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Additional remarks 1,

In this section we introduce the general concept of a
CWl-complex due to J.H.C., Whitehead. These will play a signi-

ficant role in the sequal.

1.1, Definition. An (open) p-cell is a topological space homeo-

morphic to the standard open p-cell EP - g . A cell

decomposition of a space X is a partition of X into cells.

To avoid exceptions we define EO = {0} and S-1 =g .

Then definition 1.1 is wvalid for p = 0,1,.¢.
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1.2, Definition., A CW-structure on a space X is a cell

decomposition of X with the following properties:

C. Every p-cell e of X admits an homeomorphism
EP - Sp"1 - eP with a continuous extension EP - X
mapping Sp"1 into a finite union of lower dimensional

Cells, p = O,1,ono A

W, A subset F of X is closed if and only if FNne is

closed for every cell e in X ,

A CW-complex 1is a Hausdorff space with a CW-structure.

Remarks., (a) C stands for "closure finite" and W for
"weak topology". These terms go back to J.H.C. Whitehead.,

P

(b) TFor every p-cell e* of a Ci-complex X there is

P homeomorphically onto eP

a map @: EY - X which maps E® - S
Since EP is compact and X is Hausdorff, EP is closed.
Therefore, by the continuity of & , ®E® = &° , Similarly 3
maps sP=1 ¢ E®  onto the boundary ¢&¥ = 8P-eP | By assumption
&P is contained in a finite union of cells of dimensions
strictly smaller than p (except when p = O , in which case
e = e® ana &P = @g). The map wo: EP - X is called a charac-

teristic map for the cell ef , Iixcept for p = 0 it is not

determined by eP ., Por instance if h: E” - EP is a homeomor-
phism, then ns? ' = P! ana so veh is another characteris-

tic map for e |

(¢) In a CW-complex X the closed hull of a p-cell &P

is called a closed p-cell of X ., It is compact since it is the

image of any characteristic map for eP . Therefore if F is

a subset of X , then PFN&? is closed in X if and only if it



is closed in &Y . 1In particular X has the terminal topology
with respect to all inclusions of closed cells or, equivalently,
with respect to all characteristic maps into X . The open sub-
sets of X are precisely those which meet every closed cell €

in an open subset of € ,

(d) The closed cells of X are definitely closed subsets
of X . The open cells, however, are generally not open subsets.,
Safe exceptions are the top dimensional cells when such exist:

If dim X = m and e™ is an m-cell of X s, then e™ is an

open set, To test e™ choose a closed cell 8T and form the

intersection e™ n&t , By property C ét is covered by cells

m =1 i
disjoint from e , hence e®net = e®ne’ which is either

5 s
empty or equal to e~ , an open subset of &l .,

The p-skeleton of a -complex X is the subspace
X -y, et =y, &
i<p i<p

The two unions are equal because the boundary of an i-cell is

already covered by lower dimensional cells. Every skeleton of

xr

£ d1nherits a cellular decomposition which makes it a CW-complex
in its own right. This is immediately clear except perhaps for
the VW-condition on the topology which we check now: Let F

be a subset of XP such that FN&T is closed for every cell
el in XP ., We show that T is in fact closed in X and
therefore in XP , Pick an arbitrary cell e of X and form
FANE . If ecXP , then FNE is closed by assumption. If
e X | then Pne =g and so FN&E =PFNé& . But & is

covered by lower dimensional cells €15 €pseee,€ let

n °?
€45 €5,+++ & be those (if any) which are contained in x*
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which is closed, since by assumption Frﬁéi is closed for
ey © XY ., Thus we have shown that P N8 is always closed for
arbitrary cells e of X . Therefore F 1is a closed subset
of X , since X is a CW-complex, and consequently F is a
closed subset of X with the subspace topology. This demon-
strates the W-property for the subspace topology of x¥  ana
shows that X induces not only a a topology and a cell decom-
position on any skeleton, but a whole integrated CW-structure.
Incidently, the argument above shows that if F c xP  is

a subset which meets every closed cell in X® in a closed set,

then F is closed in X . Applying this to F = X° we get
1,3 Lemma In a CW-complex every skeleton is a closed subset.]]

