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1. INTRODUCTION

For each topological group G there is an associated space BG, called the clas-
sifying space of G, such that G ~ QBG, so G is (homotopy equivalent to) a loop
space. An explicit construction of BG is given by the bar construction. This will,
for non-trivial G, give BG the structure of an infinite dimensional CW-complex.
Part of the bar construction can also be carried out for an H-space, depending
on how associative the multiplication is. For example, the 2-skeleton of the bar
construction can be obtained as the mapping cone of the Hopf construction of the
multiplication map G x G — G.

A compact Lie group G has the property that H,.(G;Z) is a finite Hopf algebra,
and H*(BG;Z) is a finitely generated algebra. Dwyer and Wilkerson use this to
define a generalization of compact Lie groups they call p-compact groups, as loop
spaces that have finite mod p homology and p-complete classifying space. This
definition allows for more exotic examples that have the same homotopy properties
as Lie groups, at least to the eyes of mod p homology H.(—;F,). A non-trivial
example of this is the Sullivan sphere that exists at odd primes in dimension 2p — 3.

For each prime p there is a sequence of generalized (co)homology theories, K (n),
where 0 < n < oo, called the Morava K-theories. It is common to interpret the
theories K(0) and K (co) as singular (co)homology with respectively Q and F,, coef-
ficients, while K (1) is one of p—1 summands of complex mod p topological K-theory.
The nature of K (n) for higher n is more subtle, but is related to the formal group
laws of height n in characteristic p. A further generalization of p-compact groups
is that of K (n)-compact groups. K (n)-compact groups are topological groups with
finite K (n)-cohomology and such that the classifying space is K(n)-local. By the
Atiyah-Hirzebruch spectral sequence all p-compact groups are K (n)-compact, but
here there are also exotic examples. In [RW80] the bar spectral sequence is used
to compute the K(n) (co)homology of the Eilenberg-Mac Lane spaces K (Z/p’, q),
and these are examples of K (n)-compact groups when ¢ < n.
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2 HAKON SCHAD BERGSAKER

To do calculations we will use theories that are closely related to K (n), denoted
by K,, E, and E¢% defined in section 2. The coefficient ring 7o E,, carries the
universal deformation of the height n formal group law I';, over F,» with p-series
[plr, (x) = xP". The Lubin-Tate theory of deformations of formal group laws is
explained in section 2. A theorem of Hovey and Strickland [HS99] says that if
K (X) is finite-dimensional over K and concentrated in even degrees, then E (X)
is finitely generated over E} and concentrated in even degrees. We will use this to
algebraically exclude the even dimensional spheres from the K (n)-compact ones.

The classical Adams and Atiyah argument [AA66] uses the Adams operations
in K-theory to show that for spheres that are also H-spaces the only possibilities
are S° 81,53 and S7. In section 4 we use the action of the Morava stabilizer
group S,, of stable ring operations on E(—) (described in section 2), plus the
unstable operations constructed in [And95], which extend the Adams operations
on K*(—); to E}, to give similar bounds on the dimension of a K'(n)-local sphere.
Here we explain that Adams and Atiyah’s argument is equivalent to ours in the
case K (1) for p = 2. The bounds are more complicated for general n and p,
but we are able to show that there are only finitely many dimensions in which a
K (n)-local sphere can occur as a K(n)-compact group, for fixed n and p. There
is one remaining hypothesis we rely on here, regarding the existence of maximal
tori in K (n)-compact groups. The corresponding result for p-compact groups is
known ([DW94, 8]), but the non-trivial Sullivan conjecture (now a theorem) is
used, and a similar result in the K (n)-local setting is not known. Further, we need
the existence of the p™-skeleton of the bar construction, which is equivalent to the
Stasheff’s notion of A,»-spaces ([Sta63]), but we will concentrate on A..-spaces, or
topological groups, for simplicity. We need to know the K (n)- and F,-cohomology
of the various skeleta of BG from the bar spectral sequence. We also need some
standard formulas for the p-order of an integer.

In section 6 we will try to construct new examples of K (n)-compact groups.
To do this we need to calculate the K (n)-cohomology of a loop space, and we do
this with a K (n)-based Eilenberg-Moore spectral sequence. The convergence of this
spectral sequence is not yet established (see [Sey78], [JO99] for some results concern-
ing this), but we will use it to at least make the results plausible. The first examples
of such K (n)-compact groups are the K (n)-compact versions of the Sullivan sphere,
where we start with the bar construction on K(Z,,n), take homotopy orbits for
some suitable action, K (n)-localize, and take the loop space of this. The resulting
K (n)-compact groups reside in dimension one less than 2(p™ — 1)/ ged(p — 1,n),
which is valid according to the dimension bounds computed earlier. Additional work
is required to show that these new groups are equivalent to K (n)-local spheres. An
argument that can be used to show that the groups are stably equivalent to spheres
is sketched at the end of the paper.

We fix some notation. Z, will mean the p-adic integers, and Z(,) the integers
localized at p. Ag(S), R[S] and I'g(S) will denote exterior, polynomial and divided
power algebras, respectively, with generator set S taken over a ground ring R.
Sometimes the subscript R will be left out, when the choice of ring is clear from
the context. Write T'g(z) = R{yn(z) | n > 0} with v;(x)v;(x) = (FL) vy ().
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2. THE MoORAVA K- AND E-THEORIES

Basic constructions. Let MU be the spectrum associated to complex cobordism,
with coefficient ring 7w, (MU) = Z[x1,x2,...], x; having degree 2i. By localizing
at a prime p (see the subsection on localization below), MU,y splits as an infinite
wedge of suspensions of a spectrum known as the Brown-Peterson spectrum, BP
([BP66]), and m.(BP) = Z[vi, va,...], where the v;’s are taken to be the Araki
generators. The degree of v; is 2(p’ — 1), so m.(BP) is much smaller than 7, (MU).
From this we can construct new spectra by use of the Landweber exact functor
theorem ([Lan76]) which states that

BP*(_) ®7r*(BP) M
is a homology theory for nice 7, (BP)-modules M. More precisely, multiplication by

v, must be injective in M &, ppym«(BP)/I, for all n, where I, = (p,v1,...,Vn_1).
This is the case for the following rings

w*(m) =Zpy[vis- - om0 7
T (BEC) = Zpl[ury - ooy tip—1])[u,u™t]
Tu(Ep) = WFpn[[ug, . .oy 1 ]][u, w1

—

giving the spectra F(n), E¢% and E,, where m,(ES%) and 7.(FE,) are 7.(BP)-
modules by the map that sends

k
uput P k<n
n

v —  ulTP k=n .

0 k>n

Here the u; have degree 0 and u has degree —2. Note that E(X) = WFy» ®z,
(EF*)*(X), and (ES*")*(X) = Z, @wr,. E;(X). A similar relationship exist

o~ o~

between E(n) and ES*. This means that the distinction between E(n), ES%
and F, is usually not important. Several of the theorems cited in this paper are

—_—

originally stated in terms of E(n) or ES% while we use E,. The spectrum E; is
the complex K-theory spectrum completed at p, denoted K Uzﬁ\ or K ]/)\.

The Baas-Sullivan construction developed in [Baa73| can be applied to create
versions of complex cobordism where the manifolds are allowed to have singu-
larities, or cones. In this way spectra with coefficients 7,(BP)/I can be con-
structed, where [ is any ideal generated by a regular sequence, where a sequence
(ay,az2,...) in a ring R is defined to be a regular sequence if multiplication by
ay is injective in R/(ay,...,ax—1), for each k > 1. If we choose this ideal to be
(Py U1y« oy Un—1, Unt1, Unta,...) wWe get the connective Morava K-theories k(n) with

e (k(n)) = Fplon] .
Let 2"~V (n) — k(n) be multiplication by v,, and define

K (n) = hocolim 22"~V (p)

(2
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to get the Morava K-theories with 7. (K (n)) = F,[v,, v, ']. Now let
Ky (X) = K(n)«(X) @k (ny, Fpn[u,u™],

with |u| = 2, where we consider Fyn[u,u™!] as a K(n).-module by the map v,, —
uP" 1. The coefficient rings m, (K (n)) etc. are often written as K (n), (or K(n)* =
m_+«(K(n)) in cohomology).

The above is the classical construction of these theories. Now we would like to
consider products. This used to be rather complicated, but with the new founda-
tions for stable homotopy theory in [EKMM97] this can be done in a more elegant
way. We briefly mention how this can be done in the following paragraphs.

Let Mg be the category of S-modules. Mg is a closed symmetric monoidal
category with a model structure, which means it has a smash product — Ag — :
Mg x Mg — Mg and function objects Fs(—,—) : M x Mg — Mg such that
— As Y and Fs(Y,—) are adjoint functors. The smash product is unital, associa-
tive and commutative up to isomorphisms in Mg. The model structure consists of
collections of fibrations, cofibrations and weak equivalences satisfying certain ax-
ioms. When the weak equivalences in Mg are inverted, in some sense, we obtain
the homotopy category hMg, which is equivalent to the usual stable homotopy
category constructed by Adams and Boardman. There is a fully faithful functor
3¢ : T — Mg embedding T in Mg, such that the unit in Mg is the sphere spectrum
S = £S89 The corresponding functor AT — hMg is also written as 3°°; it is no
longer full and faithful. Homotopy and (co)homology theories associated to an S-
module E are defined so that F.(X) = m.(E Ag X) and E*(X) = 7_.(Fs(X, E)).
The smash product and function objects for S-modules will be written as — A —
and F'(—, —), without the sub-S.

