INTRODUCTION TO SPECTRAL SEQUENCES, I

JOHN ROGNES

1. SPECTRAL SEQUENCES

A fairly typical example of a (Serre indexed homological) spectral sequence is a
sequence (& ,,d"),>1 of bigraded abelian groups

%
(5:,t)<9,t€Z
and bidegree (—r,r — 1) differentials
(d:,t: Eer — gglfr,tJrrfl)s,teZ
together with isomorphisms

ker(d")
r+1 ~ HE" . d7) =
£ (&7.d") im(dr)

for all » > 1. How do these structures arise, and what can one do with them?

See Miller [Mil00] for the early history of spectral sequences, starting with Jean
Leray around 1943. Important examples include the Serre spectral sequence for
the (co-)homology of a fiber space [Ser51], the Adams spectral sequence for the
homotopy of a spectrum [Ada58], and the Atiyah—Hirzebruch spectral sequence for
a (co-)homology theory [AH61].

The algebraic formalism is presented using Massey’s exact couples in [Mas52],
[Mas53], and using ‘Cartan—Eilenberg systems’ in [CE56]. A refined discussion of
convergence was published (after a long life in preprint form) by Boardman [Boa99].
Multiplicative structure in the case of filtered (co-)chain complexes is handled
in [Masb4], and for general Cartan—Eilenberg systems by Douady in [Dou58]. See
also [HR19] for more on convergence, and [HR24, Ch. 4] for more on multiplicative
structure.

2. SEQUENCES OF SPECTRA

Let
D (N L

be a sequence Y, of spectra and spectrum maps, or of chain complexes and chain
maps, or more general objects and morphisms in a stable co-category with a chosen
t-structure. We call s € Z the filtration index.

For each s there is a cofiber sequence

Yoo 25 Y, — Cfy — BYay,
with Cfs =Y, Uy, CYs_ the cofiber (or mapping cone) of f.
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Let 7,(Y) denote the n-th homotopy group of a spectrum Y, or the n-th homol-
ogy group of a chain complex Y. Then there is a long exact sequence

- = 7 (Yso1) ey 7 (Ys) ﬂ—> Tn(Cfs) LN Tn-1(Yso1) = ...

for each s, with as = m,(fs).

If fs is a cofibration of spectra, or the inclusion of one chain complex as a
subcomplex of another, then C'fs ~ Y;/Y;_1, so that we can replace m,(C'fs) with
7 (Ys/Ys—1) = me(Ys, Ys—1) in the above. In general, let us also write m, (Y, Ys—,)
for ﬂ'n(Cf(T)) where fs(r) = fs++ fs—r+1 denotes the r-fold composite

fs—r+1 f
}/s—r — }/s—r+1 — ... Ys—l - Y:Ga

even if Y;_, may not be a subobject of Y, in the model at hand. There are then
long exact sequences

s 7Tn(szflaszf'r) — ﬂ—n(szaY—sf'r‘) — 7rn(szaszfl) i> anl(stlaszfr) — ...

for all s € Z and r > 1. Suppose we know 7.(Cfs) = m.(Ys, Ys—1) for all s. We
might then use these long exact sequences to understand . (Ys, Ys—,) for all s and
r > 1, by induction on r, or equivalently, to understand m,(Y,,Y,,) for all u < v.

This requires understanding the connecting map 0, and determining the correct
extension of ker(9) by cok(0).

3. (Co-)LmITS

The (homotopy) colimit of the sequence can be presented as the cofiber

@YS ﬂ@YS —>colsi1rnYS =Y.,

where the inclusion of Yy in the source, followed by F', equals fs;1 followed by the
inclusion of Y51 in the target. Then colimg 7, (Vs) =2 7, (Vo).
The (homotopy) limit of the sequence can be presented as the fiber

—hmY HHY HYS)

where I’ projected to Y; is given by projecting to Y,_1 followed by fs. There is a
short exact sequence

0 — Rlimmy,11(Ys) — mn(Yooo) — limm, (V) — 0,

where Rlim = lim' denotes the right derived functor of the sequential limit.

