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Abstract

We discuss proofs of local cohomology theorems for topological modular forms, based
on Mahowald-Rezk duality and on Gorenstein duality, and then make the associated local
cohomology spectral sequences explicit, including their differential patterns and hidden
extensions.
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1 Introduction

Several interesting ring spectra satisfy duality theorems relating local cohomology to Ander-
son or Brown—Comenetz duals. The algebraic precursor of these results is due to Grothendieck
[29], and is a local analogue of Serre’s projective duality theorem. In each case there is a
covariant local cohomology spectral sequence converging to the homotopy of the local coho-
mology spectrum, and a contravariant Ext spectral sequence computing the homotopy of a
functionally dual spectrum. As a consequence of self-dualities intrinsic to the ring spectra
in question, the results of the two calculations agree up to a shift in grading, in spite of their
opposite variances. It is the purpose of this paper to make these self-dualities explicit for
the connective topological modular forms spectrum. Figures 3 and 11 depict the 2- and 3-
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complete dualities, respectively. A reader wondering if this paper is of interest might glance
at these figures; they do require explanation (given below), but the structural patterns are
immediately and strikingly apparent in the pictures. A reader new to tmf might prefer to
start with the simpler charts for p = 3, as preparation for the case of p = 2. We also treat
the much simpler case of the connective real K -theory spectrum.

We work at one prime p at a time, write ko = ko) and ku = ku; for the p-completed
real and complex connective topological K -theory spectra, and write tmf = tmf’ pA for the
p-completed connective topological modular forms spectrum. We also consider a 2-complete
spectrum tmf;(3) = tmf (3)Q and a 3-complete spectrum tmfp(2) = tmfo(2)3A related to
elliptic curves with I'; (3) and ['o(2) level structures, respectively. These are all commutative
Sp-algebras, where §), = § [ﬁ denotes the p-completed sphere spectrum. See [20] and [15] for
theoretical and computational background regarding topological modular forms. For p = 2
there are Bott and Mahowald classes B € mwg(tmf) and M € m9p(tmf) detected by the
modular forms ¢4 and A3, respectively. The homotopy groups 7, (tmf) for 0 < s < 192 are
shown in Fig. 4. The red dots indicate B-power torsion classes, and the entire picture repeats
M -periodically.

For any commutative S,-algebra R and a choice of finitely generated ideal J =
(x1,...,xq) C m«(R), the local cohomology spectrum I'; R encapsulates the J-power tor-
sion of m,(R), together with its right derived functors. There is a local cohomology spectral
sequence

ES' = Hj(n.(R)); =, m—s(TyR)

(in Adams grading), which can be used to compute its homotopy. For R = tmf at p = 2
and J = (B, M) the spectral sequence collapses to a short exact sequence

0— H(ZB’M)(W*(tmf))n+2 — 1, (Dg,mytmf) — H(IB’M)(JT*(tmf))nJrl — 0

in each topological degree n, cf. Figs. 5 and 6, while for J = (2, B, M) its Ex-term is
concentrated in filtration degrees 1 < s < 3 and contains nonzero d;-differentials, cf. Figs. 7,
8,9 and 10.

The §),-module Anderson and Brown—Comenetz duals Iz, R and I R are defined as func-
tion spectra Fy, (R, Iz,) and Fs, (R, I), where Iz, and I are so designed that the associated
homotopy spectral sequences collapse to a short exact sequence

0 — Extz, (Tm—1(R), Zp) —> 71— (Iz,R) — Homg, (7 (R),Z)) — 0

and an isomorphism 7_,,(IR) = Homg,, (77 (R), Qp/Zp), respectively. The local coho-
mology duality theorems for tmf at p = 2 establish equivalences

Tgantmf =~ X721z, (tmf) (1.1)
Ta.pantmf ~ -2 1(tmf), (1.2)

which in particular imply that the covariantly defined 7, (I' (g, ar)tmf) and the contravariantly
defined 7, (Iz,tmf) are isomorphic for n +m = —22, and similarly that 77, (I" 2, pytmf)
and Homg, (7, (¢tmf), Q2 /Z,) are isomorphic for n 4+ m = —23.

Figure 3 illustrates my. (tmf), (U (g, mytmf), wy (Iz, (tmf)) and the duality isomorphism,
up to a degree shift, between the latter two graded abelian groups. More precisely, m. (tmf)
is isomorphic to the ‘basic block’ . (N) shown in the first part of the figure, tensored with
Z[M]. The local cohomology m..(I'(g, mytmf) and the Anderson dual . (Iz,tmf) are iso-
morphic to 7, (I'p N) and .. (I7, N ) tensored with Z[ M ]/ M, respectively, up to appropriate
degree shifts. The second part of the figure shows the covariantly defined 7. (I'p N), while
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the third part shows the contravariantly defined 7, (2 '7! Iz, N). The nearly mirror symmetric
isomorphism between the latter two graded abelian groups thus exhibits the duality isomor-
phism (1.1), in its ‘basic block’ form g N ~ 17! Iz, N. The same structure is presented in
greater detail in Figs. 4, 5 and 6, where the additive generators are named and the module
action by 7, v (and B) is shown by lines increasing the topological degree by 1, 3 (and 8),
respectively. However, the distinctive symmetry implied by the duality theorem is most easily
seen in the first figure.

Several different approaches lead to proofs of such local cohomology duality theorems.
For fp-spectra X, i.e., bounded below and p-complete spectra whose mod p cohomology is
finitely presented as a module over the Steenrod algebra, Mahowald and Rezk [38] determined
the cohomology of the Brown—Comenetz dual of the finite £ (n)-acyclisation C ,,f X. In many
cases C,{ R is a local cohomology spectrum, and we show in Theorem 4.8 how this leads
to duality theorems for R = ko at all primes, and for R = tmf at p = 2 and p = 3. This
strategy ties nicely in with chromatic homotopy theory.

Next, Dwyer, Greenlees and Iyengar [21] showed that for augmented ring spectra R — k
such that 7, (R) — k is algebraically Gorenstein, the k-cellularisation Cell; R is often
equivalent to a suspension of / R or Iz, R, fork = IF;, ork = Z, respectively. We use descent
methods to extend this to ring spectra with a good map to an augmented ring spectrum 7 — k
satisfying the algebraic Gorenstein property, e.g., with 7, (T) = k[x1, ..., x4] polynomial
over k. Moreover, Cell; R is in many cases a local cohomology spectrum, and we show in
Theorem 5.19 how this leads to duality theorems for R = ko and R = tmf, at all primes p.
This strategy emphasises commutative algebra inspired by algebraic geometry.

There is a growing list [8-10, 13, 14, 21, 23-25, 27, 28] of examples known to enjoy
Gorenstein duality. Many of them are of equivariant origin, or have R = C*(X) for a man-
ifold X, or arise from Serre duality in derived algebraic geometry. For instance, Stojanoska
[43, 44] used Galois descent and homotopy fixed point spectral sequences to deduce Ander-
son self-duality for Tmf from its covers Tmf (2) (at p = 3) and Tmf (3) (at p = 2). More
recently, Bruner and Rognes [15] used a variant of the descent arguments above to directly
deduce local cohomology duality theorems for tmf at p = 2 and p = 3 from similar the-
orems for tmf(3) and tmfo(2), respectively. We summarise these results in Theorems 6.1
and 6.2.

The main goal of this paper is to draw on the Hopkins—Mahowald calculation of 7, (tmf),
as presented in [15], to make the local cohomology spectral sequences for R = tmf at
p=2andat p =3, with J = (B, M) and J = (p, B, M), completely explicit. In order to
determine the differential patterns and some of the hidden (filtration-shifting) multiplicative
extensions in these spectral sequences, we rely on the local cohomology duality theorems to
identify the abutments with shifts of the Anderson and Brown-Comenetz duals of tmf . This
is carried out in Sects. 8.1 and 8.2 for p = 2, and in Sects. 8.3 and 8.4 for p = 3. See also
the explanations in Sect. 8.5 of the graphical conventions used in the charts. As a warm-up
we first go through the corresponding, but far simpler, calculations for R = ko at p = 2 in
Sect. 7.
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132 R. Bruner, J. Greenlees and J. Rognes

2 Colocalisations
2.1 Small and proxy-small

The stable homotopy category of spectra and, more generally, the homotopy category of
R-modules for any fixed S-algebra R, are prototypical triangulated categories. We keep the
terminology from [21, 3.15, 4.6]: A full subcategory of a triangulated category is thick if it
is closed under equivalences, integer suspensions, cofibres and retracts, and it is localising
if it is furthermore closed under coproducts. An object A finitely builds an object X if X
lies in the thick subcategory generated by A, and more generally A builds X if X lies in the
localising subcategory generated by A. An R-module A is small if it is finitely built from R,
and more generally it is proxy-small if there is a small R-module K that both builds A and
is finitely built by A.

2.2 Acyclisation

We recall three related colocalisations. First, for any spectrum X and integer n > 0 let
C ,{ X — X denote its finite E (n)-acycl(ic)isation, defined as the homotopy fiber of the finite
E (n)-localization X — L,]:X introduced by Miller [41, §2]. Here E (n) denotes the n-th p-

local Johnson—Wilson spectrum, with coefficient ring 7. E(n) = Zp)[vy, ..., vy—1, vnil].

The map F (A, C,{ X) — F(A, X) is an equivalence for each finite E(n)-acyclic A, and
Cnf X is built from finite E (n)-acyclic spectra. The finite localization is smashing, so there is
anatural equivalence C, nf X~ XAC ,{ S, and for any R-module M the spectrum C, ,f M admits
anatural R-module structure. A p-local finite spectrum has type n+ 1 if it is E (n)-acyclic but
not E(n + 1)-acyclic. If X is p-local, then by Hopkins—Smith [33, Thm. 7] any one choice
of a finite spectrum A of type n + 1 suffices to build Cnf X. Inductively for eachn > 0, Hovey
and Strickland [35, Prop. 4.22] build a cofinal tower of generalised Moore spectra S/1I of
type n + 1, for suitable ideals I = (p“, vi” e, v:”_’l' , vam), such that there are homotopy
cofibre sequences

22" Dang M g1 s S/1
with I’ = (p®, v{', ..., vi" ). Here S/() = S a}nd vo = p. By [35, Prop. 7.10(a)] there is
a natural equivalence hocolim; F(S/I, X) ~ C,{ X, where S/ ranges over this tower.

2.3 Cellularisation

Second, let k and M be R-modules. The k-cellularisation of M is the R-module map
Celly M — M such that Fg(k, Celly M) — Fgr(k, M) is an equivalence, and such that
Cellg M is built from k in R-modules. It can be realised as the cofibrant replacement in a
right Bousfield localisation of the stable model structure on R-modules in symmetric spectra,
cf. [31, §5.1, §4.1], hence always exists.

Lemma 2.1 If two R-modules k and ¢ mutually build one another, then Celly M ~ Celly M

for all R-modules M. Conversely, if Celly M >~ Cell; M for all M, then k and £ mutually
build one another.
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The local cohomology spectral sequence for topological modular forms 133

Proof 1If k builds ¢, then Fg(£, Celly M) — Fg(£, M) is an equivalence. If £ builds k, then
Cellg M is built from £. If both conditions hold, then M — Cell; M is the £-cellularisation
of M.

If Celly £ >~ Celly £ = £, then k builds £, and if k = Cell k =~ Cell, k then £ builds &, so
if both hold then k& and ¢ build one another. ]

Lemma 2.2 If A is a p-local finite spectrum of type n + 1, and M is a p-local R-module,
then C,{M ~ Cellgaa M as R-modules.

Proof We know that R builds M in R-modules, and A builds C;] S(p) in S-modules, so R A A
builds M A C{ S,y =~ C M in R-modules. Moreover, Fg(R A A, Cf M) — Fr(RA A, M)

is an equivalence, since this the same map as F'(A, C,{ M) — F(A, M). Hence C,{ M is the
R A A-cellularisation of M. O

Let £ = Fg(k, k) be the endomorphism S-algebra of the R-module k. An R-module M
is effectively constructible from k if the natural map

Frtk, M)y Ne k — M

is an equivalence. It is proved in [21, Thm. 4.10] that, if k is proxy-small, then this map
always realises the k-cellularisation of M. Hence Celly M is determined by the right &-
module structure on Fg(k, M), for proxy-small k.