Ring objects can now be defined in Mg with the usual commutative diagrams,
they are called S-algebras. Given a commutative S-algebra R one can also define
the notion of R-module spectra. The category Mz of R-module spectra is again
a closed symmetric monoidal category, with smash and function objects M Ar N
and Fr(M,N). This is analogous to the situation in algebra where one considers
the tensor product over a ring R, or the module of R-linear homomorphisms.

We use the results of [Str99] to construct K- and E-theories in this new setting.
All of the above coefficient rings can be written as (S~'BP,)/I, where S is a set of
homogeneous elements, and I is an ideal in S~! BP, generated by a regular sequence
of homogeneous elements in non-negative degrees, e.g. K(n), = v, 'BP./(v; | i #
n). Rings of this sort are called positive localized regular quotients (PLRQ’s) by
Strickland. BP; is a PLRQ of MU, so our coefficient rings are also PLRQ’s of
MU(,y. Theorem 2.7 in [Str99] now states that there exist ring spectra K(n), etc.
that realize these coefficient rings, at least for p # 2.

Note that all of the above theories are complex orientable, with orientations
coming from MU. Since K,, and F, are 2-periodic, and since we will be dealing
mostly with K2 and E?, we choose to put the orientation classes in the zeroth
cohomology groups K2(CP>) and E2(CP>).

We now list certain properties of these theories which we will need later. K(n).,
is a graded field, meaning each graded module over it is free, so there are Kiinneth
isomorphisms

K(n)«(X xY) = K(n)«(X) @k ). K(n).(Y).
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Also, for all spaces X, we have that the map
(2.1) K(n)"(X) — Hompg (), (K (n)«(X), K(n).)

is an isomorphism. More generally, for S-algebras E, there is a universal coefficient
spectral sequence ([EKMMO97, IV])

(2.2) Exty (E.(X), Ey) = E*(X).
We have an Atiyah-Hirzebruch spectral sequence ([Boa99, 12])
H.(X;K(n),) = K(n).«.(X),

and a map f: X — Y induces a map between two such spectral sequences. If f
induces an isomorphism on H,(—;F,), then

fe i Ho(X5 K (n)t) — Hy(Y; K(n)y)
is an isomorphism for all s and ¢, so the induced map on the abutment
fe: K(n)(X) — K(n)«(Y)

is an isomorphism.

The following theorem will help us determine the Hopf algebra structure of
EX(X) from K}(X) and vice versa. Before we state the theorem, let us recall
that E*(X) is pro-free if and only if it is the I,-adic completion of a free module,
that is

E;(X) = lim F/I*F
k

for a free E-module F'. For finitely generated modules this is the same as being
free, which will always be the case in this paper when we apply the following result.

Theorem 2.3 (Hovey-Strickland [HS99, 2.4-2.5]).
(1) EX(X) is finitely generated if and only if K} (X) is finitely generated.
(2) If K} (X) is concentrated in even degrees, then EY(X) is pro-free and con-
centrated in even degrees.

(3) If E(X) pro-free, then K (X) = EX(X)/I,.

Note that since K (3X) is even when K (X) is odd, part 2 of the previous
theorem also holds when “odd” is substituted for “even”.

Localization. There are two similar constructions of Bousfield localization, one for
spaces [Bou75] and one for spectra [Bou79], which are not completely compatible.
Here we will mainly use the one for spaces.

Let F be a spectrum. A map f : A — B is an FE-equivalence if f induces
an isomorphism in F-homology, and a space X is called E-local if for any FE-
equivalence f, the induced map f* : [B, X| — [A, X] is a bijection. Bousfield shows
that there is a localization functor Lg : T — T from the homotopy category of
(based) topological spaces to itself, equipped with a universal natural E-equivalence
nx : X — LgX. LpX is called the localization of X. The idea is that LgX is
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a “reduced” version of X obtained by “throwing out” the information that FE-
homology does not see. This is reflected in the fact that if f : X — Y induces an
isomorphism in E-homology, then Lgf : Lg X — LgY is a homotopy equivalence.
The essential image of Lg is the F-local category, i.e., the full subcategory of T
with objects of the form LgX, up to weak equivalence. Restricted to the E-local
category the localization functor is the identity, or more briefly, Lg is idempotent.
In particular we have the HZ,)-local (called p-local) and HZ/p-local (called p-
complete) categories, and also the K (n)-local category.

Based on Bousfield’s localization of spectra, localization of S-modules are de-
fined in [EKMM97, VIII] in a similar way. An important special case when the
localization is understood is when we localize spaces or connective spectra with
respect to certain Moore spectra. For instance if £ = MZ;), where J is a set of
primes, then LpX = X AMZ ). When J = {p} we have the p-local category. The
p-localization of MU above was thus Lz, MU, which is just MU N MZ).

Formal group laws. Recall (e.g., [Rav04, App. 2]) that a (commutative, one-
dimensional) formal group law over R is a power series F(x,y) € R|[[z, y]] satisfying

(1) F(z, F(y,2)) = F(F(z,y), 2)

(2) F(z,y) = F(y,x)

(3) F(z,0)=F(0,z) =x.
Here R is a commutative ring with 1. A morphism f : F — G of two formal
group laws F' and G is a power series f(x) € R[[x]] with f(0) = 0 that satisfies
f(F(x,y)) = G(f(x), f(y)). It is usual to write the expression F'(—, —) as —+ p—, S0
the condition becomes f(z+ry) = f(x)+¢ f(y). A morphism f is an isomorphism
if and only if f’(0) is invertible in R. The m-series of F' is defined inductively
to be [m]p(x) = [m — 1|p(z) +F = for positive integers m, and [0]p(z) = 0. It
is an endomorphism of F. Note that [m + n]p(x) = [m]p(x) +r [n|r(z), and
[mn]|p(x) = [m]p([n]r(z)). When the ring R is a field of characteristic p > 0, as
will always be the case for us, a nontrivial endomorphism f of a formal group law
must be of the form g(xpk) for an endomorphism g with ¢’(0) # 0. If the p-series
of a formal group law F over such a field has as first term a unit multiple of 2",
then F' is said to have height n. Over F,» there is a unique formal group law that
has height n and p-series given by P called the Honda formal group law, that we
denote by I',,.

Next we describe the Lubin-Tate deformation theory of formal group laws. A
reference for this material is Rezk’s lecture notes [Rez98]. Fix a formal group law
F over a perfect field k, and a complete local ring B. A deformation of F' to B
is a pair (G,7) such that G is a formal group law over B and i : £ — B/m is a
morphism of fields with i, F' = 7.G, where 7 : B — B/m is the projection. Two
such deformations (G1,41) and (G, i) are x-isomorphic if i; = iy and there is an
isomorphism G; — G, of formal group laws that is the identity when projected to
B/m. The set of *-isomorphism classes of deformations is written Def p(B). The
association B — Defr(B) is a functor; a continuous homomorphism ¢ : By — Bj
induces a morphism Def (B1) — Def p(Bs) sending (G, 1) to (¢.G, ¢i).

Theorem 2.4 (Lubin-Tate). Let F' be a formal group law of height n over a per-
fect field k of characteristic p > 0. There exists a complete local ring LT (F, k) such
that LT (F, k)/m = k, and a formal group law F over it, with the following property:
Given a deformation (G,i) of F to B, there is a unique map ¢ : LT(F,k) — B
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such that (¢ F,i) = (G, i) in Def p(B).

F is called the universal deformation of F. The ring LT(F,k) can be given
explicitly as LT(F, k) = WEk[[uy, ..., u,—1]], where Wk is the Witt ring on k, and
n is the height of F. Set LT(F, k). = LT(F, k)[u,u™1].

Now let FGL,, be the category with objects the pairs (F, k), where F' is a formal
group law of height n over a perfect field k of characteristic p. A morphism from
(F1,k1) to (Fa, ko) is a pair (f,j), where j : ki — ko is a homomorphism and
f i j«F1 — Fy is an isomorphism of formal group laws. To each object (F, k) we
associate a spectrum E(F, k) by defining

E(F,k)(X) = MU.(X) ®umv, LT(F, k).,

where the M U,-module structure on LT (F k), comes from the unique map MU, —
LT(F, k), classifying the universal deformation I' = T',, over LT(F, k),. This clas-
sifying map is given by Quillen’s theorem ([Rez98, 6.2]. There are some details
concerning the grading here, since we now work with formal group laws over a
graded ring; we will not go into them here. That F(F, k) defines a homology the-
ory follows from the Landweber exact functor theorem, once one has established
that (p,v1,ve,...) is a regular sequence in LT (F,k).. Given a morphism

(f?j) : (Fhkl) - (F27k2)7

we want to construct a map E(Fy, ki) — E(Fs, ko) between the associated spectra.
Let Fy over LT(Fy, k1), and Fy over LT (Fy, ks). be the universal deformations.
By Theorem 2.4 there exists a unique map

¢ LT(Fy, ki) — LT(Fs, k»)

such that gb*ﬁl ~ [, by a x-isomorphism. We extend ¢ to a map LT (Fy, k1), —
LT (Fs, k). by defining ¢(u) = ¢'(0)u. This ¢ now induces a map

E(Fl, kl)*<X) — E(FQ, kg)*(X) .