Letting v increase to oo, we can pass from knowledge of the 7. (Y,,Y,,) to knowl-
edge of 7, (Y, Y,). Letting u decrease to —oo, we can then pass from 7. (Yoo, Ya)
t0 T (Yoo, Yoo ), 1.€., the homotopy groups of the cofiber of the canonical map

Y = limYs — colim Y, =Y,

If Y_ =~ 0 is contractible, then this is m,(Ys). On the other hand, if Yo ~ 0 is
contractible, then it equals m,_1(Y_s0).

Hence we usually arrange to either be in the situation that Y_., ~ 0, and use this
approach to calculate 7, (Yo ), or we arrange that Y., ~ 0 and use this approach to
calculate 7, (Y_,). Here we focus on the former setting.
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4. UNROLLED EXACT COUPLES

The structure at hand can be drawn as an unrolled exact couple

Qg1 Qg Q41

Ao . Ays Ay A, Ao . Ao
lﬁ:\ iﬁ:\ lﬁsﬂ
Ys—1 Ys Ys+1
Esfl Es E5+1

with absolute terms Ag = m,(Y5), relative terms E; = 7. (Y5, Ys_1), and limit terms
Ay = colimg Ag, A_o = limg Ag and RA_, = Rlim, As. Each of these is a graded
abelian group, each o and (B, is degree-preserving, and each v, reduces degree by 1.
Each triangle is exact, in the sense that it constitutes a long exact sequence.

For example, suppose that X is a CW complex with s-skeleton X for each s.
In particular, X; = ) for s < 0. If M is a spectrum representing the (generalized)
homology theory M., we can let

Yo =MAN(Xs)r = M®ET(Xs),

so that 7, (Ys) = M, (X;). The inclusions Xs_; — X induce the maps fs: Y1 —
Ys, and we have

Es = 7T*(Y5, Y;—l) = M*(XsaXs—l)
for each s. Since X, is obtained from X, 1 by attaching the s-cells of X, we can
write the degree n part of F; as

(Eo)n = Ma(Xs, Xo-1) = @ Mo (D*,0D%) = OOV (X 70— (M),

i.e., as the cellular chains of X with coefficients in the coefficient groups M, =
(M) of the homology theory. In this case Y_o, = 0 and Y, = M A X, so the
procedure foreshadowed above will aim to calculate the colimit 7, (Yy,) = M. (X)
from this information.

5. ABUTMENTS

Consider the case when Y_., ~ 0, i.e., when A_,, =0 and RA_,, = 0. We sup-
pose that Es = m.(Ys, Ys—1) is known, and aim to understand Ao, = 7 (Yoo). The
strategy will follow a slightly different route than that suggested by the inductive
argument outlined above.

Let G = A, denote abutment, which we aim to calculate. It comes with a
filtration

- CF, . GCF,GCFs1GC---CG,
where
F,G =im(is: As — Ax) -
This filtration is always exhaustive, in the sense that colims; FxG = G. There
are convergence criteria also ensuring that it is complete Hausdorff, meaning that
lim; FsG = 0 and Rlim, Fx,G = 0. This implies that
. FsG
ES‘G = 1171‘11 m )

so that
F.G

S—r

G = colim lim
S T
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Lemma 5.1. There are isomorphisms
ker(ys) = As ~ F,G

— —
Bs(ker(is)) im(as) + ker (i) F,_G
for each s € Z. These are subquotients of Es, As and G, respectively.

Proof. Noether isomorphisms. [

The inclusions
0 C Bs(ker(is)) C ker(rys) C Es

show that Fy is a kind of upper bound for FsG/Fs,_1G. The task of a spectral
sequence is to iteratively pare down this upper bound, by passing to the subobject
ker(vs) of Es and reducing modulo the further subobject fs(ker(is)), so as to obtain
the exact value for FsG/F;s_1G.

