Bu,),,. = H** is characterized by its
value on Zuv~!. Since e* and res agree on this element, they are equal. O

11 | THE MOTIVIC LIN AND GUNAWARDENA THEOREMS

We can now prove a motivic refinement of the classical theorems of Lin [37] (for # = 2) and
Gunawardena [21] (for # an odd prime).

Recall that u, denotes the algebraic group of #th roots of unity, L2~ = (A" \ {0})/u, is an
algebraic lens space, y; | L*"~! is the dual of the tautological line bundle, L*}_2"~! = Th(—my)
is a stunted lens spectrum, and L%, = hocolim,, L*}2"~! and L®_ = holim,, L®, are infinite
lens spectra. The continuous mod # cohomology H; ’*(Lf’oo) = colim,, H**(L%, ) is isomorphic
to the localization H**(Bu, )i, = H**[u,v*']/(u? = v + pu). The map e: S — ZL* _ induces
the Ext-equivalence res : ZH**(Bu, ), — H**.

Theorem 11.1. Let S be a Noetherian scheme of finite dimension d, essentially smooth over a field
or Dedekind domain, and let ¢ be a prime that is invertible on S. The (¢,n)-completed map

A A 0 \A
€yt Sey > CLIG),
isam, ,-isomorphism. If S = Speck for k a field, then e? . is a motivic equivalence.

Proof. We apply Proposition 9.7 withX =S, Y = £L®_, Y(m) = £L%, and g =e.

S _e) ZLiODo — e — ZLiOZm — eee
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The H-modules H A'S and H AZL%, are motivic GEMs of bifinite type by Lemma 10.12. More-
over, S and each L%, is bounded below in the homotopy ¢-structure on SH(S) by Lemma 10.11.
By Theorem 9.5 the Adams spectral sequences for S and the XL, —are conditionally con-
vergent to the (¢,7)-adic completions. By Proposition 9.6 the delayed limit Adams spectral
sequence for ZL®_ is also conditionally convergent to the (#,7)-adic completion. The .»7-module
homomorphism

e’ HX*(ZLZ ) — H™*(S)
agrees with
Z:I_Fk’*(B:uf)loc — H™"

via the isomorphism of Proposition 10.10, by Proposition 10.15. Finally, res is an Ext-equivalence
by Corollary 7.5. Hence the induced map of spectral sequences

e: E5™(S) = Ext™) " (H**, H**) — delEs**(ZL“’ ) = Ext™ (SH** (Bt )joc, H)

is an isomorphism, from the E,-term and onward, and the map of abutments

7,1 (S). )—> 7, (ELS)0 )

Zn

is an isomorphism of (filtered) bigraded abelian groups.
Let Ce?}7 denote the homotopy cofiber of egn. If S = Speck for a field k, then the homotopy

sheaves 7 *(Ceg n) are pure in the sense of [51, Definition 6.4.9], hence unramified in the sense
of [52, Definition 2.1], by [51, Lemma 6.4.11] and [52, Theorem 1.9]. For any (irreducible) smooth
k-scheme U with function field k(U), the vanishing of 7, *(Ce" ) over Spec k(U) implies the

vanishing of 7, *(Ce ;) over U, so that 7 (Ce ;) =0and e , is a motivic equivalence. This
application of Morel s theorems also appears in [23 Proposmon 4] O

Remark 11.2. As an alternative to our fairly explicit construction of e: S — ZL*® ' in Propo-
sition 10.15, one might appeal to the weight O part of the delayed limit Adams spectral
sequence

B = Bxt O EH B oo H) =, 75 o(BLZ,)},)

‘.

for ZL®  to show the existence of a homotopy class e’ € 7o o((ZLS )’\ ) detected in Adams
filtration s = 0 by res : ZH™* (Bl )joc = H™*

R0 € B0 = Hom , (SH™ (Bt o, H™).
By Corollary 7.5

del 5,t,0 S0 gy, gy
E2 & EXt% H** H""),

and res corresponds to id : H** — H** in Hom ,(H**, H*™").
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If d < ¢ — 1, which is always the case for S = Speck, the canonical (or normalized cobar)
<7 -module resolution of H** shows that delE;’t’O ~ Exti’;’o(H % H**) = 0 whenever t —s = —1.
Hence d*° = 0 for all r > 2, so that 4! E2*0 = delEg’O’O and res is an infinite cycle.

To ensure that res detects a homotopy class, we also need strong convergence in its bidegree.
By [9, Theorem 7.3], see also [22, Theorem 3.9], it suffices to know that REf,;f’O = 0 whenever
t —s = +1. By [35, Corollary 6.1] this condition is satisfied for S = Speck, subject to the addi-
tional hypothesis for # = 2 that k has finite virtual cohomological dimension. The class ¢’ is then

represented by amape’: S — (ZL>_ 27), which can be used in place of e.
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