2.4 Local cohomology

Third, suppose that R is a commutative S-algebra, and let J = (x1, ..., x4) be a finitely

generated ideal in the graded ring 7. (R). For each x € m,(R) define the x-power torsion
spectrum 'y R by the homotopy (co-)fibre sequence

1 1

TR [f] R R L R[f].

x X

For any R-module M let
'yM = Fle AR+ AR deR AR M

be the local cohomology spectrum. By [26, §1, §3], this R-module only depends on the

radical v/J of the ideal J. The convolution product of the short filtrations o : £ ' R[1/x;] —
I'y, R for 1 <i < d leads to a length d decreasing filtration of I'y M, with subquotients

s 1 1

FS /Pt~ \/  =7'R [—] AR AR ST'R[—] AR M.

X, Xi

. ) i
1<ij<--<ig=<d s

In Adams indexing, the associated spectral sequence has E-term
, 1
EY =m (F/Fhz= P m (M [7]>
Vit e i <d Xip * et X
S < <ig =

for 0 < s < d, with differentials d, : ES' — EST71+7=1 The d,-differentials are induced
by the various localisation maps y : R — R[1/x;], and the cohomology of (E1, d) defines
the local cohomology groups of the .. (R)-module 7, (M), in the sense of Grothendieck [29].
This construction defines the local cohomology spectral sequence

By = H}(r.(M)), =, m—y(Ts M), @D
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134 R. Bruner, J. Greenlees and J. Rognes

which is a strongly convergent . (R)-module spectral sequence, cf. [26, (3.2)]. As in the
topological case, the local cohomology groups Hj («(M)) only depend on J through its
radical in m,(R), not on the explicit generators xi, ..., x;. We emphasise that the local
cohomology spectrum I" y M, and the associated spectral sequence, are covariantly functorial
in M.

Definition 2.3 Given a finite sequence J = (x1, ..., xg) of elements in 7, (R), we let
R/J = R/x1 AR --- AR R/xq,
where each R/x is defined by a homotopy cofibre sequence
KR 55 R — R/x —> SR,

We shall also write R/J for this R-module in contexts where J is interpreted as the ideal
in 7, (R) generated by the given sequence of elements. This is, however, an abuse of notation,
since R/J depends upon the chosen generators for the ideal, not just on the ideal J itself. We
may referto R/J and Iy R as the Koszul complex and the stable Koszul complex, respectively.

Lemma24 If J = (xi1,...,xq) is a finitely generated ideal in w,(R), and M is any R-
module, then Cellg;y M ~ T ;M as R-modules.

Proof We show that Iy M is the R/J-cellularisation of M. An inductive argument, as in the
proof of [21, Prop. 9.3], shows that R/ J finitely builds R/x{' Ag- - -Ar R/x}} foreachm > 1.
Passing to the colimit over m, it follows that R/J builds I"; R. Since R builds M, it also
follows that R/J builds I'y M. Finally, Fr(R/J, ;M) — Fr(R/J, M) is an equivalence,
because Fr(R/J, N[1/x;]) =~ * for each R-module N and any 1 <i <d. O

With notation as above, if R A A and R/J mutually build one another, then C,{ M >~
Cellgaa M =~ Cellg;g M ~ I'yM by Lemmas 2.2, 2.1 and 2.4. Under slightly different
hypotheses we can close the cycle and obtain this conclusion directly.

Lemma2.5 Let I = (p®,...,vp")and J = (xq, ..., xq). If

(1) each x; acts nilpotently on each w.F(S/1, R), and
2) v acts nilpotently on . F (S/(p®, ..., v?i’ll), R/J) foreachOQ <s <n,

then C,{'M ~ I"yM as R-modules.

Proof Ttem (1) ensures that F(S/I,T';R) >~ T';F(S/I, R) is equivalent to F(S/I, R) for
each [ in the cofinal system, and passage to homotopy colimits implies that

clr,r = clr

is an equivalence. Item (2) ensures that C ,{ R/J =~ hocolim; F(S/I, R/J) is equivalent to
R/J, which implies that

C/T/R =>T,R
is an equivalence, since R/J builds I"y R. Hence C,{ R >~ T'"; R, and more generally C;f M =
C/RARM ~T;RARM =T, M. o
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The local cohomology spectral sequence for topological modular forms 135

2.5 A composite functor spectral sequence
Let I, J C R, be finitely generated ideals in a graded commutative ring, and let M, be an

R,-module. If I = (x) we write 'y M, = HIO(M*) and M, /x> = HIl (M) for the kernel
and the cokernel of the localisation homomorphism y below.

0 — MMy — My 2 My[1/x] — M,/x>® — 0.

More generally, let 'y M, = H})(M*) denote the /-power torsion submodule of M,. The
identity I'; (I'y M) = '+ 7 M, leads to a composite functor spectral sequence

EY = HI(H](My) =i H[)(Ms).
This is a case of the double complex spectral sequence of [17, §XV.6]. When I = (x) and
J = (), itarises by horizontally filtering the condensation of the central commutative square

below, leading to an E|-term given by the inner modules in the upper and lower rows, and
an E»-term given by the modules at the four corners.

Do(My/y®°) »—— My [/ y® ——— M [1/x]/y>° —— (M, /™) /x>

M. [1/y] —— M,[1/xy]

Y Y
M, ——— M,[1/x]
T (TyM,) Iy M, Ty My[1/x] —— (Ty My) /x>

For bidegree reasons, the spectral sequence collapses at this stage, so that

I (Ty M) for (i, j) = (0,0),
Ty M) /x> for (i, j) = (1,0),
Lo (Ms/y™) for (i, j) = (0, 1),
(M/y>) /x> for (i, j) = (1, 1).

i.J i.j
E2 = EOO =

It follows that we have identities

P (TyMy) = Tx )My = H&,),)(M*)
(M) /x> = My/(x®, y°) = H(, (M),

and a natural short exact sequence
0— (TyM)/x> — H/, ,(M)) — Tx(M./y>®) = 0.

If 'yM, C TIyM,, so that the y-power torsion is entirely x-power torsion, then
(TyM,) /x> =0and H, (M) = T (My/y™).

(x,y
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136 R. Bruner, J. Greenlees and J. Rognes

3 Dualities
3.1 Artinian and Noetherian S,-modules

Let S, denote the p-completed sphere spectrum. The category of S,-modules contains a
subcategory of p-power torsion modules satisfying I'yM ~ M, and a subcategory of p-
complete modules for which M ~ M [? The (covariant) functors I"j, and (—)2 give mutually
inverse equivalences between these full subcategories, cf. [34, Thm. 3.3.5].

We say that a p-power torsion module M is Artinian if each homotopy group 7; (M) is
an Artinian Z,-module, i.e., a finite direct sum of modules of the form Q,/Z, or Z/p* for
a > 1. Dually, we say that a p-complete module M is Noetherian if each homotopy group
7; (M) is a Noetherian Z ,-module, i.e., a finite direct sum of modules of the form Z, or Z/ p*
for a > 1. The latter are the same as the finitely generated Zj,-modules. The simultaneously
Artinian and Noetherian S,-modules M are those for which each 7, (M) is finite.

3.2 Brown-Comenetz duality

We recall two related dualities. First, working in S,,-modules, the Brown—Comenetz duality
spectrum I represents the cohomology theory

I'(M) = Homg,, (,(M), Qp/Zp),

cf. [12]. This makes sense because QQ,/Z, is an injective Z,-module. Letting /M =
Fs,(M, I)we obtain a contravariant endofunctor / of S,-modules, with 7_, (I M) = I'(M).
It maps p-power torsion modules to p-complete modules, and restricts to a functor from
Artinian §,-modules to Noetherian S,-modules, since

HomZP(Qp/Z,,,Qp/Z,,) =7, and HomZp(Z/p“,Qp/Zp) =7/p°.

In general, it does not map p-complete modules to p-power torsion modules, but it does
restrict to a functor from Noetherian S,-modules to Artinian S,,-modules. Moreover, the
natural map

p: M — I(IM)

is an equivalence for M that are Artinian or Noetherian. Hence the two restrictions of  are
mutually inverse contravariant equivalences between Artinian §,-modules and Noetherian
Sp-modules. If the §,,-module action on M extends to a (left or right) R-module structure,
then /M is naturally a (right or left) R-module.

3.3 Anderson duality

Second, the Eilenberg-MacLane spectrum g, = HQ), represents the ordinary rational
cohomology theory

Iy, (M) = Homg, (7;(M), Q)

in S,-modules. The canonical surjection Q, — Q,/Z, induces a map of cohomology
theories, and a map Ig, — [ of representing spectra, whose homotopy fibre defines the
Anderson duality spectrum Iz, cf. [2] and [36]. Letting Iz, M = Fs,(M, IZP) and Ig,M =
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The local cohomology spectral sequence for topological modular forms 137

Fs,(M, Ig,), we obtain a natural homotopy fibre sequence
UM — Iz M — Ig,M — IM,

which lifts the (short) injective resolution 0 — Z, — Q, — Q,/Z, — 0. The associated
long exact sequence in homotopy splits into short exact sequences

0 — Extz, (-1 (M), ZLp) —> 7—¢(Iz,M) —> Homg,, (r;(M), Zp) — 0. (3.1)

If the S,-module action on M extends to a (left or right) R-module structure, then Iz,M
is naturally a (right or left) R-module, and the short exact sequence above is one of . (R)-
modules.

The contravariant endofunctor Iz, on Sp-modules is equivalent to > =11 on the subcate-
gory of p-power torsion modules, since Ig, is trivial on these objects. More relevant to us is
the fact that it maps Noetherian S,-modules to Noetherian S,-modules, since

Extz,(Zp, Zp) =0 Homg, (Zy, Z,) = L,
Extz, (Z/p®. Z,) = L/ p° Homg,,(Z/p®, Z,) = 0.

Moreover, the natural map
p: M —> Iz, (Iz,M) (3.2)

is an equivalence for Noetherian M, cf. [46, Thm. 2] and [37, Cor.2.8]. Hence I7 ) restrictstoa
contravariant self-equivalence of Noetherian §,-modules, being its own inverse equivalence.

We emphasise that the Brown—Comenetz and Anderson dual spectra, / M and I7, » M, and
the algebraic expressions for their homotopy groups, are contravariantly functorial in the S),-
or R-module M.

Lemma 3.1 There are natural equivalences
I(T,M) >~ (IM)) ~ E(IZPM)Q

Proof For §,-modules M and N we have I, S Ns, M =TpM and Fs (I'pS,N) >~ Nﬁ,
since I',§ =~ hocolim, § ~1/p¥. The first equivalence then follows from the adjunction
FS,,(FpS Ns, M, 1) >~ Fs, T,s, Fs, (M, I)). The second equivalence follows from the
homotopy fibre sequence defining the Anderson dual, since (Ig, M ); is trivial. If the S),-
module structure on M extends to an R-module structure, then this is respected by all of
these equivalences. O

4 Mahowald-Rezk duality
4.1 Spectra with finitely presented cohomology

Let A denote the mod p Steenrod algebra, where p is a prime. We write H*(X) for the
mod p cohomology of a spectrum X, with its natural left A-module structure. For n > 0
let A(n) be the finite sub (Hopf) algebra of A that is generated by Sq', S¢?, ..., qun for
p = 2,and by B, Pl ..., PP for p odd. Also let E(n) be the exterior sub (Hopf) algebra
of A(n) generated by Qo, Q1, ..., Qn, where Qg = Sq' and Q; = [qux, Qi_1]lfori >1
and p =2,and Qg = B and Q;4+1 = [Ppi, Q;]fori > 0 and p odd.
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138 R. Bruner, J. Greenlees and J. Rognes

Let X be a spectrum that is p-complete and bounded below. Following Mahowald and Rezk
[38, §3] we say that X is an fp-spectrum if H*(X) is finitely presented as an A-module. This
is equivalent to asking that H*(X) = A®au) M is induced up from a finite A(n)-module M,
for some n. We say that a graded abelian group 7., is finite if the direct sum P, 7, is finite. The
class of p-local finite spectra V such that . (V A X) is finite generates a thick subcategory
of the stable homotopy category, and is therefore equal to the class of p-local finite spectra
of type > m + 1 for some well-defined integer m > 0. We then say that X has fp-type equal
to m. In each case n > m, sometimes with strict inequality, cf. [16, Prop. 3.9].

