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Introduction

This thesis is the result of my past three years as a graduate student at the University
of Oslo. It consists of two separate articles, both contributing to a field which can be
called “brave new geometry.” In mathematics, one often study objects formed by gluing
together “affine” parts. A surface for example, is formed by gluing together pieces
of a two-dimensinal plane. In algebraic geometry, the affine objects are commutative
rings, and the global objects obtained by gluing these together are known as schemes.
They were introduced by Grothendieck in the 1960s, and have become one of the most
important objects in mathematics. Recently, several people have put much effort into
generalizing this theory, where instead of rings, one glues ring objects in a general
symmetric monoidal category. Particular emphasis has been put on the symmetric
monoidal category of structured ring spectra (in the sense of algebraic toplogy), or
what is sometimes known as brave new rings.

The term “brave new ring” was originally coined in a talk given by Waldhausen in
1988. The idea was to replace ordinary rings with some sort of ring spectra, and try
to mimic algebraic constructions such as forming modules over a ring. To do this
one needs a symmetric monoidal product analoguous to the tensor product of rings,
where the sphere spectrum acts as the unit. The earlier constructions of categories of
spectra in algebraic topology (e.g. [1]) all had problems with defining this symmetric
monoidal product, known as the “smash product.” More precisely, the smash product
became associative and commutative only when passing to the homotopy category of
spectra, also known as Boardman’s category, orthe stable homotopy category. For
several purposes this was not optimal, for instance, constructions on module spectra
became very hard to handle. These complications would vanish if we could work on
the point-set level, with a smash product which is associative and commutative before
passing to homotopy.

In the late 1990’s several categories of structured spectra emerged, where it was
possible to define such a smash product, most notably theS-modules of [2], the
symmetric spectra of [4], andΓ-spaces with the smash product constructed by Lydakis
in [7]. Both S-modules and symmetric spectra have associated homotopy categories
equivalent to Boardman’s category. The homotopy category ofΓ-spaces is equivalent
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to the homotopy category ofconnectivespectra, thus some important examples will
not fit in the setting ofΓ-spaces. But the simplicity of the definitons still make them
an attractive choice as models for connective spectra, and they are well suited for
questions involving more combinatorial input, such as algebraicK -theory.

Returning to the topic of gluing structured ring spectra, the data specifying these gluings
will be given by functors from a diagram category to a category of structured ring
spectra, where the diagram category is given extra structure known as a Grothendieck
topology. We would also like a framework where we can perform homotopy theoretical
constructions on these objects. The standard machinery for doing homotopy theory in
categories more general than topological spaces, is Quillen’s closed model categories
introduced in [8]. A model category consists of a category with three classes of
morphisms called fibrations, cofibrations and weak equivalences, satisfying a list of
axioms, and the verification of these axioms is usually a non-trivial task. The first
article in this thesis deals with setting up model category structures on the category
of diagrams, or presheaves, ofΓ-spaces, such that the associated homotopy category
is equivalent to the homotopy category of connective presheaves of spectra. Model
structures on presheaves of (symmetric) spectra have already been established by
Jardine in [5] and [6] (and more generally by Hovey [3].) Here the underlying model
structure on diagrams of simplicial sets, or simplicial presheaves, is allowed to vary
under some mild assumptions, as long as the weak equivalences are given by the local
weak equivalences. We prove results about the monoidality of the model structure
and that it satisfies the so-called monoid axiom, provided the given model structure
on simplicial presheaves does. This allows us to lift the stable model structure to the
categories of ring and module objects in presheaves ofΓ-spaces.

In the second article we study one particular example of a brave new ring, called
topological cyclic homology of a point, denotedTC(∗; p). This ring is closely related
to Waldhausen’sA-theory of a point [9], which can also be described as algebraicK -
theory of the sphere spectrum, and contains important information on pseudoisotopies
and h-cobordisms of discs. Here we focus on the multiplicative structure onTC(∗; p),
or rather the induced structure on its homologyH∗(TC(∗; p)). The additive structure
of H∗(TC(∗; p)) is already well-known, and the Pontryagin product induced by the
ring structure onTC(∗; p) is easily seen to be trivial. But the multiplicative structure
on a brave new ring also gives rise to certain homology operations, called Dyer-
Lashof operations. The main result in this article is that the Dyer-Lashof operations
in H∗(TC(∗; p)) are non-trivial, and we give an explicit formula in terms of additive
generators. A key point in this calculation is to identify one of the building blocks
of TC(∗; p), the fixed point spectrumSG, as the algebraicK -theory of the category
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of finite G-sets, whereG is a finite group. The equivalence of these spectra is well-
known additively, but we need to know that their Dyer–Lashof operations in homology
coincide under the given equivalence. We have concentrated on the casep = 2, the
case of odd primes will require a modified argument.

I want to express my heartful thanks to my advisor John Rognes for all the mathematics
he has tought me, and for always providing helpful suggestions and comments. I also
thank the rest of the topology group at the University of Oslo for the active and
stimulating environment.
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Homotopy theory of presheaves ofΓ-spaces

HÅKON SCHAD BERGSAKER

We consider the category of presheaves ofΓ-spaces, or equivalently, ofΓ-objects
in simplicial presheaves. Our main result is the construction of stable model
structures on this category parametrised by local model structures on simplicial
presheaves. If a local model structure on simplicial presheaves is monoidal, the
corresponding stable model structure on presheaves ofΓ-spaces is monoidal and
satisfies the monoid axiom. This allows us to lift the stable model structures to
categories of algebras and modules over commutative algebras.

55P47; 55P42, 55P43, 55P48

Introduction

In his paper [22] Segal introducedΓ-spaces as a way to describe commutative monoids
up to homotopy, and showed that they give rise to infinite loop spaces. Segal’s original
definition of aΓ-space, as a functor from the category of finite sets to spaces satisfying
certain conditions, is what is now called a specialΓ-space. In [4] Bousfield and
Friedlander considered the category of all based functors from finite sets to simplicial
sets; and in particular constructed a stable model structure on it, in which the fibrant
objects are given by the very specialΓ-spaces, and the weak equivalences are the stable
equivalences of the associated spectra. As a consequence they show that the homotopy
category of this model category is equivalent to the homotopy category of connective
spectra.

Lydakis introduced a smash product forΓ-spaces in [17], making the category of
Γ-spaces into a symmetric monoidal category. This smash product is compatible with
the smash product of spectra after passage to the respective homotopy categories, thus
making the category ofΓ-spaces a convenient category for modeling multiplicative
structures on connective spectra on a point set level. In [20], Schwede introduced a
different model structure forΓ-spaces, Quillen equivalent to the one considered by
Bousfield and Friedlander. This model structure satisfies the monoid axiom, an axiom
first formulated by Schwede and Shipley in [21], which implies the existence of model
structures on the categories of monoids and modules ofΓ-spaces.
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The main result of this paper is the construction of stable model structures on the cate-
gory of presheaves ofΓ-spaces, or equivalently, ofΓ-objects in simplicial presheaves
over an arbitrary small Grothendieck site. There are several model structures on simpli-
cial presheaves, and we are focusing on the ones with local weak equivalences (1.1) as
weak equivalences. We carry out the arguments without assuming any particular choice
of model structure on simplicial presheaves, but have to impose a cofibrancy condition
on the domains of the generating sets (Hypothesis3.1). When the site consists of one
morphism only, our model structure will specialize to the one in [20].

The following theorem states the main results appearing as Theorem4.12, Proposition
4.17and Theorem5.1 in the main body of the paper.

Theorem 0.1 Let C be a small Grothendieck site and let Spc be the category of

simplicial presheaves on C given a model structure according to Hypothesis 3.1. Let

Γ Spc denote the category of based functors Γ → Spc, where Γ is the category of

based finite ordinals.

(1) There is a cofibrantly generated left proper model structure on the category

Γ Spc with stable equivalences (Definition 4.10) as weak equivalences. The

fibrant objects in this model structure coincides with the very special (Definition

4.7) Γ-spaces.

(2) If the category Spcis a monoidal model category, then the stable model structure

on Γ Spcis monoidal and satisfies the monoid axiom. Consequently, the category

of module objects over a monoid in Γ Spc, and the category of algebra objects

over a commutative monoid in Γ Spc, inherits model structures from Γ Spcby

the results of [21].

As a part of the construction, we compare ourΓ-spaces to presheaves of spectra, and
also show that the homotopy category of (presheaves of)Γ-spaces is equivalent to the
homotopy category of connective (presheaves of) spectra. This equivalence is induced
by a left Quillen functor fromΓ-spaces to spectra which maps very specialΓ-spaces
to Ω-spectra, thereby producing infinite loop objects in the category of simplicial
presheaves.

As an application of the last part of Theorem0.1we construct an Eilenberg-Mac Lane
functorH from presheaves of simplicial abelian groups toΓ-spaces and show that it is
a Quillen equivalence between the categories of presheaves of simplicial abelian groups
and the category ofHZ-modules. Corresponding results for presheaves of simplicial
rings, and presheaves of simplicial modules over presheaves of commutative simplicial
rings are also included.
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Here is a quick outline of the paper. In Section 1 we recall some basic theory of
simplicial presheaves, in particular the relevant model structures. Section 2 introduces
the category ofΓ-spaces, and in Section 3 we establish the strict model structure on
this category. We apply Bousfield localization to this model structure in Section 4 to
obtain the stable model structure onΓ-spaces, and compare its homotopy category to
the homotopy category of connective presheaves of spectra. In Section 5 the stable
model structure is lifted to the categories of modules and algebras over a (commutative)
Γ-ring. Here we also obtain a Quillen equivalence between presheaves of simplicial
modules over a presheaf of simplicial rings and modules over aΓ-ring. To this end
we first construct a model structure on presheaves of simplicial modules. Similarly for
algebras.

We assume familiarity with the theory of model categories, as described in e.g. Goerss
and Jardine [7], Hirschhorn [8] or Hovey [9]. Some knowledge of classicalΓ-spaces
and simplicial presheaves is also assumed, but we recall what we need about simplicial
presheaves in the first section. To prove the main theorem we make use of enriched
left Bousfield localization as described in Barwick [2]. A quick review of this theory,
together with some notes on bisimplicial presheaves, is located in an appendix.

Acknowledgements This paper is part of my PhD thesis done at the University of
Oslo, the topic was suggested to me by Paul Arne Østvær. I want to thank Clark
Barwick, John Rognes and Paul Arne Østvær for clarifying conversations regarding
this paper and model categories in general.

Notation In this paper, we useM(X, Y) to denote the set of morphisms betweenX
andY in the categoryM, while Map(X, Y) and Hom(X, Y) will denote respectively
simplicial function complex and internal hom. More generally, whenM is enriched
in a categoryV , the enriched hom objects will be denotedVHom(X, Y). When more
than one category is under consideration, these objects will often be subscripted by the
categories.

1 Preliminaries on spaces

In this section we recall some facts about simplicial presheaves. LetS∗ be the cat-
egory of pointed simplicial sets. Fix a small siteC , i.e., a small categoryC with a
Grothendieck topology. The functor category Fun(Cop,S∗), which we denote Spc, is
the category of pointed simplicial presheaves onC . As the notation suggests, we will
call the objects in this category “spaces”.
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EachU ∈ C represents a discrete simplicial presheafC(−, U)+ , and we will writeU
for this space. Also, a simplicial setK defines a constant simplicial presheaf and we
will use K to denote this space.

The category of spaces is closed symmetric monoidal, with monoidal product∧ defined
sectionwise by

(X ∧ Y)(U) = X(U) ∧ Y(U)

for all U ∈ C . Here we are using∧ to denote both the monoidal product of spacesX
andY and the smash product of based simplicial sets. LetK be a based simplicial set.
Simplicial tensorK ∧ − and cotensor (−)K are defined as

(K ∧ X)(U) = K ∧ X(U)

XK(U) = X(U)K

for eachU ∈ C .