The sequence

is called the skeleton filtration of X . X is a finite dimen-

sional CW-complex if the skeleton filtration stabilizes, i.e,
if it is of the form

0 1

X~ e X c...cXm:X

The dimension of X is the least integer m such that =X i
equivalently, it is the maximal dimension of the cells of X .

To avoid exceptions we also introduce the empty complex @ , and



we set X—1 =g for any X . The empty complex gets dimension

-1 . DNote that every non-empty CV-complex must have O-cells
because of condition C .
The skeletons actually determine the topology of a CW-com-

plex. We have the following property trivially satisfied,

T.4 Lemma. A CW- complex X has the terminal topology with

respect to all skeletal inclusions XY < X s P =0,1,ee0 1]

If X has only finitely many cells in each dimension, then
the skeletons XP are compact, each skeleton being a finite
union of closed cells. A CW-complex is finite if it has a
finite number of cells altogether. Clearly a finite CW-complex

is compact and finite demensional, The converse is also true.

1.5 Theorem A CW-complex is compact if and only if it is

finite,

Proof. Only the last part needs verification. Suppose X
is a compact CW-complex., Choose one point from each cell, and
let F < X be the set thus obtained, By property C every
closed cell of X contains at most a finite number of elements
of F . Hence F is closed in 7 and so is every subset of
P, i.e. F is a discrete subset of X . Since X is compact,
F is finite,?]

It is time to consider some examples.

1.6. Examples. (a) The sequence

SO = S1 E das & Sn—1 c gt

is the skeleton filtration of a CV-structure on the n-sphere,



In fact &% - Sn-1 is the sum of two n-cells which we denote

eﬁ and e? . Similarly Sn'1 - Sm—2 is the sum of two (n-1)-
n-1 n-1

cells e, and e Repeating this splitting process we

get a finite collection of cells

1
0 eo, e1 . 9...sen R

Le+’ e +9 - +9 _.‘

which forms a cellular partition of S . Moreover, for each

cell ei there is a canonical homeomornhism ET - &1 which
maps the boundary gi-1 identically onto &% = gi=l | Finally
the topology of s" satisfies condition W because if F < s%

is a subset such that FNe is closed for every cell e of
< , then F 1is closed since
=0 , ~=0 . -1 o oA=n " -y
F = (Fr7e+)!!(F ne_)H--au(F{7e+)lJ(b ne_) . This decomposition

is called the regular cell decomposition of g

/
L

(b) Let S ™ be the union of all spheres S% under the
standard inclusions

0 1

S CS C o0 0

The points of S are seguences {Xi}i_1 5 . whose coordi-
= 9 9

nates x, are all O except for a finite number and such that



f’xfz= 1 . A point x = {xi} in S belongs to S% if and
i=1
only if xn+1 = xn+2=---=0 .

We give s™ the terminal topology with respect to all
inclusions S® <8, n =0,1,..., so that a set P c S is

closed if P NS® is closed for all n . Then S~ becomes a
Hausdorff space: If x,y are two points of SQD, then X,y
belong to s® for =n sufficiently large. Let fn be a con-
tinuous real valued function on S" which is 0 on x and 1
on y . By Tietze's theorem there is a continuous extension

. - to Sn+1 . Continuing the extension we construct functions

n+1

£ i whichseombine socasfunetionsofa - con Sjc

o fde o N

such that f§8n+i = f .; - Inparticuler f is continuous (the

terminal topology!) and f(x) =0, f(y) =1.

