TOPOLOGICAL CYCLIC HOMOLOGY OF THE INTEGERS,
AND RELATED TOPICS

JOHN ROGNES

We calculate TC(Z), K(Z,), K(Q,) and K*(Q,) mod p (and v;), as well as the
associated graded syntomic, motivic and Galois cohomology groups, illustrating
local Tate duality at the group and spectrum levels, as well as two Lagrangian
refinements of this duality.

1. A SQUARE

We consider the square

K(Zy)y —— K(Qy),

TC(Z)p -2 Két(Qp)p

where TC(Z), ~ TC(Zy), and Ly 1)K (Qp) ~ K®(Qp),. All results generalize
to p-adic number fields, i.e., finite extensions L D Q,, and their valuation rings
Or D Z,, but we concentrate on the simplest case, for concreteness.

By Quillen’s localization cofiber sequence

(1) K(Fy) = K(Z,) " K(Qp)
from [Qui73], and his calculation K(F,), = Z, from [Qui72], we see that also
Lx1)K(Zp) ~ K*(Q,),. Hesselholt—-Madsen [HM97] deduced from the cofiber
sequence

K(F,), ™% TC(F,), — £7'Z,
and the theorem of (Dundas—Goodwillie-)McCarthy [McC97] that there is a cofiber
sequence
(2) K(Zyp)p, =% TC(Z), — 272, .

Hence also L (1yTC(Z), ~ K*(Q,),, and we can complete the square with the
dashed arrow m, so that the lower right-hand corner is the Morava K (1)-localization
of each of the three other corners.

After reducing mod p, K(1)-localization is given by inverting v;, so we also
obtain a square

K(Zy)/p——~ K(Q,)/p

TC(Z)/p — K*(Qp)/p
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with the lower right-hand corner the localization away from v; of each of the three
other corners.
There is an Anderson self-duality

Két(Qp)p = Elp(Két(Qp)p) )
which reduces mod p to a Brown—Comenetz self-duality
K(Qy)/p =~ I(K*(Q,)/p),

reminiscent of Poincaré duality. Here m_,I(X) = Hom(7.(X),Q/Z).
On one hand, these extend to cofiber sequences

K(Qy)p —5 K(Qy), = (K (Q,),) =% $1,(K(Q,),)
and
(3) K(Q,)/p —5 K*(Qy)/p ~ I(K*(Q,)/p) "4 1(K(Q,)/p),

reminiscent of Lefschetz duality.
On the other hand, they also extend to cofiber sequences

TC(Z), ™ KNQ,), = SL(E*(Q,),) =% $1,(TC(Z),)
and
(4) TC(Z)/p 2 KQ,)/p = I(K(Q,)/p) "= 1(TC(Z) /p) .

(However, the corresponding statements with K(Z,) in place of K(Qy) or TC(Z)
do not hold.)

These spectrum-level results admit filtered refinements, with associated graded
statements that can be expressed in terms of the Galois (= étale) cohomology of Q,,
the motivic cohomology of Q, and Z,, and the syntomic cohomology of Z,.

2. GALOIS COHOMOLOGY FOR Q,

Let Q, be an algebraic closure of Q,, and Gg, = Gal(Q,/Q,) its absolute Galois
group. This is a profinite group acting on K(Q,),, which we can identify with the
connective cover ku, of KU,. The étale K-theory spectrum

Két((@p)p = (KUp)hG@p

can be interpreted as the continuous homotopy fixed points for this action [DF85].
Here m.KU, = Z,[3*!] with |8| = 2. To each element g € G, we can associate
a p-adic unit k¥ = x(g) such that g(¢) = ¢* for each p-th power root of unity
¢ € Qp. Then g: B+ kB in ma(ku,) = Z,(1), and more generally g: % s k%Y
in m2,(KU,) = Z,(w), i.e., g acts as the Adams operation 1/* on p-complete K-
theory.