The simplicial function complex Map(X, Y) of two spacesX and Y is defined in
simplicial degreen to be

Map(X, Y)n = Spc(X ∧ ∆
n
+, Y) ,

with face and degeneracy maps induced from∆n
+ . There is also an internal hom-object

Hom(X, Y) of spaces defined sectionwise by

Hom(X, Y)(U) = Map(X|U, Y|U) ,

whereX|U meansX restricted to the local siteC ↓ U .

We define homotopy groups of a spaceX as follows. First, let

L2 : Pre(C) → Shv(C)

be the associated sheaf functor from the category of presheaves to the category of
sheaves, which is left adjoint to the inclusion functor. Letπp

0(X) be the presheafU 7→

π0(X(U)); the sheaf of path components is the assoctiated sheafπ0(X) = L2πp
0(X). For

n ≥ 1, eachU ∈ C and 0-simplexx ∈ X(U), define the presheafπp
n(X, x) on C ↓ U

as

πp
n(X, x)(V) = πn(|X(V)|, x|V) ,

where | − | denotes geometric realization of simplicial sets andx|V denotes the
restriction ofx alongX(U) → X(V). The sheafπn(X, x) = L2πp

n(X, x) is the sheaf of
homotopy groups ofX over U with basepointx.
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Definition 1.1 A morphism f : X → Y of spaces is alocal weak equivalenceif the
induced map of sheavesπ0(X) → π0(Y) is a bijection, and the induced maps

πn(X, x) → πn(Y, f (x))

are isomorphisms for alln ≥ 1, U ∈ C , x ∈ X(U)0. It is a sectionwise weak
equivalenceif f (U) : X(U) → Y(U) is a weak equivalence of simplicial sets for each
U ∈ C , and a sectionwise equivalence is in particular a local weak equivalence.
Sectionwise cofibrations and fibrations are defined similarly.

There are several known model structures on Spc. We will only consider model struc-
tures on Spc in which the weak equivalences are given by the local weak equivalences
of spaces.

Theorem 1.2 (Jardine [12]) There is a cofibrantly generated proper simplicial model

structure on Spc with sectionwise cofibrations (i.e., monomorphisms) as cofibrations

and local weak equivalences as weak equivalences. This is the local injective model

structure on Spc.

To formulate the next theorem, let us define aprojective cofibrationof spaces to be
a map that has the left lifting property with respect to maps that are both sectionwise
fibrations and sectionwise weak equivalences.

Theorem 1.3 (Blander [3]) There is a cofibrantly generated proper simplicial model

structure on Spcwith cofibrations the projective cofibrations of spaces, and local weak

equivalences as weak equivalences. This is the local projective model structure on

Spc.

Each projective cofibrationi : A → B can be factored as a monomorphismj : A → C
followed by a local injective trivial fibrationp: C → B. Since p is also a local
projective trivial fibration there is a lift in the diagram

A

i
��

j
// C

p
��

B // B ,

from which we see thati is a retraction ofj , hencei is a monomorphism. This
shows that the class of projective cofibrations is contained in the class of local injective
cofibrations. In fact any setI of monomorphisms containing the set of generating
projective cofibrations determines a local model structure on Spc.



6 H S Bergsaker

Theorem 1.4 (Jardine [16]) Let I be a set of monomorphisms conitaining the set of

generating projective cofibrations. There is a cofibrantly generated proper simplicial

model structure on Spc with I as the set of generating cofibrations and local weak

equivalences as weak equivalences.

An example of an intermediate model structure which differs from the local injective
and local projective ones is the flasque model structure constructed by Isaksen [11].

Proposition 1.5 If f : X → Y is a local weak equivalence of spaces and Z is a space,

then the induced map f ∧ 1: X ∧ Z → Y∧ Z is a local weak equivalence.

Proof This is stated in [14, 2.46].

Proposition 1.6 If f : X → Y is a local weak equivalence of spaces, where X and

Y are fibrant in any of the model structures constructed in Theorem 1.4, then f is a

sectionwise weak equivalence.

Proof By [3, 1.3] the local projective model structure on spaces is a Bousfield local-
ization of the projective model structure consisting of the projective cofibrations and
sectionwise fibrations and weak equivalences, so in this case the result follows from
general properties of Bousfield localizations. But a spaceX which is fibrant in any
intermediate model structure is in particular fibrant in the local projective structure and
we are done.

Let M be a monoidal model category with monoidal product∧ and letTC be the
class of trivial cofibrations inM. Recall that the monoid axiom is the statement that
all maps in (TC∧ M)-cell are weak equivalences, whereX-cell denotes the closure
under transfinite compositions of pushouts of maps inX. This axiom ensures that the
categories of modules and algebras over a monoid inM inherit model structures from
M; we will elaborate somewhat on this in Section5. If the categoryM is cofibrantly
generated with generating trivial cofibrationsJ, then to show that the monoid axiom
holds it suffices to check that every map in (J ∧M)-cell is a weak equivalence. See
[21] for further details.

Proposition 1.7 The local injective model structure on Spc is monoidal.
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Proof Note that whenX → Y is a monomorphism, so isX ∧ Z → Y∧ Z. Given two
monomorphismsXi → Yi , consider the pushout diagram

(1–1) X1 ∧ X2 //

��

Y1 ∧ X2

��
X1 ∧ Y2 // P .

By evaluating in sections and quoting the corresponding result about simplicial sets,
we get that the induced pushout product mapP → Y1 ∧ Y2 is a monomorphism.

If in addition X1 → Y1 is a local weak equivalence, so is the left vertical map in the
pushout diagram, by1.5. Left properness of the local injective model structure implies
that the bottom map in1–1is a local weak equivalence, and using the 2-out-of-3 axiom
we conclude thatP → Y1 ∧ Y2 is a local weak equivalence, so Spc is monoidal.

Proposition 1.8 Let C be a site which has finite products, and consider the category

of spaces with the local projective model structure. In this case Spc is a monoidal

model category.

Proof The pushout product of a monomorphism and a monomorphic local weak
equivalence is a local weak equivalence by1.7, so it suffices to check that the pushout
product of two generating projective cofibrations is a projective cofibration.

The generating cofibrations in the local projective model structure can be chosen as the
set of maps

{K ∧ U → L ∧ U}K→L, U∈C ,

whereK → L ranges over generating cofibrations of simplicial sets. Now recall the
isomorphism

(K ∧ U) ∧ (L ∧ V) ∼= (K ∧ L) ∧ (U × V) ,

whereK andL are simplicial sets, andU, V ∈ C . Let fi : Ki ∧Ui → Li ∧Ui , i = 1, 2,
be two generating projective cofibrations. We can identify the pushout product off1
andf2 with the corresponding pushout product ofK1 → L1 andK2 → L2 in simplicial
sets, smashed with the productU1 × U2. Since the functor (U1 × U2) ∧ − preserves
cofibrations, the result follows.

Proposition 1.9 Assume that Spc is given any of the model structures constructed in

Proposition 1.4, and assume in addition that the model structure is monoidal. Then it

also satisfies the monoid axiom.
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Proof Consider the classC of morphisms consisiting ofX ∧ Z → Y ∧ Z, whereZ
is a space andX → Y is a trivial cofibration of spaces. By1.5 this class is contained
in the class of local injective trivial cofibrations, i.e., monomorphisms which are also
local weak equivalences. NowC-cell is also contained in the class of local injective
cofibrations, since trivial cofibrations are closed under the formation of cell objects,
and in particular every morphism inC-cell is a local weak equivalence.

In Section4 we will apply Bousfield localization to the category ofΓ-spaces. For this
we need to know that our categories are combinatorial, in the sense of Jeff Smith. An
account of this notion is given in Dugger [6]; we recall the relevant definitions below.

Definition 1.10 Let λ be a regular cardinal andM a category. An objectX ∈ M is
λ-presentableif the represented functorM(X,−) preserversλ-filtered colimits. The
categoryM is locally λ-presentableif it is cocomplete, and there exists a set{Gi} of
λ-presentable objects inM such that every object inM can be written as aλ-filtered
colimit of theGi ’s. M is locally presentableif it is locally λ-presentable for someλ.

Definition 1.11 A model category iscombinatorial if it is locally presentable and
cofibrantly generated.

Remark There is another notion which assures the applicability of Bousfield local-
ization developed in Hirschhorn’s book [8], called cellularity, which is more suitable
for categories built from topological spaces.

The following basic result is found in e.g. [1, 1.12].

Proposition 1.12 Let I be a small category. Then the functor category Fun(I, Set∗)
is locally presentable.

Since Spc is isomorphic to Fun(Cop × ∆op, Set∗), we have the following result.

Corollary 1.13 The category of spaces, given any of the intermediate model structures

in Proposition 1.4, is combinatorial.
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2 The category ofΓ-spaces

Let Γ be the full subcategory of the category of pointed sets with objectsn+ =

{0, 1, . . . , n}, for n ≥ 0, where 0 is the basepoint inn+ . Let M be a pointed
category. The full subcategory of Fun(Γ,M) consisting of functors that send 0+ to
the basepoint inM is the category ofΓ-objects inM, denotedΓM. The inclusion
of Γ in the category of finite based sets, fSet∗ , is an equivalence of categories, and
ΓM is equivalent to the subcategory of Fun(fSet∗,M) consisting of based functors.

WhenM is the categoryS∗ of pointed simplicial sets, objects inΓS∗ are classically
called Γ-spaces; model structures on this category are constructed in the articles
Bousfield and Friedlander [4] and Schwede [20]. Our objects of study will beΓ-
objects in Spc, which we also callΓ-spaces. Alternatively, ourΓ-spaces can be
thought of as presheaves of ordinaryΓ-spaces, i.e., Fun(Cop,ΓS∗). Note that when
C consists of one morphism only, we recover the categoryΓS∗ , and our stable model
structure will be constructed so that we recover the stable model structure in [20].

To start with, we want to define a closed symmetric monoidal structure onΓ Spc.
Observe thatΓ is symmetric monoidal under the operation∧ : Γ × Γ → Γ given by
(m+, n+) 7→ mn+ . Given twoΓ-spacesF andG, the smash productF ∧ G is defined
as the left Kan extension filling out the following diagram.

Γ × Γ

∧

��

(F,G)
// Spc×Spc

−∧−
// Spc

Γ

44iiiiiiiiiiii

More explicitly, the smash product is the pointwise colimit

(F ∧ G)(n+) = colim
i+∧j+→n+

F(i+) ∧ G(j+) .

It follows from the universal property of the colimit that maps ofΓ-spacesF∧G → H
are in 1-1 correspondence with mapsF(i+) ∧ G(j+) → H(i+ ∧ j+) that are natural in
i+ and j+ , and that this property characterizesF ∧ G up to isomorphism.

Simplicial function complexes ofΓ-spaces are defined to be

Map(F, G)n = Γ Spc(F ∧ ∆
n
+, G)

in simplicial degreen; the face and degeneracy maps are the obvious ones. From this
we define the simplicial presheaf-hom, or space-hom, in sections by

SpcHom(F, G)(U) = Map(F|U, G|U) ,
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where |U denotes pointwise restriction to the local siteC ↓ U . Finally, internal
hom-Γ-spaces are defined by setting

Hom(F, G)(n+) = SpcHom(F, G(n+ ∧ −)) .

We have given the constructions of the objects involved in the following result, which
is a special case of Day’s work in [5].

Proposition 2.1 The category Γ Spc is a simplicial closed symmetric monoidal cate-

gory enriched over Spc.

A set defines a discrete simplicial set, and therefore a constant simplicial presheaf. In
particular, the setsΓ(n+, k+) define the corepresentedΓ-spaceΓn given pointwise by
Γn(k+) = Γ(n+, k+). Let F be aΓ-space and letF ◦ Γn denote theΓ-space given
pointwise by

(F ◦ Γ
n)(k+) = F(Γ(n+, k+)) .

Note that the smash product of twoΓ-spaces defined above coincides with the one given
sectionwise by Lydakis’ smash product of classicalΓ-spaces [17]. Hence the following
two lemmas follow immediately from the corresponding natural isomorphisms for
classicalΓ-spaces in [17].