. & G . n
FPinally, the cell decompositions given to the spheres S

in example (a) are compatible for different n and so define a
cell decomposition of S~

¢ .0 0 1 1 1
Le+9 e__9 4.9 =9 -
with two cells in each dimension. This makes S~ an infinite

dimensional CW-complex with skeleton Tiltration S° c 8 < «vs
The topology satisfies condition W , because if F =87 meets
every closed cell in a closed set, then Fns® is closed in 8™
for every n by example (a), hence T is closed in s™ .

(c) 1In the sphere 8™ pick a point ¥ ana set
e = 5% - e¥ ., Then {eo, e is & CW-structure for s% .
Note that with this structurs 8% is a CV-complex different

from the one exhibited under (a). The skeleton filtration is

0 (Sn)o _ (Sn>1 . (Sn)n-1 = (sH)R - g,



(d) According to example real projective n-space p?
is homeomorphic to the adjunction space ER Uq ]?Il-1 by a homeo-
morphism which is the identity on pa7] . The map q: ghele g2~
is the canonical identification., Hence o2 = P - pB~1 g an

n-cell with a characteristic map
B: 22 PR

Repeating this procedure resolves P" into a union of cells

eo, e1,-.-, S , which give a C/-structure on P% . The topo-~

logy is trivially right because &" = " (3 is surjective).
The lower projective spaces form the skeletons. Note that this
cell decomposition is just the image of the regular cell decom-
position of S™ under the canonical identification gq: S% - %
For each p < n the two p-cells ei and eg of 8" are
mapped honomorphically onto the single p-cell e’ or P°,

n has a canonical

(e) Complex projective n-space CP
CW-decomposition with precisely one cell in each even dimension
up to and including dimension 2n:

CPn= eOQJe2Uono L;ezn

The argument is similar to that given in example (d).

(f) Tet P* be the union of all real projective spaces
P! under the standard inclusions

POCP1C0-Q’

and give P the terminal topology with respet to all inclu-
sions D% CIPID. With this topology and the cell structure
received from all P% the space POO becomes an infinite CV-
complex with one cell in each dimension and with skeletons

i 1

PP CcP < +vee , The verification is completely analogous to

that of example (b). Similarly there is the infinite complex



projective space CPoo which is a CW-complex with precisely
one cell in each even dimension. These spaces play important
roles in algebraic topology as classifying spaces for double
coverings and complex line bundles respectively, cf. and

(g) Consider the space X below consisting of converging

touching circles with the topology from the plane R2

/”‘ \\ P

With the limit point adjoined X is compact. Moreover X has
an obvious cellular partition into O-cells and 1l-cells indi-
cated on the figure. This is clearly not a CW-structure, how-
ever, since it contains infinitely many cells. Because of the
bad limit point there is actually no way of making X into a
CW-complex, as we shall see., Without the limit point and with
the indicated cell structure X would be a 1-dimensional (V-

complex,

(h) The Comb Space is another compact subspace of R?

with a natural ccll structure.

For the same reasons as in example (g) above it is not a CW-

complex, Nor can it be given a CW-structure since it is not
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even locally connected, a topological property inherent in all

CW-complexes, cf. theorem

R {Xi1i€J is a family of CW-complexes, then the
topological sum X = T Xi receives in a natural way a CW-struc-

ture. A cell of X is a cell of some Xi é

We have already noticed that the skeletons of a CW-complex
X are themselves CW-complexes, In fact they are subcomplexes

of X in the obvious sense:

1.7 Definition. A cellular subspace of a CW-complex X is a

subspace with a cell decomposition by cells from X . A subcanplex
of X 1is a cellular subspace whosc cell decomposition is a

CW-structure.

To recognize subcomplexes we have the following convenient

result.

1.8 Theorem. Let A be a cellular subspace of a CW-complex

X . Then the following are equivalent

(a) A is a subcomplex of X
(b) A is closed

(c) If e is a cell and e < A , then & c A

Proof. (a) implies (b): This is a repetition of the argu-
ment which showed that a skeleton of a CW-complex is closed
(with F = A) ,

(b) implies (c): Trivial

(¢) implies (a): We have to check conditions C and W

for A with its given cell decomposition and its subspace
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topology. Condition C is immediately verified, while W re-

quires another repetition of the skeleton argument.]]

