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Observations and modeling of  sunspot regions have made significant advances in recent 
decades following the development of  new observing capabilities from both ground-based 
observatories and satellites. Such improvements have led us to a new era where it is 
possible to directly probe the physical parameters of  the solar atmosphere, making it easier 
to study the complicated wave phenomena in sunspot regions and reveal their physical 
nature.

Using ALMA band 3 data taken during 
the solar commissioning campaign on 
2015 December 17 along with H-alpha 
line-center and off-band data taken by 
BBSO GST, we successfully tested a 
possible physical model for propagating 
acoustic waves raised by Chae & 
Goode [1] by comparing the observed 
and modeled phase relationship 
between oscillations seen in H-alpha 
and temperature fluctuations (seen by 
ALMA), as shown in Figure 1. 
However,  the linear model of  [1] 
cannot explain the asymmetry in the 
time profile of  ALMA temperature. 
Therefore a study of  the nonlinear 
solution for the wave equation much 
needed and is our main focus of  this 
poster.

In order to apply the perturbation to the background atmospheric model, we used the 
analytical nonlinear solution for a sinusoidally-driven, propagating acoustic wave given by 
Chae & Litvinenko [4]. The long-wavelength solution was chosen to match the 3-minute 
period of  umbral oscillations.  We also calculate the perturbation of  electron number 
density based on the temperature perturbation under the adiabatic assumption, so that it 
can be applied to the RH atmospheric simulation.

We implemented the non-linear wave solution to calculate the atmospheric parameter 
perturbations (dT, dne, v) as a function of  height and time, then modified the FAL S model 
by adding these perturbations as fractional changes at multiple time steps. Inserting the 
perturbed atmospheric model at each time into the RH code, we were able to simulate the 
ALMA brightness temperature at these time steps. A comparison between the result from 
the linear and nonlinear wave models is shown in Figure 5. 
A clear difference can be seen that in the nonlinear case.  In addition to the asymmetry in 
the ALMA time profile, which agrees with our observations, the separation between the 
peak of  each spectral window is larger compare to the separation at the troughs, while the 
linear case shows even separation throughout.
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Figure 2. Top: Comparison between key parameters 
from different atmospheric model. Middle: formation 
height and line profile in H-alpha and ALMA Band 3 
mm wavelengths from FAL umbra model. Bottom: 
the same quantities from Maltby model.

From Figure 3, We noticed that the velocity 
has some delay (phase difference) with 
respect to temperature and density (see 
Figure 4), which explains the phase 
differences seen in Figure 1. There is also a 
notable time delay of  the perturbation for 
all physical parameters with height, 
indicating the finite speed of  the upward 
propagating wave. Considering that the 
formation height of  ALMA Band 3 
wavelength is spread between 600 ~ 800 km 
(seen as the light gray shading in Figure 2), 
It is interesting to study the non-linear 
modeling result not only for ALMA Band 3 
center frequency but also individually for the 
four spectral subbands.

We also find a slight temporal shift (spw 0 to spw 3: ~1.5 s) between the peak point of  
each spectral window (marked with diamond in Figure 5).  Considering the sound speed in 
the sunspot umbra, it corresponds to only a ~10 km height difference. Though the 
number is small, it could be a result of  the slight upward bias in the extended formation 
height in lower-frequency sub-bands. 
From these results, we can conclude that the nonlinear waves do provide an asymmetry in 
different spectral windows of  the ALMA Band 3 wavelength range, which motivates us to 
carry out future work comparing such models with the observations.

In our previous study, we used the 
FAL  S sunspot umbral atmospheric 
model as the input for RH code to 
simulate the formation height as well 
as the intensity profile in both H 
alpha and mm wavelengths range. 
However, we noticed that the 
emergent line profile of  H alpha 
from FAL S model (Figure2 middle 
panel) is significantly narrower than 
commonly observed (see Wallace et 
al. 2005 [2]). Therefore, we looked 
into another umbral model given by 
Maltby in 1986 [3], and compared the 
simulation result from these two 
models. 
A side by side comparison is shown 
in Figure 2. Overall, the difference 
between these two models becomes 
larger with height, which results in a 
notable difference in both H alpha 
and ALMA Band 3 mm wavelength 
range. Although the Maltby model 
produced a H alpha line profile closer 
to the observed one, we find that the 
temperature derived from the Maltby 
model in the mm range is much too 
high (~13000 K) compared to 
observation (~8000 K), therefore we 
continue with the FAL S model as the 
background atmosphere.

Figure 3. Left panel: velocity (black) and temperature (red) oscillation as a function of  linearized 
height and time. Right panel: temperature (red) and electron number density (blue) oscillation at same 
height and time.

Figure1. Comparison of  (top) the observed H 
alpha intensity in off-band and ALMA 
temperature variation with (bottom) the same 
quantities from model.

Figure 5. A comparison between RH simulation result from the linear model (top) and 
nonlinear model (bottom). The vertical dashed lines mark the boundaries of  the four spectral 
subbands and the roughly horizontal dashed line marks the unperturbed temperature profile.

Figure 4. From top to bottom: temperature, 
electron number density and velocity 
perturbation as a function of  height in FAL S 
model. The driven source of  the perturbation 
is at 300 km and the dashed line shows the 
upper boundary of  the model. For the top two 
panels, the y-axis represents the perturbation 
factor relative to the background, while for 
velocity the y-axis is in units of  km/s. The 
colors show the perturbation at different 
times.
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