The double-speed Whitehead filtration on KU, then induces a filtration on
K®*(Q,),, with associated graded

gru}Két(Qp)p = (Z2wzp(w))hGQp .
This leads to the Adams graded descent spectral sequence
‘922W787S = ng(GQp; Zp(w)) = Hea(Qp; Zy(w))
= WZw—S(Két(Qp) ) = K5y, s(Qp; Zy) -
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Here Hj,(—) refers to continuous group cohomology, and H¢,,,(—) agrees with the
étale cohomology of Spec Q,,. Similarly,

K*(Qy)/p = (KU/p)"“e
with m,KU/p =T, [371], and there is a mod p descent spectral sequence

£37% = Hi(Qpi Fp(w) = mu—a(K*(Q)/).

Here Fp(w) = p" as étale sheaves, where p,(F) = {z € F | 2?7 = 1} for any
field F'.
The cyclotomic character x: Gg, — Z, is surjective, so
Z, for w =0,
0  otherwise.

Hg}al(@p§ Zp(w)) = {

By Fermat’s little theorem,

F, forw=0 modp-1,
0  otherwise.

Hg;al(Qp;Fp(w)) = {

The short exact sequence

o—z?P

1—pp, —G,, — G, —1

of étale sheaves, where G,,(F') = F* for any field F', induces a long exact sequence

P
OHHgaI(F; /u’p) HHgal(F;Gm) HHgal(F;Gm)

//

P
HE o (F; pp) —— HE 0 (F3 G ) —— HE(F3Gyp)

//

p
Héal(F; Up) - Hg}al(F; Gp) — Héal(Fé Gm)

in Galois cohomology. Here HQ . ,(F;G,,) = F*, H}, (F;G,,) = 0 by a theorem
of Noether (1933) (generalizing Hilbert’s Theorem 90 or Satz 90, which was due
to Kummer), and HZ, (F;G,,) = Br(F) is known to be isomorphic to the Brauer
group of F, i.e., the group of Morita equivalence classes of central simple F-algebras.
Moreover, Br(Q),) = Q/Z via the Hasse invariant. This implies that

Hea (Qp; Fp(1)) = 1p(Qp) =0
Hcl}al((@pé]Fp(l)) = Q;/(Q; )p = (Fp)z
HZ1(Qp; Fp(1)) = Br(Qy)[p] = F,

for p odd. For p = 2, the right-hand groups are Fs, (F2)3 and Fa, respectively.

Theorem 2.1 (Local Tate duality). The pairing

Heo(Qpi Fp(w)) ® HEf (@i Fp(l — w) — Heu(QpiFp(1) = F,
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is perfect, inducing isomorphisms
HE (Qps Fy(1 — w)) = Heyo (Qs; Fy(w))Y
for all s and w.

In particular, H, (Qp;F,(0)) = (F,)? for p odd and (F3)3 for p = 2,

Héal(Qp;Fp(w)) _ {Igp for w = 1 modp-—1,
otherwise,
and H&,,(Qp; Fp(w)) = 0 for all s > 3.

Supposing known that 7, K (Q,), = 7. K(Q,), for x > 1 (the local Lichtenbaum—
Quillen conjecture), that 7, K(Q,), is a finitely generated Z,-module, and that
the Q,-vector space m. K (Qp)p[1/p] = T K(Qp)p @z, Qp has rank 1 for each odd
3 < x < g — 3 (which can be deduced from Wagoner’s paper (1976), following
Borel’s treatment (1975) of the number field case), we can determine the missing
information, that

Héal(Qp; Fp(w)) 2 F)
for w # 0,1 mod p— 1.

For p = 5 the descent spectral sequence has Es-page as below, concentrated in
the strip 0 < s < 2, repeating horizontally in both directions with period ¢ :=
2(p — 1) = |v1], and converging to m. K¢(Q,)/p.

. .
oo oo . . oo oo
. .

-1 0 1 2 3 q—1 q g+1

Each bullet represents one copy of F;,. There is no room for differentials, so £, = £.
Local Tate duality thus translates to Brown—Comenetz self-duality for K¢(Q,)/p,
seen as (rotational) symmetry around bidegree (0, 1) in the chart above.