Lemma 2.2 There are natural isomorphisms

(1) SpcHom(Γn, F) ∼= F(n+)

(2) Γm ∧ Γn ∼= Γmn

(3) F ∧ Γn ∼= F ◦ Γn .

Lemma 2.3 Smashing with a Γ-space preserves monomorphisms of Γ-spaces.

There are functors

(2–1) Ln : Spc⇄ Γ Spc : Evn

for eachn ≥ 0, where Evn is evaluation atn+ and Ln(X) = X ∧ Γn. From Lemma
2.2we have a natural isomorphism

(2–2) Lm(X) ∧ Ln(Y) ∼= Lmn(X ∧ Y) .

Proposition 2.4 The functors in 2–1 form an adjoint pair.
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Proof We need to provide a natural isomorphism

Γ Spc(X ∧ Γ
n, F) ∼= Spc(X, F(n+)) .

SinceΓ Spc is enriched over Spc, there is a natural isomorphism

Γ Spc(X ∧ Γ
n, F) ∼= Spc(X, SpcHom(Γn, F)) ,

which combined with part (1) of Lemma2.2gives the result.

3 Strict model structures

In this section we establish basic results about the strict projective model structures on
Γ Spc.

Hypothesis 3.1 For the rest of this paper we will assume, unless otherwise noted,

that Spc is given one of the intermediate model structures described in Theorem 1.4,

including the local injective and local projective structures. Suppose further that the

sets of generating (trivial) cofibrations can be chosen with cofibrant domains.

Definition 3.2 A map F → G of Γ-spaces is a

• strict weak equivalenceif F(n+) → G(n+) is a local weak equivalence in Spc
for all n ≥ 0.

• strict fibration if F(n+) → G(n+) is a fibration in Spc for alln ≥ 0.

• cofibrationif it has the left lifting property with respect to the maps that are both
strict weak equivalences and projective fibrations.

Theorem 3.3 Let I and J be the sets of generating cofibrations and generating

trivial cofibrations in Spc. Then Γ Spc with the classes of strict weak equivalences,

cofibrations and strict fibrations is a cofibrantly generated proper Spc-model category,

with generating cofibrations

IΓ =
⋃

n≥0

Ln(I )

and generating trivial cofibrations

JΓ =
⋃

n≥0

Ln(J) .

We will refer to this model structure as the strict model structureon Γ Spc.



12 H S Bergsaker

Proof This result is an application of more general results concerning strict projective
model structures on diagram categories, which can be found in Hirschhorn’s book, [8,
11.6.1, 11.7.3, 13.1.14]. The model structure is enriched in Spc by [2, 3.30].

Corollary 3.4 The adjoint functor pair 2–1 is a Quillen pair, and Evn preserves

cofibrations. In particular, cofibrations are monomorphisms.

Proof The first statement follows immediately from Theorem3.3, the second state-
ment follows from [8, 11.6.3].

Corollary 3.5 The Γ-space X ∧ Γn is cofibrant when X is a cofibrant space. In

particular Γn is cofibrant.

Proof This follows by applying Ln to the map∗ → X.

Since Γ Spc as a category is isomorphic to Fun(Γ × Cop × ∆op, Set∗), it is locally
presentable by Proposition1.12.

Corollary 3.6 The category of Γ-spaces with the strict model structure is combina-

torial.

Proposition 3.7 The category of Γ-spaces equipped with the strict model structure

is a monoidal model category provided Spc is monoidal.

Proof Since the monoidal unitΓ1 is cofibrant, it suffices to check the pushout product
axiom. LetFi → Gi , wherei = 1, 2, be two cofibrations, and construct the pushout
diagram

(3–1) F1 ∧ F2 //

��

G1 ∧ F2

��
F1 ∧ G2

// P .

We need to show that the induced pushout product mapP → G1 ∧ G2 is a cofibration.
We may assume theFi → Gi are of the form

Xi ∧ Γ
ni → Yi ∧ Γ

ni ,
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whereXi → Yi are cofibrations in Spc. Using the isomorphism2–2, and the fact that
Ln1n2 preserves colimits, we can apply Ln1n2 to the pushout constructed from the maps
Xi → Yi to obtain

Ln1n2(X1 ∧ X2) //

��

Ln1n2(Y1 ∧ X2)

��
Ln1n2(X1 ∧ Y2) // Ln1n2(X1 ∧ Y2

∐
X1∧X2

Y1 ∧ X2) ,

which is isomorphic to3–1. We know that

X1 ∧ Y2

∐

X1∧X2

Y1 ∧ X2 → X2 ∧ Y2

is a cofibration of spaces, by the assumption that Spc is monoidal, so the mapP →

Ln1n2(Y1∧Y2) is a cofibration. The same argument gives the corresponding result about
trivial cofibrations.

Proposition 3.8 The strict model structure on Γ Spcsatisfies the monoid axiom when

Spcdoes.

Proof We need to show that the maps in (JΓ ∧ Γ Spc)-cell are weak equivalences.
Consider first a mapf of the form

Ln(X) ∧ F → Ln(Y) ∧ F

whereX → Y is a generating trivial cofibration in Spc. Evaluating atk+ , we get

X ∧ (Γn ∧ F)(k+)
f (k+)

// Y∧ (Γn ∧ F)(k+) ,

so f (k+) is in J ∧ Spc for allk+ . Now, if g is in (JΓ ∧ Γ Spc)-cell, it is a transfinite
composition of pushouts of mapsfi in JΓ ∧ Γ Spc. Since eachfi(k+) is in J ∧ Spc,
and colimits inΓ Spc are computed pointwise,g(k+) is in (J ∧ Spc)-cell. Using
the assumption that the monoid axiom holds in Spc, we see thatg(k+) is a weak
equivalence for allk+ .

Lemma 3.9 A filtered colimit of strict equivalences is a strict equivalence.

Proof Local weak equivalences of spaces are preserved under filtered colimits, since
sheaves of homotopy groups commute with filtered colimits, and the lemma follows
since colimits ofΓ-spaces are defined pointwise.
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Proposition 3.10 Strict equivalences of Γ-spaces are preserved when smashed with

a cofibrant Γ-space.

Proof Let f : F → G be a strict equivalence. The induced mapF ◦ Γn → G ◦ Γn is
clearly a strict equivalence, so by Lemma2.2, the mapf ∧ 1: F ∧ Γn → G∧ Γn is a
strict equivalence.

Now let C be a cofibrantΓ-space. SinceΓ Spc is cofibrantly generated with generating
cofibrationsIΓ , C is a retract of anIΓ -cell complex, where byIΓ -cell complex we mean
that the unique map∗ → C is a transfinite composition of pushouts of maps inIΓ . Weak
equivalences are closed under retracts, so it suffices to considerC = colimα<γ Cα , γ

an ordinal, where the mapsCα → Cα+1 are given by pushout diagrams

(3–2) X ∧ Γn //

i∧1
��

Cα

��
Y∧ Γn // Cα+1 .

Here i : X → Y is a cofibration of spaces.

Smashing3–2 with F and G gives us two pushout diagrams as the top and bottom
faces of a cubical diagram. Assuming by induction thatF ∧ Cα → G ∧ Cα is a
strict equivalence, the gluing lemma (see [7, II.8.12]) can be applied to conclude that
F ∧Cα+1 → G∧Cα+1 is a strict equivalence. SinceF ∧C → G∧C is the colimit of
the mapsF ∧ Cα → G∧ Cα we can conclude by applying Lemma3.9.

4 Stable model structures

In this section we will construct the stable model structures for (presheaves of)Γ-
spaces and compare it to the model category of (presheaves of) spectra. In fact, parts
of our construction relies on this comparison; we will begin by recalling the theory of
spectra on a site.

For us, a spectrum is a sequence of objectsEk ∈ Spc indexed by non-negative integers
k together with structure maps

S1 ∧ Ek → Ek+1
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for eachk. Maps of spectra are sequences of mapsf k : Ek → Fk compatible with the
structure maps in the sense that the diagram

S1 ∧ Ek //

1∧f k

��

Ek+1

f k+1

��

S1 ∧ Fk // Fk+1

commutes for allk. Denote the category of spectra by Spt.

A spectrumE is levelwise fibrant if eachEk is fibrant, and is anΩ-spectrum if the
adjointsEk → Ωf Ek+1 of the structure maps are weak equivalences. The loop functor
Ωf : Spc→ Spc is by definition a fibrant replacement (−)f followed by the simplicial
cotensor (−)S1

on spaces. Note that we do not require ourΩ-spectra to be levelwise
fibrant. A mapf : E → F of spectra is a cofibration iff 0 : E0 → F0 is a cofibration of
spaces and the induced maps

(S1 ∧ Fk)
⋃

S1∧Ek

Ek+1 → Fk+1

are cofibrations of spaces for allk ≥ 0. The mapf is a stable equivalence of spectra if
it induces isomorphismsπn(E) → πn(F) of stable homotopy sheaves for all integersn
andU ∈ C , where the stable homotopy sheafπn(E) is by definition the colimit of the
system

· · · → πn+k(E
k) → πn+k+1(S1 ∧ Ek) → πn+k+1(Ek+1) → . . . .

The following result was first proved by Jardine in [13, 2.8] for the local injective model
structure on Spc; Hovey has results for spectra in more general model categories in
[10, 3.3].

Theorem 4.1 Let Spc be given any intermediate model structure. With the above

notions of stable cofibrations and stable equivalences the category Spt of spectra is a

cofibrantly generated proper Spc-model category. A spectrum is stably fibrant if and

only if it is a levelwise fibrant Ω-spectrum.

Let F be aΓ-space, which we now consider as a based functor from all finite based
sets to Spc. The functorF induces a functor̄F : S∗ → s Spc from simplicial sets to
simplicial spaces, by applyingF in each simplicial degree. We can composeF with
the diagonal functord: s Spc→ Spc to get a functor

dF̄ : S∗ → Spc .
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Proposition 4.2 Let K → L be a weak equivalence of simplicial sets. Then the

induced map dF̄(K) → dF̄(L) is a sectionwise equivalence, and in particular a local

weak equivalence.

Proof This follows from the corresponding result for classicalΓ-spaces in [4, 4.9],
sincedF̄(K)(U) coincides with the corresponding construction for the classicalΓ-space
F(U).

Each pair of based setsA, B induces natural maps

A∧ F(B) → F(A∧ B)

whose adjointsA → Spc(F(B), F(A ∧ B)) are described by sending an elementa to
the mapF(a∧ −). These maps induce simplicial maps

X ∧ F̄(Y) → F̄(X ∧ Y)

whereX andY are based simplicial sets. By applying the diagonal functor this results
in maps

(4–1) X ∧ dF̄(Y) → dF̄(X ∧ Y) .

The spectrum associated to aΓ-spaceF , which we denote Sp(F), is defined on each
level as Sp(F)n = dF̄(Sn). HereSn = S1 ∧ · · · ∧ S1 (n times.) As a special case of
4–1we have

Sm ∧ dF̄(Sn) → dF̄(Sm+n)

which gives us the structure maps for Sp(F).

Lemma 4.3 The functor Sp(F) has the following properties.

(1) Sp(F)0 = F(1+)

(2) Sp(Γn) = S
×n

(3) Sp(X ∧ F) = X ∧ Sp(F), for spaces X.

Let E be a spectrum. We obtain aΓ-spaceΦ(E) by defining

Φ(E)(n+) = SpcHomSpt(S
×n, E) ,

whereS denotes the sphere spectrum. Here SpcHomSpt(−,−) denotes the space of
morphisms in the category of spectra, defined sectionwise in the same way as for
Γ-spaces, i.e.,

SpcHomSpt(E, F)(U) = MapSpt(E|U, F|U)

for all U ∈ C . A morphismθ : m+ → n+ induces a mapθ∗ : S
×n → S

×m by copying
theθ(i)’th factor into thei ’th factor. This map in turn inducesΦ(E)(m+) → Φ(E)(n+).
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Lemma 4.4 The spectrum Sp(F) coincides with the coequalizer of the diagram

∨
θ : m+→n+

S
×n ∧ F(m+)

1∧F(θ)
//

θ∗∧1
//
∨
k+

S
×k ∧ F(k+) .