Theorem 4.1 [38, Prop. 4.10, Thm. 8.2] Let X be p-complete and bounded below, with
H*(X) = A ®am) M for some finite A(n)-module M. Then IC,{X is p-complete and
bounded below, with H*(IC{X) = A @ Ay Hompg (M, £4F ), where a(n) is the top
degree of a nonzero class in A(n).

Recall that we write ko = ko?7 and tmf = tmf pA for the p-completed connective real K -
theory and topological modular forms spectra, respectively, and that these are commutative
S-algebras.

Proposition 4.2 [38, Cor. 9.3] There is an equivalence of ko-modules
500 ~ 1CY ko
(at all primes p), and an equivalence of tmf-modules
B tmf ~ 1C] imf
(at p =2 and at p = 3). The underlying S,-modules are Noetherian and bounded below.

Proof For X = ko completed at p = 2 we have H* (ko) = A//A(1) = A ®a(1) 2 by Stong
[45], so

H*(IC{ko) = A®aq) ZF, = 204 //A(1),

since a(1) = 6. Choosing a map S® — IC lf ko generating the lowest homotopy (and homol-
ogy) group, and using the natural ko-module structure on the target, we obtain a ko-module
map ¢: %o — IC'lfko. The induced A-module homomorphism ¢*: H*(IC]fko) —
H*(X%0) has the form £%A//A(1) — £°A//A(1), and is an isomorphism in degree 6,
hence is an isomorphism in all degrees. It follows that ¢ is an equivalence of 2-complete
ko-modules.

For X = ¢ = BP(1) completed at any prime p we have H*(¢) = A//E(1), essentially
by [42], 50 H*(IC{ €) = £2P A//E(1) and IC{ ¢ ~ $2¢. For p odd this implies the claim
for ko ~ \/5283)/2 R

For X = tmf completed at p = 2 we have H*(tmf) = A//AQ2) = A Qa() F2 by
Hopkins—Mahowald [32, Thm. 4.5], cf. Mathew [40, Thm. 1.1]. Hence

H*(ICL tmf) = A ®@a@) ZPF, = TP A//AQ),

since a(2) = 23. Choosing a map S — I sz tmf generating the lowest homotopy group,
and using the natural tmf-module structure on the target, we obtain a tmf-module map
¢: 3B mf — IC{tmf. The induced A-module homomorphism ¢*: H*(Isztmf) —
H*(Z23tmf)hastheform T2 A//A(2) — 22 A//A(2), andis anisomorphism in degree 23,
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hence is an isomorphism in all degrees. It follows that ¢ is an equivalence of 2-complete
tmf-modules.

For X = tmf completed at p = 3 we have H*(tmf) = A ®4(2) M for a finite A(2)-
module M with Homp, (M, F3) = X ~%M, by Proposition 4.3 below. It follows that

H*(IC] tmf) = A ®a@) T2M = SPH*(tmf)

as A-modules, since a(2) = 87 and 87 — 64 = 23. Choosing amap §23 — [ sz tmf generat-
ing the lowest homotopy group, and using the natural #mf-module structure on the target, we
obtain a tmf-module map ¢: 23 rmf — I C{ tmf. The induced A-module homomorphism
P*: H*(Isztmf) — H*(ZPtmf) has the form TP A ®40) M — A ®402) M, and is
an isomorphism in degree 23. It follows from the relation P3gg = P!gg that ¢* is also an
isomorphism in degree 23 + 8 = 31, hence in all degrees, and that ¢ is an equivalence of
3-complete tmf-modules. O

Proposition 4.3 At p = 3 there is an isomorphism H*(tmf) = A @42 M of A-modules,
where

_ _AQ)//E@){go. 83}
(Plgo, P3go = Plgs)
is a finite A(2)-module of dimension 18 satisfying Homp, (M, F3) = =M.

Proof Let all spectra be implicitly completed at p = 3. Let W = SU, e* U, e®, where v = o
is detected by P!. According to [40, Thm. 4.16], there is an equivalence tmf AW =~ tmfy(2)
of tmf-module spectra, where . (tmfo(2)) = Zplaz, as] with |az| = 4 and |as| = 8. We
take as known that H*(tmfy(2)) = A//E(2){go, g8}, where |gg| = 0 and |gg| = 8. The
homotopy cofibre sequences

S — ¥ —> T4Cy
siCy — Tt — 512
induce homotopy cofibre sequences
tmf — tmfy(2) — Z4tmf A Cv
s*mf A Cv — Thmfy(2) — = tmf

of tmf-modules. Passing to cohomology we get two short exact sequences, which we splice
together to an exact complex

0 — S2H*(imf) — TA//EQ@)(g0. gs) —> AJ/E@){g0. g5} — H*(tmf) — 0

of A-modules. Here 8(Z%gg) € F3{Pl'go} and 9(Z%gg) € F3{P3go, Plgs}. Hence this
complex is induced up from an exact complex

0— 212M — S*AQ)//EQ){g0. g8} —> AQ)//EQ2){g0, 88} = M — 0

of A(2)-modules, where the rank of 9 is twice the dimension of M. The dimension of
A(2)//E(2) is 27, so the dimension of M is 18. By exactness, 8(E4g0) and 8(24g3) are
nonzero. From [18, Cor. 6.7] it follows that we can choose the signs of the generators so that
9(X*g0) = Plgo and 8(X*gg) = P3go — P'gg. This gives the stated presentation of M.
Applying D = Homp, (—, F3) we find that D(A(2)//E(2)) = 2_64A(2)//E(2), and can
calculate that D9 has the same form as 9, so that the dual of the exact A (2)-module complex
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above presents D(Z2M) = 12DM as = 7°M, which implies that M is concentrated in
degrees 0 < x < 64, and is self-dual. O

4.2 Local cohomology theorems by Mahowald-Rezk duality

Notation 4.4 The graded ring structure of m, (ko) is well known [11]. We use the notation
me(ko) = Zy[n, A, B1/(2n, n’, nA, A*> = 4B)

where |n] = 1, |A] = 4 and |B| = 8, cf. [15, Ex. 2.30]. If p is odd this simplifies to
(ko) = Z,[A]. We call B the Bott element.

Notation 4.5 The graded ring structure of 7, (tmf’) is also known [3, 32], [20, Ch. 13], [15],
apart from a couple of finer points.

For p = 2, using the naming scheme of [15, Ch. 9], the graded commutative Z,-algebra
. (tmf) is generated by forty classes x;, where

x €{n,v,€,k,k,B,C, D, M}

and 0 < k < 7. The indices k that occur are shown in Table 1. We abbreviate xg to x, and
note that |x;| = |x|+ 24k is positive in each case. We call B € wg(tmf) and M € miga(tmf)
the Bott element and the Mahowald element, respectively. See Fig. 4 for the mod 2 Adams
Eo-term for tmf in the range 0 <t — s < 192.

In [20, Ch. 13] these homotopy elements are instead labelled by their detecting classes in
the elliptic (or Adams—Novikov) spectral sequence Eo.-term. The ‘E,’ column lists these
classes, which, however, only characterise the x; modulo higher filtrations. For example,
the cosets detected by vA* for k even and 2vA¥ for k € {1, 5} have indeterminacy 7,2
generated by an 7- or 71-multiple, the cosets detected by c4 A¥ have indeterminacy Z/2{e}
for k € {0, 1, 4, 5}, the coset detected by 2C6A2 has indeterminacy Z/4{E3}, and the coset
detected by 2¢6A° has indeterminacy Z/2{nvee}. The edge homomorphism . (tmf) —
Zlcs, ce, A]/ (ci — cé = 1728A) sends multiples of c4, c¢ and A to the corresponding
integral modular forms. The notation ¢ = €A is also in common usage.

For p = 3, using the naming scheme of [15, Ch. 13], the graded commutative Z3-algebra
. (tmf) is generated by twelve classes xi, where

xe{v,8,B,C,D, H)

and 0 < k < 2. The values of k that occur are shown in Table 2. We again abbreviate
X0 to x, and note that |xx| = |x| 4 24k is positive in each case. We call B € mg(tmf)
and H € my;(tmf) the Bott element and the Hopkins—Miller element, respectively. In [20,
Ch. 13] these homotopy elements are labelled by their detecting classes in the elliptic spectral
sequence, as listed in the ‘Es,’ column. See Fig. 12 for the mod 3 (¢mf-module) Adams
Eoo-term for tmf in the range 0 <t —s < 72.

To avoid repetitive case distinctions we will sometimes write Z,[B, M], (p, B, M)
or (B, M), both for p = 2 and for p = 3, in spite of the fact that the notations just introduced
for p = 3 would be Z3[B, H], (3, B, H) or (B, H). In effect, the element ‘M’ should be
read as ‘H’ for p = 3.

Definition 4.6 For any p-complete connective S-algebra R with mo(R) = Z,, let

no = ker(mw«(R) — Zp)
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Table 1 Algebra generators xj

for my (tmf) at p =2 x k ¥l Eoo
n 0,1,4 1 nAk
v 0,1,2,4,5,6 3 ;f:k ];ZZZ“
€ 0,1,4,5 8 eAk
K 0,4 14 KAk
Fe 0 20 e
B 0,1,2,3,4,5,6,7 8 cq AF
C 0,1,2,3,4,5,6,7 12 2ce AF
8A% k odd
D 1,2,3,4,5,6,7 0 4A% ke (2,6)
2AK k=4
M 0 192 A8
I:rbjlre*z(t n/?}g);zt;r; g:er;erators Xk N X Ix| Eeo
v 0,1 3 ank
B 0 10 B
B 0,1,2 8 ca Ak
c 0,1,2 12 ce AK
D 1,2 0 3Ak
H 0 72 A3

denote the ideal in 7, (R) given by the classes in positive degrees, and let
n, = ker(7«(R) — F))

denote the maximal ideal generated by ng and p.

We shall review the precise structure of my(tmf) as a Z,[B, M]-module in Sect. 8, but
for now we will only need the following, more qualitative, consequences of that structure.
Their analogues for ko are straightforward.

Lemma 4.7 The following hold for p = 2 and for p = 3.

(1) The graded group m.(tmf) is finitely generated as a Z,|B, M]-module.

(2) The radical of (B, M) C my(tmf) is n, and the radical of (p, B, M) is .
(3) The graded group . (tmf /(p, B, M)) is finite.

(4) Each 7, (T (g, mytmf) is a finitely generated 7 ,-module.

Proof We use the notation and results of Sects. 8.1 and 8.3, so the careful reader will have to
refer forward to those results now, or come back to this proof later. In particular, N = tmf /M,
with Ny = m,.(N), by Theorems 8.2 and 8.14.

(1) Sincem(tmf) = N,®Z[M], it suffices to check that N, is finitely generated as a Z ,[ B]-
module, which is clear from the explicit expressions given in Theorems 8.4 and 8.15.
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(2) Because my(tmf)/(B, M) is finitely generated over Zj,, each positive degree class is
nilpotent, and therefore each class in ng lies in the radical of (B, M). The other conclu-
sions follow.

(3) Since I'p N, is finite, each ko[k] is B-torsion free, and each ko[k]/B is a finitely gen-
erated Z,-module, it follows that .(N/B) is a finitely generated Z,-module. Hence
w.(N/(p, B)) = m.(tmf /(p, B, M)) is finite.

(4) Likewise, since I'g N, is finite and each ko[k]/B° is bounded above and finitely gen-
erated over Zj, in each degree, it follows that 7, ("3 N) is bounded above and finitely
generated over Zj, in each degree. Hence 7, (', mytmf) = o (FpN) @ Z[ M1/ M is
also bounded above and finitely generated over Z, in each degree.