Again, see [Rez98] for more details.

We now have a functor from FGL,, to the stable homotopy category of spectra.
For the next result, recall that a ring spectrum X is an F, ring spectrum if there
are structure maps

fj . D]X — X

for all j > 0, making suitable diagrams commute, where D; X = EY; As, X J is the
j’th extended power of X. The notion of E, ring spectra is essentially the same
as commutative S-algebras ([EKMM97, II}).

Theorem 2.5 ([GHO04, 7.6]). The functor FGL,, — hMg lifts to the category of
FE ring spectra.

The Morava stabilizer group. If we let /' = I';, and k = F,», then Theorem
2.5 states that F, is an E,, ring spectrum with an action of the group S,, =
Aut(Ty,,Fpn), called the Morava stabilizer group. This action is constructed so
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that an element g € S,, operates on E(CP) by sending the complex orientation
x to g(x), where g is a lift of g to EX[[x]].

The p-adic units Z; can be embedded in S, in the following way. First, we
can extend the notion of m-series to all p-adic numbers m. Write m € Z, as
m=>.soa;p", with 0 <a; <p—1, and define

I'n

(2.6) (e, (@) =) _ladr, (P']r, (),

i>0

the sum being a formal sum in T',,. Since [p](z) = 0moda?", we have [p’](z) =
[p]([p""!](x)) = OmodxP". This means that the terms in (2.6) are divisible by
higher and higher powers of x, as ¢ increases, so the infinite formal sum is well
defined. Note that this definition coincides with the one for integral m-series when
m is finite. When m = > a;p is a p-adic unit, i.e., 0 < ag < p, then [m](x) =
aop® + ... is an automorphism of I';,. Thus we get a map Z; — S,.

If we now write n = Ejzo b;jp’, we have mn = Ei,jzo a;bjp"™7 and

(m]([n](@) =Y _lap'|Q_[bp'I(2) = Y laibjp"™*](z) = [mn](z).

120 720 1,520

This shows that the map Z; — S, is a homomorphism. Suppose [m](r) =
S isolaip’](x) = z, then since [a;p’](z) = OmodazP"" it follows that ag = 1 and
a; = 0,7 > 1. Hence the homomorphism is injective.

3. THE BAR SPECTRAL SEQUENCE

Here we set up a spectral sequence known as the bar spectral sequence, which is
needed in the next section to compute the cohomology of BG.

The bar construction. For a topological group G we want to construct a space
BG such that G ~ QQBG. This is done by the geometric realization of a simplicial
space BG,, to be defined next. Let BG, = G, the product of G with itself n
times, starting with BGy = *. The face and degeneracy maps are given by

(927"'7977/) iZO
di(g1,---590) = (915, 9i-1,9iGi+1,Gi+2,---.Gn) 0<i<n
(gl,...,gn_l) z:n

Sj(gl,~-~,gn) = (917"'7gj7e7gj+17'"7gn) .
Now let BG = |BG,| be the realization
H A" x G”/N
n>0
where the relation is generated by (6°(v), g) ~ (v, di(g)) and (07 (v),g) ~ (v,si(g)).

§% is the inclusion of the i’th face of the simplex, while o7 is the degeneracy identify-
ing the j’th and the (j 4 1)’th vertex. This construction is functorial; a topological
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homomorphism G — H induces a simplicial map BG4, — BH, in the obvious way,
and this again induces a map BG — BH.

Let EG, be the simplicial space EG,, = G™*!, with the same face and degeneracy
maps as for BG,, except that there is an extra coordinate ¢,41, so that d,, now
becomes d (g1, -y Gnt1) = (91, -, Gngn+1). Let EG = |EG,|, and let p : EG —
BG be the map induced by the simplicial projection maps G"*1 — G™. G acts
on the right on FG, by multiplication in the last coordinate, and this induces
a free right G-action on EG. BG, is the same as the orbit space EG,/G, and
also, BG = EG/G. The map p is in fact a fibration, at least when {e¢} — G is a
cofibration, and gives rise to a long exact sequence

e 7T7;_|_1(EG) - 7T1'_|_1(BG) - WZ(G) - WZ(EG) - WZ(BG) - 7T7;_1(G) —
There is a map EG — PBG fitting into the diagram

p

(3.1) G EG BG
0BG — PBG — BG,

obtained by taking a contraction EG x I — EG and composing with p. The
bottom row is the path-loop fibration of BG. (3.1) induces maps between the long
exact sequences in homotopy of the two fibrations, and by the 5-lemma the map
G — QBG is a (weak) homotopy equivalence.

There is a similar algebraic construction which gives a complex for computing
Tor” (R, R), where R is a (graded) commutative ring and A is a (graded) augmented
R-algebra. Let n: R — A be the unit and € : A — R the augmentation of A. We
write A for cokern, and let

Bi(A)=A®R - ®p A

where A occurs n times, and B*(A) = R. Elements of 3%(A) are often written
[a1]---|an]. Let @ = (—1)'*l%la, and define differentials 9, : BE(A) — BE | (A) by

On([ar] -+ -lan]) = €e(ar)[az| - -|an] + i[aﬂ celaiorlaiaiial - - lan)

+lai] - lan—ile(an) .

Now we will assume that A is a flat R-module. 8Z(A) can then be viewed as a flat
resolution of R over A, tensored with R, so H,(35(A),d.) = Tor (R, R). BE(A)
is called the (normalized) bar complex.

We get a coproduct A : fE(A) — BE(A) ® BE(A), where ® now means ®g, by
defining

n

Alan] -+ an]) = Z[all o lad @ faial - an]

where [] is interpreted as 1. Tt is straight-forward to check that this map is a chain
map between 3F(A) and 8F(A) ® F(A), and hence induces a map

Tor*(R, R) — H.(8F(A) ® pf(A)) = Tor* (R, R) ® Tor* (R, R)

in homology, at least if TorA(R, R) is flat over R so the Kiinneth isomorphism holds.
This gives Tor* (R, R) a coalgebra structure.
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The spectral sequence. Let BG(®) be the image of HOSnSs A™ x G™ in BG, and
consider the following unrolled exact couple ([Boa99])

% 7

E.(BGY) E.(BG®+)
E.(BG®) BGG—Y) E.(BGG*Y BG®)),

where F is a homology theory. This gives rise to spectral sequence converging
strongly to colim, E,(BG)) = E,(BG), with

B!, = B, (BGW,BG" V) = B, (BG™ /BGEY)

and d' = j o k. Note that BG() /BG(~1) =2 §5 A G/#, since all points in A® x G*
either lying on the boundary of A® or containing e are identified to a point, so

B}, = B(3°G") = E(G™).

To go any further we need the following result.

Proposition 3.2. Suppose E is a (commutative) ring spectrum and X,Y are spec-
tra. If E.(X) is a flat E.-module, then the cross-product map

E.(X)®g, E.(Y) — E.(XAY)

is an isomorphism for all Y. The same is true for cohomology if E*(X) is finitely
generated and free as an E*-module.

Proof. This can be done by thinking of the expressions E.(X) ®g, E.(Y) and
E.(X AY) as functors in X. The map is an isomorphism when X = S; one needs
to check that these functors satisfy the axioms for a homology theory. Details can

be found in [Swi75, 13.75]. O

If we assume the hypothesis of the previous proposition,

E; .= E.(G)®p. - @5, B.(G),

the s-fold tensor product. We want to identify the E'-term as the bar complex
B(E.«(G)) = BE-(E.(G)). To this end, we examine the compatibility of the differ-
entials coming from the spectral sequence and the resolution; we need to check the
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commutativity of the following diagram

dl
E.(BG®), BG#~—Y) —— E,(BG~Y, BG~2)

E.(BG® /BG—Y) B,(BGG—V /BG(s=2)
B (3°G") BL(5s-1ghe1y
e S
E.(G") E (G
| A =~ A
E.(G)®s % B.(G)®s1.

This is standard, and will be omitted.

We can now identify the E?-term with the coalgebra T01"E*(G)(E>k7 E,). If we
assume that each E"-term is flat, then the coproduct on E? induces coproducts on
E” for all r, and also on E°°. This means we have a spectral sequence of coalgebras,
and we want it to converge to E,(BG) as a coalgebra. Again we need to assume
that FE.(BG) is flat to assure a coproduct.

The above calculations yield part 1 of the following theorem.

Theorem 3.3. Let E be a commutative ring spectrum and G a topological group.