Proof Since colimits in Spt, Spc andS∗ are computed pointwise, it suffices to show
that the following diagram

∨
θ : m+→n+

(Si
q)×n ∧ F(m+)(U)q

1∧F(θ)
//

θ∗∧1
//
∨
k+

(Si
q)×k ∧ F(k+)(U)q

f
// F(Si

q)(U)q .

is a coequalizer of sets, for alli, q ≥ 0, wheref is described as follows. A collection
of k ordered elementsxj in Si

q specifies a mapk+ → Si
q, and by applyingF we get a

map (Si
q)×k → Set∗(F(k+)(U)q, F(Si

q)(U)q). Take the adjoint of this and sum overk+

to get f . We omit the straightforward element chase.

Proposition 4.5 The functors

Sp :Γ Spc⇄ Spt :Φ

constitute an adjoint pair. Furthermore, this adjunction can be extended to a Spc-
adjunction

SpcHomSpt(Sp(F), E) ∼= SpcHomΓ Spc(F,Φ(E)) .

Proof First note that we have an adjunction

(4–2) Spt(X ∧ E, F) ∼= Spc(X, SpcHom(E, F))

whereX is a space andE, F are spectra. Now take the coequalizer in Lemma4.4and
apply the functor Spt(−, E) and the isomorphism4–2. The result is that Spt(Sp(F), E)
is the equalizer of

∏
θ : m+→n+

Spc(F(m+), SpcHom(S×n, E))
∏
k+

Spc(F(k+), SpcHom(S×k, E)) .oo
oo

Any map Sp(F) → E thus corresponds to a collection of maps

F(k+) → SpcHom(S×k, E) = Φ(E)(n+)

natural ink+ , i.e., a map ofΓ-spacesF → Φ(E).

Proposition 4.6 The functor Sp preserves cofibrations.
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Proof It suffices to consider generating cofibrations inΓ Spc. LetX ∧ Γn → Y∧ Γn

be a generating cofibration, whereX → Y is a cofibration of spaces. By Lemma4.3
we need to show that

X ∧ Sp(Γn) → Y∧ Sp(Γn)

is a cofibration of spectra, but this is immediate since Sp(Γn) = S
×n is a cofibrant

spectrum and Spt is a Spc-model category.

Definition 4.7 A Γ-spaceF is specialif the maps

F(n+) → F(1+) × · · · × F(1+)

induced by then usual projections fromn+ to 1+ are weak equivalences for alln ≥ 1.
If, in addition, the map

F(2+) → F(1+) × F(1+)

induced by a projection and the fold map is a weak equivalence, thenF is very special.

Note that whenF is special the maps

F(1+) × F(1+) F(2+)∼oo ∇ // F(1+)

induce a commutative monoid structure on the sheafπ0(F(1+)). If F is very special,
thenπ0(F(1+)) is in fact a sheaf of abelian groups.

Proposition 4.8 The functor Sp sends very special Γ-spaces to Ω-spectra. The

functor Φ sends fibrant spectra to strictly fibrant very special Γ-spaces.

Proof Let F be a very specialΓ-space, and letF → Ff be a strictly fibrant replace-
ment. SinceF̄(Sn) → F̄f (Sn) is a strict equivalence of simplicial spaces, the induced
mapdF̄(Sn) → dF̄f (Sn) of spaces is a local equivalence by Proposition6.1. We need
to show that the mapdF̄f (Sn) → Ωf dF̄f (Sn+1) is a local weak equivalence. SinceF is
very special, so isFf , and in fact the maps

Ff (n
+) → Ff (1+) × · · · × Ff (1+)

and
Ff (2+) → Ff (1+) × Ff (1+)

are sectionwise equivalences by Proposition1.6 since eachFf (n+) is fibrant. Thus
Ff (U) is a very specialΓ-space in the classical sense, for eachU ∈ C , and by [4, 4.2]
each mapdF̄f (U)(Sn) → Ωf dF̄f (U)(Sn+1) is a weak equivalence of simplicial sets.
This implies in particular thatdF̄f (Sn) → Ωf dF̄f (Sn+1) is a local weak equivalence.
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For the second statement, letE be a fibrant spectrum. The canonical stable equivalence
S∨ · · · ∨S → S× · · ·×S has cofibrant domain and codomain, hence the induced map

SpcHom(S×n, E) → SpcHom(S∨n, E) ∼= SpcHom(S, E)×n

is a local weak equivalence, i.e.,Φ(E) is special. Similarly, the mapS ∨ S → S × S

induced by an inclusion and the diagonal map is a stable equivalence, soΦ(E) is very
special.

Definition 4.9 The n-th homotopy sheafπn(F) of a Γ-spaceF is then-th homotopy
sheaf of the associated spectrum Sp(F). We write π∗(F) for the Z-graded abelian
sheaf⊕n πn(F).

Note that the sheafπn(F) is isomorphic to the sheaf associated to the presheaf given
sectionwise asπn(F(U)), for U ∈ C , whereπn(F(U)) is the homotopy group of the
classicalΓ-spaceF(U) as defined in [20, §1].

Definition 4.10 A map F → G in Γ Spc is a

• stable equivalenceif the induced mapπ∗(F) → π∗(G) is an isomorphism.

• stable fibrationif it has the right lifting property with respect to the maps that
are both cofibrations and stable equivalences.

Recall that a spectrumE is called connective ifπn(E) = 0 for n < 0. Since the
k-simplices of∆n/∂∆n for k < n consist of the basepoint only, and since∆n/∂∆n

is weakly equivalent toSn, it follows from Proposition4.2 that dF̄(Sn) is (n − 1)-
connected, and that Sp(F) is a connective spectrum.

Lemma 4.11 The following holds for the adjunction in Proposition 4.5.

(1) The composition F → Φ(Sp(F)) → Φ(Sp(F)f ) of the unit map and Φ applied to

a fibrant replacement of Sp(F), is a strict weak equivalence for special Γ-spaces

F .

(2) When E is a fibrant spectrum, the counit map Sp(Φ(E)) → E induces isomor-

phisms πn(Sp(Φ(E))) → πn(E) for all n ≥ 0. In particular Sp(Φ(E)) → E is a

stable equivalence when E is a fibrant connective spectrum.
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Proof Let F be special. The commutative diagram

F(n+) //

∼

��

SpcHom(S×n, Sp(F)f )

∼

��
F(1+)×n

∼

��

SpcHom(S∨n, Sp(F)f )

∼=

��
(Sp(F)0

f )×n ∼= // SpcHom(S, Sp(F)f )×n

shows that the top map is a local weak equivalence for eachn ≥ 0.

WhenE is a fibrant spectrum,πn(E) ∼= πn(E0) for all n ≥ 0, so the second statement of
the lemma is reduced to the statement that Sp(Φ(E))0 → E0 is a local weak equivalence
of spaces. But this map coincides with the canonical weak equivalence

Sp(Φ(E))0
= (ΦE)(1+) = SpcHomSpt(S, E) → E0 .

We let Ho(Spt)≥0 denote the full subcategory of Ho(Spt) consisting of the connective
spectra.

Theorem 4.12 The category Γ Spc with the classes of stable equivalences, cofibra-

tions and stable fibrations is a cofibrantly generated left proper Spc-model category,

such that the functor pair in Proposition 4.5 induces an equivalence of categories

L Sp : Ho(Γ Spc)≃ Ho(Spt)≥0 : RΦ .

The stably fibrant objects in Γ Spcare the very special Γ-spaces that are also strictly

fibrant. A strict fibration of stably fibrant Γ-spaces is necessarily a stable fibration. A

stable equivalence between stably fibrant Γ-spaces is a strict equivalence.

Proof Let Σ be the set of maps consisting of

Γ
1 ∨ · · · ∨ Γ

1 → Γ
n

for all n ≥ 1, and the shear map

Γ
1 ∨ Γ

1 → Γ
2 .

These morphisms are induced by the same morphisms inΓ as in Definition4.7, and
corepresent the morphisms displayed there. Since the strict model structure onΓ Spc is
combinatorial, left proper and enriched over Spc, we can apply enriched left Bousfield
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localization (see Theorem6.4) with respect toΣ to obtain a new combinatorial and
left proper model structure onΓ Spc. For the remainder of this proof we will refer to
this model structure as the “localized model structure.”

The localized fibrant objects are given by theΣ-local objects. AΓ-spaceH is Σ-local
if and only if it is strictly fibrant and the maps

SpcHom(Γn, H) → SpcHom(Γ1 ∨ · · · ∨ Γ
1, H)

and

SpcHom(Γ2, H) → SpcHom(Γ1 ∨ Γ
1, H)

are weak equivalences of spaces, forn ≥ 1. Composing with the isomorphism

SpcHom(Γ1 ∨ · · · ∨ Γ
1, H) → SpcHom(Γ1, H) × · · · × SpcHom(Γ1, H)

and using the isomorphism (1) in Lemma2.2, it is clear that theΣ-local objects coincide
with the strictly fibrant very specialΓ-spaces.

The localized weak equivalences are defined to be those mapsf : F → G that have
a cofibrant replacementfc : Fc → Gc (in the strict model structure) that induces local
weak equivalences

SpcHom(Gc, H) → SpcHom(Fc, H)

of spaces for allΣ-local H . We have to identify the localized weak equivalences with
the stable equivalences.

Consider the following diagram

(4–3) SpcHom(Gc,Φ(E))
∼= //

f ∗c
��

SpcHom(Sp(Gc), E)

Sp(fc)∗

��
SpcHom(Fc,Φ(E))

∼= // SpcHom(Sp(Fc), E)

where the horizontal maps come from the simplicial version of the adjunction in
Proposition4.5. Note that Sp(fc) is a map between cofibrant objects by4.6. Since
Spt is a simplicial model category, Sp(fc) : Sp(Fc) → Sp(Gc) is a stable equivalence
of spectra if and only if Sp(fc)∗ is a weak equivalence of simplicial sets for all fibrant
spectraE. It follows that fc is a stable equivalence ofΓ-spaces if and only iff ∗c is
a weak equivalence for all fibrantE. In particular, a localized weak equivalence is a
stable equivalence since by Proposition4.8we know thatΦ(E) is a Σ-local Γ-space.
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WhenH is a very specialΓ-space the mapH → Φ(Sp(H)f ) is a strict weak equivalence
by 4.11, and hence induces weak equivalences of simplicial sets in the diagram

(4–4) SpcHom(Gc, H) ∼ //

f ∗c
��

SpcHom(Gc,Φ(Sp(H)f ))

f ∗c
��

SpcHom(Fc, H) ∼ // SpcHom(Fc,Φ(Sp(H)f )) .

It follows from 4–3and4–4that a stable equivalence is a localized weak equivalence.

Now that we have identified the localized weak equivalences with the stable equiva-
lences, Sp is a left Quillen functor by4.6since the localization process does not change
the class of cofibrations. The Quillen pair Sp andΦ induces derived adjoint functors
L Sp andRΦ on the homotopy categories ofΓ Spc and Spt, which by4.8 restrict to
functors

L Sp : Ho(Γ Spc)⇄ Ho(Spt)≥0 : RΦ .

To show thatL Sp is an equivalence, it is enough to note that Sp detects weak equiva-
lences, and that the counit map Sp(Φ(E)) → E is a stable equivalence for connective
fibrant spectraE by Lemma4.11.

Proposition 4.13 Smashing with a cofibrant Γ-space preserves stable equivalences.