Theorem 1.8 has the following immediate consequence

1.9 Corollary. In a CW-complex intersection and union of a
family of subcomplexes is again a subcomplex.
Proof., This follows trivially from 1.8 (c).]]

If Z 1is a subset of a CW-complex X , the subcomplex

spanned by Z is defined to be the intersection of all subcom-

plexes containing 7 ., It is not surprising that compact subsets

span finite subcomplexes:

1,70 Lemma, In a CW-complex every compact subset is contained

in a finite subcomplex,

Proof., If Z 1is a compact subset of a CW-complex X ,
then Z 1is covered by a finite number of cells €15 €psec,e
(Otherwise we should be able to extract an infinite discrete
subset from Z , as in the proof of theorem 1.5.) The boundaries
of these cells are covered by a finite number of cells of lower

dimensions *he, which we add to our collection.

®m+1° Cm2s "
Continuing this process we end up after a finite number of steps
with a finite collection {e1, ez,ooo,eq? such that the boundary
of any cell is covered by other cells in the collection. Then

K = Ue; 1is a finite subcomplex containing Z by theorem 1.8(c)]]

A CW-complex is locally finite if every point has a neigh-

borhood which is a finite subcomplex, By Lemma 1.10 a CW-

complex is locally finite if and only if it is locally compact.
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Ixamples (d), (e) and (f) above indiecate that there exists
a more constructive approach to CVW-complexes. We now present

this,

1.11 Theorem., Let XP ©be a p-dimensional CW-complex, and

0. s g4 S (4

Dy s, 1 €dJ , a family of maps, where q > p . Let

E = ZiEQ+1 be the corresponding sum of closed standard cells
of dimension ¢q + 1 and denote by S +the subset EiSq & & 3
Let ©: S - XP be the map defined by the family {mi? , and
form the adjunction space

x#*1 -5y xP

Then Xq"'1 is a q + 1 - dimensional C(CVW-complex with x¥  as

p-skeleton and with no cells in dimensions between p and q +1,

Proof. Recall that X% is by definition the quotient

space of E + xP by the relation which identifies x € S c E

with o(x) € X . If we denote by T: B + XP - x%*1  the asso-
ciated identification map, then the restriction @ = F|E is an

extension of ¢ , i.e. we have a commutative diagram of maps

and spaces

g % x¥!
1 U
s 2 xP

Furthermore, we denote the restrictions of @ to the single
cells Equ1 of E by 51 so that we have the commutative

diagrams 3
Eq+'l i Xq+1



Next observe that S 1is a closed subset of E since 1t meets
every component Eq+1 in a closed set 8%, By theorem there-

» restricts to a homeomorphism

-

fore,

E-§8 ~ x31 _ ¢p

q+1

In particular XC‘H1 - ¥P is a sunm of g+1 - cells ei with

characteristic maps 5i . Together with the cells of X¥ they
give a cellular decomposition of XQ+1 . This decomposition
satisfies condition C for CW-complexes because the boundary
of a q+1 - cell 1is a compact subset of xP , hence is covered
by a finite number of cells from X* (Zemma 1.10). Purthermore
the topology on Xq+1 satisfies condition W: If TF c Xq+1 is
a set such that FNe is closed for every closed cell & ;, then
' is closed., 1In fact applying the assumption on P +to cells
in XP +tells us that Fnx’ 4is closed in XP . Similarly,

applying the condition to cells §%+1 tells that 5£4F is

closed in gI* end hence that 5“1P is closed in E ., But

then $"1F is closed in E + XP , because §'1F nNE-= 5_1F and

TP nx® = FPnxP . Since ¥ is an identification, F is
closed,
Pinally it remains to check that x%*' is a Hausdorff space.