Having achieved this, we then face the extension problems given by the short

exact sequences
0— FoG — FG — F.G —0
FS—’I‘G Fs—rG Fs—lG
for all s and » > 1. Granting this, and convergence, we have a good grip on G as

the colimit of limits displayed above.

6. THE CONSTRUCTION

Consider the following parts of the unrolled exact couple.

Oé(r—l) (r—1)

Qs s—1 as Xgpr_1 Qgpr
As—r—l _— As—r As—l As As+r—l e As+r
Vs—r J/ﬂs_r X lﬁs k lﬁsﬁ-T
Esfr Es Es+r

Forr > 1 and s € Z let

Z; =5 im(al5")

B = By(ker(al )

£ = 2]/,
be r-th order cycles, r-th order boundaries and the £"-page, in filtration s, respec-
tively, so that

0=B!cC---CBlC-- CBslker(is)) C ker(ys) C---C Z0 C---C Z} = Ej.

In particular, £} = Z! /B! = E,/0 = E,.

Then each " = (€7 is a graded object in graded abelian groups, i.e., a bigraded
abelian group. We write £f, = (£7)s1+ for the degree s+t part of £;. Here s is the
filtration degree, t is the complementary degree, and s + t = n is the total degree.

The d"-differential

dgi: s — &5y
reduces the filtration degree by r, and reduces the total degree by 1. For xz € Z7
with class [z] € £, we choose a y € As_, with

ol () = (),
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and we let df([z]) := [Bs—r(y)] € EL_, be the (well-defined) class of Bs_,(y).

a(rfl)

y _ -t vs(z)
Bs—r(y) x

Then ker(d}) = ZI*/BY and im(d},) = B{*/BY, so that
H(gr’dr> o~ ZT‘+1/BT+1 _ gr-‘rl )

In other words, (£7,d"),>1 is a spectral sequence.
We often abbreviate the notation for a spectral sequence to " or &7 .

7. WEAK AND STRONG CONVERGENCE

Passing to (co-)limits, let
72 =2

By :=|JB;
£ = ZT(Z"’/B?

be the infinite cycles, infinite boundaries, and the £°°-page in filtration s, respec-
tively. Then

B2° C Bs(ker(is)) C ker(ys) C Z5°.
Here BS° = f,(ker(is)) always holds.

Definition 7.1. If ker(vs) = Z° we say that the spectral sequence is weakly
convergent. This is equivalent to saying that the natural map
F,G ~ ker(~s) N zZ>
Fs_1G  Bs(ker(is)) B
is an isomorphism for each s.

If, moreover, the exhaustive filtration (F;G)s of G = A is complete Hausdorft,
then we say that the spectral sequence is strongly convergent to G.

=£X

To summarize: if
&= G
is a strongly convergent spectral sequence, starting at Si,* = E, . (or some later
page), then we need to determine the differentials d": £" — £” for all r > 1 to
inductively calculate £7!, and pass to £ as r — co. This determines
FSGS+t/F871GS+t = 5;:)5

for all s and ¢, by weak convergence. Next we need to resolve the extension problems
to determine FsG,,/Fs_,.G,, for all s, n and r > 1. By strong convergence we obtain
the degree n part of G as

F,G,

for all n.
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8. HALF-PLANE SPECTRAL SEQUENCES WITH EXITING DIFFERENTIALS

We view each £"-page as located in the (s,t)-plane. We say that " is concen-
trated in some half-plane if £, = 0 for all (s,t) outside of that region. We say
that (€7,d"),>1 is a half-plane spectral sequence with eziting differentials if £ is
concentrated in such a half-plane (hence so is each later £"-page), and for each (s, t)
and all sufficiently large r the target bidegree (s — r,t +r — 1) of the differential
originating in (s, t) lies outside that half-plane.