Theorem 4.8 There are equivalences of ko-modules
T(p.myko = Ty ko =~ C{ ko =~ £7%1 (ko)
(at all primes p), and equivalences of tmf -modules
Cip.gnimf = Do tmf = C{ tmf ~ B 1@mf)
(at p =2 and at p = 3). The underlying S,-modules are Artinian and bounded above.
Proof For any S,-module M the natural homomorphism
p: (M) — Homgz,(Homz, (7r:(M), Qp/Zp), Qp/Zp)

is injective. Hence, if 7_; (/M) = Homg,, (7 (M ), Q,/Z,) is a Noetherian (= finitely gen-
erated) Z ,-module, then p exhibits 7, (M) as a submodule of an Artinian Z,-module, which
must itself be Artinian. This applies with M = C { ko, since we know from Proposition 4.2

that IM ~ ¥°o, and ko is a Noetherian Sp-module. It also applies with M = C‘zftmf,
since IM ~ £?tmf and tmf is a Noetherian Sp-module by Lemma 4.7(1). Hence
p: M — I(IM) is in fact an equivalence in these cases, so that

Cl ko ~ 1(1¢{ ko) ~ 1(£%ko0) ~ £~°I (ko)
climf ~ 1aclimf) ~ 18P imf) ~ =2 10mf).
We use Lemma 2.5 withn = 1, R = M = ko and J = (p, B) to see that
¢l ko ~ T, pko. 4.1)

The finite spectra S/I with I = (p?°, vﬁ” ), and their Spanier—Whitehead duals, have type 2,
so . F(S/1, ko) is finite, since ko has fp-type 1. Hence both p and B act nilpotently on
this graded Z,-module. This confirms the first condition. For the second condition, note that
R/J =ko/(p, B) and F(S/p“, R/J) have finite graded homotopy groups, hence p“® acts
nilpotently on the former and vf‘ acts nilpotently on the latter. The radical in m, (ko) of
J = (p, B) equals v/J = n,, and as reviewed in Sect. 2.4 this implies the equivalence

F(p,B)kO =~ anko.
Similarly, we use Lemma 2.5 withn =2, R = M = tmf and J = (p, B, M) to see that

climf ~ T, pantmf. 4.2)
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The finite spectra S/ with I = (p®, v{", v3?), and their Spanier—Whitehead duals, have
type 3,s0 . F(S/I, tmf) is finite, since tmf has fp-type 2. Hence p, B and M act nilpotently
on this graded Z,-module. Next, note that R/J = tmf/(p, B, M), F(S/p*, R/J) and
F(S/(p™, v{"), R/J) have finite homotopy, by Lemma 4.7(3), so that p® acts nilpotently
on the first, v{" acts nilpotently on the second, and v5” acts nilpotently on the third. The

radical in . (tmf) of J = (p, B, M) equals VI = n,, by Lemma 4.7(2), which implies the
equivalence
F(p,B,M)tmf ~ anlmf.
O
Remark 4.9 As an alternative to Lemma 2.5, we could use Lemmas 2.2 and 2.4 to estab-
lish (4.1). For p = 2 the Adams complex A = §/(2, v‘l‘) from[1, §12] has type 2 and satisfies
ko N S/(2, vf) ~ ko/(2, B). Hence C‘]fko >~ Cellgona ko = Cellgy/2,8) ko = ' pyko.
For p odd the complex S/(p, v1) has type 2 and ko A S/(p,v1) =~ ko/(p, A™) with
m = (p — 1)/2. Hence leko >~ I'(p,amko >~ T'(, pyko, since (p, A™) and (p, B) have
the same radical.
Likewise, we could use the existence [5] of a 2-local finite complex A = S/(2, v‘l‘, vgz)

of type 3 satisfying tmf N A ~ tmf/(2, B, M) to deduce that C‘thmf >~ Celljpraa =
Cellyyr/,8,m tmf = T g atmf. Similar remarks apply at p = 3, using the type 3
complex A = S/(3, vy, vg) constructed in [7]. In these cases the argument for (4.2) using
Lemma 2.5 is dramatically simpler, as is to be expected, since asking for R A A and R/J to
be equivalent is a much more restrictive condition than asking that they build one another.

Theorem 4.10 There are equivalences of ko-modules
ko = noko = £ 771z (ko)
(at all primes p), and equivalences of tmf-modules
T.tmf = Tngtmf >~ £7221y (tmf)
(at p =2 and at p = 3). The underlying S,-modules are Noetherian and bounded above.

Proof Proposition 4.2, equivalence (4.1), and Lemma 3.1 applied to the ko-module M =
I'gko, give equivalences

£%o = IC{ ko = (T, ko) = (Iz, T sko)).

Here I'gko is a Noetherian Sj,-module, which implies that Iz,T pko is also Noetherian and
(in particular) p-complete. Hence ko ~ Iz, T pko, which implies that

ko = Iz, (Iz,T'gko) =~ Iz, (£°ko) ~ £ Iz, (ko).
Furthermore, I'gko = I'y ko, since the radical of (B) in 7. (ko) equals ng.
Similarly, Proposition 4.2, equivalence (4.2), and Lemma 3.1 applied to the tmf-module
M = T'(g,mytmf, give equivalences
=Btmf = 1C tmf = (T (p,p,mytmf) = Iz, Tip aytmf ).

Part (4) of Lemma 4.7 asserts that I' g a7ytmf is a Noetherian S,-module, which implies that
Iz, I'(g,m)tmf is also Noetherian and p-complete. Hence Zzztmf ~ Iz, I'(g,mytmf, which
implies that

Ttmf = Iz, (I, U atmf) = Iz, (S2tmf) ~ =21 (tmf).
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Finally, I' g mytmf = Ty,tmf, since the radical of (B, M) in m.(tmf) equals ny by
Lemma 4.7(2). ]

5 Gorenstein duality
5.1 Gorenstein maps of S-algebras

The original version [21, Def. 8.1] of the following definition was slightly more restrictive,
but by [21, Prop. 8.4] there is no difference when k is proxy-small as an R-module.

Definition 5.1 Let R — k be a map of S-algebras. We say that R — k is Gorenstein of
shift a if there is an equivalence of left k-modules

Fr(k, R) ~ k.

Our next aim is to prove Proposition 5.3. We write F), and Z, for the mod p and p-
adic integral Eilenberg-MacLane spectra, respectively, with their unique (commutative) S,-
algebra structures.

Suppose that R is an S)-algebra and that k = I ,. There are then equivalences

k~ Ik = Fs, (k,I) = Fg(k, Fs,(R, I)) = Fg(k, IR)

of left k-modules, where Ik and I R are the Brown—-Comenetz duals of k and R, and where k
acts from the right on the domains of the two mapping spectra. Hence, if R — k is Gorenstein
of shift a, then there is a k-module equivalence

Fr(k, R) ~ £% ~ Fg(k, °IR).

Recall the notation £ = Fg(k, k) from Sect. 2.3. Restriction along R — k defines an S-
algebra map k°? — &, and the left £-action on k induces right £-actions on Fg(k, R) and
Fr(k, 241 R).If R is connective with my(R) = Z,, then £ is coconnective with 77y (£) = kP
a field. According to [21, Prop. 3.9] the k-module equivalence above then extends to an &-
module equivalence, so that

Fr(k, R) Ag k >~ Fr(k, Z“IR) A¢ k.

Moreover, if k is proxy-small, so that k-cellularisation is effectively constructible by [21,
Thm. 4.10], then we can rewrite this as an equivalence

Cellg R ~ Celly(S°IR).

Finally, if 7, (I R) is p-power torsion, then k builds / R as the homotopy colimit of a refined
Whitehead tower in R-modules, so that Celly(X“IR) >~ X¢IR. Hence these hypotheses
ensure that R — k has Gorenstein duality of shift a, in the following sense.

Definition 5.2 A map R — k = IF, of Sj,-algebras has Gorenstein duality of shift a if there
is an equivalence

Celly R ~ X“IR.

Similarly, a map R — k = Z, of S-algebras has Gorenstein duality of shift a if there is an
equivalence

Cell; R ~ Ea]ZPR.

@ Springer



The local cohomology spectral sequence for topological modular forms 145

Proposition 5.3 Let k = IF), or Z), let R — k be a map of connective S,-algebras with
70(R) = Zp, and let £ = Fg(k, k). Suppose that

(1) R — k is Gorenstein of shift a, and
(2) k is proxy-small as an R-module.

For k =T, also assume that
3) Homgz, (m+(R), Qp/Zp) is p-power torsion.
Then R — k has Gorenstein duality of shift a.
Proof The case k = IF, was discussed above. When k = Z,,, we have an equivalence
k >~ Fg,(k, Iz,) = Fr(k, I7,R)
of k-modules, where Iz,R = Fs,(R, Iz,) is the Anderson dual of R. Hence, if R — k is
Gorenstein of shift a then there is a k-module equivalence
Fr(k, R) >~ X% ~ Fg(k, Z”IZPR).

Since R is connective with 7o (R) = Z,, it follows that £ is coconnective with o (€) = k%
and m_1(£) = 0. We prove in Proposition 5.4 below that this implies that the k-module
equivalence above extends to an £-module equivalence, so that

Fr(k, R) ng k >~ Fgr(k, Z“IZPR) Ae k.
If k is proxy-small, then we can rewrite this as
Celly R =~ Celly (217, R).

Since . (17, ) R) is a bounded above graded Z,-module, it follows that /7, ) R is built from %,
so that Cell; R >~ E“IZP R. m]

5.2 Uniqueness of £-module structures

We continue to write £ = Fg(k, k) for the R-module endomorphism ring spectrum of k.

Proposition 5.4 Let k = T, or Zp, and let k°? — & be a map of coconnective S-algebras
inducing an isomorphism on my. For k = Z,, also assume that w_{(£) = 0. Then any two
right E-module structures on k are equivalent.

Proof When k = ), this is a special case of [21, Prop. 3.9]. When k = Z,, we refine
the proof of that proposition. Let k; and k2 be right £-modules whose restricted k-module
structures are given by the usual left action on k. Let M = £ as an £-module, with the
usual right action, and choose £-module maps fi: M — ki and f,: M — ky inducing
isomorphisms on . We shall extend M to a cellular £-module N such that f; extends
to an £-module equivalence g1: N — ki, and such that f> extends to an £-module map
g2: N — kp. It will then follow that g5 is also an equivalence, and k| and k, are equivalent
as £-modules.

fi
M M’ N
g{
f2 ky
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Note that 7_; (M) = 0. As a first approximation to N we build a cellular £-module M’ by
attaching £-cells of dimension < 0 to M, so that 7_;(M’) = 0 and 7,(M) — m;(M’) is
trivial for each t < —2. More precisely, for each t < —2 choose an £-module map

\/zie & \/5e
o B
such that

0— Pz, WPz, — 1 M) >0
o B
is a free Z-resolution of 7, (M). There is then a map C¢; — M from the homotopy cofibre
of ¢;, inducing an isomorphism on ;. The composite C¢ — M — k; is null-homotopic,
since C¢; has cells in dimensions ¢ and ¢ + 1 < —1 only, while kj is connective. Let M’ be
the mapping cone of the sum over ¢ of the maps C¢p, — M, and let f{: M’ — ki extend f.
Then M’ has the stated properties.

Iterating the process infinitely often, and letting N be the (homotopy) colimit of the
sequence M C M’ C ..., we calculate that r;(N) = 0 fort # 0, while g;: N — kjisa
mo-isomorphism, and therefore an equivalence.

We obtained N from M by attaching cells of dimensions < 0, so the obstructions to
extending f>: M — ky lie in the negative homotopy groups of k», which are trivial. Hence
an extension g>: N — kp exists. It must be a 7rp-isomorphism, since f1, f> and g have this
property, and is therefore an equivalence, as claimed. O

Remark 5.5 The hypothesis on 7_1(£) can in general not be omitted; see [21, Rem. 3.11].

5.3 Gorenstein descent

Suppose that we are given maps R — T — k of S-algebras, and that T is somehow easier
to work with than R. A descent theorem for a property P gives hypotheses under which P
for T — k implies P for R — k. We first apply this idea in the case of the Gorenstein

property.

Lemma5.6 Let T — k be a map of S-algebras, and suppose that the homomorphism
of coefficient rings w.(T) — m.(k) is (algebraically) Gorenstein in the sense that
Ext;’**(T) (s (k), . (T)) is a free mw(k)-module of rank 1, on a generator in bidegree (s, t).
Then T — k is Gorenstein of shifta =t — s.

Grothendieck’s definition given in [29, p. 63] is more restrictive, but this condition suffices
for our purposes.