First notice that each qg+1 - cell is an open subset of Xq"'1 .

It follows that two different points x,y in X!

, at least
one of which is in Xq+1 - XP  can be separated by disjoint
open sets: Take a small compact neighborhood of the point in
XCl+1 - xP . The interior and the exterior of that neighborhood
will provide the open sets. Assume therefore that x,y are in
X and let Up, 7P pe open disjoints sets in XP containing

1 1

x and y respectively., Let U= ¢ U’ and V= o VP . Then

U and V are disjoint open sets in S . Let U and V be
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disjoint open sets in E which restricts to U and V on 8

and consider the sets U0 U UP and &V U VP in x| These
are certainly disjoint. But they are also open: To check that
we pull back by % and observe that the result is open in

E + X? ., TPor instance §-1(5ﬁLJUp) is open since it meets I

in Uand X° in UP .1]

Theorem 1.11 tells how CW-complexes may be constructed
recursively: Start with a non-empty discrete space XO . Such
& space is certainly a O-dimensional CW-complex. Then, given
any set of maps ®y s s? - XO ol G JCi s we may attach g+l-cells

E(H1 by means of the maps Py to obtain a g+1-dimensional

complex XQ+1 . This complex has XO as skeletons up to dimen-
sion q , i.e. it has skeleton filtration IX° = X' = se. = x%cx®,

By repeating the process we can build up a finite dimensional
Cli-complex of arbitrarily high dimension . * 1 and with cells
in arbitrary dimensions 0 < Qq + 1 < Ao + T < eee < q, +
if the relevant families of maps @4 qu - qu+1 are given.

The next result shows that all CVW-complexes are essentially of

this type.

1.12 Theorem. ILet X be a g+1 - dimensional CW-complex with

q+1 - cells {eiq+1?

. Let {5i} be a corresponding family of
characteristic maps for the q+1 - cells , and form the‘restric—
tions {mil s Pyt g% wige Then, with notations as above,
there is a homeomorphism

a
E 1l X* ~ X
'

which is the identity on x%  and maps g+1 - cells to g+1 -

cells.




Proof. The characteristic maps 5i: 541 4 ¥ combine to

amap ©: E - X on the sum E = ZiEQ+1 whose restriction to
g = zisq is precisely o . The map o: L - X together with

the inclusion X% c X again combine to a map I + x% - X which
we denote T , We claim that T is an identification : T is
certainly surjective., Suppose U c X is a subset such that
T-'U is open. This means that E n 7°'U = - 'U is open in T
M0 37 s 300 B ds ppens S o Bk as P thdsofolions: that

|

57U is open in E¥*! for all i , hence that é§+1 NU is

open in ég+1 (since any characteristic map is an identification
onto its image), and secondly that @ n U is open in & for
any cell e of X%, Hence U is open in X and so ¥ is

an identification. This proves the claim since

E uqu =E+ XYy = X .1

Thus every finite dimensional CW-complex is isomorphic to
a repeated adjunction complex,isomorphism” in this case meaning

"cell preserving homeomorphism", The attaching maps

OrS s? - x4 sy 4 =0,1,++0s, are supplied by characteristic maps
(or rather by their restrictions). A general CW-complex is is-
omorphic to a CW-complex where each skeleton is obtained from
the preceeding by attaching (perhaps no) cells.

From theorem 1.12 follows

1413 Corollary. If X is a CW-complex, then xP _ Xp—1 =

a sum of p-cells.

Remarks. This also follows from remark (d) to definition
1.2: Bach p-cell is an open subset of XP ., Therefore, XP By . o

being a disjoint union of these open sets is the sum of them.

T
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1.14 Corollary. The O-skeleton of a CW-complex is a discrete

subspace,

We have already characterized the compact and locally com-
pact CW-complexes as precisely those which are finite and lo-
cally finite, respectively. It is trivial to give examples of
CW-complexes which are not locally finite, however. Thus the
question arises what sort of restrictions exist on the topology
of a general CW-complex, Our next theorem sums up the most use-
ful general properties of the topology, and the proof illustrates

the utility of the combinational structure on a CW-complex.