3. MOTIVIC COHOMOLOGY FOR Q, AND Z,

For fields F (of characteristic # p), the natural map ¢: K (F), — K®(F), refines
to a filtered map, with associated graded a homomorphism

Tow—s 8 (€): Hyor (' Zp(w)) — Hea (F; Zp(w))

mot
from Voevodsky’s motivic cohomology (of Spec F'), and similarly for mod p K-
theory and cohomology with F,(w)-coefficients. In particular, there are motivic
spectral sequences

522w7578 = Hp ot (F; Zp(w)) = To0w—s (K (F)p)

and
‘5‘221”757S = Hrsnot(F§IFp(w)) = Touw—s(K(F)/p),
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cf. [FS02], and maps from these to the étale descent spectral sequences. Moreover,
by the Bloch—-Kato conjecture proved by Voevodsky (and Rost, with assistance by

Weibel),
. o JHE L (F;Fp(w)) for 0 < s <w,
Hio (3 Fp (w)) = {0 o ’ otherwise

Hence the motivic £-page is obtained from the étale descent £2-page by imposing a
slope 1 vanishing line through the center of symmetry. Conversely, H¢, (F;F,(x))
is recovered from H} . (F;F,(x)) by inverting v; € HO o (Fp(p — 1)).

In the case F' = Q, we obtain the chart below (for p = 5), repeating horizontally
to the right, but not to the left, and converging to 7. K (Q,)/p.

-1 0 1 2 3 q—1 q g+1

The long exact sequence in homotopy associated to the cofiber sequence (3) breaks
up into the short exact sequences

0 = Hy ot (Qps; Fp(w)) SN HE, o (Qp; Fpp(w)) e_v) Hégls((@zﬂ;]Fp(l —w))” =0

in motivic and Galois cohomology, where we implicitly use the local Tate duality
isomorphism in Theorem 2.1.

There is also an extension of motivic cohomology from fields to more general
commutative rings and schemes. In particular, there are motivic spectral sequences

g5 = H3 ot (L Zp(w)) = 20— (K(Zyp)p)
and
3" = Hypor (23 Fp(w)) = maw—s (K (Z,) /) -
As is to be expected from Quillen’s localization sequence (1), HZ . (Z,; Fp,(w)) only
differs from H (Qp;Fp(w)) in bidegree (2w — s, s) = (1,1), where

mot
Hyot (Zp3 Fp(1)) = (25) /(25 )P € (@) /( Q)P = Hinot (Qp; Fi(1)) -
This leads to the following chart, converging to m.K(Z,)/p.
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Thus 7. K (Qp)/p and 7. K(Z,)/p are both free Fy[v1]-modules of rank p + 3.
For p odd, the p-complete connective image-of-J spectrum is defined by the fiber
sequence

. ¢k71 2
Jjp — ku, — ¥%ku,,

where k € Z,; is a topological generator. There is a unit map e: S — jj, inducing
the Adams e-invariant m,(S) — m.(j,). It follows that

T (j/p) = A1) @ Fyy[v1]

where a; has degree 2p — 3 and detects the first p-torsion in 7, (S). The unit map
S — K(Zp), and the map XS — K(Z,), representing k € K1(Z,) = Z, extend
over e and Xe, and there result splittings

K(Zp)p = jp ® Bjp ® Zkuy,,

K(Qp)p ~ jp @ Xjp & Xku,
and
K®Qp), ~ J, ® XJ, ® TKU,

cf. [Rog93]. Here J, is the fiber of 1/* — 1: KU, — KU, which is also the K (1)-
localization of j,. The case p = 2 is a little more complicated [Rog99]. Both
for p odd and for p = 2, these spectrum-level expressions were first obtained by
calculating 7, TC(Z)/p.

4. TOPOLOGICAL CYCLIC HOMOLOGY FOR Z

Bokstedt and Madsen [BM94], [BM95] calculated 7, TC(Z)/p for p odd. Both
references are relevant, since the result was conjectural in the first paper, but was
resolved in the second paper, using Tsalidis’s theorem [Tsa97]. We give an updated
and simplified presentation.

Lemma 4.1. 7, THH(Z)/p = n, THH(Z,F),) = A(A1) @Fp[p1], where || =2p—1
and |p1| = 2p.