Proof The conditionally convergent Ext spectral sequence
Ey' = EXt ) (mu (k). 7(T)) =5 7o Fr k. T)

of [22, Thm. IV.4.1] is a m,(k)-module spectral sequence that collapses at the E;-term,
hence is strongly convergent. It follows that w, Fr(k, T) = X%m, (k) as m,(k)-modules, so
that Fr(k, T) >~ X%k as k-modules. O

Example5.7 7, — F, is Gorenstein of algebraic shift (s, ) = (1, 0) and of topological
shifta = —1.
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Lemma5.8 Let R — T — k be maps of S-algebras, and suppose that R — T is Gorenstein
of shiftb. Then T — k is Gorenstein of shift a if and only if R — k is Gorenstein of shift a+b.

Proof By hypothesis, Fg(T, R) ~ Z°T as left T-modules. It follows that
Fr(k, R) = Fr(k, Fg(T, R)) ~ Fr(k, 2"T) = £’ Fr (k, T)
as left k-modules. Hence Fr(k, T) >~ X%k if and only if Fr(k, R) =~ »athy, ]

Example5.9 If 7. (T) = Zply1, ..., yal is polynomial on finitely many generators, and
k = Z,, then the ring homomorphism 7.(T) — Z, is Gorenstein of shift (s,f) =
d, — Zflzl |vi|). Hence the S-algebra map T — 7, is Gorenstein of shift

d d
a=—d—Y |yl==) (yl+1.
i=1 i=1
Moreover, 74(T) — [, is Gorenstein of shift (d+1, — Zl-dzl |yil)and T — T, is Gorenstein
of shift —d — 1 — Y0, |yil.
Proposition 5.10 The S-algebra maps
ko — ku — Z, — T,

are Gorenstein of shift —2, —3 and —1, respectively. Hence ko — Z, is Gorenstein of
shift =5 and ko — T, is Gorenstein of shift —6.
At p = 2 the S-algebra maps

tmf — tmf1(3) — Zy — [,
are Gorenstein of shift —12, —10 and —1, respectively. At p = 3 the S-algebra maps
tmf — tmfo(2) — Zz — I3
are Gorenstein of shift —8, —14 and —1, respectively. At p > 5 the S-algebra maps
tmf — Z, — T

are Gorenstein of shift —22 and —1, respectively. Hence tmf — Z, is Gorenstein of
shift =22, and tmf — T, is Gorenstein of shift —23, uniformly at all primes.

Proof The homotopy rings

1, (k) = Z,p ]
T (tmfi(3)) = Lalay, a3)

~ (5.1)
7« (tmfo(2)) = Zslaz, as]
JT*(U’VLf) = ZI;[C4, c6l,
where p > 5 in the last case, are all polynomial, with |u| = 2, |@;| = 2i and |c¢;| = 2i. See

[11], [39, Prop. 3.2], [4, §1.3], [19, Prop. 6.1] or [15, §9.3, Thm. 13.4]. This accounts for
the Gorenstein shifts by —3, —10, —14 and —22, as in Example 5.9.
The shifts by —1 are covered by Example 5.7.
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By Wood’s theorem [14, Lem. 4.1.2], and its parallels [40, Thm. 4.12, Thm. 4.15] for

topological modular forms, there are equivalences

koA Cn=>~ku

tmf A ® x>~ tmf1(3) (5.2)

tmf AW >~ tmfy(2)
of ko- or tmf-modules, according to the case. Here Cn = S U,, ¢ is a 2-cell, 2-dimensional
Spanier—Whitehead self-dual spectrum, @ is an 8-cell, 12-dimensional Spanier—Whitehead
self-dual 2-local spectrum [15, Lem. 1.42] with mod 2 cohomology H*(®) = A2)//E(2) =
D A(1) realising the double of A(1),and ¥ = SU, e*U, e® is a 3-cell 8-dimensional Spanier—
Whitehead self-dual 3-local spectrum [15, Def. 13.3] with mod 3 cohomology H*(W¥) =
P(0) = (P'). The duality equivalences D(Cn) ~ =~2Cn, D® ~ L~ '?® and DV ~
78w account for the Gorenstein shifts by —2, —12 and —8, respectively. For example, in
the case of rmf at p = 2 we have equivalences

Fump (tmf1(3), tmf) = Fyuy(tmf A @, tmf) = F(P, tmf)
~ tmf AD® >~ tmf AT2® >~ T 2imf(3)

of tmf-modules. O

5.4 Small descent

We can use descent to verify that k is a (proxy-)small R-module in the cases relevant for
Sects. 7 and 8.

Lemma5.11 Let R — T — k be maps of S-algebras, such that T is small as an R-module
and k is small as a T-module. Then k is small as an R-module.

Proof Since T finitely builds k as a T-module, this remains true as R-modules. Hence R
finitely builds k. O

Lemma5.12 Let T be a commutative S-algebra with w(T) = Zply1, ..., yal. Then Z,,
and IF, are small as T -modules.

Proof T /y1 At --- A1 T /ya = Z, and Z, /p ~ I, are finitely built from 7. O

Remark 5.13 More generally, if w, (k) is a perfect 7, (T)-module, meaning that it admits a
finite length resolution by finitely generated projective 7. (7)-modules, then k is small as a
T-module.

Corollary 5.14 Z,, and ¥, are small as ko-modules and as tmf-modules, at all primes p.

Proof Lemma 5.12 applies to the commutative S,-algebras ko for p > 3, ku for all p,
tmf1(3) for p = 2, tmfy(2) for p = 3, and tmf for p > 5. Lemma 5.11 then covers the
cases of ko at p = 2, and tmf at p € {2, 3}, in view of (5.2). O

5.5 Descent of algebraic cellularisation

Definition 5.15 Let R be a commutative S-algebra and k an R-module. We say that R has
algebraic k-cellularisation by J if J = (x1,...,x4) C m«(R) is a finitely generated ideal
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with
Celly M ~ ryM
for all R-modules M.

This condition only depends on the radical /J of J, and by Lemmas 2.1 and 2.4 it is
equivalent to asking that the R-modules k and R/J mutually build one another.

Lemma5.16 Let T be a commutative S-algebra with mw(T) = Zply1, ..., yal- Then
T has algebraic Z,-cellularisation by (y1, ..., ya), and algebraic F,-cellularisation by
(Py Y15+ v Ya)-

Proof Letting J' = (y1,...,ya) or J' = (p,y1,...,ya) we have T/J' ~ k = 7Z, or
T/J' ~k =T,, according to the case. Hence Celly M =~ Celly;;y M ~T ;M. O

Lemma5.17 Let ¢: R — T be a map of commutative S-algebras, where R is connective
with mo(R) = Zp. Let J = (x1, ..., Xq) C m«(R) be such that (R /J) is bounded above,
and suppose that T has algebraic Zp-cellularisation by

J = (p(x1), ..., ¢ (xa)) C 7i(T).

Then R has algebraic Z,-cellularisation by J.
Similarly, if m«(R/J) is p-power torsion and bounded above, and T has algebraic ¥ ,-
cellularisation by J', then R has algebraic F p-cellularisation by J.

Proof 1In the case k = Z,, the R-module Z, builds R/J since 74(R/J) is bounded above.
Conversely, R builds 7' so R/J builds T Ag R/J = T /J’. By hypothesis, T /J' builds Z,
in T-modules, hence also in R-modules. Thus R/J builds Z, in R-modules.

Similarly, for k = ), the R-module [}, builds R/J since 7.(R/J) is p-power torsion
and bounded above. Conversely, R/J builds T'/J' as before. By hypothesis, T/J’ builds F,
in T-modules, hence also in R-modules. Thus R/J builds ), in R-modules. O

Recall from Notation 4.5 that B € mwg(tmf) (together with B + ¢€) is detected by the
modular form c4, while we write M for M € m92(tmf) detected by A3 when p = 2, and
for H € m7,(tmf) detected by A3 when p = 3. For uniformity of notation, let us also write
M for the class in w4 (tmf) detected by A when p > 5.

Proposition 5.18 The commutative S),-algebra ko has algebraic Z ,-cellularisation by (B),
and algebraic T ,-cellularisation by (p, B), for all primes p.

Celly, ko = I'gko
CCH]Fp ko ~ F(p,B)kO

Likewise, tmf has algebraic Z,-cellularisation by (B, M), and algebraic F ,-cellularisation
by (p, B, M), for all primes p.

Cellzp me ~ F(B’M)tmf
Cell]}?p tmf =~ F(p,B,M)tmf

Proof For ko, we apply Lemma 5.17 to the complexification map ¢: ko — ku with J =
(B), where ¢ (B) = u*. Then m.(ko/B) = Z,{1,n,n*, A}/(2n, 2n?) is finitely generated
over Zp. Moreover, J' = (u*) has radical (1) C 7, (ku). According to Lemma 5.16, ku has
algebraic Z,-cellularisation by (1), hence it also has algebraic Z ,-cellularisation by J'.
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Similarly, with J = (p, B) we see that w,(ko/(p, B)) is finite and J' = (p, u*) has
radical (p, u) C m,(ku), so ku has algebraic I ,-cellularisation by (p, u) and by J'.

Fortmf at p = 2 weapply Lemma 5.17 tothe map ¢ : tmf — tmf1(3) withJ = (B, M),
cf. (5.1), where

$(B) =cs s = a)(aj — 24a3)
d(M) = A® A = ai(a3 —2Ta3),

according to the formulas for I'y (3)-modular forms. See [15, §9.3] and the more detailed
references therein. It is clear from Theorem 8.4 that . (tmf /(B, M)) = m.(N/B) is finitely
generated over Z,. Moreover, J' = (c4, A8) has radical (ay, az) C 7, (tmf1(3)), sotmf1(3)
has algebraic Z,-cellularisation by (a1, a3) according to Lemma 5.16, hence also by J'.

Similarly, with J = (2, B, M) we see that w,(tmf /(2, B, M)) = (N /(2, B)) is finite
and J' = (2, ca, A®) has radical (2, a1, az), so tmf has algebraic [F>-cellularisation by
(2, a1, a3) and by J'.

Fortmf at p = 3 we apply Lemma 5.17 tothe map ¢: tmf — tmfo(2) withJ = (B, H),
cf. (5.1), where

¢(B) =c4 cq = 16(a3 — 3ayg)
$(H) = A A = 1643 (a3 — 4ay)

according to the formulas for I'g(2)-modular forms. See [15, §13.1] and the more detailed
references therein. It is clear from Theorem 8.15 that . (tmf /(B, H)) = m,.(N/B) is finitely
generated over Zj3. Moreover, J' = (c4, A3) has radical (a3, ag) C i (tm f0(2)), so tmfp(2)
has algebraic Z3-cellularisation by (az, a4) according to Lemma 5.16, hence also by J'.

Similarly, with J = (3, B, H) we see that w,.(tmf /(3, B, H)) = 7.(N/(3, B)) is finite
and J' = (3, ¢4, A3) has radical (3, a2, as), so tmf has algebraic F3-cellularisation by
(3, a2, a4) and by J'.

For tmf at p > 5, the ideal J' = (B, M) = (c4, A), with A = (cj — ¢?)/1728, has
radical (c4, c6). Hence tmf has algebraic Z-cellularisation by (c4, c¢) and by J !

Similarly, the ideal J' = (p, B, M) = (p, c4, A) has radical (p, cs, cg), so tmf has
algebraic IF -cellularisation by (p, c4, ¢¢) and by J'. O

5.6 Local cohomology theorems by Gorenstein duality

Theorem 5.19 There are equivalences of ko-modules
ko = noko ~ £ 771z, (ko)
and equivalences of tmf-modules
T.atmf = Dngtmf >~ £7221y (tmf)

at all primes p.

Proof We apply Proposition 5.3 to R — k with R = ko or R = tmf and k = Z,. Then
R — k is Gorenstein of shift a = —5 or a = —22 by Proposition 5.10, and & is small,
hence proxy-small, as an R-module by Corollary 5.14. Hence Celly R >~ %Iz, R in each
case. Moreover, Celly R >~ I'yR for J = (B) C my(ko) or J = (B, M) C m(tmf), by
Proposition 5.18. Finally, I'y R >~ T'y,, R since J has radical ng in each case, cf. Lemma4.7(2).