(1) If E«(G) is a flat E.-module, there is a strongly convergent spectral sequence
of E.-modules

TorZ-N(E,, E,) = E.(BG).
If, in addition, E.(BG) and each EL, are flat as E.-modules, then this is
a spectral sequence of E.-coalgebras.
(2) If E*(G) is a finitely generated and free E*-module and E.(G) is a projective
E.-module, then there is a spectral sequence of E*-algebras
Proof. It remains to prove part (2). From the long exact sequences of the triples

(BG, BG®), BG®~1) we get an exact couple

i

- —' > E*(BG, BG¢~Y) —'—> E*(BG, BG~2)

xlj\ lj

E*(BG®, BG~1) E*(BGG—Y, BGG-2).,
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Since lim, E*(BG, BG®) = lim! E*(BG,BG®) = 0 by the Milnor sequence
for E*(BG, BG®) | the spectral sequence arising from this exact couple converges
strongly to colim, E*(BG, BG®)) = E*(BG). As above

E}* 2 F*(G) ®p- -~ ®p- E*(G),

the s-fold tensor product.
Given any projective F.(G)-resolution P, — FE, — 0 of E,, note that

HOIHE* (P* ®E‘*(G) E*, E*> = HOII]E*(G)(P*, E*)

under the map f, — f, oi,, where i, is the obvious map P, — P, @, (¢) Es. Thus
since E,(G) is projective, we can use the bar complex to compute Ext g« () (E*, E*)
by applying Hompg, (—, E,). Once we have identified the d; differentials as the duals
of the differentials in the bar complex, it follows that

4. RESTRICTIONS ON K (n)-COMPACT SPHERES

The classical argument. Here we recall the argument in [AA66] regarding which
spheres are H-spaces. Suppose S9! is an H-space, ¢ > 1. We first exclude the
even dimensional spheres. The integral cohomology H* (597 1) is an exterior algebra
A(y) on a generator in degree ¢ — 1, and we calculate

0=A@}) =@wel+loy?=>0+)"yoy,

where A : A(y) — A(y) ® A(y) is the coproduct. Since A(y) ® A(y) is free, |y| must
be odd, i.e., q is even. Write ¢ = 2m.

Recall that the Hopf construction on a map m : X XY — Z is the map X xY —
Y7 defined by [z,y,t] — [m(x,y),t]. We obtain a map f : S4m~1 — §?m by
the Hopf construction on the multiplication map S§?™~! x §2m—1 — §2m—1 The
mapping cone Cy is a CW complex obtained by attaching a 4m-cell to S*™. We
have the short exact sequence

0— K°C/8*™) — K°(Cy) — K°(8*™) — 0.

Let a be the image in I?O(C’f) of a generator in [N(O(C'f/SQm) = K°(§%m), and
let 8 map to a generator in I?O(SQm). The cup square 3% maps to 0 in I?O(SQm),
so 3% = H(f)a for an integer H(f). H(f) is well-defined up to sign, and depends
only on the homotopy class of f; H(f) is called the Hopf invariant of f. For a
map f : S4m~1 — §2™ arising from a H-space operation, the homotopy unitality
implies that H(f) = 1, see e.g. [Ste62, 1.5].

The Adams operations ¥*, k a nonzero integer, are ring operations defined on
K°(—) satisfying the following properties

(1) ¢*(L) = L®*, where L is a line bundle.
(2) ¥P(z) = 2P mod p, for a prime p.

(3) ¥* and ¢! commute.

(4) ¢* on K9(S?™) is multiplication by k™.
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Now we can use the operationiz/)2 and 13 to prove that m = 1,2 or 4. Since «
is the image of an element in K°(S*™), ¥*(a) = k>« by naturality. By similar
reasoning, ¥*(8) = k™ + s for some integer sy, and

V23 (B) = Y2(3™B + s30) = 32" B + (3™sy + 22" s3)
"¢3¢2(5) = 1/13(27”5 + soa) =2M3M B+ (2™Ms3 + 32m82)a.

These expressions must be equal, so we obtain the following integer equation
(4.1) 3M sy + 22N gy = 2™ sz + 32N sy

or equivalently,
2Mm(2™ —1)s3 = 3™(3™ — 1)s2.

We see that 2™ must divide (3™ — 1)sy. But H(f)a = 3% = ¥?(3) = 2™3 + sqq,
so so = H(f) mod 2, i.e., s is odd. Thus 2™ divides 3™ — 1, and this implies that
m = 1,2 or 4, by a special case of Lemma 4.14.

The above argument can be done with 2-adic K-theory instead of integral K-
theory, since only the information of the Hopf invariant modulo powers of 2 is
needed. There are 2-adic Adams operations with the same properties as the integral
operations, except that property (2) above now only holds for the prime 2. Note
that now the Hopf invariant H(f) lies in Zs, and (4.1) becomes a 2-adic equation;
other than that, the argument is exactly the same.

Operations. Next we introduce the operations on E(—) which will coincide with
the p-adic Adams operations on EY(—).

Proposition 4.2. There exist stable ring operations V¥, k € Z;, and unstable
ring operations VP, acting on EX(X). On E?(CP>) = E9|[x]] these are given by
x — [k]r(z) and x — [p]r(z), respectively. Furthermore, ¥* and ¢ commute.

Proof. For a p-adic unit k, the k-series [k]p corresponds to an automorphism E,, —
E,, of F ring spectra by Theorem 2.5 and the discussion following it. An element
of E9(X) is represented by a map *° X, — E,,, and we define ¥* to be the map
that sends this element to

»>*X, %E, 5 E,.

That this is a ring operation is trivial.

In [And95] operations P  are constructed, and the special case i = 1 gives the
P we want. Here is a brief recollection of the construction. Since F,, is an F
ring spectrum, it has power operations

Py Ey(X) = E,(DypX),

where D,, is the p-fold extended power. D,¥>° X is the same as ¥°°(—) applied
to the Borel construction £, xy X, which we also write as D, X. P, sends

Y>* X, % E, to the element represented by

Y®D, X, = D,S®X, 2% D,E, 2 B,
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where ¢, is the E structure map. Let A : BX, x X — D, X be the diagonal map
sending (o, z) to (o, x,...,z). There is a generalized character map defined as the
composition

EY(D,X) = BUBE, x X) & E)(BE,) ®gy E)(X) X% L @5y E)(X)
where x is a generalized character as in [HKRO00, 6] and L; is a ring extension of

E?. The second map is an isomorphism since EJ(BY,) is finitely generated and
free. Now Ando uses the Galois group Gal(L;/E?) to show that the composition

EY(X) 2% EY(DpX) — L1 ® o E(X)

actually takes values in E9(X); this composition is the operation 1.

For the commutativity of the operations, observe that since x is an F, automor-
phism, £* commutes with the E, structure maps and therefore with P,. Clearly
k* commutes with A*. [

Corollary 4.3. On EQ(SQ’”) the operations Y¥* and P are given by multiplication
by k™ and p™.

Proof. The complex orientation =z € EQ(CP"O) restricts to a generator ¢*x €
E?(S?), and the commutative diagram

E0(8?) <—— EY(CP>)

ok
EA(s%) <— EY(CP™)
says that ¢* is multiplication by k on E°(52). Consider now the following diagram:

EY(S?™) —>FE%(S? A --- A S?) <—; E%S?) ® - @ EY(S?)

lw’“ lw lw’“@--@w’“

EO(S2m) —> EO(S2 A+ A S2) <2— EO(SY) ® --- ® EY(S?)

The right square commutes since ¥ is a ring operation, and the cross product map
A is an isomorphism by Proposition 3.2. Starting at the top left term E2(52m> and
going around the diagram, we see that a generator y € EQ(S%) maps to k™y. The
same argument applies to YP. [

K (n)-compact spheres. Now we want to do an argument in the K (n)-local cate-
gory similar to Adams and Atiyah’s, but instead of H-spaces we consider topological
groups, or equivalently, loop spaces.

Definition 4.4. A topological group G is (K (n)-locally) stably dualizable if the
K(n).-module K(n),(G) is finitely generated.

The reason for the above definition comes from the fact that G is stably dual-
izable if and only if L, X°°G is dualizable in the K(n)-local stable category
([HS99, 8.6]). See [Rog05] for a treatment of stably dualizable groups. Note that
K (n)«(G) is finitely generated over K (n).(G) if and only if K,,.(G) is finitely gen-
erated over K., by the definition of K,,. These statements imply that K (n)*(G),
K} (G) and E}(G) are finitely generated over their respective coefficient rings, by
(2.1), (2.2) and Theorem 2.3.
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Proposition 4.5. E}(G) is a Hopf algebra when G is a stably dualizable group
and EX(G) is free as an E’-module.

Proof. Since E}(G) is finitely generated and free, Proposition 3.2 tells us that the
coproduct can be defined in the usual way to give a Hopf algebra structure. [J

Dwyer and Wilkerson define p-compact groups in [DW94] as p-local homotopical
variants of compact Lie groups, more precisely they are groups such that H, (G;F))
is finitely generated over ), and BG'is a p-complete space. In the same manner we
define objects which contain the information K(n) sees of a compact Lie group.

Definition 4.6. A topological group G is K(n)-compact if G is stably dualizable
and BG is a K (n)-local space.

When X is E-local for any spectrum F, then QX is E-local, since

=B, x] 2 24, x]

|,

(B,0X] — > [4,0X]

commutes, and the top map is a bijection when f : A — B is an F-equivalence. In
our case, this implies that a K (n)-compact group is K (n)-local.

Given a compact Lie group G, a p-compact group can be constructed as Q(BG) ;,\.
This group obviously has p-compact classifying space, and its mod p cohomology
can be computed with the Eilenberg-Moore spectral sequence. In this case the
spectral sequence takes the form (see the beginning of section 5)

Tory, PP (F, F,) = H*(QBG)):F,).

The canonical map BG — BG;} induces an isomorphism

Tori (BG)y5Fp)

(Fpa Fp) = Tori*(BG;Fp)(Fpa Fp) )

which in turn induces an isomorphism of the spectral sequences with these two

Tor algebras as Ep-terms, converging to H*(Q2BG;F,) and H*(Q(BG),);F,), re-

spectively. The strong convergence of these spectral sequences, and the fact that

QBG ~ G, now tells us that the induced map H*(Q(BG),;F,) — H*(G;Fp) is an

isomorphism and that the group Q(BG);,\ is indeed p-compact. In the same way

p-compact groups G' may give examples of K (n)-compact groups, as QL g (,,) BG.
We now focus our attention on spheres.