Proof. This follows from the Bokstedt spectral sequence, using that H.(Z) = A(7; |
i > 1)@F,¢& | i > 1] C o, or from the Brun spectral sequence, using that
Lemma 4.2. In the S'-homotopy fized point spectral sequence

E2(SY = H*(SY; ., THH(Z) /p) = Fp[t, 1] ® A(\y) = 7. TC™(Z)/p

the images under S — S/p — TC™ (Z)/p of a1 € map—3(S) and v1 € map_2(S/p) are
detected by tA1 and tuy, respectively.

Proof. This follows as in [AR02] from the long exact sequence in homology associ-
ated to the cofiber sequence

272X — F(S$%,X)S — F(SL,X)S =X -5 vlx,

with X = THH(Z)/p, and an Adams spectral sequence argument, or by use of the
Hahn-Wilson double suspension [HW22], with o2a; = A\; and o%v; = p;. O
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Lemma 4.3. The C),-Tate spectral sequence
E(Cy) = H*(Cp, m THH(Z) /p) = A(u1, M) ® Fp[tfh, ] = m. THH(Z)' " /p
has differentials generated by de(t%—p) = t1 A1 and d*PTH(ugt?) = tip, leaving
é’OO(Cp) = Fp[t?:p] ® A(A1) .
Proof. Since S — TC™(Z) — TP(Z) — THH(Z)!“» factors through THH(Z),
where a1 and v; map to 0, the detecting classes tA; and tu, must map to boundaries

in the C,-Tate spectral sequence. Hence d?P(t; ?) = t;\; and d?+!(ust;?) =
tl,Uq. O

Definition 4.4. Let A = C(1) denote the standard S'-representation, and let
ay € Wﬁ“?\l (S) be the stable class of the S'-equivariant map S~ — S°, dual to
S0 — S*. The cofiber of ay is dual to S(\)4 = S}.

Define fi; € ﬁgfiH)\THH(Z)/p so that ayfi1 = v1 € map_2TC™ (Z)/p. Then fiy
maps to p; under the map forgetting S'-equivariance.

The Z{1,A} C RO(S')-graded factorization of v; yields the lower right-hand
pullback square in the following diagram. Here we use that (X/ay)"S" ~ X. The

notation TC™(Z)/p, fi should be interpreted as (THH(Z)/p, fi1)*S". The canonical
image of the class ay is a unit, so TP(Z)/p,v1 = TP(Z)/p, fi1, which should be

interpreted as (THH(Z)/p, i1 )'S".
In the following, we write ‘f’ in place of ‘f/p,v;’ for various maps.

TC(Z)/p, v THH(Z P/p(—\

\VT

XTC(Z)/p, v Z)/p,v1 4> THH(Z

\ / n l ¢

/p7U1<;TC Z)[p, iy —5=> THH(Z) /p, pa
L x
/
Lemma 4.5. 7, THH(Z)/p, 11 = A(\1). The S'-Tate spectral sequence
E(SY) = H*(S", m, THH(Z) /p, 1) = F,[t*'] ® A(\) = 7. TP(Z)/p,v1
has differentials d?P(t') = t'TP\; for p1i, leaving
Ex(SY) = F[t*?] @ A(\) .

Proof. The d?!-differentials for THH(Z)!C» /p lift to differentials for THH(Z)*S" /p =
TP(Z)/p and push forward to differentials for TP(Z)/p, v1. O

14

Lemma 4.6. The S'-homotopy fized point spectral sequence
£2(S") = H™*(S", . THH(Z)/p, i) = F,[f] © A(\) = 7. TC™(Z)/p, fun
has differentials d*P(t') = t"*PX\; for p{i > 0, leaving
EX(SH =TF,[tP) @ A(\) @ Fp{t*\ |0 < d < p}.
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The homomorphism j. is injective on the first summand and zero on the second
summand.

Proof. This follows by naturality along j. O

Corollary 4.7.
. TC™(Z)/p,v1 ZFL[PIH{1,\} @ F{t\ | 0 < d < p} ® Fpluua] {2, Mpur} -

The homomorphism can, is injective on the first summand and zero on the second
and third summands.