Proof First note that Hom(C, H) is very special whenC is cofibrant andH is fi-
brant, sinceΓ Spc is a Spc-model category. Letf : F → G be stable equivalence
with cofibrant replacementfc : Fc → Gc, and C a cofibrantΓ-space. We have that
Map(Gc, H) → Map(Fc, H) is a weak equivalence for all fibrantH , so in particular

Map(Gc, Hom(C, H)) → Map(Fc, Hom(C, H))

is a weak equivalence for all cofibrantC and fibrantH . Together with the isomorphism
Map(Fc, Hom(C, H)) ∼= Map(Fc∧C, H) this implies thatfc∧1 is a stable equivalence.
The commutative diagram

Fc ∧ C //

fc∧1
��

F ∧ C

f∧1
��

Gc ∧ C // G∧ C ,

where the horizontal maps are strict weak equivalences by Proposition3.10, implies
that f ∧ 1 is a stable equivalence.
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Lemma 4.14 Let F → G be a monomorphism of Γ-spaces. Then there is an exact

sequence of abelian sheaves

· · · → πn+1(G/F) → πn(F) → πn(G) → πn(G/F) → πn−1(F) → . . . .

Proof This follows from [20, 1.3] by evaluating in sections and applying the exact
sheafification functor.

Proposition 4.15 Pushouts of Γ-spaces preserve monomorphic stable equivalences.

Proof Consider the pushout diagram

F

��

// G

��
F′ // G′

whereF → G is a monomorphic stable equivalence. It follows that the mapF′ → G′

is a monomorphism, and thatG′/F′ ∼= G/F , so by Lemma4.14the mapF′ → G′ is
also a stable equivalence.

Proposition 4.16 The stable model structure on Γ Spc is monoidal when Spc is

monoidal.

Proof The first part of the pushout product axiom is immediate from Proposition3.7.
Given a pushout diagram

Ln(X) ∧ F //

��

Ln(Y) ∧ F

��
Ln(X) ∧ G // P ,

it suffices to check that the induced mapP → Ln(Y) ∧ G is a trivial cofibration
whenX → Y is a generating cofibration of spaces andF → G is a generating trivial
cofibration ofΓ-spaces.

First note that Ln(X) and Ln(Y) are cofibrant. The left vertical map in the pushout
diagram is a monomorphism by2.3, and a stable equivalence by4.13. By Proposition
4.15 the right vertical map is a stable equivalence; the pushout product map is now
seen to be a stable equivalence by the 2-out-of-3 property of stable equivalences.

Proposition 4.17 The stable model structure on Γ Spc satisfies the monoid axiom

when Spc is monoidal.
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Proof Let F → G be a trivial cofibration and letH be aΓ-space. The induced map
F∧H → G∧H is a monomorphism by2.3, and we claim that the cofibre (G/F)∧H is
stably contractible, which by4.14implies thatF∧H → G∧H is a stable equivalence.
First take a cofibrant replacementHc → H . Since∗ → G/F is a stable equivalence,
(G/F) ∧ Hc is stably contractible by4.13, and also stably equivalent to (G/F) ∧ H ,
which proves the claim.

By Proposition4.15, it remains to show that a transfinite composition of stable equiv-
alences is a stable equivalence. Note first that homotopy groups ofΓ-spaces commute
with filtered colimits, since this is true for spectra of simplicial sets and sheafification is
exact. A transfinite compositionF0 → colimα Fα , where eachFα → Fα+1 is a stable
equivalence, induces an isomorphismπ∗F0 → colimα π∗(Fα) ∼= π∗(colimα Fα).

A symmetric spectrum is a spectrumE with a Σn-action on eachEn such that the
iterated structure maps

Sm ∧ En → Sm−1 ∧ E1+n → · · · → Em+n

are Σm × Σn-equivariant, whereΣm × Σn is identified with a subgroup ofΣm+n in
the usual way. Morphisms of symmetric spectra are morphisms of spectra that are
equivariant at each level. We denote the category of symmetric spectra by SptΣ .

Let U : SptΣ → Spt denote the forgetful functor, which is right adjoint to a “free
symmetric spectrum” functorF : Spt → SptΣ . A map f : E → F of symmetric
spectra is a fibration ifU(f ) : U(E) → U(F) is a fibration of spectra. There are simplicial
mapping spaces of symmetric spectra, and weak equivalences of symmetric spectra
are those mapsf which induce weak equivalences of simplicial sets Map(F, H) →

Map(E, H) for all fibrant symmetric spectraH . If U(f ) is a stable equivalence of
spectra, thenf is a weak equivalence of symmetric spectra, but the converse is not true.

The following theorem is a special case of a result by Hovey [10, 8.7].

Theorem 4.18 With the above definitions of fibrations and stable equivalences SptΣ

is a cofibrantly generated proper Spc-model category, such that

F : Spt⇄ SptΣ : U

defines a Quillen equivalence.

As theΣn-action onSn induces an action ondF̄(Sn), the functor Sp factors through
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the category of symmetric spectra in the sense that we have a commutative diagram

Γ Spc
Sp

//

SpΣ ##HH
HH

HH
HH

H
Spt

SptΣ .

U

<<yyyyyyyy

Proposition 4.19 The functor SpΣ is lax monoidal.

Proof The corresponding functor for classicalΓ-spaces (which we also denote Sp) is
lax monoidal by [19, 3.3]. We can apply this functor sectionwise and conclude, using
the fact that Sp(F)(U) = Sp(F(U)), for a Γ-spaceF andU ∈ C .

Note that SpΣ is not strong monoidal since SpΣ(Γm∧Γn) = SpΣ(Γmn) = S
×mn, while

SpΣ(Γm)∧SpΣ(Γn) = S
×m∧S

×n. Nor is SpΣ a left Quillen functor, as SpΣ(Γn) = S
×n

is not a cofibrant symmetric spectrum whenn ≥ 2.

5 Algebras and modules

A Γ-ring is a monoid in the category ofΓ-spaces, i.e., aΓ-spaceR equipped with a unit
mapS → R and a multiplication mapR∧R→ R making the usual diagrams commute
(see e.g. Mac Lane [18, VII.3].) Given a Γ-ring R, we can consider the category
of modules overR. A left R-module is aΓ-spaceM with an actionR∧ M → M ,
again making certain obvious diagrams commute, and maps ofR-modules are maps
of Γ-spaces that respect the action. We letΓ ModR denote the category of leftR-
modules. Given a commutativeΓ-ring R, we have the category of algebras overR.
An R-algebra is a monoid in the category ofR-modules, and maps ofR-algebras are
maps ofR-modules respecting the monoid structure. LetΓ AlgR denote the category
of R-algebras.

SinceΓ Spc satisfies the monoid axiom, we can apply [21, 4.1] and immediately get
model structures on the categories of modules and algebras over a monoid. Here we
are assuming the stable model structure onΓ Spc. Of course, the result is also true for
the strict model structure.

Theorem 5.1 Suppose the model structure on Spcis monoidal, and let R be a Γ-ring.

(1) The category Γ ModR inherits a cofibrantly generated model structure from

Γ Spc, which is monoidal and satisfies the monoid axiom if R is commutative.
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(2) If R is commutative the category Γ AlgR inherits a cofibrantly generated model

structure from Γ Spc, and every cofibrant R-algebra is also cofibrant as an

R-module.

The model structures in Theorem5.1 are created by forgetful functors: a mapf of
R-modules is a weak equivalence (fibration) if and only if its imageU(f ) under the
forgetful functorU : Γ ModR → Γ Spc is a weak equivalence (fibration). Similarly for
R-algebras.

As an application we now establish some results about the Eilenberg-Mac LaneΓ-
spaces, and the correspondence with presheaves of simplicial abelian groups and rings.
The following are the presheaf versions of results in Schwede [20]. Let sAbPre be
the category of presheaves of simplicial abelian groups, which is symmetric monoidal
under sectionwise tensor product. For a monoidA in sAbPre let sModPreA be the
category ofA-modules, and for a commutative monoidB let sAlgPreB be the category
of B-algebras. A map in sAbPre is a weak equivalence (fibration) if the underlying map
of spaces is a local weak equivalence (fibration.) In the same way, weak equivalences
and fibrations in sModPreA and sAlgPreB are defined on the underlying spaces.

Theorem 5.2 With the above definitions of weak equivalences and fibrations, the

category sAbPreis a cofibrantly generated model category, with generating cofibrations

Z(I ) and generating trivial cofibrations Z(J). If Spc is monoidal, the categories

sModPreA and sAlgPreB are cofibrantly generated model categories as well.

Proof The category sAbPre is bicomplete, and the rectract and 2-out-of-3 axiom
follow immediately; we have to prove the second half of the lifting axiom and the
factorization axiom. These follow by a standard argument involving (a transfinite
version of) Quillen’s small object argument.

Let
Z : Spc⇄ sAbPre :U

be the adjoint pair consisting of the free simplicial abelian presheaf functorZ and the
forgetful functorU . First note that maps inZ(I ) are cofibrations in sAbPre, since by
adjointness lifts in diagrams of the form

Z(A) //

��

X

��
Z(B) // Y
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are in a one-to-one correspondance with lifts in diagrams of the form

A //

��

U(X)

��
B // U(Y) .

Also, maps inZ(J) are trivial cofibrations since by [15, 2.1] the functorZ preserves
weak equivalences.

For the factorization axiom, letf : X → Y be a map in sAbPre. By [9, 2.1.14] the map
f can be factored asf = p◦ i , wherei is in Z(I )-cell andp has the right lifting property
with respect to maps inZ(I ). Since cofibrations in sAbPre are defined by a left lifting
property, maps inZ(I )-cell are cofibrations and in particulari is a cofibration. By
adjointnessU(p) has the right lifting property with respect to maps inI , so U(p) is
a trivial fibration in Spc and hencep is a trivial fibration in sAbPre. The other half
of the factorization axiom is proved in a similar way, once we know that maps in
Z(J)-cell are trivial cofibrations in sAbPre. But this follows from the fact that a map
in Z(J)-cell has the left lifting property with respect to fibrations, since it will then be
a weak equivalence in Spc, and a cofibration in sAbPre.

The last lifting axiom follows, since now we can factor each trivial cofibrationi as a
map j in Z(J)-cell followed by a trivial fibrationp. There is a lift in the diagram

A

i
��

j
// C

p

��
B // B

which shows thati is a retract ofj . Maps inZ(J) have the left lifting property with
respect to fibrations, and this is also true for maps inZ(J)-cell. Sincei is a retract ofj
we conclude that it has the required lifting property.

The model structures for sModPreA and sAlgPreB follow from [21, 4.1].

Let A be a presheaf of simplicial abelian groups. The Eilenberg-Mac LaneΓ-space
HA associated toA is defined as follows. For eachn+ in Γ let HA(n+) = A×n, and
for each mapf : n+ → m+ let the induced mapHA(n+) → HA(m+) be defined by

(a1, . . . , an) 7→ (
∑

f (i)=1

ai , . . . ,
∑

f (i)=m

ai)

in each section. A map of simplicial abelian presheavesA → B induces a map of
Γ-spacesHA → HB. Note thatHA is very special, and its associated spectrum is
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a generalized Eilenberg-Mac Lane spectrum forA since πn(HA) = πn(HA(1+)) =

πn(A).

A functor L in the opposite direction is described as follows. LetF be aΓ-space, and
consider the map

(5–1) p1∗ + p2∗ −∇∗ : Z̃F(2+) → Z̃F(1+) ,

wherep1 and p2 are the two projections 2+ → 1+ in Γ, ∇ is the fold map, and̃Z
denotes the reduced free simplicial abelian presheaf associated to a space. The value
of L on F is now defined to be the cokernel of5–1.

The following result is just a sectionwise application of [20, 1.2].

Lemma 5.3 The functor L is strong symmetric monoidal, while H is lax symmetric

monoidal. There is an adjunction

L : Γ Spc⇄ sAbPre :H .

Both L and H preserve modules, rings, and commutative rings. Let A be a presheaf

of simplicial rings and B be a presheaf of commutative simplicial rings. The functors

L and H induce adjunctions

L : Γ ModHA ⇄ sModPreA : H

L : Γ AlgHB ⇄ sAlgPreB : H .

Lemma 5.4 All three adjunctions in Lemma 5.3 are Quillen adjunctions.