Definition 4.7. A K(n)-local sphere is a space X that is homotopy equivalent to
L K(n)Sk for some k. k will be called the dimension of X.

The dimension of a K (n)-local sphere is well defined by the following lemma.

Lemma 4.8. LK(n)S"’ ~ LK(n)Sl if and only if k = 1.
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Proof. Assume LK(n)Sk ~ LK(n)Sl. Let 9! *P be the operation associated to 1+p €
Z, , and consider the following commutative diagram

EO(Sk) <— EO(LK(n SkY —— EO(LK(H)SZ) —> EY(S)

lwlﬂa lwlﬂa \Lpr lep

EO(SF) < ES(Lc(n)S*) —== ES(Lic(n)S') —= EO(SY).

*

3

Assume k and [ have the same parity; if not, the additive structure of Eg(S *) and
E0(SY) differ, and we are done. If k and [ are even, the operations on E%(S*) and
ES(S") are given by '*7(y) = (14 p)*/?y, and !*P(y,) = (1+ p)"/?y;, where
yr and y; are the generators of E2(S*) and E°(S!). Starting at E°(S*) and going
all the way around the perimeter of the diagram, it is apparent that y; maps to
(1+ p)/?y, as well, and that (1 + p)¥/2 = (1 + p)"/2. This implies that k = 1. If k
and [ are odd, apply the same argument to the following diagram

BO(55%) <o BO(S L) S*) —> EUSLycn)SY) —a> EO(E)

lwl—}-p lwl_HD l¢1+p l¢1+p

~ > ~ ~
EO(55%) 2 BO(SLygn)S*F) ——= EU(SL (') e EO(5')

to conclude that k =1. O

Definition 4.9. A K(n)-compact group that is also a K (n)-local sphere will be
called a K (n)-compact sphere.

Proposition 4.10. Let H be a Hopf algebra over E which is free of rank 2,
and assume the product on its augmentation ideal ker(e) is trivial. Then H is a
primitively generated exterior algebra over E* on a generator of odd degree.

Proof. Let the generators of H be 1 and o with €(«) = 0, where € : H — E is the
augmentation map. Let A : H — H ® H be the coproduct in H, it has the form
Alo) =a®1+1®@a+c-a®a, where ¢ € E. Then from the fact that A is an
algebra homomorphism,

0=A?)=Al)?=(a®1+1Qa+c-a®a)?=01+ (D) . aa

Equating coeflicients of a ® a we see that || is odd, and since |¢| = —|a| from the
coproduct formula, ¢ must be 0 since E is concentrated in even degrees. [J

Proposition 4.11. If G is a K(n)-compact sphere of positive dimension, then the
dimension of G is odd.

Proof. K(n)*(G) and K*(G) are frec of rank 2, so K%(G) is free of rank 1 and from
Theorem 2.3 it follows that the same is true for E9(G). Thus E} (G) is free of rank
2. According to Proposition 4.5 E*(G) is a Hopf algebra. Also, the product on
EX(G) is trivial since E}(G) = E}(S*) for k > 0, and suspensions in general have
trivial cup product structure. Proposition 4.10 applies to give the result. [J
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Let us use the bar spectral sequence to calculate the E,,-homology and cohomol-
ogy of BG, in the case where G is a K (n)-compact sphere. We know that E,,.(G) =
Ap, (b), where |b| = 2m — 1, so the E%-term takes the form Tor®®) (E,,, E,,).
A(b) = E,.{b}, and the bar complex has 3, (A(b)) = A(b) ® - - - ® A(b), a free mod-
ule on a generator b®- - - @b in bidegree (n,n(2m —1)). The coproduct on 5, (A(b))
coincides with the coproduct on a divided power algebra, so [,(A(b)) = I'(ob) as
coalgebras, where ob is a generator in bidegree (1,2m — 1). Since b% = 0 in A(b),
the differential in the bar complex is trivial, and

Tor® ) (E,,, E,.) = T(cb).

Now we can calculate Exty(,)(Ey, Ey;) as the dual of I'(ob), denoted by I'(ob)*.
Let {1,0y,(0y)? ...} be the dual basis of {1,0b,v2(cb),...}. The product on
['(ob)* is given by the composition

T(ob)* @ T(ob)* = (T(cb) @ D(cb))* 2 T(ab)* .

Under the first map, (oy)’ ® (oy)? goes to (v;(cb) @ v;(cb))*, and precomposing
with A gives (oy)"™7. We conclude that

Exti() (En, ) = Enoy],

where oy has bidegree (1,2m — 1).

This case satisfies the hypothesis of Theorem 3.3, so we have spectral sequences
converging to E,.(BG) and E}(BQG). Since the E?- and Fa-terms are free coalge-
bras / algebras on generators in even degrees, the spectral sequences collapse and
we obtain

En.(BG) = T(ob)
E,(BG) = Ep[loy]].-

If we truncate the bar filtration at the s’th level, the spectral sequences calculate
the (co)homology of BG(®) as

En.(BG®) = E, {vi(ob) |0 <i < s}
E;(BGY) = E;[oy]/(ay)*

We need to know how the operations 1* and 1? in Proposition 4.1 operate on
E%(BQG), so now we put the generator oy in degree 0. It seems like it is necessary
to assume existence of a maximal torus, i.e., a map

L) CP® = Ly BS' 5 Lic(ny) BG

such that )
EX(BG) - EX(BSY) = E;[[2]]

is injective and t*(oy) = ™. In this case we can consider E’(BG) a subalgebra of
E}(CP). A quick look at the diagram

E(BG) — ES(CP™>)

Pk

E%(BG) —= E2(CP>)
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tells us that

(4.12) PP(oy) = (PP (2))™ .

The existence of such a map ¢t : BS! — BG holds in the p-complete case (see
[DWO94, 8]) but the construction involves use of the Sullivan conjecture, which is
special to the p-complete setting. A corresponding K (n)-local result is not known.

Let ord, m be the p-order of m, i.e. the highest power of p that divides m. More
generally let ord, m be the maximal k such that m € a*. For the next theorem we
need some calculations of the p-order of factorials.

Lemma 4.13. Let m = Ya;p’, where 0 < a; <p—1 for alli. Then

m—Zai

ord, m! =
p p—].

Proof. First note that

ord, m! = Z [ﬁk} ,

p>1LP

since this counts how many numbers between 1 and m are divisible by p, by p2,
etc. Now

Sl -2 R T B e

E>1 E>14i>k 1<k<i

but on the other hand

I
-

A

ai y p.
i>1 i>1 g

m—Eai . Eizlai(pi—l) _Z
p—1 p—1

I
=

Change j to ¢ — k to get
i—1 i
D> ap =) Y ap = apt.
i>1 j=0 i>1 k=1 1<k<i

O

Lemma 4.14. Let m be a positive integer. Then

1 m odd
ords(3™ —1) = ;
ordom+2 m even
and for p # 2,
0 -1
ordp(gm—l):{ p J(m)
ordpm+1 p—1|m

where g is a topological generator of Z, .
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Proof. We have that ords (3™ —1) > 1. When ords (3™ —1) > 2, the 2-order is equal
to a maximal e such that 2¢ | 3" —1, i.e., 3" = 1 mod 2¢. There is an isomorphism
(Z)2°)* = 7/2°72 x 7Z/2 defined by the exponential and Teichmiiller maps, such
that 3 — (1,1), so 3™ =1 mod 2¢ if and only if 272 | m and 2 | m. Thus the first
result follows.

There is an isomorphism (Z/p®)* = Z/p*~1(p — 1) such that g — 1, so g™ =1
mod p° is equivalent to p¢~l(p — 1) | m, i.e.,, p° 1 | m and p — 1 | m. When
ordp(¢g™ — 1) > 1 is the maximal e such that p® | g" — 1, this is equivalent to the
maximal e such that p¢~! | m and p — 1 | m, and the second result follows. [

Theorem 4.15. Let G be a K(n)-compact sphere. Then the dimension of G,
written as 2m — 1, must satisfy the following:

forp =2,
<{5-2”_1—n—3 m odd
m <

(2" —1)(ordem +3) —n  m even ’

and for p # 2,

where S = (p" —1)/(p—1) and (m,p—1) is the greatest common divisor of m and
p— 1.

Proof. Let x be a complex orientation for E,,, and let ¥)*, 9P be the operations in
Proposition 4.1. Write

wk(x) = [k|r(z) = kx + rox? 4+ raad 4+ - -
YP(z) = [plr(z) = pr + tox® + tax® + - -

for 9k and ¢P acting on E2(CP>) = E%[[z]]. Since T is a lift of I',, £, = 1 mod m
and t; € m when i # ¢, where ¢ = p"”. We now consider the operations acting on
E%(BGY). For convenience, we write y instead of oy. By (4.12),

PR(y) = (@F (@)™ = (ko + roa + )™
= k™Y + poy® + -+ pgy?

YP(y) = (WP ()™ = (pr +taz® + )™
=p"y+ 1y’ + -+ Tyt

where 7, € t;" +m, so that 7, =1 mod m, and 7; € m for 1 <i <gq.
Now we want to use that 1Py* = ¢)¥1)? to find bounds on m.