Proof. This is a calculation of the pullback of
mTC™(Z)/p, u — ' THH(Z)/p, 1 «— 7. THH(Z)/p.

Alternatively, one can prove this without the use of RO(S')-graded classes and the
pullback decomposition, by fully calculating the S'-homotopy fixed point spectral
sequence in Lemma 4.2, and then reducing the result modulo v; (detected by tp1).

O

Lemma 4.8. can and ¢ agree on A € ma,_1TC™ (Z)/p, v1, which therefore admits
a lift to map_1TC(Z)/p, v1.

Proof. Either use results of Waldhausen and Bokstedt on the fiber of K(S) — K(Z)
to find a class A\ € Ky, 1(Z) with trace image \; (see also Lee-Levy [LL26,
Thm. 7.3] for a stronger result), or show that the transfer map trf: TC(F,)/p,v1 —
TC(Z)/p, v, takes & € map_1TC(F,)/p,v1 to the required lift of A;. O

Lemma 4.9. The cyclotomic structure map induces
Ppet A1) @ Fp ] — Fp[tF] @ A(\)

gwen by py — t; ¥ (up to a unit in Fp) and Ay — G(X\1), hence factors as the
localization inverting p1, followed by an isomorphism

A(Ar) @ Fplpy] = m THH(Z) /plpy '] = m THH(Z)" /p.

Proof. Being a ring homomorphism, ¢,, must take the unit 1 to a unit, i.e., to

a nonzero scalar times t;”. Moreover, ¢,(A1) = gogsl()\l) = (G ocan)(A) =
G(M\). O

Theorem 4.10 (Bokstedt—Madsen). There is a short exact sequence

0= DA -L 1 TCZ)/p, v = Fp{tih [0 <d < p} & A(A) =0,
so that
. TC(Z)/p,v1 = A0, \1) @ F,{t\; | 0 < d < p}

with |0] = —1, [A\1| = 2p — 1 and [t| = —2. The relations t%\; - tP=¢)\; = 9\, hold,
making this a Poincaré duality algebra, of total dimension p + 3.
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Proof. To calculate the kernel and cokernel of (can — ¢),: 7. TC™ (Z)/p,v1 —
7 TP(Z)/p,v1, we express it as the direct sum of the following four homomor-
phisms.

F [P {t?, P A} — F,[t"]{t", t" 1}
F{t"\; |0 <d<p} —0
AA) 5 A\
Fplpal{pi, Apn} — Fplt PH{t 7P, 677}

The multiplicative relation only makes sense at the level of spectra when S/p, v; =
V(1) is a ring spectrum, i.e., for p > 5, but works at all primes in the associated
graded for the Hahn-Raksit—Wilson motivic filtration. It can be deduced from the
Browder/Wall sum theorem for the two Poincaré pairs given by (4, ¢,) and (F, j),
corresponding to the cofiber sequences

(G¢g)

. 2p—1(;
THH(Z) /p 2% THH(Z) /p, j1 ® THH(Z)'Cr p | 527 120-1(THEH(Z) /p)

and
_ . (Fj I1?’?=Y(Fj - _ _
TC™(Z)/p, jn =3 THH(Z)/p, jn ® TP(Z)/p,v1 | —3 7 PP=Y(TC™(Z)/p, i)

keeping in mind the equivalence G. Alternatively, it can be recovered from local
Tate duality for Q, by comparison along m. ([

We illustrate 7, TC(Z)/p,v1 below, where the ellipsis indicates the generators
t4)\;. The vertical direction does not (yet) carry any meaning.

oM

0 tp_l)\l R th\ A1

-1 0 1 e qg—1 q qg+1
Corollary 4.11. The vi-Bockstein spectral sequence
&' = 1. TC(Z)/p,v1 @ Fp[v1] = 7. TC(Z)/p
collapses, and
7 TC(Z) Jp = Fylvr] © (A(a, M) @F,{tA |0 <d < p})

is a free Fplv1]-module of rank p + 3.