Proof Let us consider the first adjunction, the result for the other two follows by the
same argument. Since trivial fibrations of spaces are closed under finite products,H
takes trivial fibrations of simplicial abelian presheaves to strictly trivial fibrations of
Γ-spaces, which coincide with the stably trivial fibrations ofΓ-spaces.

The functorH also takes fibrations of simplicial abelian presheaves to strict fibrations
of Γ-spaces between stably fibrantΓ-spaces, which coincide with stable fibrations
between stably fibrantΓ-spaces.

Theorem 5.5 Let A be a presheaf of simplical rings. Then the adjoint functors H and

L constitute a Quillen equivalence between the categories of presheaves of simplicial

A-modules and HA-modules.
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Proof The following proof is an adaption of Schwede’s argument given in [20,
4.2]. The functorH preserves weak equivalences, and detects weak equivalences
since a stable equivalenceHM → HN is a strict equivalence, and in particular
M = HM(1+) → HN(1+) = N is a local weak equivalence. It remains to show
that for every cofibrantHA-moduleM the unit mapM → HL(M) is a stable equiva-
lence.

We first considerΓ-spaces of the formHA∧X, whereX is a space, and we claim that
the presheaf mapπp

∗(HA∧X) → πp
∗(HL(HA∧X)) is a sectionwise isomorphism. After

evaluating in sections we are led to consider the mapπ∗(HA(U) ∧ K) → π∗(HL(HA∧

K)(U)) as a natural transformation of functors of the simplicial setK . But this is
easily seen to be an isomorphism for the caseK = S0, and both functors are homology
theories with coefficients inA, since L(HA ∧ K)(U) is just the freeA(U)-module
generated byK . Thus the map is an isomorphism for allK and in particular forX(U).

The mapΓ1∧n+ → Γn induced by then projectionsn+ → 1+ is a stable equivalence,
since the induced map of spectra is just the canonical inclusionS

∨n → S
×n. This

implies thatF ∧ n+ ∼= F ∧ Γ1 ∧ n+ is stably equivalent toF ∧ Γn for all Γ-spacesF .
The composite functorHL preserves weak equivalences between cofibrant objects, so
the unit map ofHA∧ X ∧ Γn is a stable equivalence by the case already proved.

Let M be a cofibrantHA-module, i.e., a retract of a colimit colimα<γ Mα , whereγ

is an ordinal and the mapsMα → Mα+1 are pushouts of generating cofibrations in
Γ ModHA. The generating cofibrations inΓ ModHA are of the form

HA∧ X ∧ Γ
n → HA∧ Y∧ Γ

n ,

whereX → Y is a (generating) cofibration of spaces. If we have a pushout diagram of
the form

HA∧ X ∧ Γn //

��

Mα

��
HA∧ Y∧ Γn // Mα+1

and assume that the mapMα → HL(Mα) is a stable equivalence, we can use the first part
and the gluing lemma (see e.g. [7, II.8.12]) to show that the mapMα+1 → HL(Mα+1)
is a stable equivalence. Now the induced map

colim
α<γ

Mα → colim
α<γ

HL(Mα)

is a stable equivalence, and colimHL(Mα) is stably equivalent toHL(colimMα) since
L preserves colimits and

π∗(colimHAα) ∼= colimπ∗(HAα) ∼= colimπ∗(Aα) ∼= π∗(colimAα) ∼= π∗H(colimAα) .
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Finally, sinceM is a retract of colimMα , the unit mapM → HL(M) is also a stable
equivalence.

Theorem 5.6 Let B be a presheaf of commutative simplical rings. Then the adjoint

functors H and L are a Quillen equivalence between the categories of presheaves of

simplicial B-algebras and HB-algebras.

Proof Since every cofibrantHB-algebra is cofibrant as anHB-module, the proof of
Theorem5.5applies.

6 Appendix

6.1 Simplicial spaces

Given a simplicial spaceX, i.e., a bisimplicial presheaf, we obtain a spaceXm,∗ by
fixing the first simplicial degreem. We say that a mapX → Y is a strict equivalence
if Xm,∗ → Ym,∗ is a local weak equivalence for allm.

Proposition 6.1 Let X → Y be a strict equivalence of simplicial spaces. Then the

induced diagonal map dX → dY is a local weak equivalence of spaces.

Proof The result only depends on the weak equivalences on simplicial presheaves, so
we are free to choose the local injective model structure where every object is cofibrant.
Now the proof in [7, IV.1.7] for bisimplicial sets carries over, mutatis mutandis.

6.2 Enriched left Bousfield localization

Here we summarize the theory of enriched left Bousfield localization as developed in
Barwick [2]. We will ignore the set-theoretic details that appear in these statements;
they are treated carefully in Barwick’s paper.

Definition 6.2 Let V be a symmetric monoidal model category andM a V -model
category. SupposeΣ is a set of morphisms inM. A left Bousfield localization of
M with respect toΣ enriched overV is aV -model categoryLΣ/VM, equipped with
a left QuillenV -functorM → LΣ/VM that is initial among left QuillenV -functors
L : M → N to V -model categoriesN such thatLf is a weak equivalence inN for
all f in Σ.
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Definition 6.3 Let V , M andΣ be as in Definition6.2.

• An objectZ in M is Σ/V -local if it is fibrant, and for any morphismA → B in
Σ the morphism

VHom(Bc, Z) → VHom(Ac, Z)

is a weak equivalence inV .

• A morphismA → B in M is a Σ/V -local equivalenceif for any Σ/V -local
objectZ in M, the morphism

VHom(Bc, Z) → VHom(Ac, Z)

is a weak equivalence inV .

The following result is proved in [2, 3.18].

Theorem 6.4 Suppose that V is a combinatorial monoidal model category and M is

a left proper and combinatorial V -model category. Suppose further that the generating

cofibrations and generating trivial cofibrations in V and M all have cofibrant domains.

Let Σ be a set of morphisms in M. Then the left Bousfield localization of M with

respect to Σ enriched over V exists, and it has the following properties.

• As a category, LΣ/VM is just M.

• The model category LΣ/VM is combinatorial and left proper.

• The cofibrations in LΣ/VM are the same as those of M.

• The fibrant objects in LΣ/VM are the fibrant Σ/V -local objects in M.

• The weak equivalences in LΣ/VM are the Σ/V -local equivalences.
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Homology operations inTC(∗; p)

HÅKON SCHAD BERGSAKER

JOHN ROGNES

Introduction

Let A(∗) = K(S) denote Waldhausen’s algebraicK -theory of a point [20]. It is a
commutativeS-algebra, and the algebraicK -theory A(X) of any spaceX, and more
generally the algebraicK -theoryK(R) of anyS-algebraR, is a module spectrum over
it [7]. Hence it makes sense to carefully study the commutativeS-algebra structure
of A(∗), or equivalently its structure as anE∞ ring spectrum. To the eyes of modp
homology, the primary incarnation of this structure is the Pontryagin algebra structure
on H∗(A(∗)) = H∗(A(∗); Fp), together with the multiplicative Dyer–Lashof operations
Qi : H∗(A(∗)) → H∗+i(A(∗)) [2].

The additive structure ofH∗(A(∗)) is known forp = 2 [16], and for p an odd regular
prime [17], but at present the Pontryagin product and Dyer–Lashof operations are not
known for this E∞ ring spectrum. There is, however, a very good approximation
to Waldhausen’s algebraicK -theory, given by the cyclotomic trace map to the topo-
logical cyclic homology of B̈okstedt, Hsiang and Madsen [1]. This is a natural map
trc : K(R) → TC(R; p), which we write astrc : A(∗) → TC(∗; p) in the special case
whenR = S, whereTC(∗; p) = TC(S; p) is the topological cyclic homology of a point.
By [5], there is a homotopy cartesian square

A(∗) //

trc
��

K(Z)

trc
��

TC(∗; p) // TC(Z; p)

(afterp-adic completion) of commutativeS-algebras [9, Sect. 6], and this square is the
basis for our additive understanding ofH∗(A(∗)).

We are therefore led to study the commutativeS-algebra structure ofTC(∗; p), in-
cluding the Pontryagin algebra structure and the Dyer–Lashof operations on its modp
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homology. Like in the case of algebraicK -theory, the topological cyclic homology
TC(X; p) of any space, and more generally, the topological cyclic homologyTC(R; p)
of any S-algebra, is a module spectrum overTC(∗; p), and this provides a second mo-
tivation for the study ofTC(∗; p). In the present paper, we determine the Dyer–Lashof
operations inH∗(TC(∗; p)) in the case whenp = 2, as explained in the Theorem and
Corollary below.

A third motivation stems from ideas of Jack Morava (unpublished), to the effect that
there may be a spectral enrichment of the algebro-geometric category of mixed Tate
motives, given byA-theoretic [21] or TC-theoretic [6] correspondences, followed by
stabilization. The trace mapA(∗) → TC(∗; p) → THH(∗) = S defines a fiber functor
to the category ofS-modules, with Tannakian automorphism group realized through
its Hopf algebra of functions, which will be of the formS ∧A(∗) S or S ∧TC(∗;p) S.
Rationally, this is well compatible with Deligne’s results on the Tannakian group of
mixed Tate motives over the integers [4]. A calculational analysis of the commutative
S-algebrasS∧A(∗) S or S∧TC(∗;p) S clearly depends heavily on a proper understanding
of the commutativeS-algebra structures ofA(∗) andTC(∗; p).

The spectrumTC(∗; p) is given as the homotopy inverse limit of a diagram

. . .
R //
F

// S
Cpn+1

R //
F

// SCpn
R //
F

// . . .
R //
F

// SCp
R //
F

// S

where the maps labeledR are restriction maps, and the maps labeledF are Frobenius
maps. See [1], [10] for the construction of these maps. The fixed point spectra
S

Cpn have naturalE∞ ring structures, and induce anE∞ ring structure onTC(∗; p).
Similarly, let TC(1)(∗; p) denote the homotopy limit of the subdiagram

S
Cp

R //
F

// S ,

i.e., the homotopy equalizer ofR andF . The canonical maps

TC(∗; p) // TC(1)(∗; p) //
S

Cp

are maps ofE∞ ring spectra, and afterp-completion the unitS splits off to give the
following additively equivalent pair of maps.

(1) S ∨ ΣCP∞
−1

1∨f // S ∨ L∞
−1

1∨g // S ∨ Σ∞(BCp)+

HereCP∞
−1 denotes the Thom spectrum of the negative canonical complex line bundle

−γ1
C

over CP∞ . The suspensionΣCP∞
−1 is equivalent to the homotopy fiber of the

S1-transfer mapΣ∞ΣCP∞
+ → S. See [12, 2.9]. We define the spectrumL∞

−1 to be the
homotopy fiber of theCp-transferΣ∞(BCp)+ → S. Forp = 2, there is an equivalence
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L∞
−1 ≃ RP∞

−1, whereRP∞
−1 is the Thom spectrum of the negative canonical real line

bundle−γ1
R

over RP∞ .

The homology groups of the spectra occurring in (1) are well known:

H∗(ΣCP∞
−1) ∼= Fp{Σβk | k ≥ −1}

H∗(L
∞
−1) ∼= Fp{αk | k ≥ −1}

H∗(Σ
∞(BCp)+) ∼= Fp{αk | k ≥ 0}

HereΣβk has degree 2k + 1 andαk has degreek. Applying homology to (1) results
in the following sequence.

(2) H∗(S) ⊕ H∗(ΣCP∞
−1)

1⊕f∗ // H∗(S) ⊕ H∗(L∞
−1)

1⊕g∗ // H∗(S) ⊕ H∗(Σ∞(BCp)+)

The homomorphismf∗ sendsΣβk to α2k+1 and g∗ is the identity onαj for j ≥ 0.
From this it follows that the Pontryagin product onH∗(TC(∗; p)) is trivial.

We now state our main result, which concerns the Dyer–Lashof operations in the
mod p spectrum homologyH∗(TC(∗; p)) for p = 2. The calculations will be done in
the auxiliaryE∞ ring spectraSC2 andTC(1)(∗; 2).