VP (K™y + poy® + -+ pay?)
E™(p"y + moy® + -+ 1y ) 4 4 pg(0"y + Ty + o+ Ty )
WOy + Ty + -+ Ty )
PR Y+ p2y® A+ pgy?) e T (KT A+ p2y® e pgy )

WP (P*(y))

VF (PP (y)
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Since {1, y,v?, ...,y?} is an additive basis for E2(BGY), these two expressions give
the following equations

k™1 4 pop®™ = p"pa + Tok
k™73 4 2pamop™ + pap®™ = p'™ p3 + 2Tapak™ + T3k

KT+ paag + -+ 4 picraioy + pip™ = pTpi +12(- )+ T (o) F Tk

™7y + p2az + -+ pg—1ag-1 + pgp?™ =p"pg + T2(- ) o+ 71 () + TR

where the a;’s above are expressions which lie in the ideal (p™, 71, ...,7,). We pick
the i’th equation and reorganize the terms to get

k™ (kD™ 1) =
pip™ (P — 1) + paag + -+ picrai —Ta( ) — = Tiia().

We now take the m-order of this and end up with
ordy, 75 + ordy, K™ + ordm(k‘(i_l)m —1) > min{m, ordy, 72, ...,0rdy, T_1} .
If we choose k = g, where g is prime to p, then ordy ™ = ord, g™ = 0 and
ordy 7; > min{m, ordy 72, .. .,0rdyn 7,_1} — ord, (g(i_l)m -1).

By induction on 1,

i—1
ordy, 7; > m — Zordp(gjm —-1).

j=1

We want to look closer at Z;I;i ord,(¢g?™ — 1), and we handle the case p = 2
first. Let g = 3. It follows from Lemma 4.14 that

—1 q—1 q—1
ordy (37 — 1) = Z (ordy jm + 2) + Z 1.
- : :
|7 ti

Q

[

Il
N
51
[NAS
=
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When m is odd, then 2 | jm if and only if 2 | j, and

g—1 g—1 g—1
Zordg(Bjm —-1)= Z(ordg jm+2) + 1
j=1 j=1 j=1
2|5 2tj
(a—2)/2
= (ords 2jm + 2) + %
j=1
(g—2)/2
= (orda j +3) + g
j=1
:ord2<q 5 2>!+3q 5 2 +g

=ordy (2" — 1)1+ 32" — 1) 42!
=2t _p3@2nt—1)42n !
=5.2""1_n-3.

Here we used the result from Lemma 4.13. For m even we get

q—1 q—1
Zordg(?)jm —-1) = Z(ordg jm + 2)
Jj=1 j=1

=orda(q — 1)+ (¢ — 1)(orda m + 2)
=2"—n—-1+ (2" —1)(ordam + 2)
= (2" —1)(ordom +3) —n.

Now suppose p # 2, and choose g to be a topological generator for Z;, i.e., g
generates a dense subgroup of Z)'. From Lemma 4.14, the sum now simplifies to

qg—1 q—1
Zordp(gjm—l) = Z ord, jm + 1.
j=1 j=1

p—1|jm

If we let a = (p—1)/(m,p—1), then p — 1 | jm if and only if a | j. Also let
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S=(g-1)/(p-1)=Y17 p' and N = (¢ —1)/a = (m,p—1)8.

Z (ordp, jm +1) = Z(ord jm+1)

p—1[jm

(ord, alm + 1)

||Mz_

N

= ord,, N!—I—Z(ordpa-i—ordp m) + N
=1

=ord, N!+ N -ord, m + N

n—1
:ordp((m,p—1)Zpi)!+Noordpm—|—N

=0
— (m,p— 1)5_ (m,p—l)n +N(ordpm—l—1)
p—1
= (m,p—1) S;+S(rd +1)
= (m,p P ord, m

and the stated estimate for m follows. [

Corollary 4.16. For fized p and n, there are only finitely many K(n)-compact
spheres.

Proof. Since (m,p—1) < p—1 and ord, m < log, m, there are only a finite number
of possible m in Theorem 4.15. [
5. THE COBAR SPECTRAL SEQUENCE

In this section we want to construct a spectral sequence that is sort of dual to the
bar spectral sequence used above. For singular (co)homology this is a well known
spectral sequence with nice convergence properties. More precisely, given a fiber
square

E——Y

|

X—B
with B e.g. simply-connected, there is a strongly convergent spectral sequence
Tor?" B (g*(X; R), H*(Y; R)) = H*(E;R)

called the Eilenberg-Moore spectral sequence. See e.g. [Dwy74]. We want to set up
a K (n) version of this to calculate K (n)*(Q2X), so we restrict to the fiber square

QX —PX

|

X —m> R

i.e., the path-loop fibration X — PX — X.
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The cobar construction. First we need a dual version of the bar construction
called the cobar construction. Let X be a pointed space, and let CX*® be the

cosimplicial space CX™ = X x .-+ x X (n times) with coface and codegeneracy
maps
(k, 1, .oy Tp) i =
d'(z1,...,2n) =1 (T1,..., T3, Z4 ..., 2n) 1<i<n
(T1y ey Ty %) i=n+1
S](.’L’l,. . .,.’L‘n+1) = (CIZ‘l, .. -wfjj-i-lw . .,.’L‘n+1) .

For simplicial spaces X*® and Y*, let Hom(X*®,Y®) denote the simplicial set with
n-simplices the cosimplicial maps X*® x A[n] — Y, where A[n] is the standard
simplicial n-simplex. Let A® be the cosimplicial space with the standard topological
n-simplex A™ in degree n, the inclusion §° as the cofaces and the collapse map o7
as the codegeneracies. Now let CX = Tot(CX*®) = | Hom(A®,CX*)| be the total
space of CX*®. There is a homeomorphism CX = QX see e.g. [BK72, X.3].

The completed tensor product. For the next theorem we need the completed
tensor product, and its left derived functors. We describe the basic properties here,
details can be found in [JO99, App.]. Say that a graded ring R is a pro-finite ring if
it can be written as an inverse limit of rings of finite length. A ring of finite length
is the same as a ring that is Aritinian and Noetherian.

Now fix a graded pro-finite ring R. A pro-finite R-module is an R-module that
can be written as the inverse limit of R-modules of finite length. Let M%f denote
the category of pro-finite R-modules; this is an abelian category with enough pro-
jectives. Given two modules M = lim_ M; and N = lim_ N; in M%f , define the
completed tensor product of M and N as

This completed tensor product is an object in M%f , and the functor — ®p N :
M%f — M%f is right exact. Write

R
Tor, (—, N)
for the i’th left derived functor. As with any left derived functor in an abelian cate-
_—R
gory with enough projectives, we can compute Tor, (M, N) by finding a projective
resolution of M. More precisely, given pro-finite R-modules M and N, a resolution
=P —>FPy—> M —0

of M, with P; a projective and pro-finite R-module, then the complex P, ®z N has
as its ’th homology group fo\rf(M, N).

For the usual Tor functors we had a canonical resolution called the bar resolution,
with an associated bar complex 87 (A), which we used to compute Tor” (R, R) when
A was a flat augmented R-algebra. We can construct a complex for a projective
pro-finite R-algebra A = lim._ A; such that each A; is projective over R. This
“completed bar complex” is given by

BH(A)y = ABgr---Br A,
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with differentials given by the inverse limit of the differentials of 37(A;). The exact-
ness of the corresponding completed bar resolution follows by passage to the limit
for the A;, using the exactness of limits for pro-finite R-modules. The homology of

(R, R).

this complex is Tor

The spectral sequence. For X a CW-complex, let {X;} denote the directed
system of finite subcomplexes of X. When F is a spectrum there is a Milnor short
exact sequence

0 — lim' B*(X;) — E*(X) — lim E*(X;) — 0.

Suppose that the coefficient ring E* is a graded field, so that each E*(X;) is finitely
generated and free, and therefore of finite length. Now the inverse system { E*(X;)}
is easily seen to satisfy the Mittag-Leffler condition, i.e., for each k, the images of
the maps E*(X;) — E*(Xy), ¢ > k, satisfies the descending chain condition, and
so we have

E*(X)=1lmE*(X;),

which makes E*(X) a pro-finite E*-module. We also have a Kiinneth isomorphism
E*(X) ®p- B*(X) 2 lim(E*(X;) @p- E*(X;)) 2lim E*(X; x X;) 2 E*(X x X).
Proposition 5.1. Let E be an S-algebra such that E* is a graded field, and let X

be an E-local space. There is a spectral sequence of algebras

Tor,, (E*,E*) = n_,|F(CX*, E)|.