This is the case, for example, if 551,:5 = 0 for all s < 0, in which case the (ho-
mologically indexed) spectral sequence is concentrated in the right half-plane, and
A_ =2 A= A_q for each s < 0.

Theorem 8.1 ([CE56, Prop. XV.4.1], [Boa99, Thm. 6.1]). Suppose an unrolled
exact couple (Ag, Es, as, Bs,Vs)s with A_oo = 0 yields a half-plane spectral sequence
(E7,d")p>1 with exiting differentials. Then the spectral sequence converges strongly

to G = As.

In other words, FsG/Fs_1G = £ for all s, and the filtration (FsG); is exhaus-
tive and complete Hausdorff.

9. HALF-PLANE SPECTRAL SEQUENCES WITH ENTERING DIFFERENTIALS

We say that (£7,d"),>1 is a half-plane spectral sequence with entering differen-
tials if £' is concentrated in a half-plane (hence so is each later £"-page), and for
each (s,t) and all sufficiently large r the source bidegree (s + r,t — r + 1) of the
differential landing in (s,t) lies outside that half-plane.

This is the case, for example, if £}, = 0 for all s > 0, in which case the (ho-
mologically indexed) spectral sequence is concentrated in the left half-plane, and
Ag =2 A, =2 Ay for each s > 0.

Definition 9.1. Following [Boa99, Def. 5.10], we say that (the spectral sequence
associated to) an unrolled exact couple (A, Es, as, Bs,Vs)s is conditionally conver-
gent if Ao :=limg A; =0 and RA_., := Rlim, A; = 0.

When A; = m,(Ys) arises from a sequence of spectra, with (homotopy) limit
Y_ o :=lim, Y}, the short exact sequence

02 RA_o — m(Y_ooo) — Asc — 0

shows that the exact couple is conditionally convergent if and only if Y_, ~ 0. This
can often be verified from the construction of the sequence of spectra (Y, fs)s.

Definition 9.2. Let REX = Rlim, Z for each s € Z, so that RE™ is the derived
E>-page.

For each bidegree (s, 1), if there are only finitely many non-zero differentials d ,
originating in that bidegree, then RES = 0. This is the case, for example, if £,
is a finite group for some r. This can often be verified under suitable finiteness
hypotheses, or by sparsity arguments involving the bigrading.

Theorem 9.3 ([Boa99, Thm. 7.3]). Suppose (As, Es, as, Bs,7s)s yields a half-plane
spectral sequence (£7,d"),>1 with entering differentials. Then any two of the fol-
lowing conditions implies the third.

(1) The exact couple is conditionally convergent, i.e., A_oo = RA_o = 0;
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(2) RE> =0;
(3) The spectral sequence converges strongly to G = Ax.

Hence, for a conditionally convergent half-plane spectral sequence with RE* = 0,
there are isomorphisms F;G/Fs_1G = £ for all s, and the filtration (Fs;G)s is
exhaustive and complete Hausdorff.

10. WHOLE-PLANE SPECTRAL SEQUENCES

For spectral sequences that are not concentrated in a half-plane, there is an
additional whole-plane obstruction group W, which must vanish to ensure strong
convergence. See [Boa99, §8] for the rather complicated definition

W := colim Rlim K, im" A*®

in terms of the unrolled exact couple, and [HR19] for the simpler description W =
ker(x) in terms of a Cartan—Eilenberg system.

11. MULTIPLICATIVE STRUCTURE

Let ('€7,'d"),, ("E","d"), and (E7,d"), be three spectral sequences. A pair-
ing of spectral sequences, from the first two to the third, is a sequence (u"), of
homomorphisms

ur: /57" ®//g7" — gT
that satisfy the Leibniz rule
uro(ldr®1+1®/ld’r) :d'r‘olu’r‘
and are compatible with the implicit isomorphisms, so that