Theorem The Dyer–Lashof operations Qi in H∗(TC(1)(∗; 2)) and H∗(SC2) are given

by the formula

Qi(αj) =

(

2N + i − 1
2N + j

)

αi+j ,

where j ≥ −1 and i is any integer, and N is sufficiently large.

Using (2) the theorem immediately implies the following result.

Corollary The Dyer–Lashof operations Q2i in H∗(TC(∗; 2)) are given by the formula

Q2i(Σβj) =

(

2N + i − 1
2N + j

)

Σβi+j ,

where j ≥ −1 and i is any integer, and N is sufficiently large. The operations Q2i+1

are all zero for degree reasons.

Note that the binomial coefficients used in the Theorem and Corollary can be evaluated
to

(

2N + i − 1
2N + j

)

≡















(i−1
j

)

for i > j ≥ 0

1 for (i, j) = (0,−1)

0 otherwise

modulo 2, for all sufficiently largeN.
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1 Algebraic K -theory of finite G-sets

In this section we will compare the algebraicK -theory spectrum of finiteG-sets with
the G-fixed points of the sphere spectrum, as structured ring spectra. Before we state
the result we recall some of the definitions involved.

The K -theory construction we use is that of Elmendorf and Mandell [8]. When the
input category is a bipermutative categoryC , their machine produces a symmetric
spectrumK(C) with an action of the simplicial Barratt–Eccles operad. We will use
the same notation for the geometrically realized symmetric spectrum in topological
spaces, which has an action

κj : EΣj ⋉Σj K(C)∧j → K(C)

of the operadEΣ consisting of the contractibleΣj -free spacesEΣj . As usual,EΣj can
be defined as the nerveNΣ̃j of the translation categorỹΣj , for j ≥ 0. TheK -theory
construction itself is somewhat involved, but all we need to know is that the zeroth
spaceK(C)0 is the nerveNC of C , so the zeroth space ofEΣj ⋉Σj K(C)∧j is the nerve of
Σ̃j ⋉C j , and the action ofEΣ on K(C)0 is given by the mapsλj : EΣj ⋉Σj NC∧j → NC

that are induced by the functors taking an object (σ; a1, . . . ,aj) in Σ̃j ⋉C j to the object
aσ−1(1) ⊗ · · · ⊗ aσ−1(j) in C (see [8, Sect. 8]). Here⊗ denotes the product in the
bipermutative structure onC . Hence there is a commutative diagram

EΣj ⋉Σj K(C)∧j κj // K(C)

EΣj ⋉Σj (Σ∞NC)∧j ∼= //

OO

Σ∞(EΣj ⋉Σj NC∧j)
Σ∞λj // Σ∞NC

OO

for eachj ≥ 0.

Let G be a finite group, and letEG denote the category of finiteG-sets andG-
equivariant bijections. This is a symmetric bimonoidal category under disjoint union
and cartesian product, taking (X,Y) to X

∐

Y andX×Y, respectively. We giveX×Y
the diagonalG-action. There is a functorially defined bipermutative categoryΦEG,
and a natural equivalenceEG → ΦEG [15, VI.3.5]. It follows that there is a homotopy
commutative diagram

(3) EΣj ⋉Σj K(ΦEG)∧j κj // K(ΦEG)

EΣj ⋉Σj (Σ∞NEG)∧j ∼= //

1⋉ǫ∧j

OO

Σ∞(EΣj ⋉Σj (NEG)∧j)
Σ∞λj //

Σ∞NEG

ǫ

OO
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for eachj ≥ 0, where
λj : EΣj ⋉Σj (NEG)∧j → NEG

is induced by the functor̃Σj ⋉ (EG)j → EG that takes (σ; X1, . . . ,Xj) to the cartesian
product

Xσ−1(1) × (Xσ−1(2) × · · · × (Xσ−1(j−1) × Xσ−1(j)) . . . ) .

Let U be a completeG-universe, and letL denote the linear isometries operad with
spacesL(j) consisting of linear isometriesU j → U , whereU j denotes the direct sum
of j copies ofU . There is an action ofG on eachL(j) given by conjugation, and this
givesL the structure of anE∞ G-operad in the sense of [13]. The E∞ structure on
the G-equivariant sphere spectrumSG = Σ∞

G S0 is given by an action

ζj : L(j) ⋉Σj S
∧j
G → SG

of this operad (where, for once,⋉ denotes the twisted half-smash product in Lewis–
May spectra). It is compatible with a corresponding action

ωj : L(j) ⋉Σj QG(S0)∧j → QG(S0)

on the underlying infinite loop spaceQG(S0) = Ω∞
SG = colimV⊂U ΩVSV , in the sense

that the following diagram commutes.

(4) L(j) ⋉Σj (Σ∞QG(S0))∧j ∼= //

1⋉ǫ∧j

��

Σ∞(L(j) ⋉Σj QG(S0)∧j)
Σ∞ωj // Σ∞QG(S0)

ǫ

��
L(j) ⋉Σj S

∧j
G

ζj // SG

Hereωj sends an element inL(j) ⋉Σj QG(S0)∧j represented by (f ,g1, . . . ,gj), where
f : U j → U and gi : SVi → SVi , to the element represented by the composite of the
following maps.

Sf (V1⊕···⊕Vj ) SV1⊕···⊕Vj
∼=

f∗oo
g1∧···∧gj // SV1⊕···⊕Vj

∼=

f∗ // Sf (V1⊕···⊕Vj )

By taking G-fixed points we get the non-equivariantE∞ ring spectrumS
G = (SG)G

with an action
ξj : L

G(j) ⋉Σj (SG)∧j → S
G

of the non-equivariant operadLG of G-equivariant isometries. The corresponding
infinite loop spaceΩ∞(SG) is the spaceQG(S0)G = colimV F(SV,SV)G, with the
inheritedLG-action

ηj : L
G(j) ⋉Σj (QG(S0)G)∧j → QG(S0)G .
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Next we recall the definition of the Dyer–Lashof operationsQi . Let C∗(−) denote the
cellular chains functor, from either CW complexes or CW spectra to chain complexes.
Let E be a spectrum with an action of anE∞ operadO , and letW∗ be the standard
free Cp-resolution ofFp with basis elementsei in degreei . There is a chain map
W∗ → C∗(Op) lifting the identity onFp, unique up to homotopy, and we also denote
the image ofei under this map byei . Let x ∈ Hq(E) be represented by a cycle
z∈ Cq(E). Now consider the image of the cycleei ⊗ z⊗p under the map

C∗(Op) ⊗Σp C∗(E)⊗p ∼= // C∗(Op ⋉Σp E∧p)
ξp∗ // C∗(E) ,

and denote its image in homology byQi(x). Hereξp is theE∞ structure map. Then
for p = 2 defineQi(x) = 0 wheni < q, and

Qi(x) = Qi−q(x)

when i ≥ q. For p> 2 defineQi(x) = 0 when 2i < q, and

Qi(x) = (−1)iν(q)Q(2i−q)(p−1)(x)

when 2i ≥ q, whereν(q) = (−1)q(q−1)(p−1)/4((1
2(p− 1))!)q. See [2, Ch. III] for more

details.

The spectraSG andK(ΦEG) should be equivalent asE∞ ring spectra, but we will only
need the following weaker result.

Lemma 1.1 There is an equivalence S
G ≃ K(ΦEG) of spectra such that the induced

isomorphism H∗(SG) ∼= H∗(K(ΦEG)) commutes with the Dyer–Lashof operations.

Proof Our first goal is to construct a commutative diagram

(5) EΣj ⋉Σj (NEG)∧j λj // NEG

EΣj ⋉Σj (NEG
tr )∧j //

1⋉φ∧j
55kkkkkkkkkkkkkkk

1⋉ψ∧j

##GGGGGGGGGGGGGGGGGGGGGGGG
(EΣj × LG(j)) ⋉Σj D∧j

U

µj //

≃

��

≃

OO

DU

≃

OO

≃

��

NEG
tr

oo

φ
ccGGGGGGGGGG

ψ

��

































LG(j) ⋉Σj C∧j
U

νj //

��

CU

��
LG(j) ⋉Σj (QG(S0)G)∧j ηj // QG(S0)G .

We start by describing the spaceCU . Let V be an indexing space inU . For each finite
G-setX, consider the spaceEV(X) of X-tuples of distance-reducing embeddings ofV
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in V , closed under the action ofG. More precisely, this is the space ofG-equivariant
maps

∐

X V → V such that the restriction to each summandg: V → V is an embedding
that satisfies|g(v) − g(w)| ≤ |v − w| for all v,w ∈ V . Let KV(X) be the space of
paths [0,1] → EV(X) such that the embeddings at the endpoint 0 are identities, and
the embeddings at 1 have disjoint images. Now let

KU (X) = colim
V

KV(X) ,

where the colimit is taken over all indexing spaces inU . These areG-equivariant
versions of the spaces in the Steiner operad [19]. The group AutG(X) acts onKU (X)
by permuting the embeddings, and the spaceCU is to be the disjoint union

CU =
∐

[X]

KU (X)/AutG(X)

whereX ranges over all isomorphism classes of finiteG-sets.

The action of the operadLG on CU is defined as follows. Letf : U j → U be a
G-linear isometry, and let [gi ],1 ≤ i ≤ j , be elements inCU , represented by paths
of Xi -tuples of embeddingsgi ∈ KU (Xi). Denote the component paths of embeddings
that constitutegi by gi,xi , wherexi ∈ Xi . The resulting elementνj(f ; [g1], . . . , [gj ]) in
CU is represented by an element inKU (X1×· · ·×Xj), which on the summand indexed
by (x1, . . . , xj) is given byf ◦ (g1,x1 × · · · × gj,xj ) ◦ f−1.

There is a mapCU → QG(S0)G, given by evaluating a Steiner path inEV(X) at 1 to
get aG-equivariant embeddinge:

∐

X V → V , and then applying a Pontryagin–Thom
construction to obtain aG-equivariant mapq: SV → SV , which is a point inQG(S0)G.
Given the distance-reducing embeddinge, let SV →

∨

X SV be theG-equivariant map
that is given bye−1 on the image ofe in V ⊂ SV and maps the remainder ofSV

to the base point of
∨

X SV ⊃
∐

X V . Let
∨

X SV → SV be the fold map that is the
identity on each summand. The Pontryagin–Thom constructionq is the composite
of these twoG-maps. If we permute the embeddings indexed byX we get the same
element inQG(S0)G, so our map is well-defined. A comparison of definitions shows
that this construction is compatible with theLG-actions onCU and QG(S0)G, so the
lower square in (5) commutes.

Let
DU =

∐

[X]

(EAutG(X) × KU (X))/AutG(X) ,

where AutG(X) acts diagonally on the product. The nerveNEG splits as a sum of
components

(6) NEG ≃
∐

[X]

BAutG(X) ,
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where the disjoint union is over the isomorphism classes ofG-setsX. Projection on the
first factor inDU followed by this homotopy equivalence gives the mapDU → NEG in
(5), while the mapDU → CU is the projection on the second factor. There is an induced
action of the product operadEΣ × LG on DU , defined as follows. Let (e, f ) ∈ EΣj ×

LG(j) and let (ei , fi) ∈ EAutG(X) × CU (X) represent elements inDU , for 1 ≤ i ≤ j .
The image underµj is the element represented by (λj(e; e1, . . . ,ej), νj(f ; f1, . . . , fj)).
This makes the upper and middle squares in (5) commute.

Let
NEG

tr =
(

∐

(H)

(EAutG(G/H) × KU (G/H))/AutG(G/H)
)

+
,

where the coproduct is taken over the conjugacy classes of subgroupsH of G. The
mapNEG

tr → DU in (5) is the inclusion of the components indexed by the isomorphism
classes of transitiveG-sets.