Proof. This uses that A\; (and A1) admit mod p (and integral) lifts, hence cannot
support vi- (or p-)Bockstein differentials. O
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For p = 5, we have the following chart, continuing v;-periodically to the right.

-1 0 1 2 3 q—1 q q+1

The long exact sequence in homotopy associated to the cofiber sequence (4)
realizes the short exact sequences

0 — m,(TC(Z)/p) = ﬂ'n(Két(Qp)/p) m—v> 7_n(TC(Z)/p)¥ — 0.

Next, we indicate how these break up further into short exact sequences in syntomic
cohomology.

5. THE EVEN FILTRATION FOR THH(Z)

The Hahn-Raksit-Wilson (arXiv:2206.11208) even filtration of an Eo.-ring R is
given by

YR = lim 750, F,

where the limit ranges over Eo-maps R — E with F even, i.e., with 7, (F) concen-
trated in even degrees. The ‘even weight’ w associated graded gri, R is the cofiber
of il R — fil R.

There is a spectral sequence m.gri, R = m.R. The even filtration is always
complete Hausdorff, but additional hypotheses are needed to ensure that it ex-
hausts R. For an E.-ring B, the even filtration on THH(B) is also called the
motivic filtration, and

m.grt, THH(B) = =, THH(B)

is called the motivic spectral sequence. If B is ‘chromatically quasisyntomic’, e.g.,
if MU, (B) is a polynomial ring on even degree generators, possibly reduced modulo
a regular sequence, then this filtration exhausts THH(B).

An Ey-map R — T is evenly faithfully flat (eff) if for each Eo,-map R — F
with E even, the base change F ®p T is even with m.(E ®g T) faithfully flat as
a m.(E)-module. For example, this is satisfied if £ ® g T' is a sum of one or more
even suspensions of F.

If R— T is eff and T is even, then

il R~ lim Tsg, (T®71T9)
l[aea —
is the totalization of the codegreewise 2w-connective cover of the Cech (or Amitsur)
complex

TOrIY —{T==TorTE==TorTOrT==...}.
==
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It follows that
gr R~ lim ¥*“my, (T¥R119).
l[dea

Let B — k be an E,.-map, with B connective, k a perfect field of character-
istic p > 0, and mo(B) — k surjective. There is an equivalence THH(B, k) ~
THH(k, k ®p k), and two pushout squares

k®pk —> THH(B, k) — k

L |

i —— THH(k) — HH(k/B)

of Ex-rings. By Bokstedt’s calculation, m, THH(k) = k[uo] with |uo] = 2, so
THH(k) is even. As observed with Devalapurkar and Hahn, if HH(k/B) is even,
then by Hurewicz it follows that THH(k) can be built as a THH(B, k)-module with
only even cells. Hence THH(B, k) — THH(k) is eff if (and only if) HH(k/B) is
even.

This applies, in particular, to B = Z — F, = k, in which case m.(k ®p k) =
A(7p) and m . HH(k/B) = T'(uo) is even. Hence we can calculate gri THH(Z)/p =
gri, THH(Z,F,) by eff descent along R = THH(Z)/p — THH(F,) =T.

Here m. R = m,/THH(Z)/p = A(\1) ® Fp[p1], while 7, T = 7, THH(F,) = Fp[po)-

The bar spectral sequence

TOI‘:*(R)(TF*T, 1) = 7. (T @r T)
has
£2 = Tor "M EFr bl (R [11o], Fy 110])

=T(oA)® (]Fp [i0] ®F, (1] Fp [ﬂo])

concentrated in even stems, hence collapses. By induction on ¢ > 0, the cosimplicial
abelian group
[a] > m (TER179)

is the tensor product of the cobar constructions for the Hopf algebroids
(]FP7 L'(oA1)) and (]FPLU’UL FP[NO] OF,, (1] FP[NO]) .