O
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Theorem 5.20 There are equivalences of ko-modules
T(p.Byko = Ty ko > £ I (ko)
and equivalences of tmf-modules
Tp.8mtmf =Ty tmf = 21 (tmf)
at all primes p.

Proof We apply Proposition 5.3 to R — k with R = ko or R = tmf and k = F,.
Then R — k is Gorenstein of shift a = —6 or a = —23 by Proposition 5.10, and k
is small, hence proxy-small, as an R-module by Corollary 5.14. Furthermore, m;(R) is a
finitely generated Z,-module for each ¢, as is clear from Theorems 8.2 and 8.4 below, so
Homyg,, («(R), Qp/Z,) is p-power torsion in each degree. Hence Cell; R >~ X“I R in each
case. Moreover, Celly R >~ T'jR forJ = (p, B) C m(ko)orJ = (p, B, M) C mw,.(tmf),by
Proposition 5.18. Finally, 'y R =~ n, R since J has radical n), in each case, cf. Lemma 4.7(2).

O

5.7 ko- and tmf-module Steenrod algebras

For completeness, we record the structure of m,(€) in our main cases of interest, where
& =Fg(k,k),R=koortmf,andk =T).

Proposition 5.21 [15, 20, 30] For p = 2 there are algebra isomorphisms
T4 Firo (2, F2) = A(1)
s Fymyp (F2, F2) = A(2).
For p = 3 there is a square-zero quadratic extension
7T Frmp (F3,F3) = Ay —> A(D),

where Ay is generated by classes B and Pl in cohomological degrees 1 and 4, subject to
B2 =0, B(PH2B = (BPYH2+ (P'B)? and (P1)? = 0. In each case, classes in homotopical
degree —m correspond to classes in cohomological degree m.

Proof Restriction along S — tmf induces an S-algebra map
& = Fmf(F2, F2) — Fg(F2, )

and an algebra homomorphism 7,(£) — A to the mod 2 Steenrod algebra. Base change
along § — IF; lets us rewrite the S-algebra map as

E = Fpynimp F2 A2, F2) —> Fr, (F2 AT, ).

Since the dual Steenrod algebra A, = m.(IF2 AF») is free as an H, (tmf) = m.(Fa A tmf)-
module, the Ext spectral sequences for these two function spectra collapse, and let us rewrite
the algebra homomorphism as the monomorphism

7+(£) = Hompy, (1mf) (A, F2) —> Homp, (Ay, Fr) = A.

By duality, this identifies (&) with the H*(tmf) = A//A(2)-comodule primitives in A,
which is precisely the subalgebra A(2).

The proof for ko is the same, replacing A(2) with A(1).

The result for p = 3 is due to Henriques and Hill [30, Thm. 2.2], [20, §13.3], except for
the comment that the extension is square-zero, which appears in [15, §13.1]. O
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6 Thera duality

A third line of proof is discussed in [15, §10.3, §10.4, §13.5], yielding the following theorems.

Theorem 6.1 [15, Thm. 10.6, Prop. 10.12] There are equivalences of 2-complete tmf -
modules

223tmf ~ I(F(gyB,M)tmf)
Zzztmf ~ IZQ(F(B,M)tmf)-

Theorem 6.2 [15, Thm. 13.20, Prop. 13.21] There are equivalences of 3-complete tmf -
modules

223tmf ~ I(F(3,B’H)tmf)

Ezzl‘mf ~ Iz, (F(B,H)tmf)-

This approach combines descent with a strengthening of the Cohen—Macaulay property,
equivalent to the Gorenstein property. Recall (5.1). One first observes that

=M tmfi(3) = 1T 2.0y, tmf1(3)),

because the local cohomology of m.(tmf1(3)) = Zj[ai, az] at the maximal ideal n, =
(2, a1, a3) is concentrated in a single cohomological degree, and, moreover, its Z;-module
Pontryagin dual is a free m,(tmf;(3))-module on one generator. The conclusion for tmf
follows by faithful descent along tmf — tmf1(3) = tmf AP, since P is Spanier—Whitehead
self-dual.

7 Topological K-theory

Asawarm-up to Sect. 8, we spell out the structure of the local cohomology spectral sequences
E;t = H(SB) (w4 (ko)) =5 m—s(I'pko) = 1, (2_5 Iz, (ko))
and
ES" = Hy gy (rko)); =, mi—s (Do, pko) = 75 (E~01 (ko).
Multiplication by B acts injectively on the depth 1 graded commutative ring
wx(ko) = Zo[n, A, B1/(2n, n°, nA, A% — 4B)

and we let NV, denote a basic block for this action.

Definition 7.1 In this section only, let N, C (ko) be the Z,-submodule of classes in
degrees 0 < x < 8, and let N = ko/B.

Lemma 7.2 The composite N, ® Z[B] — 1wy (ko) @ Z[B] = (ko) is an isomorphism. As a
Zo-module, Ny, = Zn{1, n, n2, A}/(2n, 2n?) is a split extension by the 2-torsion submodule
[N, =7Z/2{n, n%} of the 2-torsion free quotient N,/ 2N, = Zo{1, A}.

Lemma7.3 Hly (m.(ko)) = 0 and Hly (7. (ko)) = N, ® Z[B]/B*.
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Hiy (. (ko)) , : L /
— N. ©2[B)/B> ’ ; |
Y S 1/B Alp
Hp, (. (ko))

=0

—20 —16 —12 -8 —4 0

Fig.1 Ey' = Hp (s (ko))s = 7y (I ko)

Proof These are the cohomology groups of the complex
0 — 7, (ko) — . (ko)[1/B] — 0,

which we may rewrite as 0 — N, ® Z[B] — N, ® Z[B*!] — 0. o

Proposition 7.4 The local cohomology spectral sequence
Ey' = Hig (ko)) = mi—s (Tpko) = m—s (87 Iz,k0)

has E>-term concentrated on the s = 1 line, with Ezl* = N, ® Z[B]/B*°. There is no room
for differentials or hidden extensions, so E» = E~,. Hence there are isomorphisms

¥ 17,{1, A} ® Z[B]/B>® = £ 7 Homg, (Z»{1, A} ® Z[B], Z5)

and

27'Z/2{n, n*} ® Z[B1/B™® = 7 Extz, (Z/2{n, n*} ® Z[B], Z»).

Proof Recall the short exact sequence (3.1) and see Fig. 1, where the vertical and slope 1
solid lines show multiplications by 2 and n, respectively, while the roughly horizontal dotted
paths show multiplications by B. O

Lemma 7.5 H(S'Z,B)(ﬂ*(ko)) = H(SZFI(N*) ® Z[B]/ B> where

HY (N, = Qa/Zs {1, A}.

Proof See Lemma 8.6 for the proof of the first isomorphism. The H, (*2) (N,) are the cohomol-
ogy groups of the complex

0 — Ny -2 N,[1/2] = 0.
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) DYz e
1/2B Aj2B 128 g A/2B

>
>
>
H?, 5 (7. (ko)) ,
>
>
>

i ! i

Hiy (7. (ko)) ”/32 77/3

(z Ii)( « (ko))

—20 —16 —12 -8 —4 0

Fig. 2 E2 = H2 ) T k0))r =5 w15 (L2, pyko)

Proposition 7.6 The local cohomology spectral sequence
ES" = HY p (m.(k0)), =y 71— (T2, pyko) = 7, (E~%1 (ko))
has E>-term
Ey = Hz) (N+) ® Z[B]/B*°.

There is no room for differentials, so E» = E~. Hence there are isomorphisms

Y7°Qa/Za{1, A} ® ZIB]/B* = £ ~°Homg, (Z{1, A} ® Z[B], Qa/Z2)
and

>7'Z/2{n, 1’} ® ZIB1/B> = X% Homz, (Z/2{n, n*} ® ZIB], Q2/Zy).

Moreover, there are hidden n-extensions as shown by sloping dashed red lines.

Proof See Fig. 2. The hidden n-extensions are deduced from the known m,(ko)-module
structure of the abutment. O
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8 Topological modular forms

We can now work out the structure of the local cohomology spectral sequences
E;” = H(“B‘M)(n*(tmf)),
= T (Cgantmf) = 1 (872 1z, (tmf))
and
Ey' = H{, gy (miltmf),
= T (Cip.pantmf) = m—g (£~ 1mf))

for p = 2 and for p = 3. Recall the algebra generators for m, (tmf) listed in Table 1 for
p = 2 and in Table 2 for p = 3. In each case multiplication by M acts injectively on the
depth 1 graded commutative ring 7, (tmf), and we let N, denote a basic block for this action.
(The notation BB is used for a similar object in [27].) To begin, we review the Z,[B, M]-
module structure on 74 (tmf) and the Z,[B]-module structure on N,, in the notation from
[15, Ch.9].

8.1 (B, M)-local cohomology of tmf

Let p = 2 in this subsection and the next. See Fig. 4 for the mod 2 Adams E.-term for tmf
in the range 0 < r — s < 192, with all hidden 2-, n- and v-extensions shown. There are no
hidden B- or M-extensions in this spectral sequence.

Definition 8.1 Let N, C m.(tmf) be the Z,[B]-submodule generated by all classes in
degrees 0 < * < 192, and let N = tmf /M.

Theorem 8.2 [15, Thm. 9.27] The composite homomorphisms

Ny ® ZIM] —> . (tmf) @ mwy(tmf) —> m(tmf)
Ny C mo(tmf) —> m,(N)
are isomorphisms. Hence mw,(tmf) is a (split) extension of Z»[ B, M]-modules

*

N
0 TN, ® ZIM] — mu(imf) —

® Z[M] — 0.

*

Definition 8.3 Let v3 = 77? and v7 = 0, and set dy = 8/ gcd(k, 8), sothatdy = 1,ds = 2,
d=de=4,d =d3s =ds =d7 =8andd7_,vy =0for0 <k <7.

Theorem 8.4 [15, Thm. 9.26] As a Z,[B]-module, Ny is a split extension

— 0.

0—I'gNy — N, —
BNy
The B-power torsion submodule I'p N, is given in Table 3. It is concentrated in degrees
3 < x < 164, and is finite in each degree. The action of B is as indicated in the table,
together with B - €] = 2ik?, B - nvp = 2ic> and B - esk = 4vvg.
The B-torsion free quotient of Ny is the direct sum

N 7
*
= kolk]
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Table 3 B-power torsion in Ny at
p=2
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'pNy Generator n 'pNy Generator
3 7/8 v 85  7Z)2 il
6 72 2 92  Z2 niic?
8 72 € 99  7Z/8 V4
9 72 ne 100 Z/2 nva
14 72 K 102 72 vy
15 72 nK 104 7Z/2 €4
17 72 VK 105 (Z/2)?%  nes
20 7/8 e - - T
21 72 nic 110 7Z/4 K4
2 72 k=B« 11 z/2 nKk4
27 7/4 v 113 72 iy
28 Z/2 =Bk 116 7Z/4 @Dy
32 72 €l 117 72 nak
33 ZJ2 ney 118  Z/)2 nnak = B - k4
4 72 Kic 123 7/4 Vs
35  ZJ2 nkk = B - vy 124 Z/)2 nvs
39 72 nK 125 Z/2 n2vs = B - nuk
40 7/4 @2 128 72 €s
a1 z)2 nic? 129  7/2 nes
42 72 k2 =B-kk 130 Z/4 K4k
45 72 ni 131 72 nk4i = B - vs
46 Z/]2 ik 135 7Z/)2 nik4
51 7Z/8 v 136  7Z/)2 nnik4 = B - €5
52 7ZJ2 nvy 137 7ZJ)2 V5K
53 72 v =B-mik 138 Z)2 nvsk = B - k4ic
54 7/4 vy 142 72 €sk
57 7Z)2 V20, 147 7/8 V6
59 72 Bvy 148  7/2 e
60 Z/4 @ 149 72 n%v6
65 (Z/2)* mi? 150 7Z/8 Vg
- - VoK 153 7Z/)2 v2v6
66 7Z/2 Nk 155  7Z/)2 Bvg
68 7Z/2 VoK 156  7Z/)2 Bnvg
70 Z)2 i 161 7/2 Vek
75 72 m 162 7)2 nVek
80  7Z/2 F 164 7Z/2 VUK
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of the following eight Z,[ Bl-modules, with kolk] concentrated in degrees * > 24k:

ko[0] = Z[BI{1, C} & Z/2[Bl{n, n*)
ko[1] = Zo{ D1} & Za| BI{ B1, C1} ® Z/2[Bl{n1, nn1}
kol[2] = Zo{D2} ® Zo[B){ By, Ca} ® Z,/2[B]{nBa. n})
ko[3] = Z»(Ds) @ Z2[B1(B3, C3} & Z/2[B1{nBs, n° B3}
kol4] = Zo{ D4} & Zo| BI{ B4, Ca} ® Z/2[Bl{n4, nna}
kolS] = Z»{Ds} ® Z>| BI{ Bs, Cs} @ Z/2[Bl{nBs, nin4}
kol6] = Z{De} @ Zo [ BI{Bs, Ce} & Z/2[B1{nBs. n* Be}
kol7] = Zo{D7} & Z|BI{B7, C7} & Z/2[B1{nB7, n*B7}.
The Z»| B]-module structures are specified by B - Dy = dy By for each 1 <k <17.