Proof. We construct a simplicial S-algebra Y,, i.e., a simplicial object in the cate-
gory of S-algebras, as Y,, = F(CXZ%, E). The face and degeneracy maps are induced
from the coface and codegeneracy maps of C X*®. As in the case of simplicial spaces

there is a geometric realization functor | — |, defined as a quotient
Y, | = HEWAﬁAYn/N .
n>0

Let Y = |Y,|. Now we can look at the skeletal filtration
Y(O) cC--- CY(S_l) CY(S) C "'CY,

where Y(*) is the quotient of [Hocnes AL AY,. We get the following unrolled
exact couple by applying homotopy,

R S T (Y(®) _ v o (YD) o

I

7, (Y(5) y(s=1)) 7 (YD) Y ()
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resulting in a spectral sequence converging to colimg 7_,(Y(®)) = 7_,(Y). Again
Y () /y(s=1) = §5 A Y, = 2°Y4, so

Bl 2m (YO YO 2 (2°Y,) =7 . (Y,) = E*(CX?).
By the paragraph before the statement of the proposition, we have
E*(CX?®) = E*(X) ®p« - @p- E*(X),

and when the differentials d' : E], — E]_, , are identified as the differentials in
the completed bar construction, we can conclude that

—E*(X
EZ, = Tors’*( )(E*,E*) :

O

There is a map
(5.2) |F(CX},E)| — F(Tot(CX*®)4, E)
defined by sending an element
(& f)e AL NF(CXTE)

to the map
Hom(A", X", L E

given by g(o) = f(c(€)), where o is a map A" — X",

Corollary 5.3. Assuming the map (5.2) described above is an equivalence, the
spectral sequence in Theorem 5.1 converges to E*(QX) .

As we will see in the next section, the Eilenberg-Mac Lane space K(Z/p,n + 1)
has trivial K (n)-cohomology, so it is not K(n)-local. Hence the cobar spectral
sequence converging to the K (n)-cohomology of QK (Z/p,n + 1) has trivial input,
but K(n)*(K(Z/p,n)) is non-trivial, so there is no hope of the spectral sequence
converging in this case.

Convergence in the p-complete case is discussed in [Dwy74] and [Shi96].

6. CONSTRUCTION OF K (n)-COMPACT SPHERES

The Sullivan sphere. First we recall the construction of a non-trivial example
of a p-compact group, known as the Sullivan sphere. Assume now that p # 2,
and let W = (Z/p)* act on Z, by multiplication. An element w € W induces
an automorphism w : Z, — Z,, which in turn induces a homotopy equivalence
w : K(Zp,2) — K(Z,,2) such that w. on myK(Z,,2) = Z, is multiplication by
w. To ease the notation we let X = K(Z,,2) from now on. By the Hurewicz
isomorphism 7o (X) — Ho(X), the induced map w, on Ho(X) is also multiplication
by w. Since H?(X;F,) = Hom(Hy(X),F,), the same is true for w* on H?(X). Now
X =K(Z,2)), so

H*(X;F,) = H(K(Z,2);F,) = H*(CP*;F,) 2 F,[x].



26 HAKON SCHAD BERGSAKER

From this we have that w*(z%) = w’x?, since w* respects the cup product structure.

Let G = Q(X hW);)\, where the subscript hWW denotes homotopy orbits, i.e., the
space EW xw X = EW x X/W. The p-adic completion takes place before the
formation of the loop space. Then BG = (Xpw) 1/7\, and there is an Eilenberg-Moore
spectral sequence

Tori*(BG;FP)(Fp, F,) = H"(G;F,).

To calculate the Ea-term, we need to know H*(BG;F,) = H*(Xpw;F,). There

is a fibration
X - EW xw X — BW

induced by projection on the first factor, which gives rise to a Serre spectral sequence
([Boa99, 13])

H*(BW; H'(X;F,)) = H*""(EW xw X;F,).
Here the Es-term is cohomology with twisted coefficients, and can be identified with

the s’th group cohomology of W with coefficients in H*(X;F,), which we denote
H; (W; HY(X;TFp)). Restriction and transfer with respect to {1} C W gives maps

s res s irf s

with composite multiplication by |W| = p — 1. The middle group is 0 for s > 0,
and p — 1 is a unit in [F},, so also the end groups are 0 for s > 0. For s = 0 we have

Hg,(W; HY(X;Fp)) = H'(X;Fy)"
the group of elements invariant under the action of W. Since the Es-term of the
Serre spectral sequence is non-trivial only for s = 0, we get

H*(Xpw; Fp) = H*<X;Fp)w = Fp[w]w-
An element Y, fiz' € Fplz] is invariant under W if fiw* = f; for all i, w, i.e.,
if f; = 0or p—1 |i. Hence the invariant polynomials in F,, are those that are
polynomials in y = zP~!. Now we have that

H*(BG;Fy) =2 H*(Xpw; Fp) 2 Fylyl,
with y in degree 2p — 2.
To calculate Tor'» [v] (Fp,F,) we use the following free resolution

0 — Fyly] = Fply] = F, —0,

where € is the map that sends y to 0, and gives F,, its F),[y]-module structure. When
we tensor this resolution with F,, as F,[y]-modules, we get the complex

0—F, >F,—0.
Hence
Torﬁ*(BG;FP)(IFp, F,) = Aloy)
with oy in bidegree (—1,2p — 2). Since there is no room for any differentials in the
FE>-term, the spectral sequence collapses and we arrive at
H*(G;Fp) = Aloy),
oy now in total degree 2p — 3.

G is called the Sullivan sphere; it is p-compact since BG is p-complete, by
construction. Note that G has the same mod p cohomology as a 2p — 3 sphere, and
it is in fact homotopy equivalent to (S2P~3) 5+ See the comments after Theorem 6.6.
Note also that G really is a new example not arising from a compact Lie group, at
least when p > 5, since its cohomology is different from any of the possible spheres.
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Eilenberg-Mac Lane spaces. We cite the results of Ravenel and Wilson concern-
ing the Morava K-theory of Eilenberg-Mac Lane spaces. We make a small modifica-
tion in that we use K (Z,, q) instead of K(Z, ¢). This will not change the results since
K(Zy, q) is the p-completion of K(Z,q), and a mod p equivalence is a K (n) equiv-
alence. First we need to introduce some notation. Let & : K(Z/p’,1) — K(Zp,?2)
be the Bockstein map. K (n).(K(Zy,2)) = K(n),(CP>) is free on generators (3; in
degree 2i. § is a spherical fibration with fibre K(Z,1) = S, and there is a Gysin
sequence

L K (n)m(K(Z/p7,1)) 22 K(n)pm(CP®) 2 K(n)m_o(CP™)

L K(n)m (K (Z/p 1)) — ...

where ® is given by ®(y) = y N [p’]r, (z), * being the complex orientation. Since
[plr, (x) = 2" it follows that [p/]r, (z) = P’". Also, Bpjri N 2P = B;, so ® is
injective with image generated by 3;,0 < i < nj. Let a; € K(n)2;(K(Z/p’,1)) map
to B; under d., and write a(;) = ap:.
Now let
o: K(Z/p", i) NK(Z/p k) — K(Z/p i + k)

denote the map inducing the cup product map on singular cohomology. This in-
duces a map

0 s K(m)a(K(Z/p,1)) ©xny. K(n)o(K(Z/1,8)) — K(n)o(K(Z/p i +K)),
the “circle product”. For a sequence I = (i1, 19, ...,1x), define
A1 = Q(iy) © Q(iz) © "+ O A(iy,) -

Theorem 6.1 ([RWS0, 11.1]). Let G = K(Z/p’,q), j > 0, be an Eilenberg-Mac
Lane space. When p # 2 we have the following algebra isomorphisms:
(1) Forq=0,
K(n).(G) = K(n).[Z/p],
the group ring of Z/p’ over K(n),.
(2) For0<q<n,

K(n).(G) = Q K (n).lar]/ ("),
I

where I ranges over all (i1,i2,...,15) withn(j —1) <i; <iyg < --- < iy <
nj, and k(I) is given by some rather complicated formulas which we do not
list here.

(3) For q=n,

K (n)«(G) = Q) K (n).[as)/(a} + (1) Dar),

where I ranges over (nk,n(j—1)+1,n(j —1)4+2,...,nj—1) with0 < k <
j—1, and ¢(I) a positive integer.
(4) For q > n,
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Corollary 6.2. The FEilenberg-Mac Lane spaces K(Z/p’,q), j > 0, are K(n)-
compact groups when 0 < q < n.

Proof. In part (2) of Theorem 6.1, each term K (n). [a]]/(a];k(l)) is finitely generated

as a K(n),-module, and since the indexing set I is finite, K(n).(K(Z/p’,q)) is a
finitely generated K (n).-module. By [Bou82, 7.4], we have

Exty(Z/p>, ) i=g<n

Exty,(Z/p>®,n/ Torsw) i=q=n+1
7T2<LK(n)K(7T7q)) = z 0o .

Homy(Z/p™, ) i=q+1<n+1

0 otherwise

for any abelian group . Recall that Z/p> = Z[1/p]/Z. When © = Z/p’ the
second group above is trivially zero, and the third group is zero since every element
in Z[1/p] is a multiple of p/. To calculate the first Ext group above we use the
exact sequence

0 — lim' Hom(Z/p®, 7) — Ext(Z/p>, m) — lim Ext(Z/p",7) — 0

7 ?

found in [BK72, p. 166]. When i > j, it is easy to see that Hom(Z/p*,Z/p’) = 0
and that Ext(Z/p*,Z/p’) = Z/p’, and so

Ext(Z/p™,Z/p) = Z/p .

Thus .
Zlp i=q<n

1 L n K(Z j’ -
(L m)K(Z/p, q)) {0 otherwise

and BK(Z/p’,q) = K(Z/p’,q+ 1) is K(n)-local when 0 < ¢ <n. O

These Eilenberg-Mac Lane spaces are examples of groups that are K (n)-compact,
but not p-compact, since their mod p homology is known not to be finitely gener-
ated, by the calculations by Cartan and Serre. See e.g. [McCO01, 6.19].