1.15 Theorem. Every CW-complex is a paracompact, perfectly

normal k-space,

Remark, Recall that a space X is paracompact if every

open cover of X has a locally finite open refinement. It is
known that a paracompact Hausdorff Space is normal. A space is

perfectly normal if it is normal and every closed subset is the

zero-set of a continuous real valued function. Finally a space

is compactly generated or a k-space 1if it is Hausdorff and if
each subset that meets every compact set in a closed set is

itself closed.

Proof: Consider a CW-complex X . We need only show
that X 1is paracompact and that every closed subset A < X is
the zero-set f"1[01 of some continuous function f: X - [0,1].
To see that X 1is paracompact observe that X is covered by

the family {Xi1 of all finite subcomplexes, since every closed
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cell is contained in a finite subcomplex (lemma 1.10). Moreover,
the family {Xi1 has the property that any union of members
of {Xi? is closed in X (theorem 1.8 (b) with corollary).
Finally each Xi is paracompact, since in fact it is compact.
Therefore, by theorem in the appendix X 1is paracompact.

To prove the zero-set property note that this property is cer-
tanily shared by all O-dimensional complexes. Assume that it

is satisfied for CW-complexes of dimension < q , and let X

be some q + 1 - dimensional complex., Let {eg+1} be the set

of 4 + 1 = cells of X and let

{
g*+1 . g2+

@i} be a set of corresponding
)+ 1
3

characteristic maps éi: cX . Pioally let P oX

be a closed subset., Then, by assumption there is a continuous

function f: X% - f0,1] which is 0 precisely on F n x¢

Eq+1

Consider one of the copies with its characteristic map

3.0 2% o x

R = . B%
5 . Form G, =% F and g; = fogp; : S s B & gl

with o, = 5i!Sq . Then g, 1is O precisely on m;1F = G4 N sq,

Assume that g; can be extended to a function g,: g+ . (o, 1]
which is O ©precisely on Gi «» Then 85 factorizes uniquely

- : e - 3. =q+1 )
through P; » i.e. g, =10 p; , and f.: &7 [0,1] 1is a

« Q+1

continuous extension of f | e which is zero precisely on

Fn §%+1 . Given such a function Ei for each i , since they

coinside with f on X% (wherever defined), they combine with

f +to a function f: X - [0,1] which is O precisely on F .,

It is clear that f is continuous because f!X% = f is con-
+

tinuous and f! é% = Ei is continuous for every q + 1 - cell

eg+1
i

Finally suppose X 1is an arbitrary CW-complex and F c X

a closed subset. Let f.: XO

0
0 and 1 outside. Then f is continuous since X

- [0,1] ©bve the map which is 0

on.- P -% 0

is discrete, By the argument above there exists a sequence of
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continuous extentions f,,f,,.++ with f_: x% - [0,1] and

such that fq is O precisely on F n . 1at fiXo 20T

be the map defined by f£|x% = £. '+ Then f is continuous

(lemma 1.4) and is O precisely on F . This completes the
proof except we have to verify the following special case,

Eq+1

1,16 Lemma, ILet G be a closed subset of and

g 5 L0,1] a function which is O precisely on G N b
Then there is an extension g: il g LO, 1) of 8 Wit 1n

Q. pregisely on . G .,

Proof. Let gq: S1 U @ - [0,) ke the function which equals
g on S and 48 0 on @ . Then g, 1s continuous; 1let
§1 be a continuous extension of g, to gdt] . Next, let
By @it oy f0,©) be a map which is O precisely on St y @
(e.g. h(x) = dist(x,8%UG)) . Then §1 T [0, 22) 18
an extension of g1 which is 0 ..precisely on G . Hence

g = maX(§14-ﬁ91) will be a required extension of g .J]]