Remark 8.5 The submodule N, C . (tmf) is preserved by the action of 1, v, €, ¥ and k. To
check this, note that the B2-torsion classes kC7, k B7 and Kk C7 are zero. It follows that the

isomorphism N, ® Z[M] = m,(tmf) also respects the action by these elements.
Lemma 8.6
Hlg ppy (ratmf) = Hlg (N.) © ZIM1/ M.
Proof The spectral sequence
Ey! = Hip (H, (Nw ® ZIMY)) = Hip'\y (N2 ® ZIM))
collapses at the j = 1 line, where HM)(Z[M]) =Z[M]/M*® = Z[M*I]{I/M}.
Lemma 8.7
H{p)(N+) = TN
and

H(lg)(N*) = N./B> = €B/«>[/<]/BOO
k=0

is the direct sum of the following eight Z[B]-modules, with kolk]/B*° concentrated in

degrees x < 24k + 4:

ko[01/B™ = Z,[Bl/B™{1, C} & Z/2[B]/ B™{n. n*}

ko[11/B® = Z,[B1/B™®{By,C1}/(8B1/B) & Z/2[B1/ B™{n1, nm}

ko[2]/B™ = Z,[B1/B™®{By, C,}/(4B,/B) & Z/2[B1/B™{nBy. ni}

ko[31/B™ = Z,[B1/B™{B3, C3}/(8B3/B) @ Z/2[ B/ B*{1 B3, n* B3}

ko[41/B™ = Z[B1/B*{By, C4}/(2B4/B) & Z/2[B]/ B> {14, nns}
51/B> = Z5[B)/B™{(Bs, Cs}/(8Bs/B) ® Z/2[B1/B>{nBs, nins}
[61/ B® = Z,[B]/B>{Be. Cs}/(4Bs/ B) & Z/2[B1/B™{nBe, n” Be}
[71/ B® = Z,[B]/B*{By, C7}/(8B7/B) ® Z/2[B1/B™{nB7, n* B7}.

Here 7»[B1/B*® = Z»[B~'1{1/B} and Z/2[B]/B>® = Z./2[B~'1{1/B).
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Proof The relations B - n; = nBy from [15, Def. 7.22(7)] ensure that
kolk1[1/B] = Zo[ B*'|{Bx. Cx} & Z/2[B="1{nBy. n* By}

foreach 0 < k < 7, from which the formulas for ko[k]/ B follow. Note that B - Dy, = dj By
in ko[k] implies the relation dy - Bx/B = 0 in ko[k]/B°. ]

Theorem 8.8 Ar p = 2, the local cohomology spectral sequence
Ey' = Hp ypy (utmf))s =5 me—s (Cpantmf) = m—s (8~ Iz, (tmf)
has E»-term
Hg v (e (tmf )« = HYp ' (NL) @ ZIM1/ M

where H(*B) (Ny) is displayed in Figs. 5 and 6. There is no room for differentials, so E» = E .
There are hidden additive extensions

d7_i - v =Cy/B

(multiplied by all negative powers of M) for 0 < k < 6, indicated by vertical dashed red lines
in the figures. Moreover; there are hidden n- and v-extensions as shown by sloping dashed
and dotted red lines in these figures.

Proof See [15, §9.2] for the n- and v-multiplications in " N, that are not evident from the
notation. We note in particular the relation vy, = neq + ml?“ in degree 105. The dotted
black lines show B-multiplications. The homotopy cofibre (and fibre) sequences

120 g antmf 5 Tgantmf — TN
I2,N —> Iz, (tmf) -2 I7,(="2tmp)
and the equivalence (g prytmf >~ X221z, (tmf) imply an equivalence
rgN ~ 2 N

of tmf-modules. For each 0 < k < 6 the group m24x43(I'gN) = m_24(7—k)(Iz, N) sits in a
short exact sequence

0 — Extz, (m24(7—k)—1(N), Zo) —> w_24(7—k) (U7, N)
—> Homg, (m24(7-x)(N), Z) — 0,

cf. (3.1). Here mo4(7—)—1(N) = 0 and
Toaa-1y(N) = Zo{ BT . B3De_t. D74} = 257,

so k3 (CpN) = ngk is 2-torsion free. In each case this implies that v, which generates
a cyclic group (vi) of order d7_x in ' g Ny, lifts to a class of infinite order in w43 (g N).
Since vy is (B- or) B2-torsion in I'g Ny, its lift must also be (B- or) B2-torsion, and the only
possibility is that d7_ times the lift of v is a 2-adic unit times the image of Cy,/B € N,/B*.
Hence there is a hidden 2-extension from %dpk v in Adams bidegree (1 —s, s) = (24k+3, 0)
to Ci/B in bidegree (t — s, s) = (24k + 3, 1), in the local cohomology spectral sequence
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E5' = Hig (Ny) = m—s(TgN) Z (2" Iz, N).

This translates to a hidden 2-extension from %d7_k Vi /M in bidegree (t — s,s) = (24k —
190, 1) to Cx/BM in bidegree (t — s, s) = (24k — 190, 2) in the local cohomology spectral
sequence for I'(p, aytmf, together with its multiples by all negative powers of M.

There is no room for further hidden 2-extensions, by elementary -, v- and B-linearity con-
siderations. The hidden n- and v-extensions are present in 7. (/z, N), hence also in . (I'g N)
and in 7 (I (g, aytmf), with the appropriate degree shifts. O

8.2 (2, B, M)-local cohomology of tmf
Lemma 8.9
H g apy (ra(tmf)) = HY ) (N.) @ ZIM1/M™.
Proof Replace (B) by (2, B) in the proof of Lemma 8.6. ]

Proposition 8.10 All B-power torsion in N, is 2-power torsion, so

H(OZ’B)(N*) = FBN*
Hy p)(Nx) = T2(Ni/ B®)
Hp, gy (Ni) = N/ (2%, B®)

with a short exact sequence

0 — (T'aNy)/B® —> T2 (Ny/B>®) —> T'p(N,/2%°) — 0.

Here
(T2N.)/B™ = Z/2[B1/B*{n. n*, ni, nm. nBa, ni, nB3, n* B3,
14, 104, 1Bs, mina, nBs, n* Be, 1B7, n* B7},
and
7
T5(N./2%) = @ Z/d{Bi/ B},
k=1

while

7
N./(2%, B®) = @ Z2[B1/ (2%, B*){Bi/B, Ci},
k=0

where Z5[B1/(2°, B®) = Q2/Z>[B~"1{1/B}.
Proof This follows from the composite functor spectral sequence of Sect. 2.5 with R, =
w(tmf)/ M, first applied with x = B and y = 2, and thereafter with x = 2 and y = B.

The formulas for (I'; Ny)/B*° and N, /(2°°, B*) follow from the expressions for N, and
N, /B in Theorem 8.4 and Lemma 8.7. Only the summands Z,[ D] @ Z[Bl{Bx} C kolk]
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of N, contribute to I'p(N,/2%°), where B - Dy = di Bi. The B-power torsion in ko[k]/2%°
equals Z/di{Dy /dr} C Qa/Z2{Dy}, which we can rewrite as Z/dy{Bj/B}. O

Theorem 8.11 The local cohomology spectral sequence
E' = H g oy (ma(tmf)), =5 m— (D, poanytmf) = m_ (572 1(tmf))
has E>-term
HY g apy (raltmf))s = HYy g (N) @ ZIM1/ M
where H(*Q,B)(N*) is displayed in Figs. 7, 8, 9, 10. There are d,-differentials
da(ve) = Cy/d7-k B

(multiplied by all negative powers of M) for 0 < k < 6, indicated by the green zigzag arrows
increasing the filtration by 2. There are no hidden additive extensions, but several hidden n-
and v-extensions, as shown by sloping dashed and dotted red lines in these figures.

Proof The homotopy (co-)fibre sequences

S1920 0 pantmf 5 Tapantmf — Co.pN
IN — 1amf) 25 1(21%2mp)
and the equivalence I'o g mytmf =~ ~ 23] (tmf) imply an equivalence
To.pN = s70IN
of tmf-modules. For each 0 < k < 6 the group
m4k4+3(C2,B)N) = w_24(7—1)+1(UN) = Homg, (m24¢7-k)—1(N), Q2/Z)

is trivial, since m24(7-x)—1(N) = 0. Hence the group (vi) = Z/d7_{v} in degree 24k + 3
of I'x, gy N+ = I'g N, cannot survive to E, in the local cohomology spectral sequence

Ey" = H 5y (No)i = mi—s(To,pyN) = m(Z7OIN).

This means that d, must act injectively on (vx). Since vy is (B- or) B2-torsion, the only
possible target in bidegree (t — s, s) = (24k + 2, 2) is Q2 /Z>{Cy/ B}, and therefore d» maps
(vk) isomorphically to the subgroup of this target that is generated by Cy /d7_; B.

This translates to a dp-differential in the local cohomology spectral sequence for
2,8, mytmf from v /M in bidegree (f — s, s) = (24k — 190, 1) to Cy /d7— BM in bidegree
(t—s,s) = (24k — 191, 3), together with its multiples by all negative powers of M. The pre-
viously known 2-, - and v-extensions in 7, (N) and 7, (I N') are also present in 7, (I" 2, gy N)
and in 7, (I" 2, B, m)tmf), with the appropriate degree shifts, and those that increase the local
cohomology filtration degree are displayed with red lines. O

Remark 8.12 Let ®N, C T'pN, be the part of the B-power torsion in N, that is not in
degrees * = 3 mod 24, omitting the subgroups (vx) for 0 < k < 6 from Table 3. This
equals the kernel of the d-differential in the (2, B)-local cohomology spectral sequence,
which is also the image of the edge homomorphism 7, (I'(2, gy N) — I'g N,.. Furthermore,
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let O, (tmf) be the part of I g, (tmf) that is not in degrees * = 3 mod 24, which equals
the image of the edge homomorphism 77 ("2, gytmf) — T pm(tmf).

The image of the 2-complete ¢mf-Hurewicz homomorphism 7. (S) — m.(tmf) is the
direct sum of Z in degree 0, the 8-periodic groups Z/2{nB*} and Z/2{n? B} for k > 0, the
group Z/8{v} in degree 3, and the 192-periodic groups O, (tmf) = ON, @ Z[M]. This was
conjectured by Mahowald, was proved for degreesn < 101 andn = 125in[15, Thm. 11.89],
and has now been proved in all degrees by Behrens, Mahowald and Quigley [6]. The three first
summands of the rmf-Hurewicz image are also detected by the Adams d- and e-invariants
[1]. To see that the fourth summand is contained in the image from 7. (I"(2, gytmf’), one can
use the commutative diagram

cls——s

|

C‘lftmf — tmf

and the equivalence C lf tmf ~ T pytmf from Lemmas 2.2 and 2.4.

8.3 (B, H)-local cohomology of tmf

Let p = 3 in this subsection and the next. See Fig. 12 for the mod 3 (tmf-module) Adams
Eo-term for tmf in the range 0 < t — s < 72, with all hidden v-extensions shown. There
are no hidden B- or H-extensions in this spectral sequence.