Passing to associated cochain complexes and their cohomology, using the Eilenberg—
Zilber theorem and that Fp[u1] — Fp[uo] is faithfully flat, we obtain

T8y THH(Z)/p = Cotorr gy, (Fp, Fp) © Cotory, 16, 1, 1, (o] (Foltiol Fplo])
= A()\l) Y Fp[ﬂl] )

with A; € Cotor! in stem 2p — 1 and weight p and p; € Cotor’ in stem 2p
and weight p. Using (n, s)-coordinates, with the stem n = 2w — s horizontally
and the ‘Adams weight’ s = 2w — n vertically, we obtain the following chart for
Tngre, THH(Z) /p, extending p;-periodically to the right.

1 A1 A1p1

0 2p—1 2p dp — 1 4p
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In particular, the motivic spectral sequence m,.gri THH(Z)/p — =.THH(Z)/p
collapses.

6. SYNTOMIC COHOMOLOGY FOR Zj,

Hahn, Raksit and Wilson also introduce motivic filtrations
1

il TCT(B)= lm  759,(E"")
THH(B)—E ~
and )
1Y B)= i w (B
mot ( ) THH%IBI’I)%E TZQ ( ) I

with THH(B) — F ranging over E,,-maps with even target. The homotopy groups
of the associated spectra

TC™ li n2w, (EhS'
mot ( ) THH%?)—)E 7T2’w( )
and )
TP(B li Y2, (B
mot ( ) THH%IBn)—>E T2 ( )

define (Nygaard completed) prismatic cohomology. For an even eff-cover THH(B) =
R — T, these can be calculated as

ﬁlxotTC_(B) >~ hm T>2w((T®R1+q)h51)
l[qJeA —
and 1
filly .\ TP(B) ~ lim T>2w((T®R1+q)tS ),
[qlea —
so that 1
gr? \TC™(B) = lim L*"my, ((T®rRIT9)hST)
l[geA
and

gry JTP(B) = lim ZQMWQ,W((T®R1+q)tSI).
lqleA

These are compatible under the canonical map from S'-homotopy fixed points to
S1-Tate fixed points. For chromatically quasisyntomic B, Hahn-Raksit-Wilson also
show that ¢: TC™ (B) — TP(B) is filtration-preserving. Hence they can define the
motivic filtration of TC(B) with

fil;y . TC(B) = eq(can, p: fil},
(which is then complete (Hausdorff) and exhaustive), and
motTC( ) - eq(can, P grzotTci(B) - grzotTP(B)) .
The homotopy groups

TC™ (B) — fily

mot

TP(B))

mot

HZo (B Zp(w)) = Mouw—s8l e TC(B)

syn
define the syntomic cohomology of B, When B is an (ordinary) quasisyntomic
ring, these definitions agree with those of Bhatt-Morrow—Scholze [BMS19]. Similar
remarks apply with coefficients. There results a motivic spectral sequence

£V = H, (B; Zp(w)) = m2u—sTC(B)y

syn

and the special case

£"" = Hiyy (23 Fp(w)) = mau—s(TC(Z)/p).

syn
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To calculate m,gr® TC(Z)/p, we proceed as for m,TC(Z)/p, starting with the

mot

bigraded .gr,, THH(Z)/p in place of m, THH(Z)/p. Then we check that all maps
and differentials respect the weight grading w, so that Theorem 4.10 also calculates
gty «TC(Z)/p,v1, now with 9 in weight 0, A\; in weight p and ¢ in weight —1.
This gives meaning to the vertical direction in the illustration. The deduction of
Corollary 4.11 now becomes easier, since the v1-Bockstein differentials have (n, s)-
bidegree (—1, 1), and therefore vanish for bidegree reasons. With v; in weight (p—1),
we recover HS (Zpy;Fp(w)).

syn
As is to be expected from the Hesselholt-Madsen sequence (2), HS, ,(Zp; Fp(w))
only differs from H ,(Z,;F,(w)) in bidegree (2w — s,s) = (—1,1), where

H (Z;D?Fp(o)) = Fp{a} .

syn

The long exact sequence in homotopy associated to the cofiber sequence (4)
breaks up into the short exact sequences