The mapsφ and ψ are defined by commutativity of the right hand triangles in the
diagram. We claim that the adjoints

Σ
∞NEG

tr → K(EG) ≃ K(ΦEG)(7)

Σ
∞NEG

tr → S
G(8)

of the mapsφ andψ , respectively, are both equivalences. HereK(EG) is the additive
K -theory spectrum ofEG, with zeroth spaceK(EG)0 = NEG, which only depends on
the additive symmetric monoidal structure ofEG. There is an equivalence

Σ
∞NEG

tr ≃
∨

(H)

Σ
∞BWGH+ ,

whereWGH = NGH/H ∼= AutG(G/H) is the Weyl group ofH and the wedge sum
is over the conjugacy classes of subgroups ofG. By Waldhausen’s additivity theorem
[20, 1.3.2] applied to a suitable filtration ofEG according to stabilizer types, there is a
splitting

K(EG) ≃
∨

(H)

K(E(WGH)) ,

whereE(WGH) is the category of freeWGH -sets and equivariant bijections. The map
(7) is equivalent under these identifications to the wedge sum of the maps

(9) Σ
∞BWGH+ → K(E(WGH))

that are left adjoint to the inclusionsBWGH+ → NE(WGH) = K(E(WGH))0.

The Barratt–Priddy–Quillen–Segal theorem [18, 3.6] says that each of the maps (9)
is an equivalence, hence (7) is an equivalence. The map (8) is an equivalence by the
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Segal-tom Dieck splitting [13, V.11.2]. The composition of these two equivalences is
the equivalence referred to in the statement of the lemma.

We apply the suspension spectrum functorΣ∞ to the diagram (5), combine it with
diagram (3) and theG-fixed part of (4), take homology, and end up with the following
commutative diagram.
(10)

H∗(Σj ; H∗(K(ΦEG))⊗j)
κj∗ // H∗(K(ΦEG))

H∗(Σj ; H∗(NEG
tr )⊗j)

∼=

55jjjjjjjjjjjjjjj

∼= ))TTTTTTTTTTTTTTT
// H∗(Σj ; H̃∗(DU )⊗j)

OO

��

µj∗ // H̃∗(DU )

ǫ1

OO

ǫ2

��

H∗(NEG
tr )

∼=

φ∗
ffNNNNNNNNNNN

∼=

ψ∗xxppppppppppp

oo

H∗(Σj ; H∗(SG)⊗j)
ξj∗ // H∗(SG)

We need the fact thatǫ1 and ǫ2 have the same kernel. In fact, all summands in
H̃∗(DU ) indexed byG-sets with more than one orbit map to zero under bothǫ1
and ǫ2. This follows from the fact that Pontryagin products and additive Dyer–
Lashof operations vanish after stabilization. More precisely, a decomposition of a
G-set X =

∐k
i=1 ni(G/Hi), where theHi lie in distinct conjugacy classes, induces a

factorization

BAutG(X) ∼=
k

∏

i=1

B(Σni ≀ WGHi) .

The homology groupH∗(B(Σni ≀ WGHi)) ⊂ H∗(NEG) is generated byH∗(BWGHi)
under iterated Pontryagin products and Dyer–Lashof operations [3, I.4.1], which all
map to zero underǫ1 andǫ2 unlessk = 1 andn1 = 1.

Let x ∈ H∗(K(ΦEG)), and lety ∈ H∗(SG) be the element corresponding tox under
ψ∗ ◦ φ

−1
∗ , via an elementz ∈ H∗(NEG

tr ). We need to show that the imageQi(x) of
ei ⊗ x⊗p under the top map corresponds, via the isomorphism, to the imageQi(y) of
ei ⊗ y⊗p under the bottom map. The elementei ⊗ z⊗p ∈ H∗(Σj ; H∗(NEG

tr )⊗j) maps
to an elementQi(z) ∈ H̃∗(DU ), which further maps toQi(x) and Qi(y) underǫ1 and
ǫ2, respectively. Letw ∈ H∗(NEG

tr ) map toQi(x) underφ∗ . Since the mapsǫ1 and
ǫ2 have the same kernel, the elementsQi(z) and w have the same image inH∗(SG),
which implies the result.



10 H S Bergsaker and J Rognes

2 Proof of the main theorem

Recall theE∞ structure mapsλj : EΣj ⋉Σj (NEG)∧j → NEG. We have inclusions
BAutG(G) → NEG and δ : BAutG(Gj) → NEG, corresponding to the summands
indexed byX = G and X = G×j , respectively, in the decomposition (6) of NEG.
Restrictingλj to these summands, we have a commutative diagram

(11) EΣj ⋉Σj (NEG)∧j λj // NEG

EΣj ⋉Σj BAutG(G)j

OO

∼= // B(Σj ⋉ AutG(G)j)
Bφ // BAutG(Gj) ,

δ

OO

where the homomorphismφ sends an element (σ; f1, . . . , fj) in Σj ⋉ AutG(G)j to the
G-automorphismfσ−1(1) × · · · × fσ−1(j) of Gj .

We writeΣj ≀AutG(G) ∼= Σj ≀G for the wreath productΣj ⋉ AutG(G)j . The freeG-set
Gj splits intok = |G|j−1 orbits, and we fix aG-isomorphismGj ∼=

∐

k G. This induces
an isomorphism AutG(Gj) ∼= AutG(

∐

k G), and we also have AutG(
∐

k G) ∼= Σk ≀ G.
Thus we get a commutative diagram

(12) B(Σj ⋉ AutG(G)j)
Bφ // BAutG(Gj)

B(Σj ≀ G)

∼=

OO

Bφ // B(Σk ≀ G)

∼=

OO

where we also writeφ for the induced homomorphismΣj ≀ G → Σk ≀ G.

Now we specialize to the casep = 2. First we study the Dyer–Lashof operationQ2

on H1(SC), whereC = C2 is the cyclic group of order 2.

Lemma 2.1 The operation Q2 in H∗(SC) satisfies Q2(α1) = α3 .

Proof By Lemma1.1, we may instead computeQ2 in H∗(K(ΦEC)). We let j = 2,
combine diagrams (3), (11) and (12), apply homology, and end up with the upper half
of the diagram

(13) H∗(EΣ2 ⋉Σ2 K(ΦEC)∧2)
κ2∗ // H∗(K(ΦEC))

H∗(B(Σ2 ≀ C))

OO

Bφ∗ // H∗(B(Σ2 ≀ C))

ǫ∗◦δ∗

OO

H∗(B(Σ2 × C))

Bd∗

OO

Bψ∗ // H∗(B(C× C)) .

Bι∗

OO
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The vertical homomorphisms in the lower square are induced by the homomorphism
d = 1×∆ that sends (σ, x) to (σ; x, x), and the inclusionι of the subgroupC×C = C2

in Σ2 ≀ C = Σ2 ⋉ C2. The homomorphismψ is the restriction ofφ to Σ2 × C. It is
easily checked thatψ takes values in the subgroupC × C (sincep = 2) and is given
by ψ(σ, x) = (x, σx), using the description ofφ given after diagram (11). We have
Bψ∗(ei ⊗ 1) = 1⊗ αi and

Bψ∗(1⊗ αj) = ∆∗(αj) =
∑

s+t=j

αs ⊗ αt ,

which combine to give

Bψ∗(ei ⊗ αj) =
∑

s+t=j

αs ⊗ (αi ∗ αt) ,

where∗ denotes the Pontryagin product inH∗(BC) induced by the topological group
multiplication BC× BC→ BC. We recall thatαi ∗ αt =

(i+t
i

)

αi+t .

By [14, 9.1] the mapBd∗ is given by

Bd∗(ei ⊗ αj) =
∑

k

ei+2k−j ⊗ Sqk
∗(αj) ⊗ Sqk

∗(αj) .

Recall thatSqk
∗(αj) =

(j−k
k

)

αj−k , whereSqk
∗ denotes the dual of the Steenrod operation

Sqk . In particularBd∗(e1 ⊗ α2) = e1 ⊗ α1 ⊗ α1, which further maps toQ1(α1) in the
upper right hand corner of (13). But now Q1(α1) is also the image ofe1 ⊗ α2 under
ǫ∗ ◦ δ∗ ◦ Bι∗ ◦ Bψ∗ . Using the description ofBψ∗ above, we see thatQ1(α1) equals

(14)
∑

s+t=2

ǫ∗δ∗(1⊗ αs ⊗ (α1 ∗ αt)) .

The mapǫ∗ vanishes on decomposables with respect to the product inH∗(NEC) induced
by the additive symmetric monoidal structure onEC . The elementδ∗(1⊗αs⊗(α1∗αt))
is the image of

αs ⊗ (α1 ∗ αt) ∈ H∗(BAutC(C) × BAutC(C))

in H∗(BAutC(C
∐

C)) ⊂ H∗(NEC) under the map induced by disjoint union, thus the
only non-zero term in (14) is the one withs = 0 andt = 2, andQ2(α1) = Q1(α1) =

ǫ∗(1⊗ α0 ⊗ (α1 ∗ α2)) = α3.

Proof of Theorem We now turn to the operations inH∗(TC(1)(∗; 2)) = F2⊕H∗(RP∞
−1).

The general formula for theQi will follow from Lemma2.1and the Nishida relations,
which say in particular (see [2, III.1.1]) that

(15) Sqi+j+1
∗ Qi(αj) =

∑

k

(

2N − j − 1
2N − i − 2j − 2 + 2k

)

Qk−j−1Sqk
∗(αj) ,
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whereN is sufficiently large. Whenk ≥ j + 2 the elementSqk
∗(αj) is zero for degree

reasons, and whenk ≤ j the fact thatQk−j−1 vanishes on classes in degree higher than
k − j − 1 implies thatQk−j−1Sqk

∗(αj) = 0. Hence the sum in (15) simplifies to the
single term

Sqi+j+1
∗ Qi(αj) =

(

2N − j − 1
2N − i

)

Q0Sqj+1
∗ (αj)

for k = j + 1, whereN is large.

Bob Bruner has observed that
(

2N − j − 1
2N − i

)

≡

(

2N + i − 1
2N + j

)

mod 2, for largeN. Here is a quick proof. Letxk denote thek’th bit in the binary
expansion of a natural numberx. Then

(2N−j−1
2N−i

)

≡ 1 if and only if (2N − i)k = 1

implies (2N − j − 1)k = 1 for all k, and
(2N+i−1

2N+j

)

≡ 1 if and only if (2N + j)k = 1

implies (2N + i − 1)k = 1 for all k. But for N large compared toi , j and k the bit
(2N − i)k is complementary to (2N + i − 1)k , and (2N − j − 1)k is complementary to
(2N + j)k , so

(2N−j−1
2N−i

)

≡ 1 if and only if
(2N+i−1

2N+j

)

≡ 1.

The operationsSqk
∗ in H∗(RP∞

−1) are given by the formula

Sqk
∗(αj) =

(

j − k
k

)

αj−k .

This follows by the corresponding formula forRP∞ and James periodicity. More
precisely, a theorem of James [11] says that givenm≤ n, there is a positive integerM ,
depending only onn− m, such thatRPn+ℓ

m+ℓ ≃ Σℓ
RPn

m when ℓ is a positive multiple
of 2M . The spaceRPn

m is the stunted projective spaceRPn/RPm−1. If we now define
the spectrumRPn

−1 to be Σ−ℓΣ∞
RPn+ℓ

ℓ−1 for suchℓ (depending onn), we have that
RP∞

−1 = colimn RPn
−1. The Steenrod operations inH∗(RP∞

−1) can now be calculated
from the operations inH∗(RPn+ℓ

ℓ−1), and the stated formula follows by noting that the
relevant binomial coefficients are 2M -periodic in the numerator.

In particularSqj+1
∗ (αj) = α−1 for all j ≥ −1, and we have

Sqi+j+1
∗ Qi(αj) =

(

2N + i − 1
2N + j

)

Q0(α−1) .

If Q0(α−1) were zero, it would follow thatQi(αj) = 0 for all i and j , sinceSqi+j+1
∗ is

an isomorphism to dimension−1. But this contradicts Lemma2.1. HenceQ0(α−1) =

α−1, and the formula stated in the theorem follows.
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