Definition 8.13 Let N, C m.(tmf) be the Z3[B]-submodule generated by all classes in
degrees 0 < x < 72,andlet N =tmf/H.

Theorem 8.14 [15, Lem. 13.16] The composite homomorphisms

Ny ® Z[H] —> my(tmf) @ m(tmf) —> my(tmf)
Ny C mo(tmf) — m(N)

are isomorphisms. Hence m,(tmf) is a (split) extension of Z3| B, H]-modules
Ny
0— I'pN, ® Z[H] — m. (tmf) — —— Q Z[H] — 0.
FBN*
Theorem 8.15 [15, Thm. 13.18] As a Z3[B]-module, N, is a split extension

0—TI'gNy — N, —

BN*

The B-power torsion submodule T'g N, is given in Table 4. It is concentrated in degrees
3 < % <40, and is annihilated by (3, B).
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Table4 B-power torsion in Ny at

=3 n I'pNy Generator

3 Z7/3 v

10 Z)3 B

13 Z/3 vB

20 7)3 B2

27 Z)3 vy

30 7)3 B3

37 Z)3 V1B

40 7./3 B4

The B-torsion free quotient of N, is the direct sum

2
o, = Dot

of the following three 73| B]-modules, with kolk] concentrated in degrees x > 24k:

ko[0] = Z3[BI{1, C}
ko[1] = Z3{D1} ® Z3[B1{B1, C1}
ko[2] = Z3{ D>} ® Z3[Bl{ B2, C2}.

The 73| B]l-module structures are specified by B - D1 =3By and B - D> = 3Bs.

Lemma 8.16
Hip gy (ma(tmf)) = HB) (N.) ® ZIH]/H™.
Proof Replace M by H in the proof of Lemma 8.6. O
Lemma 8.17
Hp)(Ny) = TN,
and

H(lg)(N*) = N./B> = EBko[k]/BOO

is the direct sum of the following three Z3[Bl-modules, with kolk]/B*° concentrated in
degrees x < 24k + 4:

ko[0]/B* = Z3[B]/B*°{1, C}
11/B* = Z3[B]/B*{B1, C1}/(3B1/B)
2]/B> = Z3[B]/B*{B,, C2}/(3B>/B).
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Proof For k € {1, 2}, the relation B - Dy = 3By in ko[k] implies the relation 3 - By/B = 0
in ko[k]/B. o

Theorem 8.18 At p = 3, the local cohomology spectral sequence
ES' = Hy y (o(tmf)); = m—s(C(s,mytmf) = m_g (S22, (tmf))
has E>-term
Hip ) (a(tmf))s = Hip! (N) ® ZIH]/H™

where H(’;})(N*) is displayed in Fig. 13. There is no room for differentials, so E» = Es.
There are hidden additive extensions

3.v=C/B and 3-vi=C|/B

(multiplied by all negative powers of H), indicated by vertical dashed red lines in the figure.
Moreover, there is a hidden v-extension from B2 to By / B, shown by a sloping dotted red line.

Proof We referto [15, Prop. 13.14] for the relation vv; = B3.The equivalence I' g mytmf =~
X227, (tmf) implies an equivalence TN =~ X317, N of tmf-modules. For k € {0, 1}
the group mo4x43(I'gN) = mw_2400—k)(I7, N) sits in an extension

0 — Extz, (m40—k)—1(N), Z3) — m_240—k) (U7, N) — Homy, (m2402—1)(N), Z3) — 0.
Here m402—1)—1(N) = 0 and
mo402—k)(N) = Z3{BS(2_k), oDy} E ngk’

somak+3(I'pN) = Zg_k. Since vy is B-torsion, there must be a 3-extension in 24543 (g N)
from vy to a 3-adic unit times Cy/B. The v-extension from v; to ﬂ3 in 7, (N) appears in dual
form in 7w, (I7; N), . (I'p N) and 7, (I' (g, mytmf), and appears as a hidden v-extension from
B2 to B1/B in the second of these. O

8.4 (3, B, H)-local cohomology of tmf

Lemma 8.19

HEs g gy (retm ) = Hs gy (Ns) ® ZIH]/H.
Proof Replace (B) by (3, B) in the proof of Lemma 8.16. O
Proposition 8.20

H(%,B)(N*) =TpN,. =7Z/3{v, B, VB, ,32, V],,B3, V18, ,84}
H(13.3)(N*) =I'3(Ny«/B™) = T'p(N+/3%) = Z/3{B1/B, B,/ B}
2

HY 5y (N,) = N./(3%, B®) = @D Z3[B]/ (3%, B*)(By/B. Cy).
k=0

Proof This follows from the composite functor spectral sequence of Sect. 2.5 with R, =
. (tmf)/H, first applied with x = 3 and y = B, and thereafter with x = B and y = 3. The
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groups (I'gN,) /3% and (I'3N,)/ B vanish. The 3-power torsion in ko[k]/B° is trivial for
k =0, and equals Z/3{Bx/B} for k € {1, 2}. O

Theorem 8.21 The local cohomology spectral sequence
ES' = HY p gy (raltmf))y == 1o (D g, mytmf) = m (572 1(tmf))
has E>-term
HYy gy Gratmf))s = HE ) (N) ® ZIH]/H™
where Hé,B)(N*) is displayed in Fig. 14. There are d»-differentials
dr(ve) = Ci/3B

(multiplied by all negative powers of M) for k € {0, 1}, indicated by the green zigzag arrows
increasing the filtration by 2. There are no hidden additive extensions, but hidden v-extensions
from B? to Bi/B and from B>/B to C>/3B, as shown by sloping dashed red lines in this

figure.
Proof The equivalence I'3_ g prytmf >~ £ =22 (¢tmf) implies an equivalence
Ta.pN ~ZVIN
of tmf-modules. For each k € {0, 1} the group
m2ak4+3(03,B)N) = m_2402—k)+1(UN) = Homg, (m242—k)—1(N), Q3/Z3)

is trivial, since ma42—k)—1(N) = 0. Hence the group (vx) = 7Z/3 in degree 24k + 3 of
I'3,B) N« = I"p Ny cannot survive to E in the local cohomology spectral sequence

Ey' = Hpy (N =5 1—s (T3, N) = - (SIN).

Since v; is B-torsion, it follows that dp maps (vx) isomorphically to the subgroup of
Qs3/7Z3{Cy/B} that is generated by Cy/3B. This translates to a d»-differential in the local
cohomology spectral sequence for I'3 g gytmf from vi/H in bidegree (t — s,5) =
(24k — 70, 1) to Cx/3BH in bidegree (1 — s, s) = (24k — 71, 3), together with its multiples
by all negative powers of H. The previously known v-extensions in 7, (N) and 7, (I N) are
also present in 4 (I'3 gy N) and in 7. (I3, g, mytmf’), with the appropriate degree shifts, and
those that increase the local cohomology filtration degree are displayed in red. O

Remark 8.22 Let ®N, C T'pN, be the part of the B-power torsion in N, that is not in
degrees * = 3 mod 24, omitting Z/3{v} and Z/3{v; } from Table 4. Likewise, let O, (tmf)
be the part of I'pm,(tmf) that is not in degrees * = 3 mod 24, which equals the image
of the (3, B)-local cohomology spectral sequence edge homomorphism . (I3, gytmf) —
Cpm(tmf).

Mahowald conjectured that the image of the 3-complete tmf-Hurewicz homomorphism
7. (S) — m(tmf) is the direct sum of Z in degree 0, the group Z/3{v} in degree 3, and the
72-periodic groups O, (tmf) = ON, ® Z[H]. This was proved for degrees n < 154 in
[15, Prop. 13.29].
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8.5 Charts

Figure 3 shows N, = m,(N), m.(I'gN) and 7. (2'7 Iz, N) in the range —9 < % < 192,
visible as three horizontal wedges. The vertical direction has no intrinsic meaning. Circled
numbers represent finite cyclic groups of that order, squares represent infinite cyclic groups,
and each ellipse containing ‘22’ represents a Klein Vierergruppe. Horizontal dashed lines
show multiplication by B, which extends indefinitely to the right in the upper wedge, and
indefinitely to the left in the middle and lower wedges. Thick vertical lines indicate addi-
tive extensions, by which a square and a circle combine to an infinite cyclic group. The
passage from the upper to the middle wedge is given by taking the homotopy fibre of the
localisation map y: N — N[1/B], leaving the B-power torsion (shown in red) in place and
replacing copies of Z[B] or Z/2[ B] (shown in blue) by desuspended copies of Z[B]/B*° or
Z/2[B]/B° (shown in green), respectively. The passage from the upper to the lower wedge
takes the torsion-free part of 7, (N) to its linear dual in degree 171 — , and takes the torsion
in 7, (N) to its Pontryagin dual in degree 170 — *. The local cohomology theorem asserts
that the middle and lower wedges are isomorphic. Note in particular how this is achieved in
degrees x = —1,3 mod 24.
Figure 4 shows the E-term of the mod 2 Adams spectral sequence

E;" = Exti{zz) (o, Fo) =5 mi—s(tmf)

for0 < t—s < 192, together with all hidden 2-, n- and v-extensions in this range. There is also
a more subtle multiplicative relation in degree 105, cf. the proof of Theorem 8.8. The vertical
coordinate gives the Adams filtration s. The B-power torsion classes are shown in red, and
selected product factorisations in terms of the algebra indecomposables in 7, (tmf) are shown.
The B-periodic classes are shown in black, and usually only the Z[ B]-module generators are
labelled. The Z[ B]-submodule generated by the classes in degrees 0 < x < 192 defines the
basic block N, which repeats M-periodically, so that . (tmf) = N, ® Z[M]. Note how the
additive structure of N, also appears in the upper wedge of Fig. 3.

Figures 5 and 6 show the collapsing local cohomology spectral sequence for I'g N, in the
range —20 <t — s < 172, broken into four sections. In each section the lower row shows
H(OB) (Nx) = I'p N, while the upper row shows H(IB)(N*) = N, /B shifted one unit to the
left. Multiplication by 2, 1, v and B is shown by lines increasing the topological degree by
0, 1, 3 and 8, respectively. The dotted arrows coming from the left indicate classes that are
infinitely divisible by B. Multiplications that connect the lower and upper rows increase the
local cohomology filtration, hence are hidden, and are shown in red. The additive extensions
in degrees * = 3 mod 24 are also carried over to the central wedge of Fig. 3.

It may be easiest to study these charts by starting in high degrees and descending from there.
The top terms in N, that are not B-divisible are Z»{C7}, Z./2{n* B7}, Z/2{n B} and Z/8{B7}
in degrees 180 and 178 to 176, while the topmost B-power torsion in Ny is Z/2{vvek} in
degree 164. These contribute Z,{C7/B}, 7./2{n*B7/B}, Z/2{nB7/B} and Z/8{B7/B} to
N, /B in internal degrees 172 and 170 to 168, shifted to topological degrees 171 and 169
to 167 in 7. (I'p N), together with Z/2{vvex} in degree 164 of I'p N, and 7. (I'p N). In the
Anderson dual, the bottom term Z;{1} of 7.(N) contributes a copy of Z, in degree 171 of
7. (217 Iz, N)), while the terms Z/2{n}, Z/2{n*}, Z/8{v} and Z/2{v?} contribute the groups
7]2,7/2,7/8 and Z/2 in degrees 169 to 167 and 164. The duality theorem matches these
groups isomorphically.

Figures 7, 8, 9 and 10 show the local cohomology spectral sequence for I'o )N, in the
range —20 < r — s < 172. In each figure the lower row shows H(OZ’B) (Ny) = I'p Ny, the
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Fig. 14 Ey" = HY p (N1 =5 1—5(T3, 3)N)
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middle row shows H(l2 B)(N*) = I'2(N,/B®) shifted one unit to the left, and the upper

row shows H( 2.8) (Ny) = N./(2°°, B*) shifted two units to the left. There are nonzero d,-

differentials from topological degrees * = 3 mod 24, leaving E3 = E,. Multiplications

by 2, n, v and B, infinitely B-divisible towers, and hidden extensions, are shown as in the

previous figures. Note how the abutment 7. (I" (2, gy V) is Pontryagin dual to w170« (N).
The charts for p = 3 follow the same conventions as for p = 2.
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