(2] e y]) = k(@ ey)
for z € ker('d") and y € ker("d"). In other words, " is a chain map when 'E" ®@"E"
is equipped with the tensor product differential 'd”" ® 1 + 1 ® "”d", and p" induces
1T upon passage to homology. In particular, the initial pairing ' determines all
of the later u”, but not every u' extends to a pairing (u"),..
Keeping track of bigradings, p has components

/”L;,u,q,v: Ig;,u ® I/g;,v — gpr+q,u+v
and
(/dr ®1+1® //dr)(x ® y) — /dr(l‘) QY+ (_1)|x|x ® //dr(y)
where |z| = p + u is the total degree of x € '€ .
A passage to subquotients shows that a pairing (u"),. also determines a pairing
MOO:/gOO®//SOO—>EOO
of £>°-pages.

Beware that (€7 ®"7E",’d"®@1+1®"d"),>1 is not generally a spectral sequence,
since a flatness hypothesis is needed for the homology of the r-th page to be isomor-
phic to the (r 4+ 1)-th page, cf. the Kiinneth formula. Hence we do not in general
have a ‘tensor product spectral sequence’.

If the three spectral sequences are equal, and each u” is associative and unital,
then we say that £” is a multiplicative spectral sequence. If 'E" is a multiplicative
spectral sequence, "E" = £, and p” is associative and unital, then we say that 'E"
acts on £7.
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To determine the d"-differentials in a multiplicative spectral sequence, it suffices
to find d"(x) for a set of ring generators for £". The value of d” on decomposable
classes is then determined by the Leibniz rule. This can drastically reduce the
number of possible differential patterns.

Suppose that ('",'d"),, ("E","d"), and (€7, d"), arise from unrolled exact cou-
ples, with abutments G’, G” and G. These are filtered graded abelian groups. A
pairing pu: G’ ® G" — G is filtration-preserving if

/,L(FPG/ ® FqG”) C Fp+qG
for all p,q € Z. 1t follows that p induces pairings

F,G' _ F,G" FpryG
Fp_lG/ Fq_lG” Fp+q_1G

Hp,q-

at the level of filtration subquotients, also known as the associated graded objects.
Suppose each spectral sequence converges (weakly or strongly) to the corresponding
abutment, so that we have isomorphisms

B arge | L suge ng TG o e
FoaG - 7 0 Faar o PG

I

Then we say that the spectral sequence pairing (u"), converges to the pairing p if
i and p® are compatible under these isomorphisms. We can also say that we have
multiplicative convergence.

If (£7), with the pairing (u"), is a multiplicative spectral sequence, converg-
ing multiplicatively to G with the filtration-preserving pairing u, then knowing p!
determines each p” and u®°, hence also the pairing i on the associated graded
(FsG/Fs_1G)s. This in turn suffices to determine the pairing u on G, ‘up to filtra-
tion shifts’. In other words, if « € F),G and y € F;G have product 2y = pu(z®y) €
Fp1+4G, knowledge of fi([z] ® [y]) will determine [xy] € Fpt,G/Fp1q—1G, but only
determines xy modulo Fj4,—1G. There can be case-specific ways of sidestepping
this indeterminacy, e.g. by checking that F},,—1G = 0 in the total degree of xy.

12. PAIRINGS OF SEQUENCES

Let (A, E., o, Bi,7e), (AZ  EY ol B ~Y) and (Ax, Ex, ax, Bs, 7x) be exact cou-
ples, with associated spectral sequences ('E",’d"),, ("€",”d"), and (£",d"),, and
abutments G’ = A, G” = Al_ and G = Aw. It appears to be difficult to spec-
ify data in terms of the exact couples that suffice to define a pairing ("), of the
spectral sequences, compatible with a pairing p of the filtered abutments. The
condition provided in [Mas54] is essentially tautological, in that it is as difficult to
verify as what one is trying to prove.

However, when the exact couples arise from sequences of spectra, or of chain
complexes, this can be achieved. Up to now the discussion has effectively only taken
place in the homotopy 1-category of spectra, or in the derived category of abelian
groups. However, at this point we must work in a topological model category of
spectra, or the associated oco-category, or at least the underlying 2-category.