Next, we state a theorem about the Morava K-theory of integral (or p-adic)
Eilenberg-Mac Lane spaces, and we will specialize to the case K(Z,,n+1). Before
we state the result, we use the Bockstein map K(Z/p’,n) — K(Zy,n + 1), now
denoted §;, to define classes in K(n)(K(Z,,n+ 1)). For each k > 0, let

b = (6/6-1-1)*(a(kn,kn+1,...,kn+n—1)) .
Theorem 6.3 ([RWS80, 12.1]). When p # 2 we have the following algebra isomor-

phism,

K (n)o (K (Zp,n + 1)) 2 Q) K (n).[be] /(0] + (—1)" 05 by,)
k=0
with by, in degree 2(p*™ + pFr L ... 4 pEr =) Dand c(k) a positive integer.

For the construction below, we need the cohomology of the integral Eilenberg-
Mac Lane spaces. Let y be dual to by.
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Theorem 6.4 ([RWS80, 12.4]). As algebras,
K(n)"(K(Zy,n + 1)) = K(n)*[[y]],

where y has degree 2(p™ —1)/(p — 1).

New K (n)-compact spheres. Here we do a construction similar to that of the
Sullivan sphere, to yield new examples of K (n)-compact groups.

Lemma 6.5. Let W = (Z/p)* act on Z, by multiplication. Then the induced
action on K (n)*(K(Zy,n + 1)) is given by w - y* = w'™y’.

Proof. We know from the Sullivan sphere construction that an element w € W
induces an automorphism w, : Hy(K(Zy,2)) — H(K(Zy,,2)) which is multipli-
cation by w. By the universal coefficient theorem, the induced automorphism on
Hy(K(Zy,2);F,) is also multiplication by w. There are maps of ring spectra

HF, — k(n) — K(n)

which divide out by, and invert, v,,, respectively. They induce the following com-
mutative diagram:

Hy(K(Zy, 2); Fp) <—— k(n)2(K(Zyp, 2)) —— K(n)2(K(Zy, 2))

lw* lw* lw*

Hy(K(Zp,2); Fp) <—— k(n)2(K(Zp, 2)) —— K(n)a(K(Zp,2)).

In all three theories let 3; denote the homology class that is dual to the orientation
class x. [ is invariant under the horizontal maps, and the leftmost square tells
us that the middle w, maps (1 to wf;. Now the rightmost square says that on
K(n)2(K(Zp,2)), wy sends (1 to wfy. Since K(n).(CP>) and K (n)*(CP>) are
dual Hopf algebras, we find that w* on K (n)?(K(Z,,2)) sends = to wx, and by using
the cup product structure, that w*(z') = w'z’. By dualizing back to homology,

Now we know the action of W on K(n).(K(Z,y,2)). The Bockstein map used in
the definition of the a;’s gives us the following diagram

K (n).(K(Z/p7, 1)) == K (n).(K(Z,,2))

-
K(n).(K(Z/p’,1)) — K(n)«(K(Zp,2)).
Since a; maps to §; under d., and d, is injective, we must have w. (a;) = w'a;. Tt
follows that w,(a(;)) = wpza(i) = way;), by Fermat’s little theorem. The bilinearity

of the circle product gives

w*(a(il,...,ik)> = w*(@(z‘l)) ©---0 w*(@(z’k)) = wk(a(il) ©---0 a(m)) = wka(il,...,ik) .
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From the commutative diagram

K(n). (K (Z/p,n)) ~L5 K (). (K (Zy,n +1))

l/ (1)« l/

K(n)«(K(Z/p,n)) —— K(n)«(K(Zp,n + 1))

we get that w.(bg) = w"bp. Since y is the dual of by, w*(y) = w"y, and also
w*(yz) — wznyz. |:|

Theorem 6.6. Assuming the hypothesis in Corollary 5.2, there exist K (n)-compact
groups G, for all odd primes p and natural numbers n, such that

K(n)"(G) = A(oz)
where
pr—1

(p_lan)_l'

loz| =2

Proof. Let W act on K(Zp,n+1) as in Lemma 6.5, and let BG' = Lk () K(Zp,n+
Daw. Then G = QBG = QL g () K(Zp,n + 1)pw. To calculate the cohomology of
G we use the cobar spectral sequence in Corollary 5.2,

Tor P (K (n)*, K (n)*) = K(n)*(G).

*x

First we need to identify K (n)*(BG). This can be done in the same manner as
in the Sullivan sphere case, by using the Serre spectral sequence

H*(BW; K(n)"(K(Zp,n+1))) = K(n)"(BG)
coming from the fibration
K(Zp,n+1) — EW xw K(Z,,n+1) — BW.

Again, this Fs-term is the same as the group cohomology of W with coefficients in
K(n)*(K(Zp,n + 1)), which is just the W-invariants of K (n)*[[y]]. A power series
> eyt in K(n)*[[y]] is W-invariant if and only if

ie,c;=0o0rp—1|in, foralli. Now p—1|inif and only if (p —1)/(p —1,n) | 4,
so the power series is W-invariant if and only if it actually lies in K (n)*[[z]], where
z = y@®=D/(=17)  Thus we have

K(n)"(BG) = K(n)"[[2]],
where the degree of z is

p—1 p—1 2(p"-1) p"—1

R LA I Ry E s
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We can now calculate the Fs-term in the cobar spectral sequence. Think of
K (n)*[[#]] as the pro-finite ring

lim K (n)°[2]/(=1).

i

and take
0 — K(n)*[[2]] = K(n)*[[2]] = K(n)* =0

as a projective resolution of K (n)* in the category of pro-finite K (n)*[[z]]-modules.
The map -z is given as the inverse limit of the maps

K(n)*[2]/(2") = K(n)*[2]/(2")

that multiply by z. When we take the completed tensor product of this resolution
with K (n)* over K(n)*[[z]], we obtain the chain complex

0 — K (n)*[[2] ® )<=y K (n)* N CONIE R 5 (n)[[2] K (n)* — 0.
Now the map
2®1= lim(K (n)*[2]/(2") ® K(n)® 0L K (n)*[2]/(2) ® K(n)*)

is zero, by the K (n)*[[z]]-module structure on K (n)*, hence

=K (n)"[[=]]

Tor (K(n)*,K(n)*) = Aoz) .

The bidegree of oz is (—1,|z]). The cobar spectral sequence collapses at the Es-
term, and we obtain

K(n)"(G) = Ao2),

with |oz| = |z =1 =2(p" —1)/(p — 1,n) — 1. In addition, BG is K (n)-local, so G
is K(n)-compact. [

Given a spectrum FE, a spectrum in the E-local category is invertible if Lg(X A
Y) = LgS° for an E-local spectrum Y, and the E-local Picard group Picg is
defined to be the group of homotopy classes of E-local invertible spectra, with
group operation the E-local smash product Lg(— A —).

Let Pic,, denote the K (n)-local Picard group. The suspension spectra of the
K (n)-compact groups constructed in Theorem 6.6 yield examples of elements in
Pic,,, by [HMS94, 1.3], which says that L)X € Pic,, if and only if K (n).(X) has
rank 1 as a module over K (n).. In the p-complete situation, it can be shown that
Picyr, = Z, where the p-complete n-sphere represents n € Z. This implies that
the Sullivan sphere constructed above is stably homotopy equivalent to (S 21”_3);)\.
The structure of Pic,, is more complicated, for one, the p-adic integers embed in
Pic,, for all p and n ([HMS94, 9.3]). Thus our invertible K (n)-compact groups are
not automatically K (n)-local spheres.

If the K (n)-compact groups constructed in Theorem 6.6 are K (n)-local spheres,
they have to satisfy the dimension bound in Theorem 4.15, i.e., the equation

m < (m,p— 1)(% -I—S(ordpm—l—l))
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where m = (p" — 1)/(p — 1,n), must hold. It will be sufficient to check that
(6.7) ®"=Dp-1) < (mp-1)p-1n)(Sp—n).

Note that (p —1)/(p — 1,n) divides m and p — 1, so

p—1
p—1=
(

(CEERI R

divides (m,p—1)(p—1,n). Thus p—1 < (m,p—1)(p—1,n), and to prove (6.7) it
remains to check that

n_q n_q
p p_n:pn_1+p
p—1 p—1

pt—1<Sp—n= -n

This reduces to (p — 1)n < p™ — 1, which is easily seen to hold.

In [HMS94, 7] Hopkins et al describe an algebraic approximation to Pic,,, more
precisely they have a result which says that if two elements in Pic,, have isomorphic
E,,-cohomology, as Morava modules, then they are equivalent, provided n? < 2p—2.
A Morava module is an E}-module with an action of S commuting with the -
action, where SU as the subgroup of S,, of strict automorphisms. Because of The-
orem 2.3, we know that E}(G), G as in Theorem 6.6, is isomorphic to E*(S?™~1)
as E’-modules, but to obtain knowledge of the S,-action we need to carry out
the previous construction with E,, instead of K(n), and at each step keep track of
the S,,-action. We would need to generalize the cobar spectral sequence to apply
to E, as well, since E is not a graded field, and also check that the (currently
hypothetical) convergence is as Morava modules, not just E¥-modules. Once this
is done, we can conclude that G is stably equivalent to a K (n)-local sphere, i.e.,
NG ~ B Lg(,)S?™ 1. Time will not permit us to do this here, but we hope to
do more work in this direction in the future.
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