0 = H2(Zy Fp(w)) 5 Heyy (Qpi Fy(w)) 75 H223 (Zyi Fp(1— w))¥ — 0

syn syn

in syntomic and Galois cohomology. In this case, the source of m is not simply given
by truncating its target below a vanishing line. On the other hand, H¢,,(Qp; Fp (%))
can still be recovered from HZ,, (Z,;F,(*)) by inverting v € HY  (Z,; Fp(p — 1)).

syn syn

REFERENCES

[AR02] Christian Ausoni and John Rognes, Algebraic K-theory of topological K-theory, Acta
Math. 188 (2002), no. 1, 1-39, DOI 10.1007/BF02392794. MR1947457
[BMS19] Bhargav Bhatt, Matthew Morrow, and Peter Scholze, Topological Hochschild homology
and integral p-adic Hodge theory, Publ. Math. Inst. Hautes Etudes Sci. 129 (2019),
199-310, DOI 10.1007/s10240-019-00106-9. MR3949030
[BM94] M. Bokstedt and I. Madsen, Topological cyclic homology of the integers, Astérisque 226
(1994), 7-8, 57-143. K-theory (Strasbourg, 1992). MR1317117
, Algebraic K-theory of local number fields: the unramified case, Prospects in
topology (Princeton, NJ, 1994), Ann. of Math. Stud., vol. 138, Princeton Univ. Press,
Princeton, NJ, 1995, pp. 28-57. MR1368652
[DF85] William G. Dwyer and Eric M. Friedlander, Algebraic and etale K -theory, Trans. Amer.
Math. Soc. 292 (1985), no. 1, 247-280, DOI 10.2307,/2000179. MR805962
[FS02] Eric M. Friedlander and Andrei Suslin, The spectral sequence relating algebraic K -theory
to motivic cohomology, Ann. Sci. Ecole Norm. Sup. (4) 35 (2002), no. 6, 773-875,
DOI 10.1016/S0012-9593(02)01109-6 (English, with English and French summaries).
MR1949356
[HW22] Jeremy Hahn and Dylan Wilson, Redshift and multiplication for truncated Brown-
Peterson spectra, Ann. of Math. (2) 196 (2022), no. 3, 1277-1351, DOI 10.4007/an-
nals.2022.196.3.6. MR4503327
[HM97] Lars Hesselholt and Ib Madsen, On the K-theory of finite algebras over Witt vectors of
perfect fields, Topology 36 (1997), no. 1, 29-101, DOI 10.1016,/0040-9383(96)00003-1.
MR1410465
[LL26] David Jongwon Lee and Ishan Levy, Topological Hochschild homology of the image
of J, Adv. Math. 487 (2026), Paper No. 110759, 51, DOI 10.1016/j.aim.2025.110759.
MR5009106
[McC97] Randy McCarthy, Relative algebraic K-theory and topological cyclic homology, Acta
Math. 179 (1997), no. 2, 197-222, DOI 10.1007/BF02392743. MR1607555
[QuiT2] Daniel Quillen, On the cohomology and K-theory of the general linear groups over a
finite field, Ann. of Math. (2) 96 (1972), 552-586, DOI 10.2307/1970825. MR315016
, Higher algebraic K-theory. I, Algebraic K-theory, I: Higher K-theories (Proc.
Conf., Battelle Memorial Inst., Seattle, Wash., 1972), Lecture Notes in Math., Vol. 341,
Springer, Berlin-New York, 1973, pp. 85-147. MR338129

[BM95]

[QuiT3]




14 JOHN ROGNES

[Rog93] John Rognes, Characterizing connected K-theory by homotopy groups, Math. Proc.
Cambridge Philos. Soc. 114 (1993), no. 1, 99-102, DOI 10.1017/S0305004100071437.
MR1219917

, Algebraic K -theory of the two-adic integers, J. Pure Appl. Algebra 134 (1999),
no. 3, 287-326, DOI 10.1016/S0022-4049(97)00156-4. MR1663391

[Tsa97] Stavros Tsalidis, On the topological cyclic homology of the integers, Amer. J. Math. 119
(1997), no. 1, 103-125. MR 1428060

[Rog99]

DEPT. OF MATH., UNIV. OF OSLO, NORWAY
Email address: rognes@math.uio.no