Recall that to a sequence of spectra Y, we associated an unrolled exact couple
with Ay = m.(Ys) and Es = 7, (Y5, Ys—1) := m(Cf5), and a spectral sequence (E7),
with starting page £! = E; and filtered abutment G = A = m.(YVoo).
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Definition 12.1 ([HR24, Def. 4.20]). Let Y]/, ¥/ and Y, be sequences of spectra
and spectrum maps. A pairing of sequences, from the first two to the third, is a
collection ¢ of spectrum maps

Ppq: Yzj ® Yq/, — Ypuq
such that the squares

’ "
1

fp® &Ff
R e A e

J/qﬁpl,q i¢p,q id’p,ql
Fr+q fp+aq

Ypig—1 p+q Ypig—1

all commute. If Y] =Y/ =Y, we say that (Y, ) is a multiplicative sequence of
spectra.

A similar definition applies for sequences of chain complexes. Note that the
squares are assumed to commute strictly, not just up to (chain) homotopy. The
following was presumably ‘well known’.

Theorem 12.2 ([HR24, Thm. 4.27]). Let Y/, Y/ and Y, be sequences of spectra,
with associated spectral sequences ('E7)y, ("E")y and (E7), and abutments G', G”
and G. Suppose given a pairing ¢« . of sequences of spectra, from Y] and Y] to Y.
Then there is a pairing (1"), of spectral sequences, with
Mot '€y @EG — Epry
giwen by a natural composite

T (YY) ) @m(Y) Yy ) 5 m(Yy @Y W) 25w (YViag, Yorg—1)

(for a suitable pushout W ). There is also a filtration-preserving pairing u: G' ®
G" — G of abutments, given by a natural composite

T (Y2) @ m(Y2) -2 m (YL © Y2) 25 m(Yao) -

If the spectral sequences are weakly convergent, then these pairings are compatible,
so that (u"), converges to p, in the sense that p> and [ agree by way of the
canonical isomorphisms.

Corollary 12.3. Let (Y,, ¢) be a multiplicative sequence of spectra, with associated
spectral sequence (E7), and abutment G. Then (E7), is a multiplicative spectral se-
quence, and G is a filtered graded ring. If the spectral sequence is weakly convergent,
then we also have multiplicative convergence.

Thinking instead in terms of filtered chain complexes, we have the following
formulation, due to Massey [Masb4, §7, §8], who also gives the corresponding state-
ment for a pairing of filtered chain complexes.

By a differential graded ring we mean a chain complex (R., d) with an associative
and unital pairing ¢: R, ® R, — R,, where the source has the differential 0 ® 1 +
1® 0. It is filtered if we have an exhaustive sequence of subcomplexes

cF, iR, C F;R,C---CR,

such that ¢(FpR. @ FyR,) C FpiqR, for all p and ¢q. If F_1R, = 0, we get a
strongly convergent spectral sequence with exiting differentials.
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Theorem 12.4. Let (R.,0,,(FsRy)s) be a filtered differential graded ring. The
associated spectral sequence, with E! = H,(FsR./Fs_1R.,0) for all s, is multiplica-
tive, and the abutment G = H,(Rx,0) is a graded ring. If the spectral sequence is
weakly convergent, then we also have multiplicative convergence.

Returning to the case of spectra, the commutativity assumption for a pairing
of sequences can be relaxed to commutativity up to chosen homotopy, if these
choices can be made ‘coherently’, so as to make the following 3-dimensional diagram
commute up to 2-homotopy.

Y, @Y/, Y, @Y,
! " ! "
Ypfl ® Yq Yp ® Yq
$p—1,q—1 ¢pN bp,a—1 lqﬁp-ﬂ
Yptq—2 Yptg-1 ———>Ypq

For example, this is the case if Y; is the (—s)-connective Whitehead cover of Yo,
and similarly for Y/ and Y.
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